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1 Introduction

1.1 Why non-asymptotic?

Non-asymptotic bounds keep the sample size fixed and aim to track the effect of all influential parameters.
This point of view is often more informative than taking limits, especially in modern high-dimensional
settings where several parameters (dimension, noise level, model complexity) may grow simultaneously.

A simple example is mean estimation. Suppose we observe independent and identically distributed
random variables X1, ..., X, with mean x and (for simplicity) known variance o. A classical confidence
interval is

1 < 20 1< 20
— X, — = = X+ .
ng ! \/ﬁ’ng l+\/ﬁ

By the Central Limit Theorem (CLT), this interval asymptotically contains p with probability 1 —
20(—2) ~ 0.9545, where ® is the standard normal cumulative distribution function. Indeed, if Z ~ N(0,1),



then

(X, —
lim P(’M > t) =P(|Z| > t) = 2®(-1).
n—o00 o'\/ﬁ

The point is not that the CLT is inaccurate; rather, it does not tell us how large n needs to be for a
given distribution. For some distributions, the Gaussian approximation is excellent even for moderate n,
while for others it can require much larger samples.

A second illustration comes from rare events. If X,, 1,..., X, , are independent Bernoulli random variables
with success probability p, and np, — A, then the sum behaves asymptotically as a Poisson random
variable.

Theorem 1.1 (Poisson limit theorem). Let X, ; ~ Ber(p,) be independent. Assume that np, — X > 0.
Then

ZXW 4 Poi(\) as n — oo.
i=1

For instance, with n = 50 and p = 1/50, a Poisson approximation is typically more accurate than a
Gaussian approximation. Non-asymptotic tools allow us to make such comparisons quantitatively at a
finite sample size.

1.2 A motivating example: fixed-design Gaussian regression

A basic model where non-asymptotic bounds arise naturally is fixed-design Gaussian regression. We
observe data {(Y;,z;)}_, satisfying

where f: X — R is unknown, the design points z; € X" are fixed (nonrandom), and the noise variables &;
are independent A(0, 02).

Given an estimator f, we measure error using the empirical loss

~ 1 e~ ~ 9 , N
1F = fll =~ > (Flw) = f@i))",  and therisk E[|f— f[]3.
i=1
A standard special case is linear regression: x; € R? and f(z;) = (z;,0*) for an unknown #* € R The

least-squares estimator is
n

= 1 2
fea — 0y —Y;)".
T gy e =

Assume that rank(X) = d, where X € R"*? is the design matrix with rows z]. Then 0 is unique and
one can show that
—~ o2d —~ IR
EIF - fI2 =75, where fw)) = (2:.0).

This is a typical non-asymptotic statement: it holds for every n and d (with d < n and rank(X) = d), and
it makes the dependence on n,d, o? fully explicit. Here d, n, and o2 each play a specific role, and they
can vary simultaneously in an arbitrary manner. In contrast, classical asymptotic analyses usually focus
on specific limiting regimes, such as n — oo with d fixed, or n,d — oo with a prescribed relationship
(for example, d/n — 7). Even in this simple example, these regimes cover only a fraction of the possible
interactions between d, o, and n.



To put this viewpoint in context, we quote Pascal Massart [1]:

“Through our works, we have promoted a nonasymptotic approach in statistics which consists in taking
the number of observations as it is and trying to evaluate the effect of all the influential parameters. At
this very starting point, it seems to me that it is important to provide a first answer to the following
question: why should we be interested by a nonasymptotic view for model selection at all? In my opinion,
the motivation should neither be a strange interest for “small” sets of data nor a special taste for constants
and inequalities rather than for limit theorems (although since mathematics is also a matter of taste, it is
a possible way for getting involved in it... ). On the contrary, the nonasymptotic point of view may turn
to be especially relevant when the number of observations is large. It is indeed to fit large complex sets of
data that one needs to deal with possibly huge collections of models at different scales. The nonasymptotic
approach for model selection precisely allows the collection of models together with their dimensions to vary

freely, letting the dimensions be possibly of the same order of magnitude as the number of observations.”

2 Concentration and sub-Gaussian tools

2.1 From Markov to Chernoff

Most concentration bounds begin with a refined application of Markov inequality. We start with two
classical inequalities and then explain how exponential moments lead to much sharper bounds.

Proposition 2.1 (Markov inequality). Let X be a non-negative random variable. Then for any t > 0,

P(X >1t) < ETX

A first consequence is Chebyshev inequality.

Proposition 2.2 (Chebyshev inequality). Let X be a random variable with finite variance. Then for
any t >0,

X
P(X — EX| > 1) < YK,
t2
Proof. Apply Markov inequality to (X — EX)2. O]

For light-tailed distributions, Chebyshev inequality is often far from optimal. For instance, Gaussian
tails decay at an exponential rate in t>.

Proposition 2.3 (Gaussian tail bounds). Let Z ~ N (0,1). For any t > 0,

- = | —= <P(Z>t) <= .
<t t5> Jan¢ =Pzt sgom=e

Proof. We have
1 ®
P(Z>1t)=— e "2 .
(Z=21) \/27T/t

For the upper bound, substitute z =t + y:

1 2 o 2 1 2 0 1 1 2
P(Z>t)=—et /2/ e We V2 qy < et /2/ e Wdy =-——et7/2,
(Z=z1) V2T 0 v= V2 0 Y t /27



For the lower bound, define f(z) = (1 — ?13)6_332/2 for x > 0. A direct computation gives f'(z) =
—(1 = 327%)e~*"/2, and hence

/ T3 e 2 da — (1) = <1 - 1) 2,
t

t 3

Since (1 — 32~%) < 1, we have

/ e 2 dg > / (1— 31'_4)6_362/2 dz = ( - > e 2,
¢ ¢ t 3

which yields the desired lower bound after multiplying by 1/v/27. O

The proof above is a good warm-up: for a Gaussian variable we can compute tails directly. For a general
random variable, the analog of “completing the square” is to work with exponential moments.

For a real random variable Z, define its moment generating function (MGF) by
Mz(\) = Eet, e R.

The key feature is multiplicativity under independence: if Z1,..., Z, are independent, then

Mz, yiz,(N) = [[ Mz.(N).
=1

This simple identity is behind most concentration inequalities for sums.

For Gaussian random variables the MGF has an explicit closed form: if Z ~ N(0,0?), then

Mz(\) =EeM =N7°/2 X eR.

2.2 Sub-Gaussian random variables

The Gaussian MGF suggests a natural class of random variables with comparable tail behavior.

Definition 2.4 (Sub-Gaussian random variable). A mean-zero random variable X is sub-Gaussian with

variance parameter o if
22
EeMX < Mo /2 for all A € R.

Sub-Gaussianity can be characterized in several equivalent ways. We record one standard collection of
equivalences; see [3, Proposition 2.5.2] for a complete proof and sharp constants.

Proposition 2.5 (Equivalent definitions of sub-Gaussianity). Let X be a random variable with EX = 0.
The following conditions are equivalent; moreover, the corresponding parameters are equivalent up to
absolute constant factors.

1. There exists k1 > 0 such that for all A € R,

EMX < MN

2. There exists ko > 0 such that for allt > 0,

P(|X]|>t) < 2e /3.



3. There exists ks > 0 such that for allp > 1,

X[, = EIXP)'P < ks /p.

4. There exists ks > 0 such that
Ee )(2/165 < 2.
Proof. We sketch two implications; the remaining ones are in [3, Proposition 2.5.2].

(1)=-(2) (Chernoff bound). For any A > 0,
P(X >t)=P(eM > eM) < e MEeM < exp(k2AZ — \t).

Optimizing over A yields P(X > ¢) < exp( — t*/(4k%)). Applying the same argument to —X and using
the union bound gives (2).

(2)=(3). Using E|X[P = [;* P(|X|P > s)ds and the substitution s = u? gives
o0
E| X|P :/ P(|X| > ) puP~! du.
0
Assume without loss of generality that ko = 1. Then

o0 oo
E|X|P <2p / Wl du=p / W le™ dw = pT(p/2).
0 0

Standard bounds for the gamma function imply I'(p/2)Y/P < /P, hence | Xz, < /P O

It is useful to keep a small supply of examples in mind; we will return to more examples throughout the
course.

Example 2.6 (Gaussian random variables). If Z ~ N(0,0?), then Z is sub-Gaussian with variance
parameter o2, since Ee? = X%/ for all A € R.

Lemma 2.7 (Hoeffding lemma (short proof, non-optimal constant)). Let X be a random variable such
that EX =0 and X € [a,b] almost surely. Then for all X € R,

2 N2
EeM < exp(>\(bza)) .

Proof. Let X' be an independent copy of X. By Jensen inequality (conditioning on X and using convexity
of the exponential),
EMX — E[e)\(XfE[XﬂX})} < E[e’\(X*X')].

Set Y = X — X', The random variable Y is symmetric: Y and —Y have the same distribution, since
swapping X and X’ changes Y to —Y without changing the joint law. Therefore,
Y 4 e AY

Ee =E
M e[

] = E[ cosh(AY)].

We use the elementary bound cosh(u) < e"’/2 for all u € R. Indeed, comparing Taylor series,

_ W w?)2
cosh(u) = E E Rl e )
0 k=0




where we used (2k)! > 2¥k!. Since |Y| < b — a almost surely, we conclude that
EeM < Ee?Y = Ecosh(\Y) < EeNY?/2 < N (0-0)*/2,
O

Remark 2.8. The constant in Theorem 2.7 is not optimal. A sharper argument gives Ee** < exp ()\2(6 —
a)?/ 8); see, for example, [3, Proposition 2.5.2]. In most applications we only need the qualitative fact
that bounded random variables are sub-Gaussian.

2.3 Sums of independent sub-Gaussians
One reason MGFs are convenient is that they interact well with independence. In particular, they

lead to concentration bounds for sums that mirror the familiar identity Var(}_, X;) = >, Var(X;) for
independent mean-zero random variables.

Proposition 2.9. Let X1,..., X, be independent random variables with means u; such that X; — p; are
sub-Gaussian with variance parameters aiz in the sense of Theorem 2.4. Then for anyt > 0,

P (Xi—pi) >t| < eXP<—n) ;
b ) <or(axi

2
P >t <2 ———5 | -
( B ) B exp( 22?:1“?)
Proof. By independence and the sub-Gaussian MGF bound,
n 22 n )
E exp )\Zl(Xi— HEe i=1) < exp 2;@ :

Apply Markov inequality to exp(A D ;" | (X; — i;)) and optimize over A > 0 to obtain the upper tail. The
lower tail follows by applying the same argument to — » . (X; — p;) and then using the union bound. [

and
n

> (X — i)

i=1

As a clean corollary, bounded random variables satisfy Hoeffding-type concentration.

Proposition 2.10 (Hoeffding inequality (with a non-optimal constant)). Let X1, ..., X, be independent
random variables with EX; = u; and X; € [a;, b;] almost surely. Then for any t > 0,

P( 2t> gzexp(—2z?lf;_ai)2)'

Proof. By Theorem 2.7, each X; — u; is sub-Gaussian with variance parameter O' = (b; — a;)?. Plug into
Theorem 2.9. O

n

> (X — i)

=1

Example 2.11 (Averages of random signs). Let €1, ..., &, be independent random signs taking values
+1 with probability 1/2. Since ¢; € [—1, 1] and Ee; = 0, Theorem 2.10 gives, for ¢t > 0,

< Zsz>t><2exp< §2>.




Equivalently, for any ¢ € (0,1), with probability at least 1 — ¢,

8log(2/0)

n

i=1
For comparison, Chebyshev inequality only yields P(‘% Sy Ei‘ > t) < 1/(nt?).
2.4 The sub-Gaussian norm

The MGF definition is convenient for sums, but it is sometimes useful to work with a norm that measures
the “size” of tails. The standard choice is the Orlicz 19 norm.

Definition 2.12 (Sub-Gaussian norm). For a random variable X (not necessarily centered), define its
sub-Gaussian norm by
X2
| X1, = inf {t >0: Eexp<t2) < 2} .

It is standard (and can be checked directly) that X — ||X ||, defines a norm on random variables modulo
almost sure equality; see [3, Section 2.5].

Proposition 2.13 (Equivalent characterizations). There exist absolute constants ¢,C > 0 such that for
any random variable X :

1. for allt >0, P(IX| > t) < 2exp( — ct*/|IX|17,);
2. Eexp(X?/|X[3,) <2

3. forallp>1, || X||z, < C||X ||y /s

4. if EX =0, then for all A € R, Eexp(AX) < eXp(C)‘2HXHqQ/;2)-

Remark 2.14. Ttems (1)—(3) do not require EX = 0. Proofs and sharper constants can be found in |3,
Proposition 2.5.2].

Centering does not significantly change the 1o size. Indeed, if || X ||y, < 00, then || X —EX ||y, < 2{|X||y,-
Indeed, for any ¢ > || X|| 4, we have Eexp(X?/t?) < 2, and Jensen gives exp((EX)?/t?) < Eexp(X?/t?) <
2, hence ||[EX ||y, = |EX|/V1og2 < t. Therefore || X — EX ||y, < [| Xy, + [[EX (g < [|[ Xy + ¢, and
letting t — || X ||y, yields the claim.

Example 2.15 (Bounded random variables). If |X| < M almost surely, then || X/, < M//log?2.
Indeed, exp(X?/t?) < exp(M?/t?) almost surely, so choosing ¢t = M/+/log 2 makes E exp(X?/t?) < 2.

The next proposition is the ¥s-norm analogue of the variance additivity identity. It says that independent
sub-Gaussian variables combine in an “¢y” fashion.

Proposition 2.16 (Sums of independent sub-Gaussians). There exists an absolute constant C > 0 such
that if X1, ..., X, are independent mean-zero random variables, then

n
>_Xi
i=1

2 n
<O IXillZ,
) i=1

10



Proof. By Theorem 2.13(4), for each ¢ and all A € R,
EeMXi < exp(C’o)\2||XiH12p2)
for an absolute constant Cjy. Using independence and multiplying MGFs,
Eexp <)\ Z XZ-> = H Ee*Ni < exp (C’o)\2 ZHX’H%W) .
i=1 i=1 i=1
Apply Theorem 2.5 ((1) to (4)) and use the definition of || - |4, to conclude the proof. O

As a corollary, we have the following form of Hoeffding’s inequality.

Corollary 2.17 (Hoeffding’s inequality in terms of ¢9 norms). Let X1,..., X, be independent random
variables with max || X; ||, < co. Then for any t > 0,
(2

P >t <2 ct”
= SLEXPl = w2 |
Yo 1l

where ¢ > 0 is an absolute constant.

n

D (X —EX;)

=1

2.5 Khintchine-type bounds

The sub-Gaussian norm controls moments, and this leads to a useful inequality for linear combinations.
In particular, for independent sub-Gaussian summands the natural geometry is Euclidean: the size of
>, aiX; is governed by ||a2.

Proposition 2.18 (Khintchine inequality for sub-Gaussian variables). Let X1, ..., X,, be independent
mean-zero sub-Gaussian random variables such that Var(X;) =1 for alli. Let a = (a1, ...,a,) € R"™ and

p > 2. Then
n 1/2
()
=1

where K = maxi<j<n|Xi||y, and C > 0 is an absolute constant.

n n 1/2
i=1 =1

Ly

Proof. For the lower bound, || - ||z, > || - ||z, for p > 2, hence

9\ 1/2

> |E

n
g a; X;
i—1

n
g a; X;
i—1

= Var (zn: CLZXZ>
= (Z a? Var(Xz-)) = <Z a?)

LP
1/2

11



For the upper bound, Theorem 2.13(3) gives [|Y||z, < C1/p ||Y ||y, for an absolute constant C; (see also
[3, Proposition 2.6.1]). Apply this to Y =", a;X; and use Theorem 2.16:

n
E a; X;
i—1

n

Z aiXi

=1

< Civp

Ly

P2

n 1/2
< Cay/p (Zraixiniz,)
=1

n 1/2 n 1/2
G (zafnxim) <om(za3) |
=1

i=1
O

Example 2.19 (Random signs). Let €1,...,&, be independent random signs. By Theorem 2.15,
lleillyo < 1/4/l0og2. Thus Theorem 2.18 yields, for p > 2,

no o\ 1/2
<Cyp (Z a§> :
=1

n
g i€
i=1

Ly

In particular, taking p = 2 and expanding the square gives the exact identity E(>", a;e;)> = Y, a.

(2

3 Sub-exponential random variables

Sub-Gaussian tails are not the whole story. A common and very important class of random variables has
tails closer to exp(—ct), which is still fast but weaker than exp(—ct?). This class naturally appears when
we look at quadratic functionals (squares, energies) and products.

Example 3.1 (A centered x? variable is not sub-Gaussian). Let Z ~ N(0,1) and define X = Z2 — 1 so
that EX = 0. Then, for A < 1/2,

EAX _ EMZ21) _ ApAz2 _ AL

V1-2X
and Ee* = o0 for A > 1/2. Thus X cannot satisfy a sub-Gaussian MGF bound for all A € R.

3.1 The sub-exponential norm

Definition 3.2 (Sub-exponential norm). For a random variable X, define its sub-exponential norm by

X
| X]|g, = inf {t >0: Eexp<‘t‘> < 2} )

Proposition 3.3 (Equivalent characterizations). There exist absolute constants c¢,C > 0 such that for
any random variable X :

1. for allt >0, P(IX| > 1) < 2exp( —ct/|| Xy, );
2. Eexp(|X[/[[X|ly,) <2;
3. forallp>1, | XL, <Cp|X|ly,;

12



4. if EX =0, then for all X with |A| < ¢/|| X ||y,
EeMX < exp(C)\QHXH%m).

The sub-exponential class contains the sub-Gaussian class.

Proposition 3.4. Any sub-Gaussian random variable is sub-exponential, and | X ||y, S | X ||y, -

It is often convenient to remember that taking squares converts o into ;.

Proposition 3.5. For any random variable X,

X3y, = 11X13,-
Proof. By definition,
X2
X2y, = inf {t >0: Eexp<t> < 2} )
Writing ¢ = s? shows that the condition E exp(X?2/t) < 2 is equivalent to Eexp(X?/s?) < 2. 0

Proposition 3.6. If X and Y are random variables (not necessarily independent), then
XY Ny < N X g [[Y [ -
Proof. Let a = || X||y, and b = [|Y||y,. By Young inequality, [uv| < % + % for all real u,v. With
u = X/a and v = Y/b, we obtain
| XY| < X? n Y?
ab ~ 2a% 2%

oo (P < o (X (¥
exp " < E |exp 5,2 exp 552 ) |-

By Cauchy-Schwarz and the definition of ||-||y,,

eon( 1) < (eexp@))m <Eexp(’b”j>)”2 VB Ee

Thus || XY ||y, < ab by Theorem 3.2. O

Therefore,

3.2 Examples

It is useful to keep a few canonical sub-exponential distributions in mind. The following examples can be
verified directly from Theorem 3.2.

Example 3.7 (Exponential random variable). Let Y ~ Exp()\) with rate A > 0, i.e. P(Y > g) = ™\
for y > 0. Then Y is sub-exponential and

2
¥l = 5-

(M) (Y] Ao
P\ ) TR\ ) T N

The condition Eexp(Y/t) < 2 is equivalent to ¢t > 2/X, which proves the claim.

Indeed, since Y > 0,
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Example 3.8 (Laplace distribution). Let X have the Laplace (double exponential) distribution with
density %e—lxl/b, b > 0. Then |X]| is exponential with rate 1/b, and therefore

[ XMy = 11Xy = 20.

Example 3.9 (Squares and products). If Z ~ N(0,1), then Z is sub-Gaussian and hence Z?2 is sub-
exponential by Theorem 3.5. More generally, if X and Y are sub-Gaussian, then the product XY is
sub-exponential by Theorem 3.6. These two operations (squaring and taking products) are a common
way sub-exponential variables enter high-dimensional probability.

3.3 Bernstein inequality

We now turn to Bernstein-type inequalities. The t; form in Theorem 3.10 is convenient because it
only assumes sub-exponential tails and it automatically interpolates between a quadratic regime (typical
of Gaussian behavior) and a linear regime (typical of purely exponential tails). In many applications,
however, it is also helpful to have a version that makes the role of the variance explicit. We record both
viewpoints and then explain how to translate tail bounds into high-probability statements.

Theorem 3.10 (Bernstein’s inequality (¢ form)). Let Xi,..., X, be independent mean-zero sub-
exponential random variables. Then for all t > 0,

n 2
t t
P X;>t] <exp| —c min ,
(; Z > ( (Z?lﬂXillil’ maXlgz‘gnHXinl))

and therefore, by symmetry and the union bound,

n 2
t t
P Xi| >t] <2exp| —c min , ,
( 2% ) < <Z?:1||Xi“12pl maXlsz’Sn!Xinl))

i=1
where ¢ > 0 is an absolute constant.

Proof. This is [3, Theorem 2.8.1]. The proof applies Chernoff’s method to exp(A > ; X;), bounds the
MGF using sub-exponentiality, and optimizes over \. O

A variance-aware bound for Bernoulli. For two-point distributions one can sometimes obtain MGF
bounds that adapt sharply to the parameter. A useful example is the following inequality.

Lemma 3.11 (Kearns—Saul inequality). Let p € (0,1) and A € R. Then

1—-2p

exp(A(1 — —p) exp(—A exp| N2 ——F
pexp(A(1—=p)) + (1 —p) exp(=Ap) < exp 4log(%)

(The right-hand side is interpreted by continuity at p = %)

Example 3.12 (Centered Bernoulli). Let Y ~ Ber(p) and set X =Y —p. Then EX = 0 and
Var(X) = p(1 - p).

By Theorem 3.11,

EeMX — peA(l—p) + (1 _p) e AP < exp A2

When p is close to 0 or 1, the variance p(1 — p) is small and the bound becomes correspondingly tighter;
at p = % it matches the familiar proxy variance 1/4.

14



3.4 A variance form of sub-exponentiality
Besides the norm-based definition of sub-exponentiality, it is often convenient to work with a two-parameter
MGF bound. This separates a variance scale and a tail scale.

Definition 3.13 ((¢02,b)-sub-exponential). A mean-zero random variable X is sub-exponential with
parameters (02, b) if for all A\ with |\| < 1/b,

2 2
Ee)‘XSexp()\ 7 /2)

=Y

A simple sufficient condition for Theorem 3.13 is a moment growth assumption of Bernstein type.

Definition 3.14 (Bernstein moment condition). Let X be a random variable with mean y = EX and
variance 02 = Var(X). We say that X satisfies Bernstein’s moment condition with parameter b if for
every integer k > 2,

1

E[(X — ]| < 3 K o2 bF2,
Boundedness is a clean way to ensure Theorem 3.14, though it is far from necessary.
Proposition 3.15. Assume that | X — u| < B almost surely. Then X satisfies Bernstein’s moment
condition with parameter b = B/3.
Proof. For k > 2,

ELCX — b)) < E[(X — 2| X — 2] < E[(X — p)?] B2 = 02842,
For k > 3, note that k! > 2352 hence
1

o?BF? < 3 klo? (B/3)F2.
This yields the claim (and k& = 2 is immediate). O
Lemma 3.16. Let X be mean-zero with variance o2. If X satisfies Bernstein’s moment condition with
parameter b, then X is (o2, b)-sub-exponential in the sense of Theorem 3.13.
Proof. Fix |A| < 1/b and expand the MGF into a Taylor series:

N2 SN AFE[XF
+ Rl

k=3

Using Theorem 3.14 (with x = 0) and taking absolute values,

No?  EF 1 Not [N
k=3

The geometric series sums to Y e 5(b|A[)F 2 = 1E‘£\I|>\\’ S0)
N2o2/2
EM <1 .
I A5V

Finally, 1 4+ u < e* for all u € R, hence
A202)2
EeMX <
©C eXp(l - bM!) |
which is exactly Theorem 3.13. O




We now state the corresponding variance form of Bernstein’s inequality.

Theorem 3.17 (Bernstein’s inequality (variance form)). Let X7, ..., X,, be independent random variables
with means p; = EX; and variances 01-2 = Var(X;). Assume that each centered variable X; — u; satisfies
Bernstein’s moment condition with parameter b. Then for all t > 0,

P(;(Xi — i) > t) < exp<—2 >, o2t bt)) ;

and hence, by symmetry and the union bound,

P( ”) Sgex"(‘umfasm))'

Proof. This follows from Chernoff’s method combined with Theorem 3.16; see, e.g., [4, Proposition 2.14]
for details. n

n

Z(Xi — i)

i=1

3.5 From tail bounds to high-probability bounds

A tail bound becomes a high-probability statement by solving for the deviation level. For example, if we
know that
P(S>t)<e ™™  (t>0)

for some increasing function ¢, then setting § = e~%® yields the equivalent form: with probability at
least 1 — d, one has S < ¥~ 1(log(1/d)). We will use this translation repeatedly.

3.6 Comparing Hoeffding and Bernstein on a centered Bernoulli

Let Xq,..., X, N Ber(p) — p and set X, = %Z?:l X;. Since —p < X; <1 — p, Hoeffding’s inequality
gives, for all ¢t > 0,
P(|Xn| >t) <2exp(—2nt?). (2)

Equivalently, with probability at least 1 — ¢,

X, < 220 ®)

This bound depends on n and §, but not on p.

Bernstein’s inequality, on the other hand, incorporates the variance Var(X;) = p(1 — p). Moreover, since
| Xi| <1, Theorem 3.15 yields Bernstein’s moment condition with b = 1/3. Applying Theorem 3.17 gives

— n 2
P(I X, >1t) < 2eXp<_2p(1 _pt) _ 2t/3) , (4)

Solving for ¢ in terms of § yields: with probability at least 1 — 9,

Xl < \/ (log@/ 5))2 | 20— p)log(2/5)  log(2/6)

n 3n

3n
Using va + b < v/a + Vb, one can further simplify this to
— 2p(1 —p)log(2/6 2log(2
P \/ b= p)l0g(2/3) , 2log(2/8)

n 3n

The comparison is intuitive: when p is close to 1/2, the variance is large and Hoeffding can be tighter;
when p is close to 0 or 1, the variance is small and Bernstein becomes preferable.
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3.7 Another application: relative deviations for a binomial

It is sometimes more natural to control deviations relative to the mean. Let X ~ Bin(n,p), so

X =>"Y withY; RN Ber(p) and EX = np. Applying Theorem 3.17 to Y; — p (where |Y; —p| < 1
and Var(Y; — p) = p(1 — p)), we obtain: for any § € (0, 1), with probability at least 1 — 9,

X —EX| < /2np(1 —p)log(2/0) + %log@/&).

To relate this to EX, use Viab < 3(ya+b/v) for a,b > 0 and v > 0. With a = 2EX and b = (1—p) log(2/9),

we get
1—p)log(2/6
Janp(l = p)Tog(2/8) < vEX + . P)ng( /6).
Hence, with probability at least 1 — 0,
1- 2
| X —EX| < yEX +log(2/) (219 n 3) _
Y

If the rightmost term is at most yEX, then | X — EX| < 2vEX] i.e.

(1-27)EX < X < (1+2y)EX.

This is a typical route from an additive Bernstein bound to a multiplicative Chernoff-type statement.
There is, however, a classical bound tailored specifically to sums of Bernoulli random variables, usually
called a multiplicative Chernoff bound, with slightly sharper constants.

Theorem 3.18 (Multiplicative Chernoff bounds). Let Yi,...,Y,, be independent Bernoulli random
variables with P(Y; = 1) =p;. Set X =31 Y; and p =EX =", p;. Then, it holds that

2
€
P(X > (1 < — 0<
(= romsen(-55on), o<
and )
P(Xg(l—e),u)gexp<—€2u>, 0<e<.

Proof. For the upper tail, fix A > 0 and apply Chernoff’s method:
PIX > (14 2)p) = P(M = M) < exp( — A(L+ ) B,

Since Y; € {0,1},
EeMi = (1—p;) +pie* = 1+ pi(e* — 1) < exp(pi(e* — 1)),

and therefore, by independence,

EeMX = H EeY < exp (Zpi(e’\ — 1)) = exp(,u(e)‘ — 1))
i=1 i=1

Hence
P(X > (1+&)) < exp(u(ed = 1= A(1+2))).

Choosing A = log(1 + €) gives
P(X>(1+e)u) < exp( —p((1+e)log(l+e)— s))
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It remains to use the standard inequality, valid for all € > 0,

2

(1+¢e)log(l4+¢)—e > 23—5'

21—2“, note that h(0) = 0, and
> 0 using log(1 +u) > Qi—uu for v > 0. This proves the first bound.

One quick way to check it is to consider h(u) = (1 4+ u)log(1 +u) —u —
u(4+u)

compute h'(u) = log(1 + u) — otu)?

For the lower tail, apply the same argument to e ¥ with A > 0:
PX<(1—-e)u) = P(e_)‘X > e_’\(l_e)“) <exp(A(1—e)p) Ee M.
As before, Ee™Y = 1 + p;(e™ — 1) < exp(pi(e™ — 1)), hence Ee™*¥ < exp(u(e™ — 1)) and therefore
P(X < (1—2)) < exp(p(e™ —1+A(1—2)).
Choosing A = —log(1 — ¢) (valid for 0 < e < 1) yields

PIX<(1-e)u) < exp( —p((1—e)log(l —¢) + 5))

Finally, for 0 <& <1 one has

e2

(I—¢)log(l—¢e)4+e > o5

which follows by considering g(u) = (1 — u)log(l —u) + u — “72 on [0,1), noting g(0) = 0 and ¢'(u) =
—log(1 —u) —u > 0 because —log(1 — u) > u. This gives the second bound. O

Remark 3.19. Compared to the Bernstein-based relative deviation bound above, Theorem 3.18 is
specialized to Bernoulli sums and typically gives sharper constants in the multiplicative regime.

3.8 Application: Statistical learning theory

This section illustrates how the concentration tools developed so far translate into simple learning
guarantees. We begin with the classical finite-class setting, and then record a few useful inequalities for
maxima of random variables. We conclude with McDiarmid’s inequality, which provides concentration
for functions of independent samples under a bounded-differences condition.

3.9 A finite hypothesis class in the realizable case

We consider a basic binary classification model. Let X be an instance space and let F be a finite class
of functions f : X — {0,1}, with M = |F|. Assume there is an unknown “true” classifier f* € F. We
observe the labeled sample

(X17 f*(Xl))7 SRR (Xnv f*(Xn))7

where X1,..., X, "X P for an unknown distribution P on X

Definition 3.20 (Risk). The risk of f € F is the probability of misclassification on a fresh draw from P:

R(f) =Px~p(f(X) # f1(X)).

18



Definition 3.21 (Empirical risk). The empirical risk of f € F is the fraction of mistakes on the observed
sample:
1 n
Ry(f) = ;Zl(f(Xi) # (X))
i=1
For a fixed f, the indicators 1(f(X;) # f*(X;)) are i.i.d. Bernoulli random variables with mean R(f).
Thus R, (f) is a rescaled binomial variable, and Bernstein’s inequality yields a variance-sensitive deviation

bound.

Proposition 3.22 (A Bernstein bound for the empirical risk). Fiz f € F and let 6 € (0,1). With
probability at least 1 — 6,

2R(f)( — R(f))log(1/0) | 2log(1/0) _ \/QR(f)log(1/5) 4 2log(1/9) (6)

n 3n n 3n

R(P - Rulh) <

Proof. Let U; = 1(f(X;) # f*(X3)), so EU; = R(f) and Var(U;) = R(f)(1 — R(f)). Applying Theo-
rem 3.17 to the centered variables U; — EU; (noting |U; — EU;| < 1) gives, for all ¢ > 0,

n TL2
PU%ﬁ—f%U)zw=P<§3RU»—m>zm>gem(—ﬂ%ﬂu;U»+QJ.
3

i=1

Solving the inequality 2R(f)(1it;(f))+§t > log(1/0) for t yields the first bound in (6). The second bound

follows from 1 — R(f) < 1. O
A standard way to make (6) uniform over the class is to apply the union bound.

Corollary 3.23 (Uniform control over a finite class). Let 0 € (0,1). With probability at least 1 — ¢,
simultaneously for all f € F,

2R(f)log(M /) N 2log(M/6)
n 3n ’

RU) - ) <
Proof. Apply Theorem 3.22 with 6/M and take the union bound over the M functions in F. O

Now define the empirical risk minimizer

fe argmin R, (f).
ferF

~

In the realizable setting, f* € F satisfies R, (f*) = 0, so we may choose ]?so that R,(f) =0. Applying
Theorem 3.23 to f yields, with probability at least 1 — 6,

mﬂ§¢ﬂﬁwa®+%mMm‘

n 3n

This inequality is self-bounding and implies R(]‘A‘) < log(M/9) = 5 simple (loose but convenient) way to see

n
-~

this is the following: set a = log(M/d)/n. If R(f) > 10a, then

— 2 ~ 2 1 -~
V2R(Fa < \/;R(f) and E‘L < = R(P).

so the right-hand side is strictly smaller than R(f), a contradiction. Hence R(f) < 10a.

There is also a very direct argument that gives the same dependence (and often better constants).
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Proposition 3.24 (A direct counting argument). Fiz 6 € (0,1) and let f € F satisfy Rn(f) = 0. Then,

with probability at least 1 — ¢,
~ _ log M +log(1/0)

R(f) < B0

Proof. Fix ¢ € (0,1). By the union bound,

PAf€F: R(f) > ¢, Ru(f) =0) <Y P(R(f) > e, Ru(f)=0).

ferx

For a fixed f with R(f) > ¢, each draw X; is correctly classified with probability at most 1 — ¢, and the
events are independent across i, so

P(Rn(f) = 0) <(Q—g)"<e e,

Thus

P(3feF: R(f)>e, Ry(f)=0) < Me ",
Choose € = (log M +log(1/4))/n, so that Me™" = §. On the complementary event (of probability at
least 1 — §), every f with R, (f) = 0 must satisfy R(f) < e. In particular, R(f) <e. O

3.10 Maximal inequalities

In many problems we need to control not only a single random quantity, but the maximum over a
collection. The next bounds are elementary, but surprisingly useful.

Theorem 3.25 (Maximum of sub-Gaussian variables). Let X1,...,X,, be mean-zero (not necessarily
independent) random variables such that

. A0
EeM < exp< 7

> for all A € R and all 7.

Then
E[ max Xi] < v/202logn.

1<i<n

Proof. Fix XA > 0. Since log is concave, Jensen’s inequality yields

) — 1 )\maxi Xi 1 )\maxi Xi _ 1 )\Xl
E[mlaXXl} = XE[log(e )} < XlogE[e } = XlogE[mZaxe ]

Using max; a; < ) ; a; for a; > 0 and linearity of expectation,

E[maxeAX’} < E[ie”ﬂ = zn:EeAXi < nexp No® .
' a =1 B 2

7 °
=1

Therefore,

A 2
Optimizing over A > 0 gives the claim. O

1 2
E[max x| < 8% 4 27

(2
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Theorem 3.26 (Maximum of sub-exponential variables). Let X1,..., X, be mean-zero (not necessarily
independent) random variables such that for some 0,b > 0,

252/9
EAXi < eXp(i o b/A> for all0 < A <1/b and all i,

with the convention that 1/0 = co. Then there exists an absolute constant C > 0 such that

E[ max XZ} < C(U\/logn—l—blogn).

1<i<n

In particular, for an absolute constant C' > 0,

| < (s 1l ) togn.
E[lrgia%Xz] < O max [[Xilly, | logn

Proof. As in the proof of Theorem 3.25, for any 0 < A < 1/b we have

g ] < o (S0020) < 20 7

Choose

" 20

with the conventions 1/0 = oo and /2logn/0 = co. Then bA < 1/2, so (1 —bA)~! < 2. Substituting
this choice of A into the previous display gives the stated bound up to an absolute constant.

) {\/2logn 1 }
A=min{ —— ,
o

For the final statement, recall that || X ||, controls sub-exponential MGF bounds up to absolute constants:

indeed, if || X ||y, < K, then one may take o < K? and b < K in the hypothesis above. O
Proposition 3.27 (A crude L, bound for maxima). For any random variables X1,..., X, and any
p=1

| < pl/p . )
| max |Xi|| <7 max X1,
Proof. Since x — x'/? is concave on R, Jensen’s inequality gives
1/p
E[maX|Xi|] = E[(max]Xﬂp)l/p} < (E[max|X7;]pD .
1 1 1

Moreover, max; | X;|P < Y1, | X;[P, so

n
E[m?X|Xi|p] < Zl E|X;|P < anaxE|Xi|p.
1=

Taking p-th roots yields the claim. O

The next proposition complements Theorem 3.27 by showing that maxima inherit sub-Gaussian or
sub-exponential behavior, with the familiar y/logn or logn price.

Proposition 3.28 (¢-norms of a maximum). Let Xi,..., X, be random variables and set
M = max |X;|.
1<i<n
Then
[M]ly, < C/log(2n) max [Xilly,, — [M]ly, < Clog(2n) max [| X[y,
<i<n 1<i<n

where C' > 0 is an absolute constant.
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Proof. We prove the 1), statement; the ¥ case is analogous. Let K = maxj<j<n|X;||y, and let p > 1.
By the standard moment growth of sub-Gaussian random variables, for every 1,

1Xillz, < Crv/p K

for an absolute constant C7 > 0.

Next, observe that the same argument used in the proof of Theorem 3.27 gives the stronger inequality
M|, = (E X)) < (S Exp) < i X,
1M1z, = (ELmax XiP]) ™ < (S EXF) ™ < 0t e 1l
1=

Combining with the moment bound above yields

M|z, < Cin'/?\/pK.

Now set pg = [log(2n)]. If 1 < p < pg, then by monotonicity of L, norms,

1Mz, < [IM][£,, < Cin'/P/po K < Coy/log(2n) K

for an absolute constant Cy > 0, since n'/?0 < e and pg =< log(2n). If p > po, then still n'/? < nl/Po < ¢,
and hence

M|z, < Cs/pK
for an absolute constant C3 > 0.
Finally, using the standard equivalence between 19 norms and moment growth,

1M ]|y, = supp™ /2| M]|,,
p>1

we conclude that ||M][y, < Cy/log(2n) K. The ¢ bound follows similarly, using || X;|[z, < C'p || X[y,
and the equivalence ||M||y, < sup,>, p~ || M|z, O

Additional material ‘
Sometimes we would like to keep a “variance term” while still using a soft (non-deterministic) notion
of boundedness. A convenient way to do this is to truncate the summands and pay separately for the
event that at least one summand is unusually large.

Proposition 3.29 (Bernstein with a ¢;-random bound). Let Y1,...,Y,, be i.i.d. random variables
with EY] = 0, and set

02 = EY?a M = max |}/Z|7 K = ||M||¢1

1<i<m
Then there exists an absolute constant ¢ > 0 such that for every u > 0,
1 — u?  w
Pl — Y, > <2 — — N\ = .
(m WE u) < exp< em (Uz K))

Proof. If 02 = 0, then Y; = 0 almost surely and the claim is immediate. If 02 = 400 or K = 400,
then the right-hand side equals 2 and the claim is again trivial. Assume henceforth that 0 < 0% < oo
and 0 < K < oo.
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Let ¢ = mu and write S = > _" | Y, so that ﬂ

P<;§:Yi2u> —P(S > 1).
=1

Fix a truncation level

and define
X; =Y, 1{|Y;| < p}, Zi =Y — X; =Y, 1{|Y;| > p}.

Since Y; = X; + Z; and EY; = 0, we have

S = i i—EX)) + ) (Zi —EZ).

=1 =1

Therefore,

P(S > 1) < P(i(Xi _EX) > ;) + P(i(a _EZ) > ;) . (7)

i=1 i=1

For the truncated sum, |X;| < p almost surely, hence |X; — EX;| < 2p. Moreover,
Var(X;) <E[X?] <E[Y?] =02, 50 ZVar ) < mo?

Bernstein’s inequality for bounded, independent, mean-zero summands gives

P il:(X-fEX-)>E < exp| —c; min i t
i=1 Z DEg) =T ' ma?’ p

for an absolute constant ¢; > 0. It remains to control the remainder sum. Define
q(s) =P(M >s),  p(s) =P(Y1| > s).
Since the Y; are i.i.d. and M = max;<ij<p, |Yi|, we have
q(s) =1—(1—p(s)™, s> 0.
By the definition of K = || M|y, , one has Eexp(M/K) < 2, hence

q(s) = P(M > s) < 2e7%/K, s> 0. (8)

1

In particular, g(p) < 27 < 5, and since ¢ is decreasing, q(s) < % for all s > p. For such s,

1—q(s) = (1 —p(s))" < e,

p(s) < ——log(1 ~ 4(s)) <

Combining with (8) yields

SIES

23




Fix A € (0, 53] Since Z; = Y11{|Y1| > p}, ﬂ
EA =14 E[(em —1)1{v1| > p}] <1+ E[(em —)1{Y; > p}} ,

because e — 1 < 0 when y < 0. Using the tail integration formula for the increasing function
s+ e —1on [p,00),

E[(e’\yl - 1D1{y; > p}} = (e —1)P(Y] > p) + /oo AeMP(Y] > 5)ds.
P

Since P(Y7 > s) < p(s) and (9) holds for s > p,
4 o
E[(e>‘y1 - 1)1{¥"1 > p}} < — [( A 1)e P/ K 4 / AeMsems/ K ds].
m P
Using e* — 1 < ze® and A < 1/(2K),

(eAp _ 1)€fp/K < /\pe*(l/K*A)p < \p,

and ) )\
As —s/Kd — 2 (/K-Xp 2K,
/p Aee s /K — A e <2
Therefore,
/ !
EeM 1 §1+C)\(p+K)§1+C)\K§eXp(C)\K>, (10)
m m m

for absolute constants C,C’ > 0, where we used p = 4K.
For the centering term, set V' = |Y7|. Then |Z;| = V1{V > p} and the identity

E[V1{V > p}] :pP(V>p)+/OoP(V>s)dS
p

gives
"

o0 C
€121 =pp(e)+ [ pls)ds <K
o m
by (9) and p = 4K, for an absolute constant C” > 0. Hence, for A < 1/(2K),
C
EANZ17B21) — ¢ ABZIEA < oxp(MEZ|) EeMt < exp<0)\K>
m

for an absolute constant Cjy > 0, using (10). By independence,

E exp <)\Z —EZ;) ) — (Eex(zl—Ezl))m < exp(CoAK).

Choose A = l(?g[? (which is at most 1/(2K) after increasing Cj if needed). Then the last bound is

< 2, and Markov’s inequality yields

S ¢ —At/2 S ¢
P(Z(Zi—EZ¢)22> <e /Eexp<)\z i —EZ;) ) §2exp(—02K>

=1 i=1
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for an absolute constant ¢y > 0. ﬂ
Insert the bounds into (7) and use p = 4K to obtain

F exp C min + exp C exXp C min
- - m<72’ K K - m(JQ’ K

for an absolute constant ¢ > 0. Since P(S > t) < 1, we may write the previous bound as

: (2t
P(S>t) < mln{l, 3eXp<—C mm(nw2’ K>> } 7

and this is dominated by
2t
2 —c min| —5, —
exp( ¢ mm(maQ’ K>>

after pOSSibly replacing C by a smaller absolute constant C/ > 0. Finally, Subslituling t = mu ylelds
F — E Y > < 2 [) - 7u2 A ;u
1 u ex cm
m im1 v = - g K ’

as claimed. 0

3.11 Bounded differences and McDiarmid’s inequality

We now record a concentration inequality for functions of independent samples under a simple stability
condition.

Definition 3.30 (Bounded differences). Let X be a set and let g : X" — R. We say that g satisfies the

bounded differences property with constants C1,...,C, if for every i € [n],
sup ‘g(wl, vy @n) —g(@1, i, T T, )| < G
T1,e-,Tn €X
zleX

Theorem 3.31 (McDiarmid’s inequality). Let X1,...,X,, be independent random variables taking values
i X, and let g : X™ — R satisfy the bounded differences property with constants Ci,...,Cy. Then for
every t > 0,

2t2
P(g(Xl, 7X’I’L) — Eg(Xl,...,Xn) Z t) S exp<—m> .

Proof. Let g = g(X1,...,X,) and define the Doob martingale differences
Y; = E[g ‘ Xl,...,Xi] —E[g ‘ Xl,...,Xi_l], 1= 1,...,77,,

sothat g—Eg=>"",Y; and E[Y; | X1,...,X;_1] =0.

For each i, define
hi(xy,...,x;) = E[g | X1 =21,...,X; :xi].

By the bounded differences property,

sup ‘hz(Xla cee ,Xi_l,xi) - hi(Xl, o ,Xi_l,xg)‘ S Ci,
xg,x,€X
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and therefore Y;, conditional on Xi,..., X;_1, is supported on an interval of length at most Cj.

Hoeffding’s lemma (in its standard conditional form) implies that for every A € R,

: N2C?
E[e)‘YZ ’Xla---;Xi—l] S exp( 3 L > .

Iterating conditional expectations then gives
n P
Ee)\(g—Eg) — E6>\21:1 Y; S exp § ZCZQ .
i=1

Finally, Chernoff’s method yields, for any A > 0,

PR
P(g—Eg>t) < M+ =) ¢?
(9 —Eg > )_exp< +8; Z>,

and optimizing over \ gives the stated bound. O

Remark 3.32. As a sanity check, if g(X1,...,X,) = Y.i; X; with X; € [0,1], then C; = 1 and
Theorem 3.31 recovers Hoeffding’s inequality.

3.12 Application of bounded differences: kernel density estimation

We briefly illustrate how bounded differences can be used to control the random fluctuations of an
estimator around its mean. Throughout this section we focus on the one-dimensional setting for clarity.

Let Xi,..., X, be ii.d. samples from an unknown density f on R. Given a kernel K : R — [0, 00) with
Jg K (u)du =1 and a bandwidth & > 0, define the kernel density estimator

fo(z) = nthK(w _hXj> .
j=1

A natural way to measure accuracy is the L! error

1= £l = /R\fn(a:) ()] da.

Since f is unknown, this quantity cannot be evaluated directly from the data; instead, we study its
expectation E|| f,, — f||1 and ask how strongly || f,, — f||1 concentrates around this mean.

For a deterministic input (z1,...,z,) € R", define
g(xlv . 'axn) = an - lea

where ﬁl is computed from the sample (x1,...,z,). To apply Theorem 3.31, we estimate how much g
can change if a single coordinate is modified.

Fix i € [n] and let 2 € R be another value (keeping the other coordinates fixed). Write ]?7’z for the
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estimator constructed from (x1,...,2;—1, &}, Tit1,...,Zy). Then, by the triangle inequality,

‘g(ml, s @n) — (T, T, T T, )

< [ 1F@) - Fate)do
= () 5 (5
1

T — T 1 T —
<— | K d — | K L] d
_nhR<h>$+nhR<h>I
2

)
n

where in the last step we used the change of variables u = (z — x;)/h and [ K(u)du =1 (and similarly
for «).

Therefore g satisfies the bounded differences property with constants C; = 2/n. Applying Theorem 3.31
to g and to —g and using the union bound, we obtain: for every ¢ > 0,

—~ —~ 2 2
P(I1Fa— Flh — BN~ Fln | 2 1) < 2exp<—m> ~2em(-1).

In words: while EHﬁL — fll1 captures the bias—variance tradeoff through the choice of bandwidth h, the
random fluctuations of || f, — f||1 around its mean are, in this sense, of order n~1/2.

4 Concentration of norms and random projections

We now return to a theme that appears repeatedly in high-dimensional statistics: for many “nice” random
vectors X € R?, the Euclidean norm | X||2 is tightly concentrated. A basic example is a standard
Gaussian vector, where || X||3 is a sum of independent x?(1) variables.

4.1 Gaussian norm concentration via Bernstein

Let X ~ N(0,1,), i.e. X1,..., X4 <" N(0,1), and consider

d
115 = > X7,
i=1

Since X; is sub-Gaussian, X? is sub-exponential and || X?||y, = ||X1H12pg < 1. By the triangle inequality
for || - ||, , this implies || X2 — 1|, < 1 as well. Applying Bernstein’s inequality (Theorem 3.10) to the

~

independent mean-zero variables Xi2 — 1 yields
£2
P([IX]3—d| >t) SQexp(—cmin(d,t)>, t>0,
where ¢ > 0 is an absolute constant. Equivalently, normalizing by d and restricting to ¢ € (0, 1),
X 2
P(‘”d||2 — 1‘ > t) < 2exp(—ct?d). (11)

This is a first concrete instance of a general phenomenon: in high dimension, sums of many weakly
dependent terms often exhibit concentration at a scale set by the dimension.
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4.2 Johnson—Lindenstrauss via a Gaussian projection

The concentration bound (11) immediately leads to a simple random construction of a dimension-reduction
map that approximately preserves distances.

Fix u1,...,u, € R? and let m < d. Let T' € R™*? have i.i.d. N(0, 1) entries and define the random
linear map

II(v) = —=TI", v € RY.

For a fixed v # 0, the vector I'v is Gaussian with covariance ||v||31,,, hence

H(v)~N<O HU”%Im) and ”H(“)‘%Zlur( v >

Cm lv]13 [v]]2

2

2
Applying (11) in dimension m yields that for any ¢ € (0, 1),

11 2
P< ITw)lz |(T|)2”2 - 1‘ > t) < 2exp(—ct’m).
vl

Now apply the union bound over the (g) difference vectors u; — uj. (If u; = uj, there is nothing to prove;
the inequalities below hold trivially.) Thus

I(w — w2
P(31§i<j§nwithui7éuj: w-1‘2t>§2(n)exp(—0t2m).
[[s = 3 2

1 2(3)
m 2 cthOg<5> !

then with probability at least 1 — § we have simultaneously for all 1 <i < j < n,

In particular, if

(1= )llui — w3 < 1T(wi) — (w13 < (1+8)Jus — g3,

where we used the linearity IT(u;) — IT(u;) = II(u; — uj). This is a standard Gaussian proof of the
Johnson—Lindenstrauss lemma; the striking feature is that the required projection dimension m depends
only logarithmically on n and does not depend on the ambient dimension d.

4.3 Concentration of || X||; for independent sub-Gaussian coordinates

The previous subsection focused on || X||3. Often we would like a direct concentration statement for || X||o
itself.

Proposition 4.1 (Concentration of || X||z for independent coordinates). Let X = (X1,...,X,) € R?
have independent coordinates with EX; = 0 and EX? =1 for all i. Set K = maxi<j<a| Xilly,. Then

X2 = Vdlly, < CK?,
where C > 0 is an absolute constant.
Proof. First note that K > 1. Indeed, since EX? = 1, Jensen’s inequality gives E exp(X?/t?) > exp(1/t?).

Therefore E exp(X?/t?) < 2 forces t> > 1/log 2, so || X;l|y, > 1/y/10g2 for every i.
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By Theorem 3.5, || X?||y, = HX1||12p2 < K% Also, |[1]jy, = 1/log2. Using the triangle inequality for
I My

1
1X7 = Ul < NXE N + 12y < K2+ Tog2 = Cok*

for an absolute constant Cy > 0, where we used K > 1 in the last step.

Applying Bernstein’s inequality (Theorem 3.10) to the independent mean-zero variables X2 — 1 yields:

for all u > 0,
AT
> ud | <2exp| —cd min i) ) (12)

2
() o

where ¢ > 0 is an absolute constant.

Next, for any a > 0 and u > 0,

d

Sz

=1

la—1>u = |a®—1|=|a—1||a+1]>u max{l,u} = max{u,u®}.

Applying this with a = ”X”Q/\/& yields, for every u > 0,

X1l ‘ > <‘HXH§ ‘ 2 >
P —1l>2u) <P|{|—= —1| > max{u,u .
( Vd - )" d = max{u, v’}

Combining this with (12), a simple case check shows that

212 2 24
d min(max{;élu ) ) max[{;g,u }) > 2 u >0,

and hence

X 2d
P<'”\/C|,i’2—1'2u>§2exp<—c§(4), u > 0.

Finally, substituting u = t/+/d gives, for all t > 0,

/2
P(‘HXHQ — \/&| > t) < 2exp<—cK4> .

By the standard tail characterization of 13 norms (Theorem 2.13), this implies ||| X||2 — \/&Hw < CK?
for an absolute constant C' > 0. O

4.4 Beyond independence: isotropic and sub-Gaussian random vectors

Many random vectors in high-dimensional statistics do not have independent coordinates. A convenient
baseline is the following normalization.

Definition 4.2 (Isotropic random vector). A random vector X € R is isotropic if E[XX ] = I,.

If Y has mean p and invertible covariance matrix %, then X = %=1/ 2(Y — p) is isotropic. Isotropy,
however, does not imply independence. For instance, if X is uniform on the sphere v/d S9!, then X is
isotropic, but its coordinates are strongly dependent.

To discuss concentration without independence, it is useful to formalize what it means for a random
vector to have sub-Gaussian one-dimensional marginals.
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Definition 4.3 (15 size of a random vector). For a random vector X € R?, define

[ XNl = sup [[{v, X[y,
veSd—1

We call X sub-Gaussian if || X ||y, < o0o.

A more refined, variance-sensitive formulation uses a covariance proxy.

Definition 4.4 (Sub-Gaussian with covariance proxy). Let X € R? be mean-zero and let ¥ > 0. We say
that X is sub-Gaussian with covariance proxy ¥ if for all A € R and all v € S%71,

AZ
Eexp()\ <U,X>) < exp(2 UTZU) .

In particular, Theorem 4.4 implies Var((v, X)) < vT%wv for every v, and hence
E|| X2 = Tr(Cov(X)) < Tr(%).

Proposition 4.5 (Norm tail bound under a covariance proxy). Let X be mean-zero and sub-Gaussian
with covariance proxy ¥ in the sense of Theorem 4.4. Then for every § € (0,1),

P(IX]12 > V() + v/2 Ane(2) Tog(1/9) ) <6,
where Amax(X) denotes the largest eigenvalue.

Remark 4.6. We will return to the proof of this result later. It can be viewed as a dimension-free
concentration statement for the 1-Lipschitz function x — ||x||2, with the scale governed by the operator
norm Apax(2) and the location controlled by Tr(X).

5 A norm bound for sub-Gaussian random vectors

In Theorem 4.5 we stated a tail bound for || X ||2 under a covariance-proxy sub-Gaussian assumption. We
now give a proof. The argument is pleasant for two reasons:

e it does not require independence of the coordinates of X;

e it showcases a useful “change-of-measure” technique, expressed through a variational identity for
log-moment generating functions.

5.1 Kullback—Leibler divergence

Let p and 7 be probability densities on a measurable set @ C RY. The Kullback-Leibler divergence (or
relative entropy) is
p(0)

KL(ln) = [ p(0) 1og<7r(9)) a0,

when p is absolutely continuous with respect to 7; otherwise KL(p||7) = +00. As usual, the integrand is
interpreted as 0 on the set where p(#) = 0.

Lemma 5.1 (Non-negativity of KL). For any densities p, 7w as above, KL(p||7) > 0, and KL(p||7) = 0 if
and only if p = 7 almost everywhere.
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Proof. By Jensen’s inequality (since log is concave),

—KL(p||7) = /@p(@) 1og<7;((z§> do < log</® p(9)7;((z;d0) :log</9 () d9> = 0.

Thus KL(p||w) > 0. Moreover, strict concavity of log implies equality in Jensen’s inequality only when
m(0)/p(0) is almost surely constant under p, which is equivalent to p = 7 a.e. O

5.2 Donsker—Varadhan variational formula

The next lemma is a convenient way to “move” expectations between measures.

Lemma 5.2 (DonskerVaradhan variational formula). Let m be a probability density on © C R and let
h:© — R be measurable such that ngwehw) < 0o. Then

log Egore”®) = sup {Eg-_,1(6) — KL(p||m)},
p
where the supremum is over all probability densities p such that KL(p||7) < oo.

Proof. Define the tilted density
9)eh(0)
7(0) = m(0)e™”
Eg (@)

Then 7’ is a probability density on ©. For any density p with KL(p||7) < oo,

0 < KL(p|Iw") = Eo~p 1Og<:’((?)>

_ p(e) Eﬂwﬁeh(ﬁ)
= Eo~p 10g<7r(9) T ehO)

= KL(p||7) + log Egmre™® — Epo,h(6).

Rearranging gives
log Egre™?) > Eg,h(0) — KL(p|7).

Since this holds for every admissible p, it holds for the supremum. Finally, equality is achieved by taking
p = 7', because then KL(7'||7’) = 0 by Theorem 5.1. O

5.3 A uniform change-of-measure inequality

We now combine Theorem 5.2 with Markov’s inequality to obtain a bound that holds simultaneously
over all choices of p.

Lemma 5.3. Let 7 be a probability density on © C R%. Let X be a random variable (or random vector),
and let f(X,0) be a measurable function. Assume that the expectations below are finite. Then for every
d € (0,1), with probability at least 1 — § (over the draw of X ), the following holds: for every probability
density p such that KL(p||w) < oo,

Eopf(X,0) < Epeplog E[ef D] 4+ KL(p||7) + log(1/9). (13)
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Proof. Define
hx(0) = f(X,0) — log E[e/ 0],

where the expectation is with respect to the randomness of X. Now set
Yx = sup {E0~phx(9) - KL(PH”)}-
p

By Theorem 5.2, we also have

YX = log ngwth(Q).

A direct computation shows E[eYX] = 1:
E[e¥*] = E [ngehx(ﬂ
_ EME[exp( F(X,0) — log Ee! <Xv9>)]

By Markov’s inequality, for every ¢ > 0,
P(Yx >t) =P(e¥* > ¢!) < e 'E[e?*] =71,
Taking ¢ = log(1/0) yields P(Yx > log(1/d)) < d. Equivalently, with probability at least 1 — 4,
Yx < log(1/d).
Unpacking the definition of Yx, this means that with probability at least 1 — 9, for every admissible p,
Egmphix (6) — KL(pl|7) < log(1/6).

Finally, substitute the definition of hx and rearrange to obtain (13). O

5.4 A few Gaussian computations

We record several elementary facts that we will use in the proof of Theorem 4.5.

Lemma 5.4 (Quadratic forms of a spherical Gaussian). Let Y ~ N (u,0%1;) and let A € R¥™? be any
matriz. Then
E[YTAY] =02 Tr(A) + pu' Ap.

Proof. Write Y = p+ 0Z with Z ~ N(0, I;). Expanding and using EZ = 0 gives
E[YTAY] = u" Au + 0*E[ZT AZ).
Finally, by the trace trick,
E[ZTAZ) = E[Tr(ZTAZ)] = E[Tr(AZZ")] = Tt (AE[ZZT]) = Tx(A).
O

Lemma 5.5 (KL divergence between shifted Gaussians). Let 5> 0 and |v||2 = 1. Let p and 7 be the
densities of N'(v,I4/B) and N(0,14/B), respectively. Then

KL(pllr) = 5.
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Proof. For z € R%, both densities share the same normalizing constant c(3) and satisfy

pla) = c(pyexp( -Gl olB) . 7o) = (B exo( -5}

Hence () 5 5
plx
log T2 = =5 (e =vll5 = ll2[3) = 5 (2 (z,0) = v]3).
If X ~ pthen EX = v, and therefore

pX) B
2

KL{pllr) = Elog 75

(2(EX,v) —|vl3) =

N | ™

(20013~ flol) = 2.

Lemma 5.6 (Two suprema). Let x € RY and let ¥ = 0 be symmetric. Then

sup <(L‘,’U> = ”‘r”% sup 'UTEU = )\max(z)'
veSd-1 vegd—1

Proof. The first identity is Cauchy—Schwarz, with equality at v = z/||z||2 (when = # 0). For the second,
diagonalize > = UAUT with U orthogonal and A = diag(\1, ..., \g). Writing u = UTv gives |lufs =1
and

d d
v Y0 =u Au = Z At < Amax(2) Z u? = Amax(2),
i=1 i=1

with equality when v is a top eigenvector. O

5.5 Proof of Theorem 4.5

Proof of Theorem 4.5. Recall the assumption of Theorem 4.4: for every v € S%~! and every X € R,
)\2
Eexp()\ (v, X) ) < exp<2 UTEU> i

Fix parameters a > 0 and 8 > 0 and a direction v € S9! (to be chosen later). Consider the function
f(X,0) = a (X,0), defined on § € R

Let m and p be the densities of the Gaussians N(0,1;/8) and N (v, I4/3), respectively. Applying
Theorem 5.3 gives that, with probability at least 1 — 4,

Egpf(X,0) < EpeplogE[e! D] 4+ KL(p||7) + log(1/9). (14)
We evaluate the terms on the right-hand side. First, since Eg,0 = v,
Eonpf(X,0) = aBpp (X, 0) = a (X, v). (15)

Second, using the sub-Gaussian property with direction 6/||f||2 and parameter A = «/||||2 (the bound is
trivial when 6 = 0),

2
EcaX0) — Eelbllaa (X0/10]2) < oy, (a 9T29>
— 2 b
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hence

2
Eg~p log E[ef(X’G)] =Eg~, logE[ea<X’0>] <Ep~p [O; HTEG]

2
@ T
o (Tr(%) 1 a? (Tr(%)
- — == < — ==
9 < B +v Ev) =7 < ﬁ +>\max(2))v (16)
where we used Theorems 5.4 and 5.6. Third, by Theorem 5.5,
B
KL(pllm) = . (1)

Plugging (15)—(17) into (14), we obtain: with probability at least 1 — 4,

o (Tr(X
o (b <G (T + dmm()) + 5
Divide by a and note that the right-hand side no longer depends on v after the bound vT%v < Apax(2).
Taking the supremum over v € S%! and using Theorem 5.6, we get that with probability at least 1 — 4,
Tr(X) B N log(1/0)

o
Xlp <= —= max (2
10 < 5 (F5 + A ) + £ + 5L

Now set v = a/f (so B/a = 1/7v) to rewrite

+ log(1/6). (18)

(19)

vy 1« log(1/9)
X< =Tr(3) + — + = Apax () + ———.
H H2_2 ()+2fy+2 ma()+ o
We may optimize v and « separately. Indeed, for a,b > 0, the function x — ax + b/x on (0,00) is
minimized at z* = y/b/a, and its minimum value is 2v/ab. Applying this twice gives

inf {; TR(s) + 217} — V() inf {jAW(z) T lg“/(”} — V2 () 10 (1/9).

a>0 (67

Substituting these choices into (19) yields
1X]l2 < V/Te(2) + v/2 Anax(E) log(1/0),

which is exactly the claim. O

5.6 Gaussian concentration for Lipschitz functions

Finally, we record a classical concentration inequality for Lipschitz functions of a Gaussian vector.
Definition 5.7 (Lipschitz function). A function f: R% — R is L-Lipschitz (with respect to || - ||2) if
[f(z) = fy)l < Lllz —yla  forallz,y € R,

Theorem 5.8 (Gaussian concentration inequality). Let Z ~ N(0,I4) and let f : RY — R be L-Lipschitz.
Then for every t > 0,

2
PH(2) - E1(2) 2 ) <ep( =53 ).

and consequently

2
P(f(2) —Ef(Z)] > 1) < zexP<_;L2> |
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We will often apply this inequality to the Euclidean norm. Two simple auxiliary facts are helpful.

Lemma 5.9 (Existence of 21/2). If 3 = 0 is symmetric, then there exists a unique symmetric matric
»12 =0 such that (X1/2)? = ¥.

Proof. Diagonalize ¥ = UAUT with U orthogonal and A = diag(A1,...,Ag), A; > 0. Then X1/
UAY2UT with AY? = diag(v/ A1, . .., v/Aq) is symmetric, positive semidefinite, and satisfies (£1/2)2 =
Uniqueness holds among symmetric positive semidefinite square roots.

O

Lemma 5.10 (The norm is 1-Lipschitz). For all z,3 € RY,
Hzll2 = llyll2] < llz = ylla-

Proof. By the triangle inequality, [|z|l2 = [lz—y+yll2 < [lz—ylla+[yll2, which gives [lz]l2—[ly][2 < [lz—y]l2.
Swapping the roles of x and y yields the reverse inequality. O

Corollary 5.11 (Concentration of || X ||z for a Gaussian with covariance ). Let X ~ N (0,3), where
¥ > 0. Then for every § € (0,1), with probability at least 1 — ¢,

[1X 12— ENXJl2] < /2 Anax(5) log (2/6).

Proof. Let Z ~ N(0,I5). Then X has the same distribution as »i/2z (by Theorem 5.9). Define
f(z) = ||Zl/2z|]2. By Theorem 5.10,

@) = f)l = [IZ%2ll2 = [V 2yll] < IZV%(@ = y)ll2 < vV Anax(D) |z = yllo,

80 f is \/Amax(Z)-Lipschitz. Apply Theorem 5.8 and set t = /2 Amax(Z) log(2/9). O

5.7 Simple proof of the Gaussian concentration inequality with a non-optimal
constant

We now give a self-contained proof of a Gaussian concentration bound using a useful interpolation trick.
The argument is short and robust, but it produces a slightly weaker numerical constant than the sharp
one in Theorem 5.8.

Lemma 5.12 (A convex comparison lemma). Let ¢ : R — R be convexr and let f : RY — R be
differentiable. If Z)Y L N(0, 1) are independent, then

E[o(£(2) ~Ef(2))] <E[p(5 (V£(2).,1))]-

Proof. Let Z' be an independent copy of Z. Since Ef(Z’) = Ef(Z) and ¢ is convex, Jensen’s inequality
gives

Elo(f(2) —Ef(2))] =E[o(f(2) —Ef(Z")] <E[p(f(2) - £(2))].
Fix 6 € [0,7/2] and define the interpolation
W(0) = Zsin6 + Z' cos¥, W'(0) = Z cos 0 — Z' sin 6.

Then W(0) = Z' and W (w/2) = Z, hence by the fundamental theorem of calculus,
, w/2 d w/2 .
12) =12 = [ Grve)a = [ v swe).wie) a,
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where we used the chain rule.

Let © ~ Unif[0, /2] be independent of (Z, Z"). Then
f(2) = (2') = S Ee [(VF(W(©)),W(8))].

Applying Jensen’s inequality once more (to ¢) yields

o (1(2) - 1(2) <Eop(5 (VIOW(©). W (©)))].

Taking expectations over (Z,Z', 0) gives
E[o(£(2) - 1(2)] <E[p(5 (VW (©),W'(©)))].

Finally, for each fixed 6, the map (Z,Z') — (W (0),W'(6)) is an orthogonal transformation on R?9.
Therefore (W (6), W’(6)) has the same dlstrlbutlon as (Z, Y) with Z,Y Rk N(0,1;) independent. It
)],

follows that the last expectation equals E[ ( which proves the claim. O
We now derive a tail bound. Assume for the moment that f is differentiable.

Proof of a Gaussian concentration bound. Let f: R% — R be L-Lipschitz. Then ||V f(z)||2 < L for all
x: indeed, for any unit vector u € S¢! and any ¢t € R,

|f (@ + tu) — f(z)| < Lit],
and letting ¢ — 0 shows | (Vf(x),u) | < L; taking the supremum over u yields ||V f(x)|2 < L.
Apply Theorem 5.12 with ¢(s) = ** for A € R:

Eexp(M/(2) - E1(2)) < Bexp( Ty (VF(2)7))

Conditioning on Z, the random variable (Vf(Z),Y) is Gaussian with mean 0 and variance |V f(2)|3.

Hence
el (T (vr2))) | 2] —exp<2 <?>2||Vf(2)\|§> < exp(”QﬁLQ).

Taking expectation over Z gives the MGF bound

Eexp(A(f(2) — Ef(2))) <exp<w

By Chernoff’s method, for any ¢ > 0 and any A > 0,

P(f(2) —Ef(Z) > t) < exp (—)\t + T

Optimizing over A gives \* = 4t/(72L?) and therefore

2
PH(2) ~E1(2) 2 1) < exp(~ ).

Applying the same bound to —f and using the union bound yields
2t2
P/ (Z) —Ef(Z) > 1) < 2exp<—w> . >

Finally, if f is merely Lipschitz (not differentiable), one can apply the argument to a smooth approximation
of f and pass to the limit; we omit these standard approximation details. O
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Remark 5.13. The proof above yields the same Gaussian ¢?/L? scaling as Theorem 5.8, but with a worse
numerical constant in the exponent. Sharper constants can be obtained, for example, via Gaussian
isoperimetry or the Gaussian log-Sobolev inequality.

6 Matrices and random matrix concentration

We now turn to random matrices. The first goal is to understand how the operator norm behaves for
matrices with independent entries. The second goal is to revisit sample covariance matrices and show
how the same variational method used earlier for vectors extends naturally to this setting.

Throughout, if A € R™*™, we write its singular value decomposition in the form
T
-
A= Z sj(A) uzv;,
j=1

where r = rank(A), the vectors uq,...,u, € R™ and vy,...,v, € R™ are orthonormal, and
51(A) > s9(A) > >5.(A) >0
are the singular values of A. The two most common norms for us will be the operator norm

|Allop = sup ||Av|2 = sup u' Av
vesn—1 ueSm—1 yesn—1

and the Frobenius norm

e = (23 42)"

i=1 j=1

These are related to singular values by
T
1Allop = 51(4),  [JAlF =D s;(4)%
j=1
When A is square and symmetric, || A|op is the largest absolute value of an eigenvalue of A.

6.1 Euclidean nets, covering numbers, and a discretization lemma

A recurring theme in random matrix theory is that operator norms can be reduced to maxima over finite
sets. The right finite sets are obtained from coverings of the Fuclidean sphere.

Definition 6.1 (s-net and covering number). Let (K, d) be a metric space and let € > 0. A set N C K
is called an e-net of K if for every z € K there exists y € N such that d(x,y) < e. The covering number
of K is

N(K,d,e) =min{|N|: N C K is an e-net}.

Definition 6.2 (e-separated set and packing number). Let (K, d) be a metric space and let € > 0. A set
P C K is called e-separated if

d(z,y) > ¢ for all distinct x,y € P.
The packing number of K is

P(K,d,e) = max{|P|: P C K is e-separated }.
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The two notions are equivalent up to harmless constants.

Lemma 6.3 (Packing and covering numbers). For every metric space (K,d) and every e > 0,

P(K,d,2ec) < N(K,d,e) < P(K,d,e).

Proof. We begin with the right-hand inequality. Let P C K be a maximal e-separated set. We claim
that P is automatically an e-net. Indeed, if some x € K were farther than € from every point of P, then
P U {x} would still be e-separated, contradicting maximality. Thus every maximal e-separated set is an
e-net, and therefore

N(K,d,e) < P(K,d,e).

For the left-hand inequality, let N be an e-net of K, and let P C K be 2e-separated. Every point of
P must lie in some ball of radius € centered at a point of N. Moreover, no such ball can contain two
distinct points of P, because otherwise those two points would be at distance at most 2¢, contradicting
the separation property. Hence |P| < |N|. Taking the maximum over all 2e-separated sets and the
minimum over all e-nets gives

P(K,d,2) < N(K,d,e).

We will mostly use these notions for Euclidean balls and spheres.

Lemma 6.4 (Covering number of the Euclidean ball). Let

BY={zecR%: |z] <1}

N SN B e < (142)
c = 29 276_ c .

Proof. For the lower bound, let N be any e-net of Bg. Then

Then for every e > 0,

Bl C U (z + eB3).
zeN

Taking volumes and using subadditivity,

Vol(BS) < > Vol(z +eBj3) = |N|e? Vol(BY),
zeN

because translations do not change volume. Therefore || > 7% and taking the minimum over all e-nets
proves the lower bound.

For the upper bound, let P C Bg be a maximal e-separated set. By Theorem 6.3, it is enough to bound
|P|. The Euclidean balls

€
T + §Bg7 T € P,
are pairwise disjoint. Also, because |z||2 < 1 for every z € B,
€ 5
“Bic (1+5) By
T+ 9 2 = + 9 2

Hence
1P| Vol(ng) < VOl((1 + %) Bg) .
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Using the scaling of volume gives

1+e/2\% 2\ ¢
P| < =(1+2) .
P (55) - (+3)
Now apply Theorem 6.3. O

Remark 6.5. Since S%1 C Bg, the same upper bound also applies to the sphere:
) d
NEL e < (142

The next observation is the basic bridge between nets and operator norms.

Proposition 6.6 (Approximating the operator norm by a net). Let A € R™ ™ and let M C S™! and
N C 8™ be e-nets with ¢ € (0, %) Then

sup_|uTAv| < | Allop < 75 sup_[uT A
uEM,veEN — 2€ ueM,vEN

Proof. The lower bound is immediate from the definition of ||Al|qp.

For the upper bound, fix v € S"~!. Choose vy € A such that ||v — vg|l2 < . Then
[Av]l2 < [|A(v = vo)ll2 + [[Avoll2 < €[] Allop + [ Avo]l2-
Taking the supremum over v € S"~! yields
[Allop < el Allop + sup [[Awlla,
weN
hence
(1= )| Allop < sup [|Awl|s.
weN
Now fix w € N. For every u € S™~! choose uy € M with |Ju — ug|2 < . Then

luT Aw| < Jud Aw| + |(u — up) T Aw| < sup |27 Aw| + || Aw||s.
zeM

Taking the supremum over u € S™~! gives

|Awl|2 < sup |zTAw| + ¢||Aw]|2,
zEM

and therefore

(1 - o)l|Auw]z < sup =T Au|.
zeM

Now take the supremum over w € N to obtain

(1—¢)sup |[Aw|s < sup |27 Aw).
weN zEM,we

Combining the last two estimates yields

(1-— E)ZHAHOP < sup |zTAw].

zeM,we

Finally, since ¢ € (0, %),
(1—6)2 > 1_257

which gives the claimed inequality. O
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6.2 Upper bounds for matrices with independent entries

We now apply the net argument to random matrices with independent sub-Gaussian entries.

Theorem 6.7 (Operator norm of a matrix with independent entries). Let X = (Xjj)1<i<m, 1<j<n be an
m X n random matrix whose entries are independent, mean-zero random variables. Assume that

X. . < K
1§1§I72a¥gjgn H v ||1112 >~

for some K > 0. Then there exists an absolute constant C > 0 such that for every § € (0,1), with
probability at least 1 — 0,

1X[lop < OK (Vim + v+ Vlog(1/5) ).

Proof. Let M C S™ 1 and N/ C S"! be %—nets. By Theorem 6.4 and the remark after it, we may
choose them so that

M <9™, N <9

Then Theorem 6.6 gives

on < sup U vl.
Xlop <2 TX
ueEM,ve

Fix a pair (u,v) € M x N. Since

m n
UTXU = Z Z uinXij,

i=1 j=1

this is a sum of independent mean-zero sub-Gaussian random variables. By Theorem 2.16,

m n
lu"Xolf3, < C1Y 0> luwi X3,

i=1 j=1
m n
< C1K? Z Z ufU]Q
i=1 j=1
m n
:Cle(Zu?)( sz) :ClK2,
i=1 j=1
because u € S™~ ! and v € S*~1. Thus there exists an absolute constant ¢; > 0 such that
52
P(\uTXv] > s) < 2exp(—clK2) , 5> 0.

Now apply the union bound over all pairs (u,v) € M x N:
2
P sup \uTXv| > | <2.9mtn exp(—clz) .
ueM,veN K

Choose

s = Gk (vim + Vi + v/log(1/9)

with Cy large enough. Since

(Vm+vn)* > m+n,
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the right-hand side is at most §. Therefore, with probability at least 1 — ¢,

sup  |u' Xo| < C’QK<\/T7L+ Vn + \/10g(1/6)>.

ueM,veN

Using the net-to-operator estimate finishes the proof. O

The bound is already very informative in a number of familiar situations.

Example 6.8 (Rectangular Gaussian matrices). Let G be an m X n matrix with independent N(0,1)
entries. Since each entry has bounded 9 norm by an absolute constant, Theorem 6.7 gives

Gllop < € (v + v + /10g(1/5))

with probability at least 1 — d. This has the correct order in m and n.

Example 6.9 (Symmetric matrices and Wigner-type ensembles). Suppose W is an n X n symmetric
random matrix such that the upper-triangular entries

{Wi]’: 1§Z<]§TL}
are independent mean-zero sub-Gaussian random variables, the diagonal entries are also independent
mean-zero sub-Gaussian random variables, and all these variables have ¢ norm at most K.
To reduce to the independent-entry setting, define an upper-triangular matrix Y by

Wi

Vi =Wy (i<i),  Ya=—"

Yij =0 (i>])

Then W =Y +YT, so
Wllop < 1Y llop + 1Y llop = 21IY [lop-

Since the entries of Y are independent and max; j ||Yij|ly, < CK, Theorem 6.7 yields

IWllop < CK (v + v/10g(1/9))

with probability at least 1 — 9.

In particular, for a standard Wigner matrix with Gaussian upper-triangular entries, the operator norm is
of order y/n. After dividing by y/n, one obtains a random matrix whose norm remains of constant order.

6.3 Operator norm of the sample covariance matrix

We now return to sample covariance matrices.

Let X be a mean-zero random vector in R% with covariance matrix
Y =E[XXT].

Assume that there exists a constant L > 1 such that for every v € R¢,

X, )l < L(E(X,0))? = L (vTZ0)"/2, (20)
Let X1,...,X, be independent copies of X, and define the sample covariance matrix
1 n
L=- P o
i=1



We also recall the effective rank

Tr(X)

T(E) = )
[p]P

with the convention that the problem is trivial when > = 0.

The key point is that bilinear forms of XiXZ-T — ) are not only sub-exponential; they satisfy a sub-gamma
type moment bound (for small enough \), which is exactly what we need for a Bernstein-style argument.

Lemma 6.10 (Sub-gamma behavior of centered bilinear forms). Assume (20). For 6,v € R?, define
Z(0,v) = (X,0)(X,v) —0TSv.
Then there exist positive constants cp, Cr,, depending only on L, such that
1Z(0,v)|ly, < CL(07S0 + v Ev),

and consequently
log EerM0v) < ¢ \2 (GTEH + VTEV)2
for all
CL
< ————.
A< 0730 + v 3w

Proof. By (20),
1X,0) s < TS0, (X, 0}y < L TS0

Therefore, by Theorem 3.6,
16X, 0) (X, )l < X, O)llsy 14X, ) [y < L2(OT56) 2 (0T S0) 12,

For the deterministic centering term, we use ||c[|y, = |c|/log2 for constants ¢, and Cauchy-Schwarz:

1
0TS < (0720)2 (v Tow)/? < 5(eTze +v ).
Combining these bounds with the triangle inequality for || - ||y, gives
120, )l < 14X, 0) (X, 1) llyy + 107 Swllyy, < CL(07%0 4+ vTSw)

for a constant C'f, depending only on L.

Finally, EZ(6,v) = 0 by definition, so the sub-exponential MGF control from Theorem 3.3(4) implies
that for ‘)\‘ < C/HZ(Ha V)H¢17
log EeM ) < 022 | Z(9, V)H?pl

Substituting the bound on ||Z(6, )|, and absorbing absolute constants into cr,, Cr, yields the claim. [
We are now ready for the main theorem.

Theorem 6.11 (Sample covariance in operator norm). Assume (20), and let S be the sample covariance
matriz based on X1,...,Xy,. Then there exists a constant Cp, > 0, depending only on L, such that for
every § € (0,1), with probability at least 1 — 6,

18— Sl < O[5l (\/r@) +log(1/3) , (%) + 1og(1/5)) |

n n
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Proof. If ¥ =0, then X = 0 almost surely, hence 5 = 0 and there is nothing to prove. Assume X #£ 0.
Fix parameters § > 0 and R > 0 to be chosen later, and let

™= N(O, ﬁflfd).
For each u € S?~1, define p, as the law of v 4+ G conditioned on
ISV2Gla <R, G~ N(0,67'1a),
where $1/2 = 0 is the symmetric square root of ¥. Equivalently, p, has density
1/ B8\ B 2 1/2 d
(ar) ew(-5l-u) 1S 6 -l < BY. oeR,

where

p=P(|=2C||2 < R).
Since the conditioning event is symmetric in G, we have E[G | ||[£'/2G||z < R] = 0, and therefore
Ep~p, 0 = u. (21)
Now fix u,v € S and let

Puw = Pu @ Po, Tod = T & T.
Apply Theorem 5.3 on the parameter space R¢ x R? with

F(X1y e, X0),0,0) =AY ((XZ-, 0) (X;, 1) — gTzu),
=1

where A > 0 will be chosen later. Using independence of X1, ..., X, to factorize the exponential moment,
and using (21), we obtain that with probability at least 1 — §, simultaneously for all u,v € S9!,

AT (S-S < E(6,0)~pu.. l0g Eexp ()\( (X,0)(X,v) — QTEV)>

. KL(puollm2d) + log(1/<5)7 (22)

where X denotes an independent copy of Xj.
If (0, v) lies in the support of p,, ., then
IS0 -w)llz <R, =YW —v)2 < R.
Using (a + b)? < 2a? + 2b? in the Y-inner product,
0730 <200 —u)"8(0 — u) + 2u' Xu < 2R? + 2||Z|op,
and similarly v"Xv < 2R? + 2||||op. Choose
R? = 2[|Z|op.

Then on the support of py ,,
0730 + v S < 12]|%|op-

By Theorem 6.10, there exist constants ¢y, C'r, > 0 such that, for every

CL
0< A< ,
1Zlop
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we have uniformly on the support of py .,

log Eexp(A((X,0) (X,v) — 0TS0 ) < CLA2|Z|2,.
P

Therefore,
E0.)p... l0g Eexp (A( (X,0) (X,v) — esz)) < O[22, (23)
We claim that 5
KL(pu||m) = log(1/p) + 5.
Indeed, for 6 in the support of p,,
pull s p
o5 20— tog(1/p) + 2 (1013 — 116 — ) = tom(1/p) + 2 (2.0, — [u]).
() 2 2
Taking expectation under p,,, using (21) and [Jul|e = 1, yields
KL _ p _ p
(pullm) =log(1/p) + 5 (2(Ep.0,u) —1) = log(1/p) + 5
Since py and mq are product measures,
KL(pu,||m2a) = KL(pu[7) + KL(py||7) = 2log(1/p) + B.
It remains to lower bound p. If G ~ N(0, 37 '1;), then E[GGT] = 8711, and therefore
E|SY2G|3 = ETr(2V2GGTSY?) = T (S E[GGT]) = ;Tr(E).
Choose Tr(x)
g=rX)= .
[p3] P
Then E||SY2G|2 = ||Z]lop = R?/2, and Markov’s inequality yields
1 1
PG> R < 5 s p=P(IS2Gl < B) =
Since ¥ # 0 implies 7(X2) > 1, we can bound
KL(puwllmad) = B+ 2log(1/p) < r(X) 4 2log2 < Cr(%),
and hence, for all § € (0,1),
(24)

KL(pu,||m2a) +log(1/8) < C(r(X) + log(1/4)).

Insert (23) and (24) into (22). With probability at least 1 — §, simultaneously for all u,v € S9!,

- %) + log(1/6
TS = S < CoNs2, + ¢ FE HIoel/0) -y e
o n 1Zlop

The same inequality with (—u,v) in place of (u,v) yields the corresponding lower bound, so we may write

r(X) + log(1/6)

AMuT(E = D)o| < CLA?|Z)2, + Cr
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Divide by A and take the supremum over u,v € S%1. Using ||Al|op = SUD,, yegd—1 |uT Av|, we obtain

r(%) +10g(1/5)> cr,
C 0<a< 2
An 12 lop

\m—wws&(wma+

A 1 min{c \/E}
= L, - .
12 op n

If \/a/n < cr, then both terms in parentheses are at most ||X||opy/a/n. If \/a/n > cr, then a/n > ¢
and the same bound is controlled by a constant multiple of ||X||op a/n. In either case,

~ a a
15~ Sl < CeZhon (/2 + 2.

and recalling a = r(X) + log(1/9) finishes the proof. O

Set a = r(X) + log(1/6) and choose

Remark 6.12. When n 2 r(3) + log(1/6), the linear term is dominated by the square-root term, and the
theorem simplifies to

~ r(X) + log(1/0
15— ey 5 [y LB

n

So the earlier bound appears as a clean large-sample corollary of the more precise statement above.

Example 6.13 (The isotropic case). If ¥ = I, then 7(X) = d, and Theorem 6.11 becomes: for every
5 € (0,1), with probability at least 1 — 9,

15 XX -1, SCL( d+log(1/5)+d+log(1/6)>‘
n
i=1 op

n n

This is the familiar operator-norm concentration of the empirical covariance around the identity.

6.4 Matrix Bernstein Inequality

The scalar Bernstein inequality from the previous section gives sharp control for sums of independent
real random variables. There is a matrix analogue with essentially the same shape, but the route to it is
genuinely different. The reason is noncommutativity. For real numbers,

n
@it tzn) _ Heewi,
=1

so independence turns the moment generating function of a sum into a product of one-dimensional MGFs.
For matrices this identity fails unless the summands commute. Thus the scalar Laplace-transform method
does not pass to matrices verbatim: one needs new input from matrix analysis.

Throughout this section, matrices are real and symmetric unless explicitly stated otherwise. For a
symmetric matrix A € RdXd, we write A = 0 if xTAz >0 for all z € Rd, and A<XBif B—A>0. We
also write

[Allop = max{Amax(A); Amax(—A)}.

One of the standard modern forms of matrix Bernstein is comparatively recent. The noncommutative
concentration philosophy goes back to work of Ahlswede—Winter, while the now-classical short proof
through matrix Laplace transforms was clarified and popularized by Tropp in the early 2010s. The
statement is as follows.
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Theorem 6.14 (Matrix Bernstein inequality). Let Xi,..., X, be independent, mean-zero, symmetric
d x d random matrices, and assume that

| Xillop < K almost surely for all i.

Define the variance proxy

V:ZE[X’LZ]? v = [[V/op-
i=1

(e ($55) 1) a2

n

>

=1

Then for every t > 0,

Consequently,

t2/2
P >t §2dexp<—/>.

v+ Kt/3

op

Equivalently, iof
x = log(2d/9),

K | K222 2K
S?:E—ﬁ— 91: +2vx§\/2vx+Tx.

op

then with probability at least 1 — ¢,

n
>
i=1

Compared with the scalar Bernstein inequality, three new features appear. First, the role of the variance
is played by the matrix quantity V =", E[X?], and in the final bound only its operator norm matters.
Second, boundedness still enters through the same scale parameter K. Third, we pay an additional
dimension factor d (or 2d for the two-sided operator-norm form). If all matrices commute, then they
are simultaneously diagonalizable and the result reduces essentially to applying scalar Bernstein in a
common eigenbasis together with a union bound over the d diagonal coordinates.

6.5 Useful facts for the proof of Theorem 6.14

The proof uses several basic facts from matrix analysis. The first group concerns the spectral functional
calculus.

Proposition 6.15 (Spectral calculus and order). Let A € R4 be symmetric, and write its spectral
decomposition as

d
_ P
A= Z)\]ujuj ,
J=1

where A1, ..., g € R are the eigenvalues and u1,...,uq is an orthonormal basis of eigenvectors. For a

function f : R — R, define
d

FA) = f)uju).

j=1
Then the following hold.
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(a) If f(x) < g(z) for every x in the spectrum of A, then

f(A) 2 g(A).
In particular, if |Allop < K and f(z) < g(z) for all x € [-K, K], then f(A) < g(A).
(b) If A is positive definite, then log(A) is well-defined by the same spectral rule:

d
log(A) = Zlog(/\J)u]u]
j=1
It satisfies
elos(d) = 4.
If H is symmetric, then e is positive definite and
log(ef!) = H.

Moreover, if 0 < A X B, then
log(A) < log(B).

(c) If A< B and f is increasing on an interval containing the spectra of both A and B, then
Tr(f(A)) < Tr(f(B)).

In particular,
A=<B = Tr(e?) < Tr(eP).

Proof. Part (a) is immediate from the spectral decomposition:

d

g(A) = F(A) =D (9(\) = F(Ag))ujuf = 0.

j=1
Part (b) is a classical theorem in matrix analysis: the scalar logarithm is not only increasing on (0, 00),

but operator-monotone on the positive definite cone.

For part (c), the variational characterization of eigenvalues implies that
Ni(A) < Ai(B), j=1,....d,

when the eigenvalues are ordered nonincreasingly. Hence

d

d
Te(f(A) =D f(A(4)) < Z F(Xj(B)) = Tx(f(B)).

j=1
O

Remark 6.16. Part (b) is special and worth pausing over. The matrix logarithm is defined only on the
positive definite cone, and on that cone it is operator-monotone. One should not expect this from an
arbitrary increasing scalar function. For instance, the scalar function x — €e” is increasing on R, but in
general

A=<B does not imply e < B,

unless A and B commute. The same warning applies to 2. What remains true without commutativity
is the weaker trace monotonicity from part (c).
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The next result is one of the first indications that Tr(e’) is the right noncommutative substitute for the
scalar exponential.

Theorem 6.17 (Golden-Thompson inequality). For symmetric matrices H, K € R%*¢,

Tr(ef ) < Tr(efleX).

If H and K commute, then et5 = eHeX and we recover equality. In general, commutativity fails,
and Golden—Thompson says that after taking trace we still retain a one-sided substitute for the scalar
identity. This already points in the correct direction, but it is not enough for a clean iteration over many
independent summands. There is no equally simple n-term product formula that behaves well under
conditioning. In the Tropp-style story of matrix concentration, Golden—Thompson explains why trace
exponentials are natural, while Lieb’s theorem is the result that actually makes the iteration work.

Proposition 6.18 (Lieb’s concavity theorem). Fiz a symmetric matriz H € R4, Then the map
Ar— Tr(eHHOg(A))

is concave on the cone of positive definite matrices. Equivalently, for every o € [0,1] and every positive
definite A, B,
Tr(eHJrlog(aAJr(lfa)B)) > a Tr(eHJrlogA) + (1 . a) Tr(eHJrlogB)‘

Remark 6.19. Lieb’s theorem is deep. Unlike the surrounding probabilistic argument, its proof belongs
to matrix analysis and is decidedly nontrivial once d > 1. For matrix concentration it plays the same
structural role that convexity and Jensen’s inequality play in one dimension: it is the mechanism that
allows conditioning to enter the proof in a stable way.

The form we actually use is the following corollary.

Corollary 6.20 (A Jensen-type consequence of Lieb). Let H be a deterministic symmetric matriz, and
let Z be a random symmetric matriz such that Ee? is finite. Then

E Tr(eH+Z) S Tr(€H+10g(EeZ)).

Proof. Set
w(A) _ Tr(eH'HOgA),

defined for positive definite A. By Theorem 6.18, the function v is concave. Since e

almost surely, Jensen’s inequality gives

is positive definite

Ey(e”) < y(Ee”).
Finally, because log(e?) = Z for symmetric Z, we obtain
E Tr(eH-i-Z) — E¢(e?) < (Ee?) = TI,(eH-Hog(EeZ))'
O

The next proposition is the Tropp-style “matrix Laplace transform” bound. It is the correct noncommu-
tative replacement for the scalar identity

Eef 2iXi — H EefXi,
i
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Proposition 6.21 (Matrix Laplace transform method). Let Xi,..., X, be independent symmetric
random matrices, and set
n
S=) X
i=1

Then for every t € R and every 6 > 0,

P()\max(S) > t) <e % Tr (exp <zn:log EeaXi)> .

=1

Consequently,

P()\max(S) > t) < ggg {eat Tr (exp (i log EeeXi)) } )

i=1
Proof. Fix 6 > 0. By Markov’s inequality,
P()\max(S) > t) = P(ee’\"‘ax(s) > eet) < et gefAmax(5)

0X;(S)

Since the eigenvalues of €S are e , we have

Pmax(8) = N (e7%) < T (),

and therefore
P()\max(s) > t) < e—@t ETI“(@QS).

It remains to bound E Tr(e?¥). We condition on the last summand and apply Theorem 6.20 with

n—1
H = QZXi 7 =0X,.
=1

Because X, is independent of X1,..., X,_1, this yields

ETr(e”) =E1,..n1En Tl“(ee iy Xi+0xn>
n—1
< El,...,nfl Tr (exp <9 Z X@ + 1Og EeGXn> ) )
=1

Now the last term has the same form as before, except that one random summand has been replaced by
the deterministic matrix log EefXn, Repeating the argument for X, _1, X,,_o,..., X7, we arrive at

E Tr(e?) < Tr <exp (Z log EegXZ) ) .

i=1

Substituting this into the previous bound proves the claim. O

6.6 Proof of Theorem 6.14

The only remaining ingredient is a one-step bound on the matrix MGF of a bounded summand. This is
the matrix analogue of the scalar estimate used in the proof of Bernstein’s inequality.
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Lemma 6.22 (A matrix MGF bound for bounded summands). Let X be a symmetric random matriz
such that EX =0 and || X||op < K almost surely. Then for every 6 € (0,3/K),

62/2
EefX < 0) E[X? 0) = ———.
Proof. The scalar Bernstein argument gives the inequality

0?/2

b2 <1490 —
e’ < +a:+179K/3a:,

€ [-K, K], 0 €(0,3/K).

Applying Theorem 6.15(a) through the spectral calculus, we obtain
X T +0X +g(0) X2
Taking expectations and using EX = 0,
Ee"X < T+ g(h) E[X?].

Since E[X?] = 0, we may use the scalar inequality 1+ u < e* through the spectral calculus once more to
deduce

I+ g(0) E[X?] < exp(g(0) E[X?]) .
This proves the claim. O

Proof of Theorem 6.1/. Let

Fix 0 € (0,3/K). By Theorem 6.21,
P(/\maX(S) > t) < e % Tr (exp (Z log Ee9Xi>> )
i=1

By Theorem 6.22,

Both sides are positive definite, so Theorem 6.15(b) gives
log Ee?Xi < g(0) E[X?2].
Summing over i and applying Theorem 6.15(c) with f(x) = e®, we obtain
Tr (exp (Z log E€9Xi> ) <Tr (exp <g(9) Z E[Xf]) ) =Tr (eg(e)v).
i=1 i=1

If p1, ..., pq are the eigenvalues of V, then pu; < wv for all j, so

d
Te(e#®V) = 3 s < g s,
j=1

Therefore
P(Amax(S) > t) < dexp( — 0t + g(0)v).
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Choosing
t

v+ Kt/3
when v > 0 (and arguing by continuity if v = 0) gives

2
P(AmaX(S) > t) < dexp<_v—if/(2t/3> .

This proves the one-sided estimate.

For the operator norm, observe that
[Sllop = max{Amax(5), Amax(=5)}-

Since the matrices —X; satisfy the same assumptions and have the same variance proxy V', we may apply
the one-sided bound to both S and —S, and then use the union bound:

P(|[Slop > t) < 2dex __t2
b =" = P v+ Kt/3) "

Finally, set z = log(2d/d). The inequality

t2/2
J A <
2dexp( - t/3) )

Kt
t2221'<11+3>.

Solving this quadratic inequality in ¢ gives

t>Ka:+ K2x2+2
> \/ 9 V.

Using va + b < v/a+ /b, we further obtain the simpler sufficient bound

2K
t>V2vx + 396.

is equivalent to

This proves the high-probability form. O

6.7 Two Useful Extensions

The matrix Bernstein theorem is already quite flexible in its symmetric form. Two standard consequences
are worth recording.

Controlling E||S|op. Integrating the tail bound from Theorem 6.14 yields
n

DX
i=1

Thus the same two scales appear in expectation as in the high-probability bound: a square-root variance
term and a linear boundedness term. Only the dimension enters logarithmically.

E

S Vvlog(2d) + K log(2d).

op
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Rectangular matrices and Hermitian dilation. If A € R%*% is rectangular, the standard trick is
to embed it into the symmetric block matrix

_|0 A4 (d1-+ds)x (d +d2)
JC(A) = [ AT 0} €cR .
Its eigenvalues are £s1(A),...,£s,(A), where s;(A) are the singular values of A, so

)\max(%(A)) = ”AHOP'

Moreover,

H(A)? = [AAT 0 }

0 ATA
This reduces the rectangular case to the symmetric one.

Corollary 6.23 (Rectangular matrix Bernstein). Let Aq,..., A, be independent mean-zero random
matrices in R4*%  and assume that

| Aillop < K almost surely for all i.

Define

n

> E[AA]]

=1

v = max ,

op

zn: E[A] A;]
i=1

op
Then for every t > 0,

t2/2
P >t < (di+da) exp<—/> .

v+ Kt/3

>4
i=1

op

Proof. Apply the one-sided part of Theorem 6.14 to the symmetric matrices #°(A;). They are independent,
mean-zero, symmetric, and satisfy

1 (A lop = || Aillop < K.
Also,

- Lo [ E[AA] 0

2 B4 ]‘[ 0 S EATA)]

whose operator norm is exactly v. Finally,

)\max (Zl %(Az)) -

The result follows immediately. O

n

>4

=1

op
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7 Gaussian Processes and Comparison Inequalities

We now turn to a family of results that is especially useful when the object of interest is not a single
random variable, but the supremum of a random process. The guiding example is the canonical Gaussian
process

X;={(g,t), teTCRY

where g ~ N(0,1;). Even this basic example already leads to nontrivial questions: how large can

sup;er X¢ be, and how is it related to the geometry of the index set 17

A recurrent theme is that for Gaussian processes the relevant geometry is encoded by the size of the
increments. This leads to powerful comparison principles such as Slepian’s lemma and the Sudakov—
Fernique theorem, and from there to entropy bounds such as Sudakov minoration.

7.1 Gaussian processes and the canonical metric

Definition 7.1 (Gaussian process). Let T be an index set. A random family (X} )7 is called a Gaussian

process if for every finite subset
Ty = {t17"'atm} cT,

the random vector
(Xtu v 7Xtm)

is multivariate Gaussian.

Definition 7.2 (Canonical metric). Let (X;)ier be a Gaussian process. Its canonical metric is

1/2
)

dx (s, t) = (E(X; — X,)?) s,t €T.

Strictly speaking, dy is in general only a pseudometric: it may happen that dx(s,t) = 0 for distinct
points s #£ t. In all entropy statements below, this causes no difficulty; equivalently, one may identify
points at distance zero and work on the resulting metric quotient.

For many questions involving sup,c7 X¢, the canonical metric is the right quantity to look at. Indeed,
adding a common Gaussian variable to all coordinates does not change the increments at all, and it also
does not change the supremum except by a random shift. Thus the process is largely controlled by its
increment structure rather than by its pointwise variances alone.

7.2 Slepian and Sudakov—Fernique inequalities

In many applications, one wants to compare the random quantities

sup Xy and sup Yy
teT teT

for two Gaussian processes (Xy)ier and (Y)er.

Remark 7.3 (Making T finite). To avoid measurability issues, one may think of

E sup X;
teT

as shorthand for

sup E max X;.
ToCT, |To|<oo t€T0
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Thus it is enough to prove the comparison inequalities below for finite index sets T'; the general separable
case then follows by approximation. Thus, in the comparison theorems below, we will state the results
for finite index sets.

Theorem 7.4 (Slepian inequality). Let (Xi)ier and (Yi)ier be two mean-zero Gaussian processes.
Assume that for all s,t € T,

EX? =EY? and  E(X;— X5)? <E(Y;—Yy)2

Then for every T € R,

P {supXt > 7'} < P{squt > 7'}.
teT teT

Consequently,

Esup X; < EsupV;.
teT teT

We prove Slepian inequality by Gaussian interpolation. The first step is Stein’s identity in dimension one.

Lemma 7.5 (Stein’s identity in dimension one). Let X ~ N(0,1). Then for every differentiable function
f:R—R,
E[Xf(X)] =Ef'(X),

assuming both expectations exist and are finite.

Proof. Let

be the standard Gaussian density. Then
EXS(X)] = | af@ge)do.
Since ¢'(x) = —xp(z), integration by parts gives

/ of (z) / f(@)!(x) dz = / e —Ef(X),

where the boundary term vanishes because ¢ decays exponentially. O

Lemma 7.6 (Multivariate Stein identity). Let X ~ N(0,%) in R™. Then for every differentiable function
f:R" =R,
E[X f(X)] = SEV/(X),

assuming all expectations exist and are finite. Equivalently, for everyt=1,...,n,
n
X)) =) S, E[0if(X)].
j=1
Proof. Write X = AZ, where Z ~ N(0,1,) and AAT = ¥. Then

n
Xi =Y AinZ,
k=1
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SO

E[Xif(X)] =) AwE[Zf(AZ)].

k=1
Conditioning on all coordinates of Z except Zi, and applying Theorem 7.5 to the k-th coordinate, we
obtain

E[21/(AZ)] = E[04(f(AZ))].
By the chain rule,

On(f(AZ)) =) Aj0;f(X).
j=1

Therefore

n n

EXif(X)] =) Aw Y ApE[0,£(X)] =) (AAT)E[0;f(X)] =D Ny E[0,£(X)].
k=1 =1

j=1 j=1
Lemma 7.7 (Gaussian interpolation). Consider two independent Gaussian random vectors
X ~N(0,5%), Y ~N(O,3%").
Define the interpolation Gaussian vector
Z(u) == vVuX +V1-uY, u € [0,1].
Then for every twice differentiable function f: R™ — R,

d 1 —

Ef(Z) =5 Y (5 — 35 E[05f(Z(w))],
i,j=1

assuming all expectations exist and are finite.

Proof. Using the chain rule,

Since

du  2yu 2V1-a

we obtain

Vi V1-u

Let us compute the part containing X;. Condition on Y, and define

gi(z) = 0:f (Vaz + VI—uY).

Then

—uE[Xi@'f(Z(u)) Y] = \}EE[X@-QZ-(X) | Y].

S
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Applying Theorem 7.6 to the Gaussian vector X, we get
LE Xigz( E ]g’L | Y|
Vu

By the chain rule,

019:(x) = Vu Oy f (Vi + VI=uY).

Therefore
J=Elx 0z Zz [0, £(Z(w) | Y.

Taking expectation in Y, we obtain

n

1

T E[X;0:f(Z ZEXEE) Z(w))].
Similarly,
1
E[Y;0; EY E[0i f :
Substituting these identities into the derivative formula above proves the result. O

Lemma 7.8 (Slepian inequality, functional form). Consider two mean-zero Gaussian random vectors X
and Y in R™. Assume that for alli,7 =1,...,n,

EX? =EY? and E(X; - X;)? <E(Y;-Y;)>~
Let f : R™ = R be twice differentiable and satisfy
0ijf(x) >0 for all x € R™ and all i # j.

Then
Ef(X) > Ef(Y),

assuming both expectations exist and are finite.
Proof. Let ¥X and XY be the covariance matrices of X and Y. Since

E(X; — X;)? =3 + 5% — 257,
and similarly for Y, the assumptions imply that

y¥ =x) and Z‘f]{ > E}; for all ¢ # j.
Since the conclusion depends only on the marginal laws of X and Y, we may take them independent.
Applying Theorem 7.7 to
Z(u) =vVuX +V1—-uY,

we get
n

LEf(Z) = 3 (5 — D) E[0uS(Z(w)]

,j=1
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The diagonal terms vanish because Zi)f = E};, SO

SLES(Z() = 5 S5 - S E[ (2 ()]
i#]

Each term in this sum is nonnegative, hence
d
—Ef(Z > 0.
Ef(Z(w) 2

Therefore u — Ef(Z(u)) is increasing, and so

Ef(X) =Ef(2(1)) = Ef(Z(0)) = Ef(Y).

O
Proof of Theorem 7.4. By Theorem 7.3, it is enough to consider finite 7. Relabeling if needed, write
T={1,...,n}, X =(X1,...,Xn), Y=(W,...,Y,).
Fix 7 € R. For € > 0, choose a twice differentiable, non-increasing function
he : R — [0,1]
such that
he(z) =1 forx <71 —c¢, he(z) =0 forx >T.
Then he(z) = 1(_o ) (z) pointwise as € | 0.
Define
n
fe(x) ::th(a:i), z=(z1,...,2,) € R"
i=1
Then fo(7) = Limax,, «;<r} Pointwise as ¢ | 0. Moreover, for i # j,
Oy f- (@) = W(wi)hi(zy) [T he(z) =0,
k¢{i,j}
because h’e <0 and 0 < h: <1. Thus Theorem 7.8 gives
Efe(X) > Ef:(Y).
Letting € | 0 and using dominated convergence, we obtain
P {maxXZ- < T} >P {maXYi < T} .
i<n i<n
Equivalently,
P {maxXi > 7'} <P {maxY;; > 7‘} .
i<n i<n
This proves the tail comparison. The expectation comparison follows immediately. O

Theorem 7.9 (Sudakov-Fernique). Let X = (Xy)ier and Y = (Y)ier be centered Gaussian processes.
Assume that

E[(X: — X,)?] <E[(Y: - Y5)?]  foralls,teT.
Then

Emax X; < EmaxY;.
teT teT

Remark 7.10. We will use Theorem 7.9 repeatedly, but we will not prove it here. Compared with
Theorem 7.4, the point is that one no longer needs the equality of pointwise variances. Only the increment
structure matters.
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7.3 Packing, covering, and Sudakov minoration

We now connect Gaussian suprema to the metric entropy of the index set. Recall the definition. Let
T be a subset of a metric space (E,d), and let ¢ > 0. The covering number N (7T, d, ¢) is the smallest
number of closed d-balls of radius ¢ in £ whose union covers 7T'.

An e-packing is a subset P C T such that
d(s,t) > ¢ for all distinct s,t € P.

Also recall that we have
N(T,d,e) <P(T,d,e).

Theorem 7.11 (Sudakov minoration). Let (X;)ier be a centered separable Gaussian process, and let

dx (s,t) = (E(X; — X,)%)"/?

be its canonical metric. Then for every e > 0,

e\/1og N (T,dx,e) < cEsup Xy,

teT
where ¢ > 0 is an absolute constant.

Proof. Fix e > 0. It N(T,dx,e) = oo, then P(T,dx,e) = oo as well. Hence for every integer m > 1,

there exists an e-packing
P =A{t1,...,tn,} CT.

Applying the argument below to F. ,, shows that

Esup X; > cey/logm

teT

for all m, and therefore Esup,c Xy = +o0. In this case the desired inequality is trivial. We may therefore
assume that N (7T, dx,¢) < oc.

Since N (T,dx,e) < P(T,dx,e), we can choose a finite e-packing

P.={t1,...,tm} CT

with
m > N(T, dx, 8).
Of course,
Esup Xy > E max X;..
teT 1<j<m 7
Now let g1,...,9m LR N(0,1), independent of everything else, and define a new Gaussian process
€
Y, = — j=1...,m.

j \/59]7

For distinct 4, j,
2

€
E(Yi, = Y3,)* = E(gi — g;)* =&,
On the other hand, because P is an e-packing,

E(Xy, — Xy,)? = dx(t;,t)* > €%
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Therefore
E(Y,, —Y;,)? <E(Xy, — Xy,)?  foralld,j,

and Theorem 7.9 yields
E max Yt]. < E max th < Esup X;.

1<j<m 1<j<m teT
Finally,
g
E max Y;. = —E max g¢,.
155em 0 T 2 155em

A standard estimate for the maximum of m independent standard Gaussians gives

E max g; > co/logm

1<j<m

for an absolute constant ¢y > 0. Hence

co Co
Esup X; > —=ev/logm > —e/log N(T,dx, ¢).
er V2 V2 ( )

This proves the theorem. O

7.4 Canonical Gaussian process: covering-number examples

A particularly important example is the canonical Gaussian process on a set 7 C R%:
X = {g,t), tefT, g~ N(0,1y).
Its canonical metric is exactly the Euclidean metric. Indeed,
dx(s, 1) =E((g,t —5))* = ||t - s]3-

Thus Theorem 7.11 translates bounds on Gaussian suprema into covering-number bounds in Euclidean
space.

Example 7.12 (An ellipsoid). Let
T =SB = (520 uly < 1),

where > > 0. Then

sup (g,t) = sup <El/2g,U> = ||=2g]l5.
teT lull2<1

Therefore
Esup (g.£) = E["/2gl2 < \[EI gl = /TS,
€
where we used Jensen’s inequality. Applying Theorem 7.11, we obtain

¢ Tr(%)
g2

log N(£V2B3, || - |l2.) <
Example 7.13 (The ¢; ball). Let
T=Bl={reR': |z <1}
Then

sup (g,t) = [|g/lco>
te B¢
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SO

E sup (g,t) = E||g]|co-
teB¢

By Theorem 3.25 applied to the 2d centered Gaussian variables
gis---59d, —915-- -5, —Yd;

we get

Ellglloc = E max |g;| < v/2log(2d).

Therefore Theorem 7.11 yields
¢ log(2d)

e2

log N'(BY, || - [l2,¢) <

This estimate is very effective when ¢ is not too small. For smaller ¢, a volumetric argument gives a
complementary bound. Indeed, the inclusions

B{ C B§ C VaBY
imply
Bl + %Bg C (1 + 6\2/&) BY.
Hence

Vol(B¢ + £BY)

N(BL |- [l2,e) <

~ Vol((¢/2)BY)
Vol ((1+ %) BY)
Vol((¢/2)BY)

d

(1 evd <2)d Vol(B)

N 2 e) Vol(BY)

Using the standard bound
Vol(B{)

Vol(Bg) = (\/&)d
NBL - fave) < (o (1+ %))d

2
g AT, |- 2.2) < atog (e (1+ ) ).

Combining the two estimates, we get

. 2 c log(2d)
log N (BL || - |l2, €) Smm{dlog(c <1+€\/g>> T }

In particular, when € =< d~1/2, the volumetric bound is of order d, whereas the Sudakov bound is of order
dlogd. Thus the volumetric argument is better in the very small-scale regime, while Sudakov minoration
becomes more informative at larger scales.

we arrive at

Equivalently,
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7.5 Dual Sudakov minoration

Sudakov minoration bounds the entropy of a set in terms of the Gaussian supremum over that same set.
There is a dual statement in which one covers the Euclidean ball by translates of a polar body.

Definition 7.14 (Polar set). Let T C R? be convex and symmetric, meaning 7' = —T. Its polar is

T° = {yERd: sup (z,y) < 1}.
zeT

A few standard examples are useful to keep in mind:
e (BY)° = B
e if 1 <p < oo and ¢ is the conjugate exponent, then

(By)° = By;
e if T is an ellipsoid with semi-axes a1, ...,aq > 0, then T° is an ellipsoid with semi-axes afl, N
We will also use the set-based covering-number notation

N(AK),
which denotes the minimum number of translates of K needed to cover A. Thus

N(T, |- |l2,6) = N (T, eBS).

Theorem 7.15 (Dual Sudakov minoration). Let T C R? be a symmetric convex body. Then for every

e >0,
e1/log N'(B§,eT°) < cEsup (g,1),

teT
where g ~ N(0,14) and ¢ > 0 is an absolute constant.

We will not prove Theorem 7.15 here. The important point is that it gives entropy bounds for coverings
of the FEuclidean ball by a body dual to the one defining the Gaussian supremum.
Example 7.16 (A Euclidean-ball covering estimate). Let
T=xY2B¢  xs=o.
By Theorem 7.12,

Esup (g,t) < /Tr(X).

teT
On the other hand,

T°={yecR: sup <El/2u,y> <1l,;= {y eRY: |2V%y||p < 1}.
f[ull2<1
Thus covering B¢ by translates of eT° is the same as covering B by balls of radius e for the metric
ds(s,t) = |="2(s = 1)]|2-

Indeed,
set+el® 12Y2(s —t)||2 < e.

Therefore Theorem 7.15 yields

c Tr(X%)

log N'(BY, ds, ) < =
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7.6 Gaussian width

The quantity that appears repeatedly in the previous discussion deserves its own name.

Definition 7.17 (Gaussian width). Let 7 C R? be nonempty, and let g ~ N (0, Iy). The Gaussian width
of T'is

W(T) = Eileljg (g,t) €0, 00].

Geometrically, W(T') is the expected support function of 7" in a random Gaussian direction. It is a very
natural size parameter in high-dimensional probability: it appears in comparison theorems, in entropy
estimates, in random matrix bounds, and later in learning-theoretic applications.

Proposition 7.18 (Basic properties of Gaussian width). Let T, K C R be nonempty sets, let Q be an
orthogonal matriz, and let y € RY. Then:

1. W(T) < oo if and only if T is bounded;
2 W(QT +y) = W(T);
3. W(T+K)=W(T)+ W(K), where

T+K={t+k: teT, ke K};

4. for every a € R,
W(aT) = |a| W(T);

1 1
W(T) = §W(T—T) =_E su€pT<g,x—y>;
x’y

6. if T is finite, then

W(T) < +/2log|T| diam(T),

where

diam(T) = sup ||z — yl|2-
z,ye€T

Proof. (1) If T is bounded, then
sup (g,t) < |lgll2sup [[¢]]2,
teT teT

so W(T') < oc.

Conversely, suppose 1" is unbounded. Choose t; € T' with ||tx|]2 — oo, and write uy = ti/||tk||2. By
compactness of the unit sphere, some subsequence uy, converges to a unit vector u. On the event
(g,u) > 0, which has probability 1/2, we have (g, ug,) > (g,u) /2 for all large ¢, and hence

(g5 the) = Ntk ll2 (9> un,) — oo

Therefore sup,er (g,t) = +00 with positive probability, so W (T") = 4o0.
(2) We have
W(QT +y) = Esup (g, Qt +y) = Esup ( <QTg,t> +{g.9)).
teT teT

Since Qg ~ N(0,1;) and E (g,y) = 0, this gives W(QT + y) = W(T).
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(3) For every fixed g,

sup (g,2) = sup (g,t+k)=sup(g,t) + sup (g,k).
z€T+K teT, keK teT keK

Taking expectations proves the claim.

(4) If @ > 0, then
W(aT) = aW(T).

If o < 0, then
W(aT) = o] Esup (~g.1) = |o] W(Z)
€

since —¢g has the same law as g.

(5) For every fixed g,

sup (g,z —y) = sup (g, x) +sup (—g,y) .
z,yel z€T yeT

Taking expectations and using the symmetry of g gives

W(T —T) = 2W(T).

(6) Fix t9 € T. Then
W(T) = Emax(g,) = Emax (g,t —to),
€

teT
because E (g, tg) = 0. For each t € T', the random variable (g,t — o) is centered Gaussian with variance
|t — o3 < diam(T)2.
Applying Theorem 3.25 to the family {(g,t — o) : t € T'}, we obtain

W(T) < +/2log|T| diam(T).

Example 7.19 (Basic Gaussian width computations). Let g ~ N (0, I;). Then:
1. For the Euclidean ball,

W (BY) =E o (g,t) = E|lgll2 < \/Ellg|l2 = V.
tl[2<

2. For an ellipsoid,

W(S2B3) = E sup <21/2g,u> = E|2Y2g|, < VTr(D).

[[ull2<1

3. For the ¢ ball,

W (BY{) = E|lg]l < v/210g(2d).

4. For the {o, ball,
d
2
W(BL)=E sup {g,1) =Ellglh = > Elgsl = d\[.
v

It o<1 i=1
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7.7 A useful consequence: Gaussian contraction

We end with a very useful corollary of Theorem 7.9. It says that applying coordinatewise 1-Lipschitz
maps can only decrease Gaussian width.

Corollary 7.20 (Gaussian contraction inequality). Let T C R%, let g = (g1, ...,94) ~ N(0,1;), and let

o1,--,04: R—=R

be 1-Lipschitz functions. Then

d

E sup 9i 0i(t;) < Esup gty = W(T).
) < Equp3 =

Proof. Define two centered Gaussian processes on T' by

d d
=Y gieiti),  Yi=) agits
i=1 =1

For any s,t € T,

d
E(X, = (¢i(ti) — puls1))

d
Z E(Y: - Yo)?,
=1 =1
since each ¢; is 1-Lipschitz. By the Sudakov—Fernique theorem,
Esup Xy < EsupV;.
teT teT
The right-hand side equals Esup;cp (g,t) = W(T') by definition, which proves the claim. O

8 Generic chaining

We now return to Gaussian processes from a more structural point of view. In the previous section we
saw that the size of
E sup X;
teT
is governed by the geometry of the index set through the increment metric. Sudakov minoration gave a
lower bound in terms of covering numbers. The next question is the upper bound.

A natural first answer is Dudley’s entropy integral. It is already a multiscale argument, and in that sense
it is already a chaining bound. But from the conceptual point of view, the more fundamental object
is Talagrand’s vo-functional. So we will organize the material in the following order: first we prove the
generic chaining upper bound in terms of v, and only then we recover Dudley’s entropy integral as a
corollary.

Historically, Dudley’s entropy bound was one of the first systematic upper bounds of this type. Fernique
then introduced the majorizing-measure point of view, and Talagrand proved that the resulting geometric
quantity gives the correct order of Esup,cr X; for Gaussian processes. This majorizing measure theorem
is one of the landmarks of the modern theory of Gaussian processes.

Throughout this section, the upper bounds will only use the increment condition

||Xt - XS||¢2 < Ld(S,t), s, t e T7
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for some metric d on T" and some constant L > 0. So exact Gaussianity is not needed for the upper half
of the theory. The genuinely Gaussian step is the matching lower bound.

A canonical example to keep in mind is
X, ={(g,t), teTCRY

where g ~ N (0, ). Then
Xe—Xs = <97t - 8) ~ N(07 Ht - SH%)?

and therefore
[ X = Xsllgs S It — slf2-

So the canonical Gaussian process has sub-Gaussian increments with respect to the Euclidean metric.

8.1 Admissible sequences and the v, functional

The generic chaining functional is built from multiscale approximations whose sizes are prescribed in
advance.

Definition 8.1 (Admissible sequence). Let T' be a nonempty set. A sequence of subsets
To, Th,Ts,...CT

is called admissible if .
|To| =1 and IT}| < 2% forall k > 1.

Definition 8.2 (Talagrand’s v2 functional). Let (T',d) be a metric space. We define

)
72( ) ) (Tx) ;({lmissible ig/lpvkzo ( ) k),

where
d(t, Ty) = inf d(t, s).
( > k) slenTk ( 73)
Two simple facts follow immediately from the definition. First, for every ¢ > 0,
Y2(T, ed) = eya (T, d).

Second, if di < dy pointwise on T x T, then

2T, d1) < v2(T, da).

The particular cardinality bound 22 is not accidental. At scale k, the proof will compare points in T}
with points in Ty11. The number of such pairs is at most

so its logarithm is of order 2¥. After taking a square root, the natural probabilistic price is exactly 25/2.
This is why the geometry of s is perfectly matched to the sub-Gaussian union-bound computation.
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8.2 The generic chaining upper bound

We now prove the main upper bound. As promised, the proof uses only sub-Gaussian increments.

Theorem 8.3 (Generic chaining upper bound). Let (Xi)ier be a centered process such that
| Xt — Xl < Ld(s,t) forall s,t € T.

Then

Esup X; < CL~(T,d),
teT

where C > 0 is an absolute constant.

Proof. We prove the result first when T’ is finite.

Choose an admissible sequence (T})x>0. Since T is finite, by enlarging the sequence if necessary we may
assume that
T, =T for all sufficiently large k.

Let Ty = {to}. For each t € T and each k > 0, choose a point 7 (t) € T} such that

d(ta Wk(t)) = d(tv Tk)

Because Ty, = T for all large k, we have 7 (t) = t eventually. Therefore, for every ¢t € T,

o0

Xy — Xyy = Z(Xﬂ'kJrl(t) - Xﬂk(t))’
k=0

with only finitely many nonzero terms.

Now fix v > 1. Consider the event
o0
= ﬂ ﬂ {|Xb—Xa’§C1Lu?k/2d(a,b)},
k=0 CI‘ET’]m bGTk+1

where C7 > 0 is a constant to be chosen.

For a fixed k, a € T, and b € Ty, the increment X;, — X, is centered and sub-Gaussian, with
| Xy — Xallyy < Ld(a,b).
Hence, by Theorem 2.13(1),
P(|Xb — Xo| > C1Lu2%d(a, b)) < 2exp( — cCl2u22k)

for an absolute constant ¢ > 0.

On the other hand,
Tl | Tia| < 22227 <22

Therefore, by the union bound,

P(;) <2 Z 92" exp(— cC'12u22k).
k=0
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Choose (] so large that
cC? > 4log 2 + 1.

Then for every u > 1,
92" exp( — cC%u22k) < exp(—u?2"),

and consequently
o

<2 Z emu'2t < 4e=,

Now work on the event €2,. For every t € T,

X = Xip =3 (Xnpor) — X))
k=0
<Z‘Xﬂ'k+l - Wk()}

<CiLu Z 22 d(mp 1 (£), mi(1)).
k=0

By the triangle inequality,

A1 (8), 7 (1)) < d(t, Tq1 (8) + d(t, m(t)) = d(t, Thot1) + d(t, Th).

Hence

Z2k/2d (mpsa (t ZQW (t, ) + d(t, Tr11))
k=0

<2 Z 2k124(t,Ty,).

k=0
Therefore, on £,
o
sup(X; — Xy,) < 2C1Lu sup Z 2F24(t, Ty,).
teT teT 1
Set -
A = sup Z 2k2q(t,Ty,).
teT 125

We have shown that

P<sup(Xt - Xi) > QClLuA> < 46_“2, u > 1.
teT

Since t =ty gives Xy — Xy, = 0, the random variable

Z = Sup(Xt - Xto)
teT

is nonnegative. Using the tail-integral formula,

EZ:/ P(Z > s)ds
0

<2Ci1LA +/ P(Z > s)ds.
2C, LA
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With the substitution s = 2C1 LA u, the tail estimate gives
e 2
EZ <2C1LA + 2ClLA/ 4™ du < CyoLA
1

for an absolute constant Cy > 0.

Finally,

Esup X; = EX;, + Esup(X; — X;,) =EZ,
teT teT

because EX;, = 0. Thus

Esup X; < CyLA.
teT

Since this holds for every admissible sequence, taking the infimum over all admissible sequences yields

Esup Xy < CoL (T, d).
teT

For separable processes, one passes to the limit over increasing finite subsets in the standard way. [

Remark 8.4. At this stage, the main upper bound is already proved. Nothing beyond sub-Gaussian
increment control was used. This is one of the reasons generic chaining is so robust: the upper half of
the theory is not specifically Gaussian.

8.3 Dudley’s entropy integral as a corollary

We now compare v with covering numbers. This is the step that turns the abstract chaining functional
into the familiar entropy integral.

Proposition 8.5 (Comparing o with entropy). Let (T, d) be a bounded metric space, and write

D = sup d(s,t).
s,teT

Then D
(T, d) < C / VIog N (T, d, ) de.
0

where C' > 0 is an absolute constant.

Proof. It N(T,d,e) = oo for some € > 0, then the right-hand side is +00, and there is nothing to prove.
So we may assume that the relevant covering numbers are finite.

For each k > 0, define
ep =inf{e >0: N(T,d,e) < 22k}.

Since N(T,d, D) = 1, the quantity ey, is well-defined, and g | 0.

Choose T}, C T to be an ei-net with .
Ty | <22

Then (T}) is admissible, and therefore

o0 o0
(T d) <supy 2%2d(t, T) <) 2%
teT 1 "o k=0
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It remains to compare the last sum with the integral. By the definition of €, whenever € < ¢y,
N(T,d,e) > 2%".
Hence for every € € [ex41, k),
Viog N(T, d, ) > y/log(22*) = \/log 22¥/2.

Therefore

€k
/ VIog N (T, d, ) de > /log 22"/% (e}, — €41).
Ek4+1

Summing over k£ > 0, we obtain

D oo
/ VIog N (T,d,e)de > cZQk/Z(ak—ekH)
0 k=0

for an absolute constant ¢ > 0.

Now observe that

ZQk/Q(Sk — 8k+1) =¢€0 + Z(2k/2 — 2(k_1)/2)6k.
k=0 k=1

Since

2k/2 _ 2(16‘71)/2 — (1 _ 271/2)2’6/27

the right-hand side is bounded below by a constant multiple of

o
LR
k=0

Combining the previous estimates gives

00 D
Z ok/2¢, < C’/ V9og N (T, d, e) de,
k=0 0

and hence

D
Y2(T,d) < C/ log N (T, d, ¢) de.
0

O

Corollary 8.6 (Dudley’s entropy integral). Let (X;)ier be a centered process such that

| Xt — Xl < Ld(s,t) forall s,t € T.
Then
D
Esup X; < CL/ VIegN(T,d,e)de, D = sup d(s,t),
teT 0 s,teT
where C' > 0 is an absolute constant.
Proof. Combine Theorem 8.3 with Theorem 8.5. O

Remark 8.7. In this order of presentation, Dudley’s entropy integral appears as a clean corollary of
generic chaining rather than as the starting point. This is conceptually useful: the geometric object of
real interest is 79, while the entropy integral is a convenient upper estimate for it.
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8.4 Talagrand’s majorizing measure theorem

The upper bound from Theorem 8.3 is already quite general. What makes the Gaussian case special is
that there is also a matching lower bound.

Theorem 8.8 (Talagrand’s majorizing measure theorem). Let (Xy)ier be a centered Gaussian process,

and let
dx (s,t) = (E(X; — X,)%)"/?

be its canonical metric. Then there exist absolute constants ¢, C' > 0 such that

cy(T,dx) < Esup Xy < C (T, dx).
teT

Remark 8.9. The upper bound is exactly the generic chaining estimate we have just proved. The lower
bound is the deep part. Fernique introduced the majorizing-measure viewpoint, and Talagrand proved
that it gives the correct answer up to absolute constants. This theorem is one of the central structural
results in the theory of Gaussian processes.

It is also useful to keep in mind how it fits with the entropy bounds from the previous section. The upper
half contains Dudley’s bound after the comparison in Theorem 8.5. The lower half contains Sudakov
minoration as a rough entropy shadow. So v, sits between the two classical entropy bounds and refines
both of them.

8.5 A comparison principle

The majorizing measure theorem immediately yields a very useful comparison theorem. It says that
once a process has sub-Gaussian increments dominated by those of a Gaussian process, its supremum is
controlled by the corresponding Gaussian supremum.

Corollary 8.10 (Talagrand’s comparison theorem). Let T be an index set. Let (Xi)ier be a centered
process, and let (Y;)ier be a centered Gaussian process. Assume that

X — Xolly, < L(EY; —Y)?)?  forall s,t €T.

Then

Esup Xy < CLEsupY;,
teT teT

where C' > 0 is an absolute constant.
Proof. Define

dy (s,1) = (E(Y; — Y2)2)'/*.
By Theorem 8.3,

Esup X; < C1L (T, dy).
teT

Since Y is Gaussian with canonical metric dy, Theorem 8.8 gives

Y2 (T,dy) < CoEsup;.
teT

Combining the two inequalities proves the claim. O

A particularly important special case is the canonical Gaussian process.
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Corollary 8.11 (Sub-Gaussian increments and Gaussian width). Let T C R%, and let (X;)ier be a
centered process such that

1 Xt — Xl < LIt — 52 forall s,t €T.

Then

Esup X; < CLW(T),
teT

where W(T') is the Gaussian width from Theorem 7.17.

Proof. Apply Theorem 8.10 with
Y;f:<gat>> gNN(O7Id)

Then "
(E(Y; = Y02 = ||t = s]la,

and

EsupY; = W(T).
teT

8.6 Examples

We conclude with two examples. The first is a general finite-set estimate. The second shows, in a concrete
way, why 2 can be much smaller than Dudley’s entropy integral.

Proposition 8.12 (Finite sets). Let T' be a finite metric space. Then

72(T,d) < C\/log|T| sup d(s,1),

s,teT
where C' > 0 is an absolute constant.

Proof. Write

T={t1, ., tm}, D = sup d(s,t).
s,teT

For each k > 0, define
T, = {tl, ce ,tm/\22k}.

Then (T}) is admissible. If 22" > m, then T, = T, so d(t,Ty) = 0 for all t € T'. Otherwise d(t,T;) < D
for all ¢ € T'. Therefore
WTa)<D Y 2

k: 228 <m

If kg is the largest index with 220 < m, then 2%0 =< log m, and hence

ko
D 2h2 < C2k? < C\/logm.
k=0

This proves the claim. O

71



Example 8.13 (A set for which Dudley is loose). For each d > 1, define

€; . d
Ti=¢—————:1<:<d;, CR"
d { 1+ logt == }_

Consider the canonical Gaussian process
Xt:<g7t>a gNN(Ovld)
Then 4
sup X; = 792 -
teTy 1<z<d 1+ logs
We first show that the Gaussian supremum is uniformly bounded in d. For u > 0,
gi d
P 9 )< P<->\/1 1 )
<1I£zagxd 1+ logs u) _; gi Z wy L log?

Using the Gaussian Chernoff bound,

we get

Gi 2 -
P L — <e 2/ u?
<1r£?§Xd 1+loge — ) € Z !

For u > 3, the series on the right is bounded by an absolute constant, uniformly in d. Hence

P max —2 > <Ce™ /, u > 3.
1<i<d /1 +loge? —

Integrating the tail, we conclude that

d>1 1<z<d 1+ logt

Since X; = (g,t) is Gaussian, Theorem 8.8 therefore implies

sup y2(Ty, || - []2) < oo.
d>1

Now let us look at Dudley’s entropy integral. Fix ¢ € (0, %], and set

1
m= |exp|— || .
Pl 42
Assume m < d. If i # j and 1 < 14,5 < m, then

2 1 1 2

i = + > :
9 1l+logi 1+logg — 1+logm

H\/l—l—logi B V1+logj

Since ¢ S , we have 1 < S0

427
1

1+logm<1+452 < 53
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Therefore )

> 4¢e?,
2

€; _ ej
VI+logi +/1+1logj
which means that the first m points form a 2e-packing. By Theorem 6.3,

N(Ty, | - [l2,€) > m.

Hence c
log N (T4, || - |2, €) > =
whenever m < d, that is, whenever
/
c
e > .
— Vlogd
Consequently, for all sufficiently large d,
1/2 1/2 de
VIeg N (Ty, || - |2, €) de > c/ — > " loglog d.
0 /Vlogd €

So Dudley’s entropy integral diverges with d, while v2(7y, || - ||2) remains uniformly bounded.

This is a very instructive example. The entropy is large at many scales, but different points are responsible
for different scales. Dudley’s bound pays the worst possible price at every scale. The ~s-functional is
more flexible, because the supremum stays inside the multiscale sum. That is exactly the feature that
makes generic chaining sharper.

8.7 A logarithmic comparison between 7, and Dudley’s sum in R?

Besides Talagrand’s functional

00
72( 7 ) (Tx) alélmissible iggkzo ( ) k)v

it is sometimes convenient to consider the more rigid quantity obtained by swapping the supremum and

the sum:
oo

D(T,d) = inf 2k/2 sup d(t, Ty,).
(Ty) admissible om0 teT

One may think of D(T,d) as a “Dudley sum” attached to admissible sequences. By definition,
Y2(T,d) < D(T,d),

since the supremum of a sum is never larger than the sum of suprema. The next example shows that
in finite-dimensional Euclidean geometry the converse only loses a logarithmic factor in the ambient
dimension.

Proposition 8.14 (Dudley sum versus generic chaining in R%). Let T C R? be nonempty and bounded,
and let d(s,t) = ||s — t||a. Then

(T || - ll2) < DT[] - [l2) < Clog(2d) v2(T, || - l2),

where C' > 0 is an absolute constant.
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Proof. The lower bound has already been noted, so we prove the upper bound. For k£ = 0, define
ey = inf{sup”t— Sll2: SCT, |S| = 1},
teT
and for k > 1, define the entropy numbers

e = inf{sup It —S|la: SCT, |S| < 22’“}.
teT

Here, as usual, ||t — S||2 = infseg ||t — s||2. This special treatment of k& = 0 matches the usual admissible-

sequence convention
|To| = 1.

Some references allow |Tp| < 2 instead; this only changes the resulting quantities by absolute constants.
Since the cardinality restriction is independent at each scale, we may optimize each level separately, and
therefore

D(T, | -|l2) = ) 2" e
k=0

Also, for every admissible sequence (7)) and every k,
oo
sup » 2972t — Tjlly > 252 sup [[t — Ty,
teT “— teT
7=0
so after taking the infimum over admissible sequences we get

(T, |ls) = 226 for every k> 0.

Fix an integer
m = [2 1og2(2d)-‘ .

Then .
> 22, < (m+ 1) (T, - ) < Clog(2d) 22(T, || - |12)-
k=0

So it remains to bound the tail -, 2k/2¢y,.

Set

D = sup ||s — t|2.
s,teT

A standard volumetric estimate for Euclidean coverings gives

2D\ ¢
N(T7HH27€)S<1+€> s e > 0.

d
(1 + 2D> < 92"
3

then eg, < e. Solving this inequality yields

Therefore, if € > 0 satisfies

e, <C1D min{l,2_2k/d} for all £ > 0,
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with an absolute constant C; > 0. On the other hand, since Ty must consist of a single point, any
admissible sequence satisfies

D
sup ||t — Toll2 > o
teT
and hence
D
Y2 (T, - ll2) > e0 = 5

Using the bound on e; and the choice of m, we conclude that

S 2t <D Y 24227 < oD < 20y (T | - ),

k>m k>m

where we used that for k > m the factor 2-2°/4 decays super-exponentially. Combining the bounds for
the initial part and the tail proves the claim. O

Remark 8.15. The quantity D(T, || - ||2) is the discrete analogue of Dudley’s entropy integral. So the
proposition may be read as saying that in R?, generic chaining and Dudley’s multiscale bound are never
more than logarithmically far apart.

The logarithmic loss may really appear. For the set 7' = B C R%, the Gaussian width satisfies
W(B{) =Elglee,  9~N(0,1a),

and standard upper and lower bounds for the maximum of Gaussian coordinates show that this quantity
is of order y/logd. Therefore, by the majorizing measure theorem, y2(B¢, || - ||2) is also of order v/log d.
On the other hand, the entropy estimate for the ¢; ball implies that Dudley’s integral is of order (log d)3/2.
So in this example the gap is indeed of order logd.

8.8 Sudakov minoration revisited via majorizing measures

The majorizing measure theorem also gives a very short route to Sudakov’s lower bound.

Example 8.16 (Sudakov minoration from the majorizing measure theorem). Let 7 C R and let
g ~ N(0,1;). Then for every € > 0,

€ \/IOgN(T, || ' ||275) < CESU; <gvt> )
te

where C' > 0 is an absolute constant.

Proof. Set
M :N(T7 || ’ H27€)‘

If M =1, then T is covered by one ball of radius ¢, so the left-hand side vanishes and there is nothing to
prove. Assume henceforth that M > 2. Choose k& > 0 so that
22" < M <22,

Consider any admissible sequence (7});>0. Since |Tj| < 22" < M , the set T}, cannot be an e-net of 7.
Therefore there exists t € T" such that
Ht - TkHQ > €.

Hence

oo
supz 212y — Tj|p > 2/ ilelg | — Ty|lo > 2%/2%.

ueT =0
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Taking the infimum over admissible sequences yields
(T, |- [l2) > 2V,
Now we use the upper side of the dyadic sandwich. From
M <22

we get
logy M < ok+1 hence 2k/2 > 2_1/2\/log2 M > cor/log M

for an absolute constant ¢y > 0. Therefore

%2 (T ] ll2) 2 cev/log N (T, | - [l2,¢)

for an absolute constant ¢ > 0. Applying the majorizing measure theorem to the canonical Gaussian
process Xy = (g, t) finishes the proof. O]

9 Empirical processes, symmetrization, and VC classes

We now turn to empirical process theory. The main object is the random fluctuation of an empirical
average around its mean, uniformly over a class of test functions. The simplest motivating example is
still the Kolmogorov—Smirnov statistic, but the same ideas work for much richer classes.

9.1 Empirical processes and a first look at the KS statistic

Definition 9.1 (Empirical process). Let Xq,..., X, e pon X, and let F be a class of measurable

functions f : X — R. The collection
{(Pa-P)fif€F), Pf=23f(X),  Pf=Ef(X),
=1

is called the emprirical process indexed by F.

Definition 9.2 (Glivenko—Cantelli class). A class F is called Glivenko—Cantelli if

sup|(P, — P)f| — 0 almost surely.
ferF

A classical example is the class of threshold indicators
Fiks ={z— 1(z <t):t € R}.

In this case,
sup |(P — P)fl—sup!F() F(t)],
fE€FKs

where
n

F(t) = P(X <), 1Z:1X <)
=1

3

So the KS statistic is simply the supremum of an empirical process over a one-parameter class.
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9.2 Symmetrization

One of the basic tools in empirical process theory is to compare the unknown centered process (P, — P) f
to a Rademacher process built from the observed sample.

Lemma 9.3 (Symmetrization). Let F be a class of measurable functions for which the expectations below
are finite, and let €1, ..., e, be independent random signs, independent of X1,...,X,. Then

Esup (Pf — P,f) < 2EE. sup e f(X
fef( ) fefn; '

E P, Pf) <2EE.
(= P0) S35

and consequently

1 n
Esup|P.f — Pf] < 2EE.sup|= Y & f(X)
feF ferF i
Proof. We prove the first inequality. Let X{,..., X} be an independent copy of X1, ..., X,,. Then

Esup (Pf — Puf) —ESUP (iZEf(Xf)—iZf(Xi)>
, i=1

feF
< EEx/ sup — — f(X3)).
feFn ; ' )
Since
d

(f(XD) = f(X0) 1, = (aa(F(XT) — F(X0)) s

we may insert independent signs and obtain

EEx sup — Z X;)) = EEx/E. sup — ZSZ X)) — f(X3))

fer i ferm

< EE. sup — Zslf ) + EEx/E. sup Zszf
fermn

= 2EE. sup — Zszf

ferm

The second one-sided inequality follows in the same way, or by applying the first one to the class —F.
The absolute-value version is proved by running the same argument with absolute values kept throughout:
after introducing the ghost sample, one symmetrizes the difference P,, — P, inserts Rademacher signs,
and then uses the triangle inequality inside the absolute value. O

9.3 De-symmetrization

Symmetrization tells us that the empirical process is controlled by the Rademacher process. A partial
converse is also true. For noncentered classes one pays only a small remainder term.
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Proposition 9.4 (A simple de-symmetrization bound). Let F be a class of measurable functions for
which the expectations below are finite. Then

EE. Sup\—Zeszf \<2Esup|Pf Pfl+— sup|Pf\

1
Vi fer
In particular, if every function in the class is centered, then

EE. Sup]—ZEZf |<2Esup|P f—Pf|.

Proof. Write

n

lz&lf( 1251 Pf —I—Pf Zgl
n < n <

Taking the supremum over f € F, then expectations, gives
n 1 n
EE. sup|f Z&f i)| < EE. ]scup|f > ei(f(Xi) = Pf)|+ ;up|Pf| El=D el
i=1 &F i=1
Since E[n=' 3", &;| < n~/2/ it remains to bound the first term. Set
F={xw f(z)— Pf:feF}

Every ]?E F is centered. Let X{,...,X] be an independent copy of X1,...,X,, and write
~ 1<~
Pf=— Z; FX;
1=

For fixed Xi., and 1.5,

because Pf: 0. By Jensen’s inequality,
EE. suplf Zelf i)| < EEx/Ec sup|~ Zei(f(xo - F(X))I.
f€.7: f€.7:
Now fix a sign vector € = (e1,...,&y,) and define

(Xi, X)), e=1,

X, X)) =
( ’ l) {(X{,Xl), 51':_1-

Since each pair (X;, X/) is exchangeable and the pairs are independent across 4, the joint law of
Oy oy n
((X%Xz{))izl

is the same as that of
n
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Moreover,

& (]?(Xi) - .]?(Xz{)) = f(X;) — F(X)).

Therefore
n

EE . sup) D70 - FxD) = EsuplPf - P17l
jer ™ feF

Finally, by the triangle inequality,

E sup]Pnf— P,’lf\ <E sup|Pnﬂ +E sup|P,’Lf| =2E sup|Pnf|.
fer fer feFr feFr

Since Pf: 0, this equals
2Esup|P.f — Pf].
fer

This proves the claim. O

9.4 A first rough bound for the KS statistic

The class Fkg is so simple that one can already get a nontrivial estimate from symmetrization and a
maximal inequality alone.

Proposition 9.5 (A first rough KS bound). For every distribution function F,

1 1
E sup| F(t) — F(t)] < 0/ 2280 1)
teR n

where C' > 0 is an absolute constant.

Proof. By Theorem 9.3,

E sup|F, (t) — F(t)| < 2EE. sup|— Zsl (X; <)l
teR teR N

Now condition on Xi,...,X,,. As t varies, the vector
(1(X1 <t),..., 1(X, <)) €{0,1}"

can take at most n + 1 different values: only the gaps between the order statistics matter. Therefore we
are taking the supremum over at most n 4+ 1 random variables. For each fixed ¢,

1 n
— Z 521(X2 < t)
" =1
is centered and sub-Gaussian with variance proxy at most 1/n, since

1
nQZ X<t) SE

Applying the maximal inequality for finitely many sub-Gaussian random variables to the 2(n+1) variables
corresponding to both signs yields

1 1
Ec sup|— Zaz 1(X; <t <C M.
teR M n
Taking expectation in X7.,, gives the result. O
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Remark 9.6 (Kolmogorov—Smirnov asymptotic law). The bound in Theorem 9.5 is only a first consistency
statement. If F' is continuous, then in fact

Vnsup|Fy(t) — F(t)| % sup [B(u)],
teR 0<u<1

where B is a standard Brownian bridge. We will not prove this classical result here; it serves only as a
reminder that the true behavior of the KS statistic is of order n~/2, with no logarithmic loss.

9.5 From expectation to high probability

The next proposition lets us pass from an expectation bound to a high-probability bound whenever the
class is uniformly bounded.

Proposition 9.7 (Bounded differences for empirical processes). Assume that every f € F satisfies
| fllooc < 1. Then for every ¢ € (0,1), with probability at least 1 — 0,

sup|Puf — Pf| < Esup|Pf — Pf|+ 1y 21oeL/o).
rer fer n

Proof. Define
1 n
g(x1,...,xy) = sup|Pf — — fx)]
( suplPf =3 1w

If only the i-th coordinate is changed from z; to z}, then

lg(z1, .. s xn) — g(@1, .o T, T T, - )]
1 21
< - A <=
< ;ggn’f@z) fla)l —

So g satisfies the bounded differences property with constants 2{/n. McDiarmid’s inequality therefore

gives
2

P(g(X1:n) —Eg(Xim) > t) < exp<—;LlQ) .

Taking ¢t = 1\/21og(1/§)/n yields the claim. O

9.6 Growth functions and VC dimension

We now specialize to classes of events. Let A be a collection of measurable subsets of X. A natural
quantity of interest is

sup|Pu(A) — P(A),  Pa(A) = - S 1(Xi € 4).
AcA ne

The point is that for indicator classes the complexity is purely combinatorial. It is measured by the
number of binary patterns that the class can realize on a finite sample.

Definition 9.8 (Growth function / shattering function). For n € N, define

Sa(n)= max _|[{(1(z1€A),...,1(z, € A)) : A A}|.

Z1,Tn €X

In words, S4(n) is the largest number of distinct binary patterns that A can realize on n points.
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A few elementary observations are immediate:

Sa(n) <27, Al < 0o = Sa(n) < |A],
and for the threshold class {(—o0,t] : t € R} one has S4(n) =n + 1. The last fact already suggests that
one can have a very large infinite class while still realizing only a small number of patterns on n points.

The next proposition is the direct analogue of the finite-class bound, with the cardinality of the class
replaced by the shattering function.

Proposition 9.9 (Uniform law via the shattering function). Let A be a class of measurable subsets of
X. Then for every § € (0,1), with probability at least 1 — ¢,

up|Po(4) — P(4)] < 2] 2HZ54l) logél/(S).
AcA n n

Proof. Fix the sample X1,..., X, and let
M(X1p) = [{(1(X1€A4),...,1(X, € A)) : Ac A}|.

Conditional on Xj.,, the class A induces only M (X;.,) distinct vectors in {0,1}"™. For each such vector
v = (v1,...,0y), the Rademacher sum

1 n

nia

is centered and sub-Gaussian with variance proxy at most 1/n. Hence, by symmetrization and the
maximal inequality for finite sub-Gaussian families,

E sup|P, < 2EE, sup|— gl(X; € A
Aepl (A) — P(A4)] AB’TLZ )|

n

. 2E\/210g(2M(X1:n))

2log(254(n))

n

where we used M (X1.,) < Sy(n) for every realization of the sample.

Now define

G(Xy,...,Xp) = sup|P,(A) — P(A)|.
AeA

If one sample point is changed, then P,(A) changes by at most 1/n for every A, while P(A) is unchanged.
Therefore G satisfies the bounded-differences property with constants 1/n,...,1/n. McDiarmid’s in-
equality gives

P(G-EG>1t)<e ¥  ¢>0.

Taking ¢t = y/log(1/6)/(2n) and combining with the expectation bound finishes the proof. O
The polynomial regime is described by the Vapnik—Chervonenkis dimension.
Definition 9.10 (VC dimension). The VC dimension of A is the largest integer d such that

Sy(d) = 24,

Equivalently, it is the size of the largest finite set shattered by A.
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Let us record two standard examples. For intervals on the line, the VC dimension is 2: two points can be
shattered, but for three ordered points 1 < xe < x3 the pattern (1,0,1) cannot be realized by a single
interval. For half-spaces in R?, the VC dimension is p + 1. The upper bound is a consequence of the
following convex-geometric theorem.

Theorem 9.11 (Radon). Let x1,...,xp12 € RP. Then there exists a partition
{1,...,p+2}=TUJ, I,J#0,

such that
conv{z; : i € I} Nconv{z;:j € J} #0.

Corollary 9.12 (Half-spaces in RP). Let A be the class of affine half-spaces in RP. Then

VC(A) =p+ 1.

Proof. For the lower bound, choose p + 1 affinely independent points x1,...,x,4+1. For every subset
I C [p+ 1], there exists an affine functional ¢ such that

Uz))=1 (iel), lz)=-1 (i¢]I).

Hence the half-space {x : £(x) > 0} realizes exactly the labels indexed by I. So p+ 1 affinely independent
points are shattered.

For the upper bound, take any p 4+ 2 points in RP. By Radon’s theorem, they can be partitioned into
two disjoint groups whose convex hulls intersect. If the labeling corresponding to that partition were
realizable by a half-space, then one convex hull would lie entirely inside the half-space and the other
entirely outside it. Since half-spaces are convex, this would force the two convex hulls to be disjoint, a
contradiction. Thus no set of size p + 2 can be shattered. O

We now prove the fundamental combinatorial bound. The proof below follows the shifting method from
the lecture, but we write it in a slightly more systematic way.

Theorem 9.13 (Sauer—Shelah—Vapnik-Chervonenkis). If A has VC dimension d, then for every n > d,
9 In en\d
Salm <2 ()=
Proof. Fix points x1,...,z, € X and consider the set family

C={{ien]:zeA}: Ac A} C 2.

Then |C| is exactly the number of patterns realized by A on zy,...,z,. It is therefore enough to show
that every family C C 2/" with VC dimension at most d satisfies

d
n
<y <>
i=0
For i € [n] and E C [n], define the i-th shift by

Si(E):{E\{i}, ifie Eand E\ {i} ¢C,

E, otherwise.
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Applying this to all members of C gives a new family
Si(C) ={Si(E): E €C}.
Two basic facts are needed.

(1) Cardinality is preserved. If E # F in C, then S;(E) = S;(F) can happen only if, say, i € E, i ¢ F,
and E \ {i} = F. But then E would not be shifted, because E \ {i} € C. Hence the map FE +— S;(E) is
injective on C, so

15:(C)| = [C].

(2) Shattering does not increase under shifting. If a set B C [n] is shattered by S;(C), then it is shattered
by C. Indeed, if i ¢ B, then shifting does not affect the trace on B, so every pattern on B realized
by S;(C) is also realized by C. Now assume ¢ € B. If H C B contains 4, choose F' € S;(C) such that
FNB = H. Since shift operations never create the coordinate i, the set F' itself belongs to C, and
therefore H is realized by C. If H C B does not contain i, then H U {i} is realized by some F € S;(C).
Again i € F, so F' € C; moreover, because F' survived the shift, we must also have F'\ {i} € C. Finally,

(F\{i\)nB = H.

Thus every pattern on B is realized already by C.

Starting from C, apply shifts repeatedly in arbitrary order until no shift changes the family. This
procedure must terminate, because whenever a shift is nontrivial, the quantity

> B

EeC

strictly decreases, while cardinality is preserved. Let C* denote the terminal family. Then
IC*| = |C], VC(C*) < VC(C) < d.
Since C* is stable under every shift, it is downward closed: if £ € C* and ¢ € E, then necessarily
E\{i} eCr,
otherwise the i-th shift would modify E. Repeating this argument shows that every subset of E also

belongs to C*. Therefore, if £ € C* had cardinality at least d + 1, then all subsets of E would belong
to C*, so E itself would be shattered, contradicting VC(C*) < d. Hence every member of C* has size at

most d. Consequently,
d
. n
c-ier=> ().
i=0

Since this holds for every choice of x1,...,x,, taking the maximum over all samples gives
4 /n
Saln) < .
an <3 (7)

It remains to prove the second inequality. If d = 0, the claim is trivial. If d = n, then

(1) == (3

1=0
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So assume 1 < d < n. For every u € (0,1] and every 0 < i < d, we have u~* < %, hence

Choose

Then

d

> <TZ> < M_dg <T;> pt < (1 + )"

=0

w=—<1

S (1)< () (1 8) < ()= ()"

S

where we used (1 4 u/m)™ < e" with u = d and m = n. This completes the proof.

Remark 9.14. Combining Theorem 9.9 with Theorem 9.13 yields the preliminary bound

This is already enough to deduce a uniform law of large numbers for finite-VC classes. We record it only
as a first pass. The logarithm comes from the crude counting argument through the growth function, and
it will disappear once we combine Dudley’s entropy method with a sharper covering-number estimate.

B dlog(en/d)
Eztég!Pn(A) PA S\ —

9.7 A Dudley covering bound for VC classes

We now prove the key covering estimate and then use it to remove the extra logarithm from the VC

uniform law.

Lemma 9.15 (Empirical covering numbers for binary VC classes). Let F C {0,1}* be a class of
binary-valued functions with VC dimension d. Then there exists an absolute constant ¢ > 0 such that for

every empirical measure P, and every e € (0,1),

FEquivalently,

Proof. Fix points x1, ..

Shattering a set of coordinates in V' is the same as shattering the corresponding sample points by F, so

N(F,Ls(Py), ) < (9)4d.

€

sup  N(F,La(Pp),¢e) < (E)M.

T1,..,Tn €X €

., T € X and let

V={(f(z1),..., f(zn)) : f € F} C{0,1}".

V has VC dimension at most d.

We will bound packing numbers, since covering numbers are always bounded by packing numbers. On V

consider the Hamming-type metric

Lo 1/2
plu,v) = (nzlw - >) .

=1



This is exactly the Lo(P,) distance between the corresponding binary functions. Let Vj C V be an
e-packing, so whenever u,v € Vj are distinct,

p(u,v) > e.

Equivalently,

For distinct u, v € Vp, define
Ay ={i€n]:u; # v}
Then |Ay.| > ne?.

Now let Y7,...,Y}; be iid. random variables uniformly distributed on [n] = {1,...,n}. For any fixed

pair u # v,
P(}/l ¢ Au,v) S 1- 527

and therefore 2
P(Y} ¢Au,v for allj:l’“_jk) < (1_52)k Se_;% .

Applying the union bound over all unordered pairs in V{, we obtain

P(Vu,v € Vo, u# v, 3j € [k] such that Y; € Au,v)

\%
>1- <‘ 20‘>e_k62.

Choose S log [V
= [OgJ Oq +1.
€
Then )
Vol e—k52 < Vol e—21og\v0|e—a2 <1
2 - 2 ’
so the right-hand side is strictly positive. Hence there exists a deterministic choice yi,...,yr € [n] such

that every two distinct vectors in V{ differ on at least one of these coordinates. Hence the projection map
W:%%{Oal}ka W(u):(uylv"‘vuyk)v

is injective. Let
V' =7(Vp) C {0,1}*.

Then |V’| = |Vp|. Moreover, V' still has VC dimension at most d, because a shattered set of coordinates
in V' would correspond to a shattered set of coordinates in V. By Theorem 9.13,

V|—rV'<§dj APEAN
" _i=0 Z B d ‘

Set M = |Vp|. If log M < 2, then M < e and the desired bound is trivial after enlarging the constant.
So assume log M > 2. Then

Y

2log M 4log M
€ €

and hence

4delog M d
M| — .
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Taking logarithms gives

4 log M
logM§d10g<§>+dlog( o8 )
€ d

Using the elementary inequality logx < x/e for = > 0, we obtain

log M\ _ log M
dlog<0gd )gog .

e

Therefore

e de

which implies

4d
13

for an absolute constant ¢ > 0. Since every e-packing has size at most (¢/e)*?, the same is true for the
covering number. O

9.8 Removing the logarithm in the VC uniform law

We now combine symmetrization with chaining. The point is that, conditionally on the sample, the
indexed Rademacher process has sub-Gaussian increments with respect to the empirical Ly metric. This
lets us feed the empirical covering lemma into Dudley’s integral.

Theorem 9.16 (Expected uniform deviation for VC classes). Let F C {0,1}* have VC dimension d,

and let Xy, ..., X, "~ P. Then

d
Esup|P.f — Pf| < C\/>,
feF n

where C' > 0 is an absolute constant.

Proof. By Theorem 9.3,

1 n
Esup|P.f — Pf| < 2EE. sup]fZEif(Xi)L
feF fer i

Fix the sample X7, ..., X,,. Define the process
1 n
Xr=— f(Xi), e F.
d \/ﬁ;&ﬂ i) !

For any f,g € F, the increment X; — X, is a Rademacher sum, so for every A € R,

AMX5—Xg) Nl 2 A? 2
Ece™ /729 <exp ?'ﬁZ(f(Xi)_g(Xi)) = exp ?”f—gHLQ(Pn) :

=1

Thus, conditionally on Xy.,, the process (Xy) rer is centered and sub-Gaussian with respect to the metric
If = glly(p,)- By Dudley’s entropy integral,

1
E.sup Xy < Cya(F, La(Py)) < C’/ VIog N (F, Ly(Py), ) de,
feF 0
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where we used | f — g||r,(p,) < 1 for binary-valued functions. Applying Theorem 9.15, we obtain

1
Ecsup Xf < C'/ VAdlog(c/e) de < C'Vd,
fer 0

where C’ > 0 is absolute because the integral

1
/ Vlog(c/e) de
0
is finite. Therefore
1 @ 2 . d
E. sup|— gif(Xi)| < —=Ecsup X <C"y/ —,
Efef|niz; ()] Vi et n

where we used symmetry to bound the expectation of the supremum of the absolute value by twice the
one-sided supremum. Taking expectation in Xj., and returning to the symmetrization step finishes the
proof. O

9.9 Three consequences

We now record three immediate corollaries. The first is the high-probability uniform law for VC classes.
The second is a DKW inequality with nonoptimal constants. The third is the corresponding excess-risk
bound for empirical risk minimization in binary classification.

Corollary 9.17 (Uniform convergence for VC classes). Let A be a class of measurable subsets of X with
VC dimension d. Then with probability at least 1 — 9,

d log(1/4)
ﬁ%RNM—PMNSC¢n+¢%1’

where C' > 0 s an absolute constant.

Proof. Apply Theorem 9.16 to the indicator class
Fa={1(-€A): Ac A},
which has the same VC dimension as A. Now define

9(X1,...,X,) = sup|P,(A) — P(A)].
AeA

If one sample point is changed, then g changes by at most 1/n, because every indicator takes values in
{0,1} and only one term in the empirical average is affected. So McDiarmid’s inequality yields

P(g —Eg > t) < e 2mt”,

Take t = y/log(1/6)/(2n) and use Theorem 9.16. O

Remark 9.18. This direct bounded-differences argument is slightly sharper than invoking Theorem 9.7
with [ = 1. The latter proposition uses the general estimate 2//n for the effect of changing one sample
point, whereas for indicator classes one can see directly that the optimal bound here is 1/n.
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Corollary 9.19 (A DKW inequality with nonoptimal constants) Let F be a distribution function on R
and F,, the empirical cdf. Then with probability at least 1 —

log 1/6 o log(2/0)
i@ﬂﬁ) g, SO

where C,C" > 0 are absolute constants.

Proof. Apply Theorem 9.17 to the class of half-lines
A={(—00,t] : t € R}.
This class has VC dimension 1. O

Remark 9.20. The sharp Dvoretzky—Kiefer—Wolfowitz inequality has a better constant:
log(2/6
supl (1) — ()] < 1/ 2L
teR n

with probability at least 1 — 4. Our argument does not aim at sharp constants; its value is that it fits
into the general VC framework.

9.10 Application: binary classification with a VC class

We now illustrate the previous uniform convergence bound in statistical learning.

Definition 9.21 (Binary classification setup). Let F be a class of classifiers f : X — {0,1}. Suppose

that o
(le Yl)a sy (Xnv Yn) R

on X x {0,1}. For f € F, define the population risk
R(f) =P(f(X)#Y)

P

and the empirical risk
n

Ra(f) = =3 HF(X0) #Y5).
i=1

If f* € argmingcx R(f) and

fe argmin R, (f),
feF

then the excess risk of empirical risk minimization is
R(f) = R(f").
The relevant loss class is
G={(z,y) = 1(f(z) #y) : f € F}.

A simple but important observation is that G has the same VC dimension as F. Indeed, for any fixed
sample ((mz, yi))?zl, the vector

(1(f(l'1) ?é yl) PR 1(f(xn) 7£ yn))

is obtained from
(f(]?l), sty f(‘/l:n))

by either leaving a coordinate unchanged or flipping the corresponding bit, depending on whether y; = 0
or y; = 1. So the number of patterns does not change.
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Corollary 9.22 (Uniform convergence and excess risk for ERM). Assume that F has VC dimension d.
Then with probability at least 1 — &, simultaneously for all f € F,

Ruh) - Bl < 0L 420D

Consequently, with probability at least 1 — 4,

R(f) — R(f*) < ZC\/EJF \/mognw'

~

In particular, the same bound controls the generalization error |Ry(f) — R(f)\

Proof. Apply Theorem 9.17 to the loss class G on the sample space X' X {0,1}. This yields the stated
uniform bound. For the excess risk, note that by optimality of f for the empirical risk,

R (f) = Ru(f*) < 0.

Therefore,
R(f) = R(f*) = (R(F) = Ba(£)) + (Ba(F) = Bulf*)) + (Ralf*) = R(f%))
< 2sup|Rn(f) — R(f)I-
feF
Insert the uniform deviation bound. O

10 Nonparametric classes, contraction, and bracketing

We now take a step beyond VC classes. The point of view is still the same: the size of an empirical
process is governed by the geometry of the index class. For general function classes the relevant geometry
is no longer combinatorial, but metric. This leads naturally to entropy integrals, contraction inequalities,
and bracketing.

10.1 A motivating example: Lipschitz functions

Let F denote the class of all 1-Lipschitz functions f : [0,1] — [0,1]. We are interested in the Rademacher
average

1>
E — E (X
X,e ?g}; n L ezf( 2)7

where Xi,..., X, are i.i.d. random variables in [0,1]. To use Dudley’s entropy bound, we need a
covering-number estimate.

Since
1f = 9glleoey < NF = 9llies

it is enough to bound the L, covering numbers. Draw an e-grid on the unit square [0,1]2. If f is
1-Lipschitz, then between two consecutive vertical grid lines it cannot cross more than one horizontal
strip. So on each such interval one can choose a horizontal segment of the grid that stays within distance
€ of the graph of f. Piecing these segments together yields a step function g such that
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Thus the collection of all such step functions forms an e-net of F. A crude counting argument gives

1 1
10gN(F7Lm,5)§10g< >, O<€§1
e

€
Since the same bound then holds for Ly(P,,), Dudley’s entropy integral yields
1 ¢ IR 1
E — f(X) S — —log| — | de.
Xﬁ?el‘];n;&f( z)N\/ﬁ/O - og<€> e
The integral is finite, so we obtain

1

1 n
Ex.sup — (X)) < —.
X,s?lelgnglezf( Z)N\/ﬁ

The striking point is that we get the same n~/2 rate uniformly over the whole Lipschitz class.

10.2 A truncated Dudley bound for Rademacher averages

The previous example illustrates the easy regime, where the entropy integral converges at the origin. For
more complicated classes the integral may diverge at small scales. A convenient remedy is to stop the
chaining at a positive scale and bound the remaining local oscillation directly. For our purposes, it is

enough to record the following corollary.

Corollary 10.1 (Truncated Dudley bound for Rademacher averages). Let F C [0,1]% and fix the sample

X1,...,X,. Then for everyn € (0,1],

where C' > 0 is an absolute constant.

Proof. Condition on the sample and define
Z —lgn e f(X;) feF
r= - i i) .

Fix a minimal n-net F,, C F in Lo(P,), so that
[ Fol = N(F, La(Pn), ).
For each f € F choose w(f) € F, such that

1f = 7(lrapn) < 0

Then

sup Zy < sup(Zf - Zﬂ(f)) + sup Z,.
feF feF geFy

By Cauchy—Schwarz,

n

1
|Zy — Zg| = fﬁzéi(f(Xi) —9(X))| <1 = 9llraepnys

=1
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so the local term is bounded deterministically by 7:

sup(Zf—Zﬂ(f)) < sup |Zr — Zg| <.
fer lf=9llLypn)<n

It remains to control the supremum over the finite net 7. For f,g € F,, Hoeffding’s lemma gives

)\2
NZr—Zg) N N2
E.eM4r—%9) < exp<2n Ilf gHL2(P")> ) AeR.
Thus (Zy)fer, is centered and sub-Gaussian with respect to the metric

=9l
= Jn .

Applying the generic chaining upper bound and then the comparison between -2 and Dudley’s entropy
integral, we obtain

dn(f,9)

1/v/n
E. sup Z; < Cya(Fy,dp) < C/ \/log/\/'(]:n,dn,s) de.
9€F 0

Changing variables u = y/n e yields

E. su Z<C/1\/10N(.7: Ly(Py),u)du
e Sup g_\/ﬁ o g ns L2(L'n), .

gEFy

Now split the integral at /2. For 0 < u < 1/2, we have
N(FﬂvLZ(Pn>7u> S ’f'f]| :N(‘Fa LQ(P’IL)777)7

SO

n/2
| los N (Fy LalPo).w) du < 3 og N La(Po) )
0
Since u — N(F, L2(P,), u) is nonincreasing,

n/2
\/logj\f(f, Ly(Pp),u) du.
4

ﬂ\/logj\/(]:,LQ(Pn)?U) < 2/
2 n/

For u > n/2, we simply use F,, C F:

N(Fy, La(Pp),u) < N(F, La(P), u).

Hence
C 1
E. sup Z, < / V1og N(F, La(Py), u) du.
9eF, V1 Sy
Combining this with the local bound completes the proof. O

Remark 10.2. This is the only truncated form we will need. Conceptually, it is obtained by stopping the
process at a coarse n-net, bounding the local oscillation directly, and then applying the already-established
~o theory only to the finite net. So one does not need to run a new chaining proof from scratch.
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10.3 Polynomial entropy and nonparametric rates

The previous corollary is especially useful for classes whose entropy behaves polynomially in 1/e. This is
the regime one usually has in mind for genuinely nonparametric classes.

Definition 10.3 (Polynomial entropy). Let F C [0,1]*. We say that F has polynomial entropy exponent
p > 0 if there exists A > 1 such that

P
wm%AmﬁLﬂ@ﬁ?§<A>, 0<e<t,
Q

3

where the supremum is over all probability measures () on X.

Remark 10.4. By the Koltchinskii—Pollard principle, one may equivalently take the supremum over finitely
supported measures. So the same entropy bound automatically applies with ) = P,.

Theorem 10.5 (Rates under polynomial entropy). Assume that F has polynomial entropy exponent p.
Then
n=1/2, 0<p<2,

Esup|(P, — P)f| < Cap{n~'/%logn, p=2,
feF
n_l/p, p > 2,

where Cyp, > 0 depends only on A and p.

Proof. By symmetrization and symmetry of the Rademacher process,

1 n
Esup|(P, — P)f| < 4EE.sup — > & f(X;).
fer fer i

Now condition on the sample and apply Theorem 10.1: for every n € (0, 1],

1 ¢ c [
E. sup — JX) < +/ log N (F, Ly(Py), u) du.
sup 2 3ol (X) <n+ 2 | VB NF La(P). ) du

n
fer i

Using the entropy assumption and then taking expectation in the sample, we obtain

Esupl(Pu— P)f| < C [+ 22 [ uea
sup (P, — < n -+ u- u .
feEF \/ﬁ n/4

If 0 < p < 2, the integral converges at the origin, so letting n | 0 yields

C
Esup|(P, — P)f| < =22
feF
If p =2, then
! 4
/ wtdu = log<> .
n/4 n
Choosing n = n=1/2 gives
logn
Esup|(P, — P)f| < Cy .
feF vn
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Finally, assume p > 2. Then

1
/ uw P2 du < Cp n' P2,
n/4

Therefore

Esup|(P, — P)f| < C + 11’/2).
(P, = )] A,p(n S

Choosing

balances the two terms and yields

Esup|(P, — P)f| < Capn™ /7.
feF

O

Remark 10.6. The threshold p = 2 marks the transition between the Donsker-type and non-Donsker-type
behaviors in this simple entropy scale. For p < 2, the ordinary Dudley integral already converges and one
keeps the root-n rate. For p > 2, the small scales are too rich, and the rate deteriorates to n=/?.

10.4 Contraction for Rademacher averages

The next tool says that Lipschitz transformations do not increase Rademacher averages by more than
the Lipschitz constant. We record the one-sided version, which is enough for our applications.

Theorem 10.7 (A one-sided contraction inequality). Let ¢1,...,¢n : R = R be L-Lipschitz functions.
Then for every set T C R™,

E.sup — ZEM i) < LE.sup — Zeu

teT N teT N

Proof. By homogeneity, it is enough to consider the case L = 1. Set

Fo(T;01,...,¢n) =E: suszngz
teT 5

We show that replacing one coordinate map by the identity can only increase this quantity. Indeed,
expanding in €, only and writing
n—1
= Z EiPi (tz)
i=1

we obtain

—_

Fa(Tion. o pn) — LE {sup(At T onltn)) + sup(A, — ¢n<sn>)}
teT seT

[\)

1
< 5 E sup (At + A + |‘Pn(tn) - SOH(SH)D
t,s€T
1
< —E sup (At+As+ |tn_5n|)-
2 t,seT
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The quantity inside the last supremum is symmetric in (¢, s), so the absolute value may be removed:

sup (At+AS + |tn — sn]> = sup (At + As+t, — sn>.

t,seT t,seT
Therefore,
1
Fn(T; Ply--- 79077,) < 5 E Sup(At + tn) + Sup(As - Sn)
teT seT
= Fn(T, Bl (pn_l,id).
Repeating this argument for the coordinates n,n — 1,...,1 successively replaces every ¢; by the identity

map and gives
Eo(T;01,...,0n) < Fp(Tid, . . . ,id).

Dividing by n finishes the proof. O

A standard stronger form, due to Ledoux and Talagrand, allows absolute values and assumes ¢;(0) = 0.
We will not need that version here.

Definition 10.8 (Empirical Rademacher complexity). For a class F of measurable functions, define

R, (F) = EE. sup — e f(X
(F) s Z

Corollary 10.9 (A general excess-risk bound). Let F be a class of prediction rules, and let £ : RxY — R
be a loss such that for every y € Y, the map u— f(u,y) is L-Lipschitz. Define

R()=EAFX).Y).  Ralf) = S 6(s(x).,
=1

and let

]?E argmin R, (f).
feF

Then

~

E[R(f) — inf R(f)] < 4L %R (F).

Proof. Fix g € F. Then

R(f) = (R(f) = Bu()) + (Bu(f) — Bu(9)) + (Ru(g) — R(9))
; up (R(f) — Rn(f)) +JS;1p(R () = R(f)),

where we used the defining property of fto bound the middle term by 0. Taking the infimum over g € F
yields R
R(f) — inf R(f) < sup(R(f) = Rnu(f)) +sup(Rn(f) — R(f))-

fer feF feF

Taking expectations and applying symmetrization to both terms gives

E[R(f) —}Q;R(f)] < 4EE. sup - Zez F(X0),Y5).

Now apply Theorem 10.7 with
pi(u) = L(u,Y;)
and use the L-Lipschitz property. O
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Example 10.10 (Hinge loss). Suppose Y € {—1,+1} and define
P(t) = max{0,1 —¢}.
Then v is 1-Lipschitz, and therefore

E sup — Zezw Yif(X ))<Esup ZEsz

ferm

Since (g;Y;)!_; has the same distribution as (¢;)I" 4, the right-hand side equals

E sup — Z&f

n
fer i

So the excess risk under hinge loss is controlled by the same Rademacher average as the original class.

10.5 Bracketing entropy

Covering numbers based on empirical measures are not the only way to proceed. A different route, often
sharper for genuinely infinite-dimensional classes, is to work with brackets.

Definition 10.11 (Bracket). Let u,l: X — R be measurable functions with [(z) < u(x) for all z € X.
The set
Lul={f: X —=>R:l(z) < f(z) <u(x) for all z € X}

is called a bracket.

Definition 10.12 (Bracketing number). Fix a probability measure P on X and ¢ > 1. A bracket [[,u] is
an e-bracket in Lq(P) if
lu—1L,p) < e

The minimal number of such brackets needed to cover F is denoted by
N{j(F, Lg(P),e).

The point is that the brackets are built relative to the underlying distribution P itself, so one no longer
needs a supremum over empirical measures. We only state the corresponding theorem.

Theorem 10.13 (Bracketing entropy bound). Assume that || f||1.(p) < m for every f € F. Then there
exists an absolute constant C > 0 such that

C m
Esup|P,f — P §/ log Nii(F, La(P),€) de.
suplPaf =PI < = [\ log Ny (7. La(P) <)

Remark 10.14. Bracketing is often the right substitute when ordinary covering numbers are too large
or when one wants a bound that depends directly on P. There is also a parallel theory based on the
Koltchinskii—Pollard entropy

SgpN(ﬁM(Q),e),

where the supremum is over all probability measures Q). We will not develop that direction here.
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11 Median-of-means, uniform moment estimation, one-sided lower tails,
and a small-ball application

We now turn to a different theme: robust estimation under weak moment assumptions. The guiding
principle is that averaging inside blocks and then taking a median across blocks often restores sub-
Gaussian behavior even when only a second moment is available. This point of view is useful both for
scalar estimation and for genuinely high-dimensional problems.

11.1 Median-of-means for scalar mean estimation

Suppose that X1, ..., X, are i.i.d. real-valued random variables with mean p and variance Var(X1) < o2.
Fix an integer K € {1,...,n}, and for simplicity assume that n = Km. (If K { n, one may discard at
most K — 1 observations.) Partition [n] into K disjoint blocks By, ..., Bg of common size m, and define

the block means

_ 1 )
Xj:EZXZ-, ji=1,... K.
1€B;

The median-of-means estimator is
fvom = Med(X 1, ..., X k),

where, here and throughout, if y(1) < --- <y are the order statistics of y1,...,yx, then
Med(y1, - .-, YK) = Y([Kk/2))-

Thus Med is the lower median; in particular, it is translation equivariant.

The idea is extremely simple: instead of trusting one global average, we first form several local averages,
and then keep only their median. A few atypical blocks can no longer spoil the final estimator.

Proposition 11.1 (Median-of-means under a second-moment assumption). Let Xy, ..., X,, be i.i.d. with
EX1 = u and Var(X;) < o2. Assume that n = Km, and fix 6 € (0,1). If

K > 8log(1/6),

~ K
|fiviom — 1| < 20 —

K = [8log(1/4)],

then with probability at least 1 — ¢,

In particular, if

then with probability at least 1 — ¢,

Finton — 1l < 20 [810g£1/5)] <% /8log(1T{5) + 1.

Proof. Fix a block B;. Since Var(X;) < 0%/m, Chebyshev’s inequality gives

— 20 1
PIIX, —ul> 22 ) < .
<|J “'—m>—4

Thus the event



has probability at least 3/4.

Now define Ng = ZJKZ 1 1(Gj). Because the blocks are disjoint, the indicators 1(G;) are independent

Bernoulli random variables with means at least 3/4, so

3K
ENg > T

By Hoeffding’s inequality,

2 K/4)2> _ KB
5 i S :

K K K
P(NG < ) :P<NgENG§ 2ENG) < P(NGENGg 4) gexp( ( 7

Hence, if K > 8log(1/6), then with probability at least 1 — ¢ we have Ng > K/2.

On this event, more than half of the block means lie in the interval

[" g 1 ji]

Therefore their lower median also lies in this interval. Since m = n/K, we conclude that

@ < 20 9 K
b, PN gunt
UMOM — M m n’

which is the desired bound. O

Remark 11.2. The striking feature of Theorem 11.1 is that when K =< log(1/4), the deviation bound has
the same 4/log(1/d)/n form as a sub-Gaussian concentration inequality, even though we only assumed a
finite variance. So the median-of-means estimator recovers a sub-Gaussian rate under a much weaker tail
assumption than the sample mean.

11.2 A polynomial VC bound via Warren’s lemma

In the applications below, the objects being classified will be blocks or observations y € ), while the
indexing parameter will be a direction v € S%~! or, more generally, a parameter § € © C R™. Thus the
polynomial structure will appear in the parameter, not in the data point. The next lemma is tailored
exactly to this situation.

Lemma 11.3 (Warren’s lemma). Let © C R, let Y be a set, and consider a class of indicator functions
H:{hg :966}7 h@(y):]'(P(yvg) 20)7

where for every fixred y € Y, the map
6 — P(y,0)

1s a real polynomial on R™ of degree at most r > 1. Then
VC(H) < Cm log(er),

where C > 0 is an absolute constant.
We will use this lemma as a black box. Its proof belongs to real algebraic geometry, but the message is

very simple: if the decision rule is given by the sign of a polynomial in m real parameters of degree r,
then the resulting class has VC dimension at most of order mlog(er).
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Remark 11.4 (Comparison with half-spaces). It is useful to compare this with the familiar class of affine
half-spaces. If
hiup (@) =1((w,z) +b>0),  (u,b) € R,

then for each fixed z € R?, the map
(u,b) — (u,z) + b

is an affine polynomial of degree 1 in d 4+ 1 parameters. So Warren’s lemma gives

VC(H) < C(d+1),

which is consistent with the exact value d + 1. Thus half-spaces correspond to the degree-1 case. The
point of Warren’s lemma is that if we replace affine functions by polynomials of degree r, then the VC
dimension increases only by a logarithmic factor in r.

Example 11.5 (One parameter, degree p). Consider a class indexed by a scalar parameter ¢ € R:
hi(y) = 1ao(y) + ar(y)t + -+ ap(y)t’ = 0).

Here m = 1, and for each fixed y, the decision rule is the sign of a polynomial in ¢ of degree at most p.

Let y1,...,yn € Y be fixed. For each j, either the polynomial
t— ao(y;) + ax(y;)t + - + ap(y;)t”

is identically zero, in which case h¢(y;) = 1, or else it has at most p real roots. Therefore the sign pattern

(he(y1)s- - he(yn)

can change only when t crosses one of these roots. Across all n sample points, there are at most np such
roots, so t € R is split into at most np + 1 intervals on which the whole sign pattern is constant. Hence

Sy(n) <np—+ 1.

In particular, if H shatters n points, then 2" < np+1, so n < log(ep). Thus, when there is only one real
parameter, the VC dimension is of order log(ep).

This is exactly what Warren’s lemma predicts in the case m = 1:

VC(H) < C'log(ep).

11.3 Uniform estimation of directional L, norms

Median-of-means is not limited to first moments. A convenient second example is the estimation of
directional L, norms uniformly over all directions. The point is that, once p is fixed, we may apply the
same blockwise idea to the random variables

(X0 P, vesth

The only extra input is a one-step comparison between the p-th and 2p-th moments. This assumption is
mild when p is fixed. For example, sub-Gaussian one-dimensional marginals satisfy moment comparisons
of this type for all p, and many other light-tailed models do as well. For the theorem below, however, we
only need the single inequality stated in the assumptions.
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Theorem 11.6 (Uniform estimation of directional p-th moments). Let p > 2 be an even integer, and let
Xi,..., X, be i.i.d. copies of a random vector X € R%. Assume that there exists L > 1 such that the
hypercontractivity assumption holds

| (X, 0) gy < LI (X,0) Iz, for every v e ST1.

Choose
k = [Co(dlog(ep) +log(1/6))]

for a sufficiently large absolute constant Co > 0, assume that n = km, partition [n] into k disjoint blocks
Bi, ..., By of size m, and define

1
MOM,,(v) = Med Zyx,,v ...,EZHXZ-,UHP

lGBl iGBk

Then there exists an absolute constant C' > 0 such that with probability at least 1 — &, simultaneously for
allv € S41,

+log(L/5)

n

IMOM, (1) ~ E] (X.1) | < C LPE| (X,0) P/ L8P

Proof. For v € S41 set

Vi) = (X 0) P, Vi) = = 3 Vi)

iEBj
Then

and, by the L)-to-Lg, assumption,

EY;(v)? = E| (X, 0) [P < L* (E| (X, v) [")*.

Hence

Var(Y;(v)) < L (E| (X, v) |P)*.

Applying Chebyshev’s inequality to the block mean Y ;(v) yields, whenever E| (X, v) [P > 0,

OO\P—‘ /\

P(|7,(0) — B (X.0) | > 22 LPE| (X,0) ['m~/%) <

Now let Z; = (X;)iep, € (R?)™ denote the j-th block, and for z = (z1,...,zn) € (R?)™ define

2
1 ¢ 8L
e [ SO I )

Since p is even, we have | (z,v) |P = (z,v)?. Therefore, for each fixed z € (R%)™, the map v f,(2) is
the indicator of the positivity of a polynomial in v of degree at most 2p. By Theorem 11.3, the class

G={fy: vest

has VC dimension at most C1dlog(ep) for an absolute constant Cy > 0.

If E| (X, v) |P =0, then (X,v) = 0 almost surely, so f,(Z1) = 0 almost surely. If E| (X, v) [P > 0, then the
previous Chebyshev bound shows that

—_

Pf’ugg)
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where P denotes the law of one block Z;. Hence

1
Pf, << for every v € §971,

oo

Applying the uniform VC inequality from the previous section (namely, Corollary 9.17) to the i.i.d. blocks
Z1,...,Z;, and the class G, we obtain that with probability at least 1 — 6,

k
sup EZfU(Zj) < swp Pf, +C,2\/cllog((ajz)) + log(1/0) < 1+C2\/dlog(ep) +log(1/6)'
vesdi-1 k j=1 veSd—1 k 8 k

By the definition of k, if Cy is chosen large enough, then the right-hand side is at most 1/4.

Thus, on this event, for every v € S9!, at most a quarter of the blocks are bad. In particular, at least
3k/4 blocks satisfy
|V ;(v) — E[(X,0) |P| <2V2LPE[(X,v)[Pm~ /2

Since more than half of the blocks are good, their lower median is also good:

IMOM,(v) — E[ (X, v) ["] < 2V2 LV E[(X, v} ['m™ "/ = 22 LV E[ (X, v) |p\/§'

Using the choice of k and absorbing constants completes the proof. O

Corollary 11.7 (Uniform estimation of directional L, norms). Under the assumptions of Theorem 11.6,
define

o = CLP\/dlog(ep) + log(1/9)

n

)

where C' > 0 is the constant from the theorem. Then, on the same event of probability at least 1 — 6,
(1 =) | (X, 0) |7, < MOMy(v) < (14n,) [ (X, 0) [}, for allve ST
In particular, whenever n, < 1,
(1= ) 211 (X, 0) 1, < MOM(0) /% < (14 5) 7 | (X, 0} ls,  for all v € §9°1,

Remark 11.8. The theorem is best read as a relative estimate: the error in direction v is proportional to
the size of the quantity being estimated in that direction. This is exactly the right scale for moment
estimation.

Independent study material

11.4 One-sided lower tails under few moments

Upper-tail concentration inequalities are usually derived from exponential moments. A useful fact is
that, for nonnegative random variables, one can obtain a genuinely sub-Gaussian lower-tail bound
under only a second-moment assumption.

Proposition 11.9 (A one-sided lower tail under two moments). Let Xi,..., X, be i.i.d. nonnegative
random variables such that
EX) =pu, EX? < o2
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for some o > 0. Then for everyt > 0, ﬂ
1 & nt?
1=
Proof. Fix A > 0. Sincex >0 and e ™ <1 —u+ u2/2 for all u > 0, we have

22

e <1 — A+ 5

x> 0.

Applying this with £ = X; and taking expectations gives

)\2 )\2 2 )\2 2
Ee ™ <1— A+ TEXP<1-du+t 2‘7 Sexp(—/\,u—i— 2‘7),

where in the last step we used 1 + u < e%.
Therefore

2 2
EeMh=X1) = Mg~ < exp(A 7 > .
- 2

By independence,

E exp <>\ zn:(u - XZ-)> < exp(AQZU2> .

i=1
Now apply Chernoff’s bound:

P(u—;iXiZt) :P<i(u—X¢) 2nt>

i=1 i=1

< e M Eexp (A zn:(ﬂ — Xi))

i=1

Ano?
<expl| —Ant + 5 .

Optimizing over A > 0 gives A = t/0%, and hence

1 @ nt?

i=1

O

Remark 11.10. Theorem 11.9 is one-sided, and this is essential. Without additional assumptions one
should not expect a comparable upper-tail bound from only two moments. The nonnegativity of the
variables is exactly what allows the simple inequality e™** < 1 — Az + A222/2.

Another useful lower-tail device is Paley—Zygmund’s inequality. Unlike Chernoff’s method, it gives a
lower bound on the probability that a nonnegative random variable is not too small compared to its
mean.

Lemma 11.11 (Paley-Zygmund inequality). Let Z > 0 be a random variable with 0 < EZ? < co.
Then for every 6 € (0,1),
2 (EZ)?

EZ2

P(Z>0EZ) > (1-10)
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Proof. We write ﬂ
EZ=E[Z1(Z>0EZ)| +E[Z1(Z < YEZ)].

The second term is bounded by 0EZ, while the first term is bounded by Cauchy—Schwarz:
E[Z1(Z > 0EZ)] < (EZ})'?*P(Z > 0EZ)"/>.

Therefore
(1-0)EZ < (EZ})Y2P(Z > EZ)'/?

Squaring both sides yields the claim. O
A convenient consequence is a uniform small-ball estimate under a fourth-moment assumption.

Corollary 11.12 (A small-ball consequence of a fourth-moment bound). Let X € R? be a random
vector such that
| (X, v) ||z, <L|{X,v)] L, for every v € §9471,

Then for every 6 € (0,1) and every v € ST,

(1-0)°
LA

P(1(X,0) | = VO (X, 0} ||z ) =
Proof. Fix v € ST If || (X,v) ||z, = 0, then (X, v) = 0 almost surely, and hence
P(1(X, v} = VI (X,0) 11,) = 1.

So the claim is trivial in this case.
Assume therefore that || (X, v) ||, > 0, and apply Theorem 11.11 to the nonnegative random variable

Z = (X,v)*.
Then
EZ=|[(X,0)[7,, EZ®=E(X,0)" <L (X,v) |,
Hence ( )2 ( 0)2
EZ 1—
2 2\ _ 2

P((X,0)? 2 011 (X,0) |3,) = P(Z 2 0EZ) = (1 - 0)° L > =,

which is exactly the stated inequality. O

11.5 Lower singular value of the sample covariance matrix

We now combine the small-ball principle with the VC control provided by Theorem 11.3. This gives
a clean lower bound on the empirical quadratic form, uniform over all directions.

Definition 11.13 (Small-ball condition). Let X € R? be a mean-zero random vector with covariance

matrix
Y =EXXT].

We say that X satisfies the (co, 8)-small-ball condition if there exist constants ¢o € (0,1) and 8 € (0, 1]
such that
P<| (X,v) | > CoVUTEv> > for every v € S9471.
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Theorem 11.14 (Lower singular value of the sample covariance matrix). Let Xi,..., X, be
mean-zero random vectors in R, let

~ 1
S=EXXT], ==Y xX/
n
=1

and assume that X satisfies the (cg, 8)-small-ball condition from Theorem 11.13. Then there erists
an absolute constant C' > 0 such that, with probability at least 1 — 9,

Nain(S) > 2 (ﬁ _c C”“M) Annin(3).

n
In particular, if
n > CB7%(d+log(1/9)),
then with probability at least 1 — 9,
R 2
Amin(2> > % )\mln(z)
Proof. For v € $%1, define

gol) = 1| (@,0)| = oVoT80) =1({a,0)? = GuT80 > 0).

For each fixed z € R?, the function v — (x, v>2 — C(Q)UTEU is a polynomial in v of degree 2. Hence, by
Theorem 11.3, the class

G={go: vesS"}
has VC dimension at most C;d for an absolute constant C7 > 0.

By the uniform VC bound from the previous section, with probability at least 1 — 4,

d+log(1/6
sup |Pngv_ng’§02 g( /)7
veSd—1 n

where

1 n
Pogo =~ 9u(Xi),  Pgy=P(|(X,0)] > Vv Sv).
=1

By the small-ball assumption,
Pg, > p for every v € S971,

Therefore, on the same event,

Pogy, > 58— Cs for every v € §471.

d + log(1/9)
n
Now fix v € S91. Since
<X¢,v>2 > cgvTZv 9o (X5),

we obtain .
BN 1
vy = - Z; <X¢,v>2 > C%UTEU - Pogy.
1=
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Using the previous lower bound on P,g,, we get ﬂ
P d+log(1/6
v Yo > cg (ﬂ — (s +og(/)> v Y for every v € S471.
n

Set
= — Cyy ] 2 1080/0)
n
If 7, > 0, then v'Xv > Apuin(X) for every v € S, and therefore
v S > &M Amin (2) for every v € S971,
Taking the infimum over v € S9! yields
Amin(2) > 200 Amin(Z).

If n, < 0, then the claimed lower bound is trivial, because 3 > 0 implies )\min(i) > 0, while

31 Amin(2) < 0.

This proves the first claim.
For the second claim, it is enough to require

G d + log(1/6) < E’
n 2
because then 7, > [3/2 and hence
. 2
Amin(2> > % )\mln(z) ]

Remark 11.15. If A € R™*? is the data matrix with rows X,..., X7, then
P |
Y= —ATA
n

Hence Theorem 11.14 is equivalently a lower bound on the least singular value of n=*/2A. In the
isotropic case X = I, the theorem shows that the empirical covariance is bounded away from 0 as
soon as

n 2 B2(d + log(1/6)).

In particular, if the small-ball parameters ¢y and 5 are absolute constants, then T is nondegenerate
from below with high probability once n 2 d + log(1/9).

Corollary 11.16 (A fourth-moment version). Assume that X is mean-zero with covariance ¥, and
that
X 0) [l < LIHX,0) I, for every v € S

Then for every 6 € (0,1), with probability at least 1 — ¢,

~ — 2 o)
Amin(z) > 0 ((1 Lf) - C ,d—l—ls(l/é)) )\min(z),

where C > 0 is an absolute constant. In particular, taking 0 = 1/2, if

n > C L¥(d +log(1/9)),

then with probability at least 1 — ¢,

1

min(2) > ——
Amin(8) 2 1673

Amin(2).
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Proof. By Theorem 11.12, ﬂ

92
P(| (X,v)| > ﬁVUTEv) > ( L40) for every v € S471.

Thus X satisfies the small-ball condition with
1—6)2
CO = \/é7 IB = 7( 4 ) .

The claim now follows directly from Theorem 11.14. O

Additional material ‘
This is one of the nice side paths in the course. The proofs are closely related to the concentration
inequalities we have developed so far. They also provide a particularly transparent demonstration of
how the techniques of the course fit together: Chebyshev on blocks, bounded differences, symmetriza-
tion, contraction, and FEuclidean geometry all appear in one place. We first state a uniform version of
the median-of-means principle.

Lemma 11.17 (Uniform median-of-means bound). Assume that n = Km, let F be a class of
measurable functions on X, and define

MOM () = Med | - 37 F(X), -, = 3 F(Xy)
z€B1 1€EBK
Set
R, (F) =Esup |— Z&f V(F) = sup Var(f(X)).
feF |n fer

Then there exist absolute constants C, Co > 0 such that if

= [Colog(2/6)],

then with probability at least 1 — ¢,

sup [IMOMk(f) — Pf| < C <Rn(f) +
fer

V(F) 1og<2/6>> |

n

Proof. We begin with the lower deviation. Fix ¢ > 0, and define

If Gy < 1/2, then for every f € F more than half of the block averages satisfy Tj > Pf —t. Since
Med is the lower median, this implies

Pf—MOMg(f) <t.

So it is enough to bound G;.
Introduce the function

du)=(u—-1D11<u<2)+1(u>2)), u € R.

105




Then 0 < ¢ < 1, ¢(0) = 0, the function ¢ is 1-Lipschitz, and ﬂ
1(u>2) <¢(u) <1(u>1).

Therefore

Write B
(Pf—1f;)
At—supKZEqﬁ( 7>, By = U, — Ay.

fer

We first bound A;. Since ¢(u) < 1(u > 1),

By Chebyshev’s inequality,

(Pf 7> ><P<|f —Pf\>t)_4var(f(X>)_

mit?
Hence
A4V(F)K
ntz
We next turn to B;. Changing one block affects only one summand and changes U; by at most
1/K. Since A; is deterministic, B; also satisfies the bounded differences property with constants
1/K,...,1/K. McDiarmid’s inequality therefore implies that for every y > 0,

Ay <

P(B,—EB, >y) <e 2K
It remains to estimate EB;. Since sup, ao — sup,, ba < sup,(aq — by), we have
K — —
1 2(Pf— 1)) 2(Pf— 1))
By < sup — ol ———" ) —Eo| ——" |-
i () t

By symmetrization at the block level,

rer K= t

4 1 &
< -Esup— > &(Pf-f;),
¢ fefK;J !

where we used the contraction inequality and the fact that ¢(0) = 0.
Now let X7,..., X/ be an independent copy of X, ..., X, and let ?; denote the corresponding block

averages. Since Pf = E’ 7; for every j, Jensen’s inequality gives

K
1 i /
EsupKélej(Pf—f])<EE sup — E ei(f
j:

feF feF K
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Let b(i) € {1,..., K} denote the index of the block containing i. Then ﬂ

K n
%Z@(?} —fj) = %Zﬁb(i)(f(Xf) - f(X4)).
Jj=1 i=1

Conditioning on the block signs (e1,...,ex) and applying standard symmetrization with an indepen-
dent family of Rademacher signs (§;)7_;, we obtain

n

Z%(z‘)&f(Xi) :

E sup — 5] ) < — Esup
Z 2 Esup|D

rer K

The random signs (g4(;)&;)j=; have the same joint law as an i.i.d. Rademacher family, so the last
display equals
>oeuf (X,

=1

— Esup
n fer

R (F).

Consequently,

ep, < SInl)

Combining the estimates, we have shown that with probability at least 1 — e=2% y2,

AV(F)K = 8R,(F)
5 + +vy
nt t

Gy <

Choose y = 1/8. If

t > 64 R, (F) and 2 > 32‘/5;7:)}{,

then Gy < 1/2. Thus, with probability at least 1 — e K/32 we have
Pf—MOMg(f) <t for every f € F.

Applying the same argument to the class —F (for which R, (—F) = R,(F) and V(—=F) = V(F))
gives, with probability at least 1 — e K/ 32,

MOMk(f)—Pf <t for every f € F.

Therefore, by a union bound, both inequalities hold simultaneously with probability at least 1 —
90— K/32.

Choosing

t=C <Rn(}") + V<f>K>

n

for a sufficiently large absolute constant C, and then using

K = [Colog(2/0)]
with Cj large enough so that 2e=5/32 < §, yields
% log(2/6
sup [MOM (f) — Pf| < C (Rn(]-') + Uf)zgf(/))
fer

with probability at least 1 — 0. O
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Remark 11.18. This proof is worth reading slowly. The only place where the median itself entew
the simple implication

K
= UPF-F 20 <y = Pf-MOMk(f) <t
j=1

Everything else is a clean empirical-process argument. That is precisely why this lemma is such good
study material: it is short, but it showcases several of the main techniques of the course in a very
transparent way.

We now apply Theorem 11.17 to the class of linear functionals. This gives a robust mean estimator

for random vectors under only a covariance assumption.

Proposition 11.19 (Mean estimation in R? under two moments). Let X1,...,X,, be i.i.d. random
vectors in R® with mean
p=EX;

and covariance matriz

3 = E[(X1 — p) (X1 — )],
Let

Bf ={veR’: || <1},

assume that n = Km, and choose

K = [Cylog(2/9)],
where Cy > 0 is the constant from Theorem 11.17. For the realized sample, define

T(v) = MOMg((X,v)), wve BS.

Since T is an order statistic of finitely many linear forms, it is continuous on Bg, hence bounded
there. Therefore the map
vi— sup [(v,v) —T(v)|
vEBY

is continuous and coercive, so it admits a minimizer. Choose any minimizer and denote it by ji. Then
with probability at least 1 — 4§,

1= ulla < ( VT? ViEE fg@/a)) |

where C' > 0 is an absolute constant.

Proof. For v € B, let f,(x) = (x — p,v). Then
Pf, =E(X —pu,v) =0.
By the triangle inequality and the defining property of i,

|6 = pll2 = sup | (i — p,v) |

vEBg
< sup [, v) = T(v)[ + sup [(u,v) = T(v)]
vEBY vEBY
< 2 sup |(p,v) = T(v)].
UEBg
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For each block Bj, :
1

;%E:fAXQZ;EEZC&w%—Ww%
i€B; 1€B;

Since the lower median is translation equivariant,
T(v) — (1, v) = MOM(£,).

Hence

[ — pll2 <2 sup [IMOMg(fy)|-
UGB‘Q’Z

We now apply Theorem 11.17 to the class
F=Afv: UEBS}.
First,
V(F) = sup Var({(X — p,v)) = sup v' 2o = ||Z|op-
veBY veBY

Second, since the class is symmetric in v,

1 n
Rn(}—):Esup 7261' (XZ'—,U,,’U>
veBd | i
1 n
=—-E ZEi(Xi — 1)
" =1 2
X . o\ 1/2
< o E ZEZ(XZ — 1)
i=1 2

[

n 1/2 o)
= (Z E|lX; - MH%) ===
=1

where we used Jensen’s inequality and the fact that the mixed terms vanish after averaging over the
signs.
Therefore Theorem 11.17 gives, with probability at least 1 — 9,

sup [MOM(f,)] < € W D) | |1l log(2/ ‘”) |

vGBg

Combining this with the earlier bound on ||z — p|2 finishes the proof. O

Remark 11.20. Theorem 11.19 has the same form as the usual Gaussian benchmark

LS x| 528 [Tl 0B /0)
i n n

2
but it only assumes the existence of the covariance matrix. This is one of the cleanest examples of
the general message of the course: non-asymptotic rates of Gaussian shape may persist far outside

the Gaussian world once the estimator is chosen correctly.
. J
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12 Nonparametric least squares and localization

We now return to least squares beyond finite-dimensional linear models. The basic lesson is that the
performance of the least-squares estimator is controlled not by the complexity of the whole class, but by
the complexity of a localized neighborhood around the target function. This point of view is one of the
central ideas in modern nonparametric statistics.

Throughout this section, we work in the fized-design setting. Thus xz1,...,x, € X are deterministic
design points, and we observe

Y = f*(zi) + ow;, i=1,...,n,
where f*: X — R is the unknown regression function, ¢ > 0 is the noise level, and
Wiy, Wy i (0,1).
We assume that f* € F, where F is the function class over which we perform least squares.

For any function g : X — R, define its empirical norm by
1 n
2 2
lgliz =~ gl
i=1

For any f: X — R, we also write
2 1 ¢ 2
¥ - £ = 23w - )
i=1
We assume that the constrained least-squares problem argmin ez [|Y — fl? is non-empty, and we let

f € arg minc 7 ||Y — f||2 denote any empirical minimizer.

12.1 A basic inequality

The first step is the same as in ordinary least squares: compare the empirical loss of fwith that of the
true function f*.

Lemma 12.1 (Basic inequality). For any least-squares estimator ]?6 argminsc 7 [|Y — flI2, one has
1 z * (|2 g S N *
SIf =l = ﬁzwi(f(ffi) — (1))
i=1

Proof. Since f* € F is feasible and fminimizes the empirical loss,
v - FI2 < v - FI2.
Using the model Y; = f*(x;) + ow;, we obtain
Y- f=(f"—f)+ow.

Therefore
n

—~ —~ 20 ~
1Y = IR =17 = £17+ == D wi(f (i) = Flao) + 1Y = £17
i=1
Comparing this expression with ||Y — f*||? and rearranging yields

~ . 20 — ~ .
1= £l < == > _wiFlai) = f*(2),
=1
which is the claimed inequality. O
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12.2 Star-shaped classes and localized Gaussian complexity

Definition 12.2 (Star-shaped around f*). A function class F is said to be star-shaped around f* if
f+alf—fMerF for every f € F and every a € [0, 1].
Equivalently, the shifted class
FeF-{fY =l fe R
is star-shaped around the origin.

Remark 12.3. If F is convex and f* € F, then F is star-shaped around f*. The star-shaped condition is
weaker than convexity, and it is exactly what is needed for the localization argument below.

The complexity quantity that governs least squares is a localized Gaussian width.

Definition 12.4 (Localized Gaussian complexity). For 6 > 0, define

Gn(6; F*) =Ey | sup
geEF*
llglln<d

1 n
= " wig(x;)
n -

=1

Since the design points z1, ..., z, are fixed, G, (d; F*) is a deterministic quantity.

The star-shaped property forces the local complexity per unit radius to decrease as the radius increases.
Lemma 12.5 (Monotonicity of localized complexity). If F* is star-shaped, then the function

Gn(0; F*)

0
— 5

is non-increasing on (0,00). Moreover, the set

Gn(0; F*) )
s P —
{(5 >0 5 5 }

18 non-empty.

Proof. (This proof can be skipped at first reading.) Fix 0 < 6 < t. For any g € F* with ||g||, < t, define

=0
g=70

Since 0/t € [0,1] and F* is star-shaped, we have g € F*, and

9lln < 0.
Therefore
51 <& 1 e 1 —
7 ﬁzwig(%‘) = EZwig(xi) < sup ﬁzwih(l’i) :
i—1 i=1 H}ﬁnf;& i=1

Taking the supremum over all g € F* with ||g||, < ¢, and then expectation in w, yields

2 Gt F) < Gul5: ),
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which is equivalent to

Gn(t; F¥) < Gn(6; F*)
t - 0 ’
This proves monotonicity.

To see that the set of valid radii is non-empty, note that for every § > 0,

n

1 121 Efwll2
Gn(6; F)<Ey | sup —|lw z;)? <
(6:F") P | ”2(;9( ?) 7
g nga

Hence

Gn((svf*) < EHwH2
5 S T

So every 9§ satisfying
_ 20E]Ju];

S

is valid.
Definition 12.6 (Valid radius). Any positive scalar §,, satisfying

Gn(0n; F*) _ On
On, ~ 20

is called a wvalid radius.

Remark 12.7. The critical inequality compares a localized stochastic term G, (J;
curvature 62/ coming from least squares. Because Gy,(8)/§ is non-increasing, once the inequality holds

at one radius, it holds at all larger radii as well.

12.3 A localization theorem for nonparametric least squares

We now state the main result. It shows that the prediction error of least squares is controlled by any

valid radius 6.

Theorem 12.8 (Localized prediction bound). Assume that F* is star-shaped,

radius in the sense of Theorem 12.6. Then for every t > 6y,

n ntoy,
P(IF = £*I12 = 16t6,) < eXp<_ e ) '

Proof. Write L
A=f—freF

The basic inequality from Theorem 12.1 becomes
1 N2 g " ~
SIAI < 235" will ().
=1
Fix u > 6,, and define the event

Au) = {Elg € F* with ||g|l, > u and

o n
n Z wig(z;)
=1
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F*) with the quadratic

and let 0, be any valid

2 QUIglln}-



We claim that

To prove this, define

Zn(u) = sup
geEF*
lglln<u

% Z wig(xi)| -

i=1

Suppose that A(u) occurs. Then there exists g € F* with ||g||,, > u such that

%sz‘g(%)

=1

> 2ul|g]|n-

Define g = (u/||g||n)g. Since F* is star-shaped, g € F*, and ||g||, = u. Moreover,
giw.~(x.) w giw (z:)
n 4= i\ T n £ ig\Tq

1= 1=

= > 2u2.
llgln

Hence
A(u) C {Zy(u) > 2u?}.

Next, we show that Z,(u), viewed as a function of w = (wy,...,w,) € R", is ou/y/n-Lipschitz. Indeed,
for any w,w’ € R",

n

23w — w)g(as)

| Zn(u; w) = Zn(u;w')] < sup

geEF* -_
lgln<u' =
n
o 1/2
< Zw—wl sup (D g(:)?)
n geF* N
llglln<u
T |lw—w'lls sup gl
= — - 2
vn oo 19l
llglln<u

< 2w —u'|
[ \/ﬁ 2'

By Gaussian concentration,

TLS2

By definition,
EZ,(u) = 0 Gp(u; F*).

Since u > 6, and &, is valid, Theorem 12.5 gives

G (u; F*) < Gn(0n; F*) < 57”7
U - on, ~ 20

and therefore

2
EZ,(u) = 0Gp(u; F*) < Un < %
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Consequently,

an nu2
P(AW) < P(Zulu) > 20%) < P(Zo(u) > EZ, () + $u) < exn( g ) < oo ).

We now complete the argument. Fix ¢t > J,, and set
U = \/toy.

Since u > 6, the previous bound gives

P(A(u)) < exp<_7;“5;> .

g

On the complement A(u)¢, there are two cases.

If |Al, < u, then trivially ~
1A]12 < u? < 16u

If ||3Hn > u, then, because A € F*, the event A(u)® implies

Combining this with the basic inequality,

< 2ul| Al

1, ~ 0 — ~ ~
§HA||$L <= ZwiA(xi) < < 2ul|Alln,
i=1

50 ||A]l,, < 4u, and hence R
IA]2 < 16u? = 16t65,,.

Thus, on A(u)¢, the inequality R
If = f*1I7 < 16t

always holds. This proves the theorem. O

A convenient consequence is the following simpler high-probability form.

Corollary 12.9 (A simpler high-probability bound). Under the assumptions of Theorem 12.8, for every
n € (0,1), with probability at least 1 — n,

~ 2]og(1
17 P12 < 1692 4 32 T80
Proof. Set
202 log(1
t:max{gm ff0g</77>}
ndy,
Then t > 4, and
ntoy,
— > log(1/n).
552 og(1/n)

Hence Theorem 12.8 yields, with probability at least 1 — 7,

IF = £41% < 16t6,,.
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Finally,

21og(1
166, < 1662 + 32 M,
n

which is the desired bound. O

Remark 12.10. Thus, up to constants, the dominant term is the squared critical radius §2. Unlike a
uniform-convergence argument, which pays for the full complexity of the class F, the localization theorem
only pays for the complexity of those functions lying within distance §,, of f*.

12.4 Bounding the critical radius via metric entropy

The quantity G, (0; F*) is a Gaussian complexity, so it can be upper bounded using the chaining machinery
developed earlier.

For § > 0, define the localized class
To(6) ={g € F*: llglln < 0}

Proposition 12.11 (Dudley bound for the local Gaussian complexity). There exists an absolute constant
C > 0 such that

C §
Gult: F) < /0 VI8N (T (8), 11 [lar2) de.

Proof. For g € T,,(6), define
1 n
X, = - Z;wlg(:m)
1=
Then (Xg)ger,(5) is a centered Gaussian process, and for any g, h € T,,(9),

1

(X~ X1)? = 5 D (gl — h(a)” = g — hl%
=1

Since 0 € T),(d), we have

sup | Xy4| < sup Xg+ sup (—Xy),
9€Tn(9) 9€Tn(9) 9€Tn(9)

and the two suprema have the same expectation by symmetry. Therefore

Gn(0; F*)=E sup |X4 <2E sup X,.
g€TR(9) g€TR(9)

Applying Dudley’s entropy integral to the process X, whose canonical metric is

1
d(g,h) = ﬁ”g — hlln,

gives
C’ 19
E sup X, < / log N (T (9), | - lln, ) de.
gE€T () 7= Jo \/ ( )
Absorbing the factor 2 into the constant finishes the proof. O

A direct consequence is a sufficient condition for validity.

Corollary 12.12 (A sufficient condition for a valid radius). Any d, > 0 satisfying

C on 5

18 a valid radius.
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12.5 Examples

We now illustrate the theorem in two regimes.

Example 12.13 (Fixed-design nonparametric classes with polynomial entropy). Assume that F is
star-shaped around f*, and that there exist constants A > 0 and p € (0,2) such that for every € > 0,

log N'(F, | - [In,€) < Ae™P.
Since translation preserves covering numbers,
N(F N Mo €) = N(FS - Hlns €),
and since T,(5) C F*, we also have
log N (T,,(0), ]|+ [Ine) < Ae™®  forall0<e <.

Applying Theorem 12.11,

c [0 —
Gn(é,}"*)g\/ﬁ/o VAePde

< CA,p §1-»/2
— n )
since p < 2.
Therefore every § > 0 satisfying
Cap 5P/? < i

Vn ~ 20
is valid. Equivalently, there exists a valid radius d,, such that

o2\ V/(Pt+2)

on < C Ap <> .
n

Applying Theorem 12.9, we conclude that with probability at least 1 — n,

R o2\ ¥t 290501
”f_f*HQ SCA,p < > + g( /77) )

n n

12.6 Random-design least squares over convex classes

We now study least squares in the random-design setting. Unlike the fixed-design case, we do not assume
that the regression model is correctly specified. Instead, we work with an arbitrary convex class of
predictors and compare the empirical least-squares estimator to the best predictor in that class.

Let (X,Y) be a random pair with values in X x R, and let

ii.d.
(Xla}/l)a R (XnaYn) ~ (Xa Y)

Let F be a convex class of measurable functions f : X — R, and define the population and empirical

risks
RU)=E(Y —F)), Ralf) = - (Y- (X))
i=1



We assume throughout this section that

Y| <m and sup |f(X)| <m almost surely
ferF

for some constant m > 0. We also assume that there exists a population minimizer

[ € argmin R(f),
feF

and we let

fe€arg min R, (f)
ferF

be any empirical least-squares estimator.

For functions g : X — R, we write
1 n
Pg® =Eg(X)%,  Pug’ =) g(Xi)”
i=1

When a function depends on both X and Y, the symbols P and P,, are interpreted in the obvious way.

Remark 12.14. We do not assume that the model is correctly specified. In particular, we do not assume
that

Y= f{(X)+¢

with £ independent of X. The function f* is only the best approximation to the regression rule inside
the class F.

Our goal is to bound the expected excess risk

~

E[R(f) = R(f7)].

12.7 A deterministic convexity inequality

The first step is a simple but important improvement over the basic inequality Rn(f) < R, (f*). Convexity
of the class yields an extra quadratic term.

Proposition 12.15 (Empirical curvature from convexity). Assume that F is convex. Then for every

ferF,

~ ~

Ru(f) = Ra(f) = Pu(f = )%
Proof. Fix f € F, and define the path

ft:.]?‘f't(f_f)v tE[O,l].

Since F is convex, we have f; € F for all t € [0, 1]. Because fminimizes R,, over F, the function

o(t) = Rn(f1)

has a minimum at ¢t = 0, and therefore

A direct computation gives



Hence

Now expand

~

Pu((f =Y = (F-7))

= Pu(f = D2+ 2P.[(F-V)(f - )]
2Pn(f—f)2,

which proves the claim.

12.8 A basic excess-risk decomposition

Set
£=Y - [(X).

Since |Y| < m and |f*(X)| < m, we have
€] < 2m almost surely.

The next lemma rewrites the excess risk in a form suitable for symmetrization.

Lemma 12.16 (Basic decomposition). With f* and f as above,

~

R(f) = R(f*) < 2(Py = P)(&(f = ) + P(f = )7 = 2Pu(F = )™
Proof. By definition,
R(f) = R(f*) = (R(]) = Ra(£)) + (Ra(f) = Ra(f*)) + (Ra(f*) = R(/)).
Applying Theorem 12.15 with f = f*, we obtain
Ro(f) = Ru(£*) < = Pu(f = £4)*.

Hence

R() = R(f*) < (P = P)((F =Y = (f* = V)?) = PulF = )2,
Expanding the square difference,
(F=Y)? = (=Y =(F= P +2F - - Y).
Since f* — Y = —¢, the right-hand side becomes
(F =177 = 26(F = £7).

Therefore

~

R(f) = R(f*) < (P = P)(f = )2+ 2Py — P)(E(f = %)) — Pu(f — ).

Finally,

~

(P=Po)(f = [*) = PulJ = ) = P(J = [*)* = 2Pu(F = [)?.
which yields the claim.
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12.9 Contraction with deterministic offset

We will use the one-sided contraction principle proved earlier, but with a deterministic penalty carried
along.

Lemma 12.17 (Contraction with deterministic offset). Let T C R"™, let A: T — R be any deterministic
function, and let
V1,..-,on : R—=R

be L-Lipschitz functions satisfying ¢;(0) = 0. Then

Esup{an-:lgoZ i )}SLEESUP{nZEztz— }

teT teT

Proof. This is proved by exactly the same coordinate-by-coordinate argument as the one-sided contraction
inequality from the previous section. The deterministic offset A(t) is simply carried through unchanged.

O

12.10 A local offset bound from truncated Dudley

Let
G=F-f={f-f": feF}

Since F is convex and f* € F, the class G is convex and contains 0. Moreover,

sup |g(X)| < 2m almost surely.
g€g

The stochastic terms below involve the offset Rademacher process

The next lemma bounds this process by combining a coarse y-net argument with the previously established
truncated Dudley bound for localized Rademacher averages.

Lemma 12.18 (Offset entropy bound). Let G be a class of measurable functions such that 0 € G and

sup [g(X)| < 2m almost surely.
geg

Then for every ¢ > 0 and every 0 < a < v < 2m,

LS o(X0) — P g? ay L . | Jog(1+ N (G, La(Pr), 7))
Essup{nzszg(Xz) Png} ( + /06/4\/1g + N(G, Ly(Pp),u)) du )

cn
where C' > 0 is an absolute constant.

Proof. Fix the sample X1,..., X, and write
1 n
== Z eig(X
n -
=1
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Choose a y-net Gy C G in Ly(P,), and add the zero function if necessary. Then
|Gol < 1+N(G, La(Pn), ).
For every g € G, define
() = {07 if 9]l o) <7
a nearest point to g in Go, if ||g[/z,p,) > 7-

Then
lg — 7oy <y forevery g €G.

Moreover, if || g|z,(p,) > 7, then
17D Lopay < N9llLacpn) + 19 = (O La(pn) < 2M9llLap0)-
Hence, for every g € G,

C
cPug® > S Pam(9)”

Set
H={g9g—n(9):9€G}
Then c
sup{ %, (9) — cPag®} < sup R (h) + sup { 5 (u) — S Py}
geg heH u€EGo 4

We bound the two terms separately.

The localized term. Every h € H satisfies

1Allypn) < s

and
|h(X;)| < 4m for every i = 1,...,n and every h € H.

Indeed, the Lo(P,) bound follows from the construction of 7(g), and the pointwise bound follows from

[h(Xi)| < lg(Xo)[ + [7(9)(Xi)| < 2m + 2m = dm.

Define the rescaled class

~ h+4
H = { T he 7—[} .
8m
Then every function in H takes values in [0,1] on the sample X7i,...,X,. Since adding a constant does

not change a Rademacher average,

1 e -
Ec sup R;,(h) = 8mE. sup — Z eih(X5).
heH hen i

Applying Theorem 10.1 to H with

we obtain




Since [|A]|,(p,) < v for all h € H, the covering number is 1 for all u > v, and so

8!
E.sup R, (h) < 2a+ < Veg N(H, Ly(P,), u) du.
hen VI Jay2

It remains to compare the entropy of H to that of G. Write

H=JH, Ho={9—v:geg, (g =0}

veGy

Fix u > 0. Take any proper u/2-cover of G in Lo(P,). For each v € Gy, and for each u/2-ball in this
cover that intersects the subset

{9€g: n(g9) =0},

choose one representative from the intersection. Translating these representatives by —v gives a proper
u-cover of H,. Hence

N (Hy, La(Pp),u) < N(G, Lo(P,), u/2).
Therefore
N(H, Ly(Pn),u) < [Go| NG, La(Pa), u/2) < (1+N(G, La(Pn), 7)) N (G, La(Pr), u/2).
If u < 7, then u/2 < v, and monotonicity of covering numbers gives
1+ N(G, Lo(Py),7) < 1+ N(G, La(Py), u/2).

Thus, for 0 < u <7,
log N'(H, La(Py,), u) < 2log(1+N(G, La(P),u/2)).

Substituting this into the previous bound and changing variables v = u/2, we obtain

C Y
E. R;(h) <C +/ log(1 + N (G, Lo(Py),v)) dv.
sup 1 (h) < Co ﬁa/4¢og( (G La(P,),v)) dv

The coarse finite-net term. For any A > 0, the exponential-max bound yields

c
E. sup { RS (u) — - Pyu?
‘Euego{ W=7 }

1 Ac
< 3 log ezg Ec exp ()\Rfl(u) — 4Pnu2) .
u€Go

Since
1 n
£
=— u(Xq),
Rafw) = D)

the moment generating function of a Rademacher sum gives

ARE (u) oo,
E e\ <exp 2—Pnu .
n

A A2
Ec exp ()\RfL(U) — :Pnu2) < exp(( — )\C) Pnu2> .

Thus

2n 4
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Choose

cn
A= >
Then 2y
C
o4V

so each exponential term is at most 1. Therefore

c 2 2
E. (1) — —Pyu’t < —1 < = log(1 Lo(Py), 7).
Sélé)o {Rn(u) 1 nt } < og |Go| < o og(1+ N (G, La(Py), 7))

Combining the two steps proves the lemma. O

12.11 Expected excess risk bound

We now prove the main result of the section.

Theorem 12.19 (Expected excess risk over a convex class). Assume that F is convex, that f* €
argmin e R(f), and that

Y| < m, sup |f(X)| <m almost surely.
fer

Then for every 0 < a < v < 2m,

E[R(F)—R(f)] < Cm |a + inE

NG

where C' > 0 is an absolute constant.

/;4 \/Iog(l + N(F, Ly(Pp), u)) du + % Elog(1+ N (F, La(Py),7)) | ,

Proof. Set
G=F—f~
Then 0 € G, f— f* e g, and

sup |g(X)| = sup |f(X) — f*(X)| < 2m almost surely.
geg feF

By Theorem 12.16, with g = fA— f*, we have
R(f) = R(*) < 2(Po = P)(€9) + Pg® — 2Pag’.

Therefore

~

E[R(7) ~ A1) < Esup {207, = PI(eo) = 1P = [P

@)

5 7
e PnQQ} .

E
+ s.up{4 1

geg

(I1)
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We first bound (I). Let (X7,Y{),...,(X],Y,) be an independent copy of the sample, and define

n>-n

P'h = Z h(X.,Y])
for any measurable function h of (X,Y"). Also write
& =Y/ - 1 (X)).
Since P(£g) = E'P!(¢'g) and Pg? = E'P! g%, Jensen’s inequality gives
1
(1) < Esup {2(2, - P)(€0) - {Pia” - {Pud? -
g€eg 4

Now symmetrize:

1 1
/ / /2 2
M <Esup{ Z} i(&9(Xi) = €9(X]) — 1 Pag” — 4 ng}

geg
1
<2E = eibig(Xi) — < Pug?
< zlellg){ni:1 Ezgzg( Z) 4 ng }7

where we used sup(a + b) < supa + sup b, sign symmetry of the Rademachers, and symmetry between
the original and ghost samples.

Condition on (Xj;,Y;)? ;. For each 4, define

pilu) = 2m

Since |§;] < 2m, each ; is 1-Lipschitz and satisfies ¢;(0) = 0. Applying Theorem 12.17,

1 « 1
Ecsup { Z eilig(X } = 4mE. sup {n > eivilg(Xi) - Tom ngz}

9€g 9€g
1 @& 1
<4mE; sup {n Zgzg(Xz) - 167nPn92} .
(A

Therefore

We next bound (II). Since Pg? = E'P!¢?, Jensen’s inequality gives
) 7

(IT) < —Esup {P/g — Pngz} .
4 geg 5

Now use the identity

7
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Applying it with a = P’¢? and b = P, g%, and then symmetrizing, we obtain

5 6 1 1
M) < ZE —(P! — P,)g*> — —P'g*> — —P,¢*
()_431615{5(n )9 2 = ng
5 6 1 —
<< .2E - =Y eig(Xi)® = ZPug’
=7 21615{5 ni:lgzg( z) 5 ng}
1 n
— 3E - (X —P.g* .
{3t -

P(u) = —, u € [—2m, 2m),

is 1-Lipschitz and satisfies ¢(0) = 0. Choose any global 1-Lipschitz extension {/; :R — R with 1;(0) = 0.
Since all values g(X;) lie in [—2m, 2m], we have ¥ (g(X;)) = ¥ (9(X;)). Applying Theorem 12.17,

1 & 1 1 e~ ~ 1
E. sup {n ZEiQ(Xi)Q - 6 nQQ} = 4mE. sup {n ZEW(Q(XZ)) - % ng2}

9€9 " iz 9€9 " iz
< 4mE.s ! §n £i9(X:) ! 2
mE;sup { — ; - —
Egelg) n W T g Y

Hence

1 < 1
I < 12mE it (X)) — ——P,g° b .
(II) < 12m Sup{ > eig(Xs) Y g}

n
9€9 L™ iz

Combining the bounds for (I) and (II), and using

we obtain

c{n(7) - ()] < 2omEsp {13 o) - 51t

9€9g =1

Now apply Theorem 12.18 to the class G with

1

T um

Since G = F — f*, translation invariance of Lo(P,) gives
N(G, La(Py),u) = N(F, La(Py), u) for every u > 0.

Therefore

1
a+ —E
n

NLD

which is the desired bound. O

/7 \/log(1+N(f7L2(Pn),u))du+%Elog(l—k]\/(}",Lg(Pn),v)) ,

E[R(f) - R(f*)] < Cm
a/d
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13 Minimax lower bounds

We now begin the lower-bound part of the course. Up to this point, much of our work has had the
following form: we propose an estimator and prove that its risk is small. A minimax lower bound asks
for the complementary statement. It asks whether any estimator can do substantially better.

When an upper bound and a lower bound match, at least up to numerical constants, we have identified
the right statistical rate. The guiding principle in this section is simple: an estimator that is very accurate
should also be able to distinguish between well-separated parameters. Thus estimation lower bounds can
often be proved by reducing estimation to testing.

13.1 Fano’s method

Let {Py : 6 € ©} be a statistical model, where Py denotes the law of the full observation Obs. Let d be a
pseudometric on O, and let ¢ > 0. The minimax risk is

~

Ro(©,d,q) = inf sup Egd? (8(Obs), 6),
AISC)
where the infimum is over all measurable estimators.

A pseudometric is enough for our purposes. It may happen that two distinct parameters have distance
zero; then they simply cannot be separated by this particular loss.

The main input is Fano’s inequality. We state it in a form that allows an arbitrary reference measure.
This flexibility will be useful later in the Yang—Barron argument.

Theorem 13.1 (Fano’s inequality). Let Py,..., Py be probability measures on a measurable space ¥,
with N > 2. Assume that all P; are absolutely continuous with respect to a probability measure Q. Then

1+ 4 >0, KL(P(IQ)
inf P Obs >1— J= .
JuiNy N Z )#13) log N

Proof. For a decision rule J:U - [N], write the average probability of correct selection as

—ZP J(Obs) = j).

Denote L; = %. Then

N
S P;(7(Obs) = ) /ZI{J ) = j}j(w) dQ(w)

J=1

< WII%%VL( w) dQ(w).

Thus the best possible average success probability is bounded above by

—E L;.
N 1%%\/

Set

M =Eq max Lj;.
1<j<N
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Now consider
p(r) =xloge —z +1, x> 0.

This function is convex and nonnegative. By Jensen’s inequality and the pointwise inequality ¢(max; a;) <
>_;j ¢(aj) for nonnegative a;,

N

< < ;

(M) < Eqp (@% Lg> < Z; Eqp(Lj)
‘7:

N
=Y _KL(P;lIQ).
j=1

On the other hand, it holds that
o(M)=MlogM — M +1> MlogN — N.

Indeed, this is equivalent to
Mlog(M/N)+ N —M+1 >0,

which follows from the scalar inequality ulogu + 1 —u > 0 with w = M/N. Therefore

N
Mlog N — N <> KL(P,||Q).
j=1

Dividing by N log N, we find that the average probability of correct selection is at most

L+ x 2L KL(P;[Q)
log N

Taking one minus this upper bound gives the claim. O

13.2 From testing to estimation

We now turn Fano’s testing statement into a lower bound for the minimax risk. The argument is short,
but it is one of the most useful reductions in the course.

Proposition 13.2 (Fano lower bound for minimax risk). Let 61,...,0y € ©, with N > 2, and set
A= mind(ﬂi, Gj)
i#]

Assume A > 0, and let Q be a probability measure such that each Py, is absolutely continuous with respect
to Q. Then, for every q > 0,

inf sup Egd4(9(Obs), §) >
§06g o (( ) ) 24

N
Ar (0 1+ 3 KLy, Q)
log N ’
Proof. Fix an arbitrary estimator 9. From it, build a nearest-neighbor selector

J(Obs) € arg min d(g(Obs), 0;),
I<j<N

with ties broken in any measurable way.
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If the true parameter is ¢; and J = j, then the triangle inequality gives

-~

A < d(9;,05) < d(6;,0) +d(0,05) < 2d(6;,9),

because 6 7 is at least as close to 0 as 0; is. Hence

0.0 (5) 1745

Taking expectations under Py, averaging over j, and applying Theorem 13.1, we get

N
sup Egd? (0, 6) > NZEQ d9(6,0;)

0cO j=
AT 1 &
> <2> NZPGJ(J # 7)
7=1
(A, 1A SN KL(P, Q)
—\ 2 log N '
Since 0 was arbitrary, taking the infimum over estimators proves the result. O

The proposition gives a useful recipe. We need a finite subset of parameters that is:

(i) well separated in the loss metric;
(ii) large enough, so that log N is large;
(iii) statistically close enough, so that the KL term is not too large.

The lower bound is obtained by balancing these three requirements.

13.3 A first lower-bound example: Gaussian mean estimation

We now return to the basic Gaussian mean problem. Suppose
Xi,...,Xn ~N(0,5%1y)

independently, where 6 € R? is unknown and o2 is known. Let Py denote the joint law of the sample. We

will show that

d
inf sup E9||9 0% > ci

0 9cRrd

for a universal constant ¢ > 0.

Choose a radius R > 0, and take an e-packing
01,...,0N € Bg(R)

A standard volume argument gives, for 0 < ¢ < R,

The separation is A > ¢.
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Apply Proposition 13.2 with ¢ = 2, with d(0,0") = ||§ — ¢’||2, and with reference measure Q = Py. For
Gaussian shifts,
n)|0]3

KL(Py|[Po) = 2.

Since 6; € BY(R),
N
1 nR?
il § L(Py. ||Po) < 224 .
N & :11Po) < 53

Therefore

2 1+ LR;
inf sup Ey b0 11— ——20 |, 25
o oo Bl =01 2 {1~ Grog(ie/e 2

d d
R—ba\/7, 5—@0\/7,
n n

where 0 < a < b are absolute constants. Then (25) becomes

2 2
inf sup E0”9 0% > da <1 - 1+bd/2) .
9 geRd n dlog(b/a)

Now set

For instance, one may take b = 1 and then choose a > 0 sufficiently small so that the term in parentheses
is bounded below by a positive numerical constant, uniformly over d > 1. Hence

d
inf sup Eg”@ 0% > CL.
0 6er? n
On the other hand, the sample mean satisfies
d02
sup Eg|| X — 0|2 = —
feRd

Thus the sample mean is minimax-rate optimal.

Remark 13.3. Fano’s method is not meant to give sharp numerical constants in this example. It is
designed to expose the correct rate. A Bayes-risk argument below gives a cleaner route to the exact
constant for Gaussian mean estimation.

13.4 The Yang—Barron entropy method

Fano’s method asks us to build many separated parameters whose distributions are still difficult to
distinguish. The Yang-Barron idea is to make the reference measure in Fano depend on a covering of the
parameter space. This turns metric entropy directly into a minimax lower bound.

Let (O, d) be a pseudometric space, and let Py denote the law of the full observation under parameter 6.
For ¢ > 0, write

'/\/‘(E) :N(@7d7€)7 P(E) :P(@,d,E)
for the covering and packing numbers.

We assume two conditions.
(i) KL is controlled by the metric: for all 6,6 € O,

KL(Py||Pg/) < nd*(8,6").
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(ii) Polynomial metric entropy: there are constants a > 0, ¢1,c2 > 0, and €p > 0 such that, for all
0 < e < e,
log P(e) > c1e™ ¢, log N () < coe™®.

The first assumption says that nearby parameters are statistically close. The second says that the
parameter space has entropy exponent o. The corresponding lower bound on the squared-risk rate will be

=2/ (2+a)

13.4.1 A covering-mixture KL bound

Lemma 13.4 (Yang Barron covering mixture). Let 01,...,0y be an e-cover of ©, with M = N ().

Define the mizture
M
Q= M Z Pée'
(=1

Under the KL-metric condition above, for every 0 € ©,
KL(Pg||Q.) < ne? + log N (e).

Proof. Fix 6 € ©. Since the points 61, ...,0y form an e-cover, choose @(9) such that

As measures,

Therefore,

KL(PulQ.) = [ oz (G0 dP

dP
§logM—|—/log<dP o >dP9

B0
= log N (e) + KL(PQHP@(Q))

O

Remark 13.5. This is the central Yang-Barron trick. The mixture Q. is close in KL to every member of
the model because every parameter is close to at least one element of the cover. The price for mixing
over the cover is exactly log N(g).

13.4.2 Instantiated minimax lower bound

We now combine the covering-mixture bound with Fano’s inequality.
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Theorem 13.6 (Yang—Barron minimax lower rate). Assume the KL-metric condition and the polynomial
entropy condition above. Then there is a constant ¢ > 0, depending only on «,cy1,ca, such that for all
sufficiently large n,

~

inf sup E9d2( (Obs),6) > cn 2/ @te),
0 6cO

Proof. The proof is a balancing argument. Fix a small number a € (0, 1), to be chosen only in terms of
the entropy constants. Let € > 0, and choose an ae-packing

01,...,0y € O.

Then
log N > log P(ag) > cia” “e™?,
and the separation of the packing is at least ae.

Apply Proposition 13.2 to this packing with ¢ = 2, using the reference measure Q. from Lemma 13.4.
The average KL term is bounded by the worst KL term, so

N
1 _
N E KL(Py,[|Q:) < ne? +log N'(g) < ne? 4 coe™®.
j=1

Therefore

inf sup Egd? (9\, 0) >

a’e? (1 1+ ne? + @5“’)
0 0co 4 '

cra” %@
Choose a small enough that
cra”® > 8cs.

Then choose A > 0 small enough that

—Q

A2+O‘ < Cla
Set
En = An~V(@te)
Then
cra™ @
né,i _ A2+a€T—La < 1T57_La‘

For all sufficiently large n, the remaining constant 1 is also bounded by

cra” @
1 S 1T87_La'
Hence )
14 ne;, 4 c2e,,@ < 1

cla %, ¢ -2

Substituting € = €, into the Fano bound gives

R 2
inf sup Egd? (9, 0) >

a
9 0co 8

This proves the theorem. O

Remark 13.7. Both entropy estimates are used. The packing lower bound creates many separated
hypotheses. The covering upper bound keeps the KL divergence to the mixture under control. The rate
comes from balancing

ne? and e~ e,

which gives e < n= /(24 and therefore squared risk £2 =< n=2/(2+a)
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13.5 Birgé’s lemma as a finite-testing tool

The Yang—Barron method is well suited to entropy lower bounds. For finite constructions, especially
when pairwise KL divergences are easy to compute, it is often more convenient to use Birgé’s lemma. We
state it without proof.

Lemma 13.8 (Birgé’s lemma). Let Py,...,Px be probability measures, with N > 2, and let Ay, ..., Anx
be disjoint events. Then

in P;(4;) <
11§1%1§nN i(A;) < max

2e maxi# KL(PZHPJ)
2e+1’ log N '

Here is the testing consequence we will use. Given a selector J. , take

A = {JA— i}.
These events are disjoint. Therefore, if
PiIP;) < 2e 1
max KL(P;||P; og N
i#j = 2e 4+ 1 &

then, for every selector, at least one hypothesis has success probability at most 2e/(2e + 1). Equivalently,

. ~ . 1

lI}f llgnizgjcv Pi(J #1i) > e 1
Remark 13.9 (Why use Birgé instead of Fano?). Birgé’s lemma has two practical advantages in finite
constructions. First, it avoids choosing an auxiliary reference measure Q. Second, it uses the maximum
pairwise KL divergence, which is often exactly what is easiest to compute for Gaussian shifts or two-point
constructions. The tradeoff is that it is less flexible than the mixture version of Fano in entropy arguments,
where the Yang—Barron choice of Q is the natural object.

Remark 13.10 (Where it is needed). The next natural use of Birgé’s lemma is in sparse regression lower
bounds. One chooses many sparse vectors that are well separated in Hamming distance, maps them
through the fixed design, and checks that the induced Gaussian laws have small pairwise KL divergence.
We do not develop the sparse/RIP argument here, since it needs a separate combinatorial construction
and a discussion of restricted isometry.

13.6 Other lower-bound methods

We finish with two lower-bound tools that are useful in different situations. They are less geometric than
Fano, but often more direct.

13.6.1 Bayes risk lower bounds

The minimax risk is always at least the Bayes risk for any prior. Indeed, for any prior w on ©,

inf sup EgL (6, 6) > inf / EoL(0,0) 7(d6).
0 Jo

0 0cO

This is simply the fact that a supremum is at least an average. The usefulness of the bound is that the
Bayes problem can sometimes be solved exactly.
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Example 13.11 (Gaussian mean and the exact constant). Let
X=0+2  Z~N(0,0°),
where 6 € R is unknown. Put the Gaussian prior
6 ~ N(0,72),

independent of Z, and consider squared loss.

For squared loss, the Bayes estimator is the posterior mean E(# | X), and the Bayes risk is
E[Var(& | X)}

Since (0, X) is jointly Gaussian,

Cov(f, X)?
Var(f | X) = Var() — ————
(9] X) = Var(0) - =31 05
Here
Var() = 72, Cov(0, X) = 72, Var(X) = 72 + 0%
Thus A 5 o
9 T _ To
Var(H\X)—T _72+0.2 - 7—2_*_0-2'
Consequently, for every 7 > 0,
R ) 252
inf supEy(6(X) — 0)* > ——.
inf sup 0(0(X) —0) Z 5

Letting 7 — oo, we get

inf sup Eg(6(X) — 6) > o2,
6 6eR
This matches the risk of the estimator # = X. Therefore the exact minimax risk is o2,

For n independent observations, the sufficient statistic X has noise variance o /n, so the same computation
gives the exact minimax risk o2/n in one dimension and do?/n in d dimensions.

Remark 13.12. Bayes-risk lower bounds are especially useful when the prior and the model are conjugate.
In such cases the posterior variance can be computed exactly, and the constants are often much sharper
than those produced by Fano-type arguments.

13.6.2 Two-point lower bounds

The simplest testing reduction uses only two distributions. This is often enough to recover the correct
rate, especially for parametric problems.

Proposition 13.13 (Two-point testing principle). Let 0y, 61 € ©, and write
A =d(6y,0;).
For every q > 0,
: a7 AT, =~ .
1%f max Ep,d?(6,0;) > 50 1r}f max Po, (J # 1),

where the infimum on the right is over all tests Je {0,1}.
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Proof. Given an estimator 5, define J € {0,1} to be a nearest-neighbor selector among 6y and 6;. If the
true index is ¢ and J # ¢, then the triangle inequality gives

~ A
) > =
d(9701) — 2
Therefore
q 59) > gmaXP (J 1)
B0, 60) 2 oo e Po () #0).

Now take the infimum over estimators. The induced nearest-neighbor tests form only a subclass of all
tests, so lower bounding by the infimum over all tests is valid. O

Example 13.14 (Mean estimation for random signs). Let X,..., X, € {—1,1} be independent, and
suppose we want to estimate the mean

0 =EX; € [—1, 1].
Fix § € (0,1/4), and define two distributions on {—1,1}:
140 1-6
The corresponding means are
0y =96, 0_ = -6,

so their separation is 24.

1446 146 1-9 1-96
KL(P4|P-) = 5 log<1_5>+ 5 log<1+6)

1406

The same value is obtained for KL(P_||P4). For 0 < § < 1/4,

146
— 1 <
log<1_5>_36,

KL(P"||P®™) < 3nd?,  KL(P2"|P$™) < 3nd”.

For one observation,

and hence

Choose 6 = ¢on~ Y2, with ¢p > 0 small enough that

2e

3nd? <
"=

For all sufficiently large n, this choice also satisfies § < 1/4. Birgé’s lemma, applied with N = 2, implies
that every test has error at least a positive numerical constant for one of the two hypotheses. By
Proposition 13.13, with squared loss,

log 2.

9}
~

inf sup Eg(é\* )% > 6% >
0 6e[-1,1]

S|

for universal constants ¢, > 0.

Thus the root mean-squared scale cannot be smaller than n~1/2, which is exactly the usual parametric
rate.

Remark 13.15. The two-point method is deliberately local. It does not try to understand the whole
parameter space. It only finds two parameters that are separated in the loss but close enough statistically
that no test can reliably distinguish them.
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