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In recent work [1], Pathak and Zhivotovskiy express Gaussian width through an exact projection
integral and study minoration by statistical testing. Zadik [2] later independently obtained a version
of this integral representation for finite sets and used it to give a Bayesian proof of the majorizing
measures theorem.

In this note we apply the ideas of [1] in three directions. First, we give an alternative proof
of the lower bound of Pathak and Zhivotovskiy [3]. This bound extends the Gaussian majorizing
measures lower bound to more general laws. We then give elementary proofs of Gaussian-type
comparison theorems and construct admissible partitions for convex hulls and Minkowski sums.
More generally, in finite dimensions these tools construct admissible sequences of optimal order for
compact sets, using only metric projections, averaging, and successive coverings by balls.

Throughout, norms are Euclidean, G ~ N (0, I), and X ~ p is centered with E||X|| < co. We
write wy,(T) = Esup;cr (X, t) and w(T') = we(T). The translation condition used below is

KL(unllie) < wlh— k|2 (hk € RY,  pp= L(X+h), x>0, (KL)

1 From the full projection integral to admissible partitions

Following Talagrand [4, Definitions 2.7.1, 2.7.3], for a bounded nonempty subset T' of a Hilbert
space, we define
v2(T) = inf sup Z 22 diam(A,(t)).
(An) teT ;30

The infimum is over sequences of partitions with Ag = {7} and |4, | < 22", such that each partition
refines the preceding one: every cell of A,, 11 is contained in a cell of A,. Here A, (t) is the unique
cell containing ¢t. Such sequences are called admissible, and their cost is the displayed supremum.
The following extension of the Gaussian majorizing measures lower bound is due to Pathak and
Zhivotovskiy [3, Theorem 1]. We give a short proof.

Theorem 1. Under (KL), every bounded nonempty T C R? satisfies
v (T) < C\/EwM(T),

where C' is universal.

In particular, the Gaussian translation formula, L(N (h, I3)||N (k, 1)) = ||h — k||?/2, gives the
lower bound in the Gaussian majorizing measures theorem [4, Theorem 2.10.1]. The projection
decomposition of Pathak and Zhivotovskiy [1] applies to every centered integrable noise vector. We
combine it directly with testing and admissible partitions.

1. The projection decomposition. Let K = convl'. For every z € K, the projection identity is

1 [ do
wT) =5 [ Elc(e + o) - 2|22 1)
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where I¢(x) = argmin, e |z — ul|? is the Euclidean projection onto a nonempty closed convex set
C'. This is the decomposition of [1, Theorem 2.2 and (15b)] applied to K — z; see also [3, Lemma 2,
(6)]. Its proof uses comparison of maximizers and integration in one variable. The same comparison
shows that ||IIx(z + ox) — z||? is nondecreasing in ¢.2

We use the following consequence of this identity. Write R,(s) = E||llx (2 +sX) — z||?. For ¢ > 1
and positive scales with s; 11 < s;/q, the intervals [s;, gs;| have disjoint interiors. Monotonicity

therefore gives
R( /qsa 2q

< ——w, (7). 2
SRy (1) ®)

2. Statistical testing: a change of measure inequality. Summing an elementary change of measure
inequality over disjoint events gives the following bound of Fano type; cf. [5, §§15.1.2, 15.3].

Lemma 1. Let Py,..., Py, Q be probability laws on the same measurable space, where m > 2, and
let By, ..., Ey be pairwise disjoint measurable events. If m~1 Y. Pi(E;) > 7/8, then

16 &
logm < — ;KE(BIIQ)- (3)

Proof. The scalar inequality av < aloga — a + exp(v), integrated with a = dP/dQ, gives EpV <
KL(P||Q) +Egexp(V) — 1. Take V = (log A\)1g and use (A —1)/log A < A to obtain, for A > 1,

KL(P[Q)
P(F) <)\QFE)+ ——=. 4
(8) < 2Q(E) + =1L (@)
We sum over the disjoint events and take A = \/m:
Z<£ZP~(E»)<L+ Zlcc P|Q).
8~ m*% Y= m mlog
Since m~1/2 < 3/4, this proves (3). ]

Replacing X by /kX reduces to £ = 1 and multiplies the width by /k. For a set B C T with
diam(B) > 0 and an integer n > 0, put

B = {Z € B:R.(5-27"2diam(B)) < d1ar5r;(23)2} . (5)

(We use variants of this set in Section 3; see (22).) We claim that Gp is covered by at most 22" — 1
closed balls of radius diam(B)/4. Otherwise, successively choosing a point outside the preceding
balls gives 22" points t; € Gp at pairwise distance greater than diam(B)/4. Use

P, = L(t; + 5 -27"/% diam(B) X)), Q=Pr.
The events E; = {y : |[IIx(y) — t;|| < diam(B)/8} are disjoint. The Markov inequality gives

64
~ diam(B)?

4 1
Ry, (5272 diam(B)) < o1 =.

Pi(E;
(i) < 512 8

2Importantly, convexity is not strictly needed for either fact: for any nonempty compact set, we may use a fixed
measurable nearest point selector.



Lemma 1 and (KL) now give the contradiction

16 diam(B)? 16
2"log2 < 16 max KL(P;||Py) < = — 2" < 2"]og?2.
0g2 < 16max LL(E|[ 1) < 25 2-ndiam(B)2 25 - 8

Thus the claimed cover exists.

3. The admissible partitions. Without loss of generality assume diam(7) > 0. We start with
Ao = {T}. Having defined A,, take a cell B € A,, of positive diameter and form Gp as above at
scale 5 - 27™/2 diam(B). Choose closed balls Ci,. .., Cy of radius diam(B)/4 covering Gg, where
¢ < 22" —1. In A,,1, replace B by the nonempty sets among

Bne)\Jco; a<i<o, B\CJCi.
=1

J<i

These sets are pairwise disjoint, have union B, and are called its children. Each of the first £ sets is
contained in a ball Cj, so has diameter at most diam(B)/2; the uncovered remainder lies in B\ Gp.
Children of distinct cells of A,, are disjoint as well. Thus applying this rule to every cell of positive
diameter and retaining each singleton defines a partition 4,41 refining A,,. Fach cell has at most
22" children, so
Ay < T 22" =22 <22V, (6)
n<N

Thus the sequence is admissible. Now fix z € T and put
an, = 2" diam(A,(2)), s, =5-2""2 diam(Ay(2)).

If A,+1(2) is one of the children assigned to a covering ball Cj, it is contained in that ball. Its
diameter is therefore at most half that of A,(z), giving ﬂanﬂ < a,. If it is the uncovered
remainder, then z ¢ Gp for the cell B = A,,(z). Thus R.(s,) > diam(A,(z))?/512, and
: 2
0 — 5 diam(A,(z)) < 2560

Sn Sn

R.(sn)

(7)

The inclusion A,1(z) C A,(2) also gives diam(A,;1(z)) < diam(A,(2)), hence v2a,11 < 2a,.
Using (7) to bound one of these two copies of a,, we obtain, in either case,

R.(sn)

V2641 < an + 2560 (8)

Sn

Since 5,41 < 8,/V2, (2) with ¢ = /2 gives

Z R.(sn) <4+ 2\/§)wll,(T)'

n:sp >0 n

For every N with ay > 0, summing (8) over 0 < n < N and collecting the a,, terms gives
N N R, (50)
(V2=1) ) an + V2an41 < V2a0 + 2560 Y =" < V2diam(T') + 2560(4 + 2v/2)w,(T).
s
n=0 n=0 n

Dropping the nonnegative term v/2ax .1 bounds every partial sum, and hence the full sum > n>0 On;
uniformly in z.



It remains to bound diam(7T'). In the Gaussian case, the bound diam(7T") < v/2m w(T) is standard;
see [19, Proposition 7.5.2(f)]. For general u, take B = T and n = 0. The covering construction
puts Gr in one ball of radius diam(7")/4. Since that ball has diameter diam(7")/2, we have Gr # T.
Choose z € T'\ Gr. The definition of Gp, monotonicity, and (1) give

diam(7") = R (5diam(7)) /OO dv
< < R.(v)— < 2w, (T).
2560 = sdam(T) = Joamry 0 52 < 20e(T)
Hence diam(7T") < 5120w, (7). Substituting this into the bound above and restoring the scaling
proves Theorem 1, with C' = 10240(3 + 21/2) < 216. ]

Remark 1. The construction follows the ideas of the fundamental partitioning theorem of Tala-
grand [4, Lemma 2.9.4 and Theorem 2.9.1]. In its Gaussian application, the points z € B to cover
satisfy a condition of the form

E  sup (G,t) > Esup(G,t) —n, (9)
te BN(z2+rBY) teB

where G is standard Gaussian and r,n > 0 are a prescribed radius and deficit. Informally, the
neighborhood of z retains the expected supremum in the current cell up to the additive loss 1. The
geometric meaning of this criterion is less immediate, since it requires understanding Gaussian widths
of localized subsets that change with the current cell. Our condition (5) asks whether perturbing
z and projecting back onto the fixed set K returns close to z in mean square. Importantly, the
profiles s — R (s) are fixed before constructing the partitions; the cell and its level determine only
the scale and threshold.? The projection integral bypasses an auxiliary growth functional and the
selection of levels in [4, Lemma 2.9.5]. In the Gaussian case, KL testing gives the covering bound
directly, without Sudakov minoration or Gaussian concentration.

Remark 2 (On probabilistic assumptions). For the lower bound, it suffices that one probability
measure p and § > 0 satisfy

pn(E) < exp(B|h|*)p(E) +§  (heR?, E Borel). (10)

After rescaling to 5 = 1, apply (10) to the disjoint events (E; — t1)/s and shifts (¢; — ¢1)/s, where
s =5.2""/2 diam(B). The average success probability on disjoint events is at most % —i—% < %.

This gives y2(T") S v/Bw,(T). Condition (KL) implies (10) with p = p and 8 = 8k, by (4).

2 Subgaussian comparison from the projection integral

The classical subgaussian comparison theorem is a widely used consequence of the majorizing
measures theorem, as in the original proof of Talagrand [11, Theorem 15]. The Gaussian comparison
with arbitrary deterministic offsets already follows from Liu [7, Corollary 2]; van Handel [6] gives a
streamlined exposition of Liu’s proof mechanism and draws out its convex order consequences. Song
and Talagrand [10] subsequently gave a very short argument deriving the convex order comparison
from the seminorm specialization of the original majorizing measures theorem.

We give a short, self-contained proof of these comparison results, using neither the classical
subgaussian comparison theorem nor results on stationary Gaussian processes. The reference

3Van Handel [15, §83, 6.1] gives a simpler partition construction through a contraction principle. His Gaussian
proof reorganizes the localized width argument using interpolation profiles defined through similar Gaussian width
deficits; see (9) with B = T. These profiles are also fixed in advance. See also Remark 6.



experiment and calculations below are analogous to those in Pathak and Zhivotovskiy [3, proof
of Lemma 3, (13) and (14)]. The proof also applies to general reference measures satisfying the
translation bound (KL)*, with an explicit numerical constant.

Theorem 2. Let X ~ p be centered and integrable in RY, with KKL(up||ur) < kl|h — k|| for all
h,k € R? and some k> 0. Let T C R? be finite and nonempty, and let (Uy)ier be a centered process
such that, for some L > 0,

L2)\2

log Eexp(A(U; — Uy)) < 5t = ul*>  (LbueT, NER). (11)
Then
Ertneajg( Up < 28L\/kw,(T). (12)

Taking X = G and k = 1/2 gives the classical Gaussian comparison.

Corollary 3. Under the assumptions of Theorem 2, for every family of deterministic real numbers

Proof of Theorem 2 and Corollary 3. If L = 0, all increments vanish almost surely and both claims
are immediate. For L > 0, replace (U, by, X) by (Uy/L,bi/L,\/kX), so that L = k = 1. It suffices
to prove the corollary, since by = 0 gives the theorem. We use a fixed rule to break ties in all
selectors below. Choose Z € arg max,cr(U; + b;), and take X independent of (U, Z).

We first include the offsets in the projection identity (1). For o > 0, set

~ 20b ~
ts(y) € arg min {Hy —t]* - Ut} , R(0) =E|t,(Z + o X) — Z|*.
teT 28

The same projection calculation as in (1) gives monotonicity of R and

1/0072( 199 _ L T o {280, 8) + by} — Bb (14)
_ _— = m. — .
2 Jo T T ag [TEr b z
Here E(X, Z) = 0 by independence and centering. It remains to prove EUz < 14 [° R(0) do/o?.
We now compare two statistical experiments. Fix tg € T and positive scales oy, ..., 0, with
0k—1 = 20). In the first experiment, take independent copies X7,..., X, of X, independent of U,

and set
Y, =7 + 0. X}, th%\Jk(Yk) (1§k§n)

Then E||t, — Z||> = R(0}). Let Py denote the joint law of the process U and the first k observations
(Y1,...,Ys) in this experiment.

We define the reference law @y on the same variables (U, Y1,...,Y)) by keeping the law of U
and generating observations successively with

Lo (Y | UYL, Yj) = L(Eja +05;X),  1<j<k,

using fresh noise at each step. Here tg is fixed and t; = faj (Y;) is the same deterministic function of
the observation under either law. Under Q, this recursion never uses U, so all observations and

4The Gaussian comparison is the main case of interest. Allowing other reference laws may also be useful when
studying the best numerical constants, through the quantity +/kw,(T).



selected points are independent of U. Under Py, they can depend on U through Z. At level 0, put
Py = Qo= L(U).

Since the law of U is the same under both experiments, the likelihood ratio factors over the
conditional laws of the observations:

dP; /‘I’Z/O'
UY,..., Y log L (Y;/o;).
dQ ( 1 Z d,ut] 1/UJ( ]/ .7)

Under P, conditionally on U, Y7,...,Y;_1, the Varlable Y;j/o; has law py /o, Taking conditional
expectations and applying (KL), we obtain

log

E|tr_1 — Z|?
KL(PLIQE) ~ KL(Py1 Qi) = B Lz I,y my) < I 20 )
2
Independence under Q) and (11) give

U, — U, th — tp_1|]?
EleXp< tg - te—1 H k . I; 1|| )Sl
k Ok

The change of measure inequality from the proof of Lemma 1 bounds the Py expectation of the
exponent by KL(P||Qk). Multiplying by o, adding oxL(Px||Qk), and using ox_1 = 20y gives
Elte — tr—1]?
EUs, + okKL(PL||Qr) < EUs,_, + 0 1 KL(Pe1]|Qi_1) + w
+ 205 [KL(P || Qr) — KL(Pi—1(|Qk—-1)]
R(o) + 3E|t_1 — Z|?
O '

<EUi_, + ok 1KL(Pp-1]|Qr-1) +

The last step uses (15) and ||ty — tr_1||> < 2|[tx — Z||? + 2||tx—1 — Z||?>. We now sum over k. The
left and right sides telescope; using Py = Qo, EU;, = 0, and 0,,KL(P,||@x) > 0, we obtain

R(ok) + 3E||t — 72
t<z k) [t—1 — Z|

Ok
_ GEllto — Z|* © R(ox) , Rlon)

7y + (16)

o0 = Ok on
< 6 diam (T')? N 72”; R(ak)'
o0 = o

The equality uses ox_1 = 20} and the definition of R. For m > 1, take n = 2m and o = 2m—Fk ip
(16). For a fixed copy of X independent of U, finiteness of T gives ty-m(Z +2-™X) = Z for all
sufficiently large m, almost surely. Therefore, as m — oo,

EU,, = EU-

By (Z42-mx) 7 EUZ.

Finally, monotonicity gives T\’,( ) / s<2/; R0 )da /o?. Letting m — oo therefore yields

EUz < 72
keZ

) < 14/ Sy =Emax(28(X,1) + b} — Ebz.

Since Uz +bz = maxer (U +b;), adding Ebz and undoing the normalization proves the corollary. ™

Remark 3. For any centered vector Y satisfying log Eexp((v,Y)) < L?|v||?/2 for every v € R?,
Corollary 3 gives, using the standard approximation argument as in [6, §1.1],

Ef(Y) <Ef(28Lvk X) for every convex f: R% — R.



3 A geometric construction of admissible sequences

We now give a geometric proof of convex hull stability of vo for finite subsets of a Hilbert space,
addressing one possible interpretation of the question of Talagrand [4, Research Problem 2.11.2].
We essentially adapt Section 1 to uniform measure on a Euclidean ball. The argument still passes
through an averaged linear supremum, but testing becomes a volume comparison and metric
projections define the split.

Remark 4. Talagrand suggests that a more satisfactory geometric argument would extend convex
hull stability to 2-smooth Banach spaces [4, Research Problem 2.11.3]. Zhang and Zhao [20] show,
however, that this extension fails in LP[0,1] and ¢, for every 2 < p < oc.

The input admissible sequence is used only to bound the diameter and ball averaged supremum
of K = convT. We then construct partitions from K itself: in each cell, we cover points whose
perturbations usually project back close to them, and keep the uncovered remainder as one child.
The projection integral controls the total remainder cost.

Theorem 4. Given an admissible sequence of a nonempty finite subset T' of a Hilbert space with
cost L < oo, the construction below produces an admissible sequence of K = convl with cost at
most 2'9L. Consequently

2(T) < Aa(conv T) < 2'09(T).

The proof uses only inner products, norms, convex hulls and metric projections; translations,
dilations, intersections and Euclidean volume comparison; counting, averaging, elementary inequal-
ities and calculus in one variable. Probabilities and expectations are used only as shorthand for
volume ratios and averages.

Proof. We first use the input admissible sequence to bound the linear supremum averaged over the
FEuclidean ball. We then use the projection integral and volume coverings to construct an admissible
sequence for K with cost at most 2'6L, following the splitting rule of Section 1. The singleton case
is immediate. Translate a point of T to 0 and identify its span with R%. Throughout this section,
X is uniformly distributed on v/d B in the Euclidean space under consideration. We write | - | for
Euclidean volume in the appropriate dimension.

Write (A,,) for the given admissible sequence for T'. For each cell F' € A,,, choose a representative
rrp € F, taking rp = 0 for the root cell at level 0. For n > 1, let F'~ be the unique cell of A, 1
containing F’; this is its parent. Define

Vp =TF — T'p—.

Both representatives lie in F~, so ||vp|| < diam(F ™). For each t € T, let A, (t) be its cell in A,,.
Since the given sequence has cost L, we have [t — 74, )l < diam(A,(t)) < 2-"/2[, — 0. Using
rp = 0 gives

t=> va,@, Y. 2" diam(A,_1(t)) < V2L.

n>1 n>1

For a unit vector e and 0 < v < v/d, consider the cap {z € vVd B : (z,e) > v}. Since
|z — vel|? = ||z||* — 2v(z,e) + v < d — v,

the translation = — 2 — ve maps this cap into the half-ball {y € V/d —v2Bg : (y,e) > 0}, because
(x —ve,e) > 0. Translation preserves volume, so the cap has at most half the volume of v/d — szg.



The opposite cap has the same volume by reflection. Their combined volume is therefore at most
|v/d — v2Bg|. Dividing by |v/d BY| gives

P(|(X,e)| >v) < (1 —v?/d)¥? < exp(—v?/2). (17)

For v > /d the caps are empty. By the decomposition of ¢ above, if maxycr |(z,t)| > vV2L(2 + u),
then some level n > 1 and cell F € A, satisfy |(z,vr)| > (2 + u)2"/?diam(F~). At level n
there are at most 22" such vectors, each of norm at most diam(F~). The cap estimate and
(24 u)?/2 —log2 > 1 + u therefore give, for u > 0,

P<max|(X )] > V2L( 2—|—u) Zexp 14 u)2") < exp(—u).

n>1

The last inequality follows from 2" > n 4+ 1 and summing a geometric series. Convexity enters
through the pointwise identity

max(z, t) = max(z,?). (18)

Since 0 € T, the supremum is nonnegative. Integrating the preceding bound therefore gives
oo
Emax(X, t) < V2L <2 +/ exp(—u) du) = 3v2L < 5L. (19)
€ 0

The same identity gives diam(K) = diam(7") < L, since the diameter of a set is the supremum,
over unit directions, of its linear oscillation. The input sequence is used only to establish these two
bounds. The splitting rule below depends on K, the current cell, and its level, but not on the input
partitions or L.

The averaged projection integral. For z € K and s > 0, put
R.(s) = E|lx(z 4+ sX) — z||%

Thus R.(s) is the mean squared projection error for points uniformly distributed over z + sv/d BY,
measured from z. We take expectations in the pointwise projection decomposition [1, equation
(15b)]. Since EX = 0 by symmetry, E(X, z) = 0, giving for every z € K

;/OOO Rz(v)— — Emax(X, 1) < 5L. (20)

For positive scales with s;11 < s;/ V2, apply the same calculation over disjoint intervals as in (2).
Since v/2/(v/2 — 1) < 7/2, we obtain
5]
< R — < 35L. (21)

‘ Sj 2

]
Covering points with small projection error. We repeat the testing step of Section 1: separated
points with small projection error give disjoint success sets. Here a volume comparison bounds their
number. Fix a set B C K with diam(B) > 0 and an integer n > 2. Let s, = 2diam(B)2~"/2.

We now introduce one of our key geometric objects. We call z € B good if

P (e +0%) - o) < RE) > 2 22)



In words, a point is good if projecting z + s, X back onto K returns a point within diam(B)/8
of z with probability greater than 3/4.

We claim that these points are covered by at most 22" — 1 closed balls of radius diam(B)/4.
Otherwise, successive selection gives 22" such points t1,...,t,2n at pairwise distance greater than
diam(B)/4. Put

Dy =t + \/ds2 + diam(B)? BY.
For x € \/ﬁBg, the parallelogram identity gives
Iti + snz — t1||> + |[ti — snz — t1]|* = 2|/t — t1]|* + 252 ||z||* < 2(ds? + diam(B)?).

At least one of t; + s,z and t; — spx therefore lies in D,,. By symmetry, P(¢; + s, X € D,,) > 1/2.
Together with condition (22), this shows that the sets

E; =Dy, N (t; + s, Vd BY) N {y : [Tk (y) — t;]| < diam(B)/8}

satisfy P(t; + s, X € E;) > 1/4, hence |E;| > s%|v/d B$|/4. They are pairwise disjoint. Since all E;
lie in D,,, summing their volumes gives

n 41D di B)?
st Vd Bj| ds,
The last inequality holds for n > 2, giving a contradiction.

If z is not good, the projection error exceeds diam(B)/8 with probability at least 1/4. Conse-
quently,

/2
) < dexp(diam(B)?/(2s2)) = 4exp(2"/8) < 22",  (23)

1 /diam(B)\? diam(B)2
2(8n) = — = )
Ra(sn) 2 4 ( 8 ) 256
and hence B2
2 i z n
2"/2 diam(B) = 2diam(B)” < 512 M (24)
S, S,

The construction of admissible partitions. Start with By = By = By = {K}. Given B, for n > 2, take
a cell B € B, of positive diameter and set s, = 2diam(B)2~"/2. Choose centers ¢; satisfying the
projection condition (22), each outside the preceding closed balls C;j = ¢; + (diam(B)/4)BY, until
all such points are covered. The covering argument forces this procedure to stop with ¢ < 22" — 1
centers. As in Section 1, replace B by the nonempty sets among

l
Bne)\Jco; 1<i<o, B\ |JCi
j<i i=1
The same counting argument as in (6) gives refining admissible partitions: for N > 2,
N-1 N N
By < J] 22" =2 *<2*.
n=2

Finally, fix z € K, let B, (z) be its cell in B,,, and put

an = 2% diam(B,(2)),  sp = 2-27"2diam(By(2)).



As in (8), a covered child has at most half the parent diameter, while the remainder is controlled by
(24). Thus, at every level n > 2 of positive diameter,

Rz(sn)

Sn

V2a,41 < a, + 512

The scales satisfy s,11 < s,/v/2. The input bound (19), through the projection identity (20)
and (21), therefore bounds >,~o., <o Rz(sn)/sn by 35L. The remaining summation is the same
as in Section 1: for N > 2 with ay > 0, summing over 2 < n < N and using ag = diam(K),

a; = v2diam(K), and ap = 2diam(K) gives

N . N Rz<3n)
(V2=1)>" an + V2ani1 < (14 2v2) diam(K) + 512 =
n=0 n=2 n
< (14 2v2)diam(K) 4 17920L < (v2 —1)2'L.

Every partial sum, and hence the full sum, is bounded by 2'6L, uniformly in z. This proves the
claimed cost bound. Restricting partitions of K to T' gives v2(T") < y2(K). ]

The construction in the proof of Theorem 4 does not require convexity or an input admissible
sequence. The input sequence above is used only to bound its cost. We now state the general form
of the construction; the sets to be covered can be defined by the projection condition (22), or by
the finite average in Remark 5 below.

Corollary 5. Let H C R% be nonempty and compact, and fiz a measurable nearest point selector
IIz;. The projection and covering rule using (22), with H in place of K, constructs an admissible
sequence of cost at most 26~y (H).

Proof. As noted after (1), the projection identity and monotonicity hold for non-convex H. The
volume argument (23) only requires a fixed selector, so that the success sets of separated points are
disjoint. Thus the covering rule and the branch summation apply unchanged. Apply (19) to an
arbitrary admissible sequence of H and take the infimum over its cost. [ |

Remark 5 (Admissible sequences from finite projections). The sets to be covered can also be
defined by a finite average of squared projection distances, even for nonconvex H. Choose once,
depending only on d, a symmetric 1/64-net z1,...,zy of vd B, with N < (14 128/d)?. Fix w;
as the probability that z; is a closest net point to X:

wj =P(]| X —zj| < || X —a] forall 1 <i < N).

In a cell B of positive diameter at level n > 2, put s, = 2diam(B)2_"/ 2 and cover the set

N , _ diam(B)?
Gp=q72€B:Y wlllu(z+ 2su5) — 2| <01 (-’ (25)

=1

retaining the uncovered points as before. The resulting admissible sequence has cost at most
21945 (H). Once the points and weights are fixed, the recursive construction requires no volume
evaluations: only nearest point projections onto H, finite weighted sums, and successive ball
coverings. With this definition, the rest of the proof proceeds as above; we omit the details.
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4 Examples

We now turn to several related questions raised in [4]. The next two examples give geometric proofs
in the sense of Section 3. Research Problem 2.11.8 asks for a geometric proof of the v» bound for
convex hulls of vectors with logarithmically decreasing norms.

Example 6. Let (t;);>1 be Hilbert vectors with ||t;|| < A/+y/log(j + 1). Then
Yo (conv{£t; : j > 1}) <2164,

Proof. To apply the construction, take a finite hull K = conv{#ty,...,£ty} in its span R?; the
zero case is immediate. Let X be uniform on v/d B§. The estimate (17) and the norm bound give,
for u > 0,

P < . —2—2u < _ .

<rtr£§(<X, > (2+ u)A) < Z(] +1) < exp(—u)
j=21
For the last inequality, we use (j 4+ 1)72% < 272% < exp(—u) and i1+ 1)2 < 1. Integrating
gives
Emax(X,t) < 3A.

teK
Insert this bound and diam(K) < 2A4/4/log?2 into the branch estimate underlying Corollary 5 to
obtain 2'°A. The admissible partition construction uses condition (22). [

Research Problem 2.11.13 asks for a geometric proof of subadditivity of o under Minkowski
addition. Research Problem 2.11.14 asks for the special bound ~2(3>X, T;) < CN+/log M when
each T; consists of M unit vectors. The next example gives both. Only additivity of linear suprema
is needed; the covering argument is unchanged.

Example 7. Let T1,..., Ty be nonempty finite subsets of a common Hilbert space, with given
admissible sequences of finite costs L1,...,Ly. The construction above produces an admissible
sequence of SN convT; with cost at most 265N | L;,. Consequently, for arbitrary bounded
nonempty Hilbert sets T;,

N N N
n(S8) <20 X mr) Lr- (e tivnen)
=1 =1 =1

Proof. Translate one point of each Tj to 0 and work in their common span R?. Put K = >; conv T;.
Let X be uniform on v/d B. Since

max(z, t) = ;rgg%@,t%

applying (19) to each input sequence gives

diam(K) <Y L;, Emax(X, ) < 3vV2Y Li<5) L

The construction therefore applies with L = ), L;. Restrict the resulting partitions to >, T;
and take the infimum over the input costs; compactness gives the general case. For Research
Problem 2.11.14, keep each T; in one cell until its singleton partition satisfies the admissibility
bound. Since diam(7;) < 2, the geometric sum of the preceding levels gives cost at most C'v/log M
for M > 2. The construction above then gives cost at most CN+/log M; for M = 1, the sum is a
singleton. [ |
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We now apply the same projection and covering rule directly to a union of ellipsoids. Let T" be a
nonempty finite set of real m x d matrices, and put

doo(t7r) = Ht - THOP’ Et = tTBgl’ H = U Et'
teT

Here ¢ is the transpose of t, so E; C R? is the ellipsoid obtained by applying ¢ to the Euclidean unit
ball. The Hilbert—Schmidt norm ||¢||gs is the square root of the sum of squared matrix entries, and
||lt]lop is the Euclidean operator norm. A consequence of the chaos bounds of Krahmer, Mendelson,
and Rauhut [13], recorded in [4, Proposition 15.1.21], is

1/2
(Esup |rtGrP> <c (sup s + (T, doo>> . (26)
teT teT

Since supy ||tG|| = supyec (G, h), Talagrand [4, Research Problem 15.1.22] asks for a direct construc-
tion of an admissible sequence on H whose cost is bounded by the right side of (26). We construct
the partitions geometrically and, for brevity, use the cited bound (26) to estimate their cost.

Example 8. The projection and covering construction produces an admissible sequence of H with
cost at most

C (Sup [tls + v2(T, doo)> ,
teT
where C' is universal.

Proof. We apply Corollary 5, using the nearest point selector described below.

Projection onto the union. Fort € T, let b; > 0 be its positive singular values and v; the corresponding
right singular vectors. In these coordinates,

a?
Et: {Zazvzzbé S 1.
i i
Write y; = (y,v;). If 3, y2/b2 < 1, then Ilg, (y) = 3, yivi. Otherwise,

b} by;
g, (y) = Z mym, Z m =1, A>0. (27)

We now define a nearest point selector by

Iy (y) € argmin ||y — qH2 = argmin |y — qHQ.
qeH qe{lip, (y):teT}

Projection ties are resolved by a fixed ordering of the matrices. Evaluating I1 therefore requires
only the scalar equations (27) and comparison of the resulting distances.

The partition rule. Use this selector in the projection condition (22) or the finite test (25). In each
cell B, cover the selected points by balls of radius diam(B)/4 and retain the uncovered remainder as
one child. The preceding results give admissibility and the cost bound; only the projection formulas
are specific to the ellipsoids.

The cost. Let X be uniform on v/d BY. Since maxcp(x, h) = maxcr ||[tz||, the branch estimate
used in Corollary 5 and its finite version bound the cost by

c (diam(H) + Emax HtXH) .
teT
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It remains to insert the known bound. Cauchy—Schwarz and radial integration give

1/2 d 1/2
E max [[£X | < <Emax|tX||2> _ (]Emax||tG||2> .
t t d+2

For the equality, use homogeneity and the mean squared radii E|| X |2 = d?/(d + 2) and E||G|]? = d.
Together with diam(H) < 2sup, ||t|lus and (26), this proves the asserted cost. ]

4.1 Special geometries where good sets are explicit

The constructions in Section 3 are geometric, but in special cases we can make the good sets more
explicit. Talagrand [4, §2.14] gives an explicit chaining construction of optimal order tailored to
ellipsoids. Here we apply the splitting rule of Section 3 to ellipsoids and #; balls, replacing the
projection conditions (5), (22), or (25) by explicit coordinate conditions. The sets depend only on
the current cell and level, and their covering bounds follow from coordinate packing.

Example 9. Let
1/2

d 2 d
{ZE]R Z—’QS } a; >0, Ha||:<2a?>

i=1

In a cell B C E with diam(B) > 0 at level n > 2, put s, = 2diam(B)2~"/2 and cover the good set

al diam(B)?
gp=12€B: Z 2 —|—me{sn, la ’2}< 556 . (28)

2
az<|lallsn =1

The splitting rule of Section 3, starting with By = B; = By = {E}, constructs admissible partitions
of cost at most C|al|, which is of optimal order.

Proof. We first check the covering bound. Put J = {i : a? > |la||s,}. If Gp is nonempty, then
|J|s2 < diam(B)?/256, so |J| < 2"/1024, and every z € Gp satisfies ||z;¢|| < diam(B)/16. For any
two points z, 2’ in a diam(B)/4-separated family of N points in Gp, the triangle inequality gives
diam(B) diam(B) diam(B)

4 8 8
For J # @, disjoint balls of radius diam(B)/16 around the projected centers lie in a ball of radius
17 diam(B)/16 around one of these centers, giving

N < 171 < 25171 < 92"

I(z = 21l 2 Iz = 21l = [|(z = &) el >

For J = &, one center suffices. Thus successively choosing uncovered points of Gp gives a cover by
at most 22" — 1 balls of radius diam(B)/4.
We now put

!
U.(s) = QZ“ 2 +Zm1n{ T ||2}

This is the left side of the inequality in (28); it replaces R, in the branch estimate. Each term is
nondecreasing in s. Integrating the first sum over s > a?/||a|| and splitting each term of the second
at s = a?/||a|| gives the following counterpart of the projection integral for ellipsoids:

o0 d al|z;
/0 U.(s > <H 127 ||a||> lal| <2+Z >§3|a||. (29)

(2
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Along a branch, s,11 < s,/v/2, so the disjoint-interval calculation in (2) gives >, U.(sn)/sn <
21||al|/2. If z belongs to the remainder child, then

: 2
2"/2 diam(B) = 2diam(B)

<512 Us(sn)
Sn, Sp,

A covered child has diameter at most diam(B)/2. The summation in Section 3, with U, in place of
R. and diam(FE) < 2||al|, now gives cost at most C||a||. For optimality, see [4, §2.14]. ]

Remark 6 (Comparison with the interpolation approach). For a symmetric convex body K, write
lly||x = inf{r > 0:y € rK} for its gauge. Van Handel [14, Propositions 2.3 and 2.5] constructs nets
by covering the images Ky = ms(K) of interpolation minimizers 7,(2) € arg min, {||y||x + s|lz — y[/}
and integrating their approximation errors. The bound [14, Theorem 1.2] is, for every a > 0,

Y (K) <C (1 + Z Qn/Qen(Kazn/Q)) .

a >0

Here e,,(A) is the infimum radius of a cover of A by fewer than 22" balls.

For ellipsoids, the specific geometry of the interpolation sets yields the sharp bound [14, Proposi-
tion 3.1]. However, the interpolation entropy bound is not sharp in general, even in finite dimensions.
For K. in Example 10 and fixed 0 < ¢ < 1, the displayed bound gives order (logd)>? instead
of /logd; see [14, §3.3]. Example 10 below gives a geometric proof and a direct construction of
admissible partitions using the coordinate condition (30), which replaces the general condition (22)
for this example. The approach of Section 3 gives cost at most Cyo(K) for every compact K C RY,

Example 10. Let 0 < e < 1, put u = d~%/3(1,...,1), and set

K. = conv{*(e; +eu) : 1 <i < d}, A = 4/log(ed).

The coordinates of z € K. in the basis (e; + eu)d_; are

e(z,u)
1+eVd

Hence z = ", a;(2)(e; + eu) and ||a(z)||1 < 1. In a cell B C K. with diam(B) > 0 at level n > 2,
put s, = 2diam(B)2~"/2 and cover the good set

a;i(z) =z — 1<i<d.

d . 2
Gr = {z € B: min{ai(z)?, N2} < W} . (30)
=1

The splitting rule, starting with By = By = By = { K.}, constructs admissible partitions of cost at
most C'y/log(ed), of optimal order uniformly in e.

Proof. We first check the covering bound. For z € Gg, put I = {i : |a;(2)| > Asp}. Then

2" diam(B)
I|N? || < ———.

Let m be the largest integer in {0,...,d} satisfying mA? < 2"/1024, and enlarge each I to a
set J of size m. The distance from z to S; = span(u,{e; : i € J}) is less than diam(B)/16:
indeed, a(z)s+e(>; ai(z))u € Sy. Within a diam(B)/4-separated family in Gp, the points assigned
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to the same J have orthogonal projections onto S; separated by more than diam(B)/5, since
(diam(B)/4)? — (diam(B)/8)% > (diam(B)/5)?. These projections have diameter at most diam(B),
so disjoint balls of radius diam(B)/10 give at most 11™"! points for each J. The total number is at
most

<d>11m+1 < 11 exp(m[log(ed) +log 11]) < 11exp((1 + log11)2"/1024) < 22",
m

where the last inequality holds for n > 2. Thus at most 22" — 1 balls of radius diam(B)/4 cover Gp.
Keeping the direction w in every S; avoids any loss from the stretching along w.
We now put

d
Us(s) = Y_min{a;(2)*, X*s°} = s*|| Ty (a(2)/9)]*.
1=1

This is nondecreasing in s. We have
[/z S 2 : ai\Z)| > 2. 31

This is also the pointwise projection identity at 0 in direction a(z) for the fixed cube ABY, with
o = 1/s. The same disjoint-interval calculation gives >, U,(s,)/s, < 7\ along each branch. An
uncovered point satisfies 2"/2 diam(B) < 512U, (s,,)/s,, while covered children have diameter at
most diam(B)/2. The branch summation, starting at level 2 and using diam(K.) < 4, gives cost at
most C\. Finally, the 2d vertices are pairwise separated by at least v/2, so y2(K.) > cy/log(ed). ®

For the ¢; ball, the construction of Wootters presented in [17, §4.4] and the construction in [18,
§11.2.1] use global sparse nets, with the cost controlled by dyadic coordinate decompositions. Clipped
coordinates and packing on their active supports already appear in [16, §8]; see also [14, §3.2].
The present example uses closely related sparse coordinate geometry within the general splitting
construction of Section 3.

4.2 Minoration

Finally, we show that the same testing principle gives an elementary proof of the dual Sudakov
inequality under (KL), shortening the information-theoretic proof in [1, Proposition 5.3]. For a
symmetric convex body B, write M (A, eB) for the largest cardinality of a subset of A with pairwise
distances greater than ¢ in the norm || - || .

Proposition 11. Let T' = —T be a convex body and denote its polar by T° = {z : sup;er(x,t) < 1}.
Under (KL),

1
w, (T) > sup e\/log M (BY,eT°). 32
W(T) 2 g 7 supeylog MBS, <T°) (32)
Proof. Choose ti,...,t, € BS, m > 2, separated by more than ¢ in || - |0, and put
€
o 16wH(T)7 K3 (l+0- )’ Q (U )

We have Ep,||Y —t;||70 = oE| X||7o = ow,(T'). The events E; = {y : ||y — t;||7o < £/2} are pairwise
disjoint by the separation of the #;. The Markov inequality gives

20w, (T) 1 K
. c < 2R T — _ X < .
Pi(Ef) < — 3 KLElQ) <
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Applying Lemma 1, we obtain
1 212 T 2
logm < 207 _ 27ruu(T)
o €

Taking square roots and then the supremum over € > 0 proves the proposition. [ |

Remark 7. Recent work also uses related information-theoretic tools. In [12, §§2.1, 2.4], operator
norm Sudakov minoration for Gaussian chaos of order two is proved using adaptive Gaussian
experiments and KL estimates against shifted reference laws.
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