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In recent work [1], Pathak and Zhivotovskiy express Gaussian width through an exact projection
integral and study minoration by statistical testing. Zadik [2] later independently obtained a version
of this integral representation for finite sets and used it to give a Bayesian proof of the majorizing
measures theorem.

In this note we apply the ideas of [1] in three directions. First, we give an alternative proof
of the lower bound of Pathak and Zhivotovskiy [3]. This bound extends the Gaussian majorizing
measures lower bound to more general laws. We then give elementary proofs of Gaussian-type
comparison theorems and construct admissible partitions for convex hulls and Minkowski sums.
More generally, in finite dimensions these tools construct admissible sequences of optimal order for
compact sets, using only metric projections, averaging, and successive coverings by balls.

Throughout, norms are Euclidean, G ∼ N(0, Id), and X ∼ µ is centered with E∥X∥ < ∞. We
write wµ(T ) = E supt∈T ⟨X, t⟩ and w(T ) = wG(T ). The translation condition used below is

KL(µh∥µk) ≤ κ∥h − k∥2 (h, k ∈ Rd), µh = L(X + h), κ > 0. (KL)

1 From the full projection integral to admissible partitions
Following Talagrand [4, Definitions 2.7.1, 2.7.3], for a bounded nonempty subset T of a Hilbert
space, we define

γ2(T ) = inf
(An)

sup
t∈T

∑
n≥0

2n/2 diam(An(t)).

The infimum is over sequences of partitions with A0 = {T} and |An| ≤ 22n , such that each partition
refines the preceding one: every cell of An+1 is contained in a cell of An. Here An(t) is the unique
cell containing t. Such sequences are called admissible, and their cost is the displayed supremum.
The following extension of the Gaussian majorizing measures lower bound is due to Pathak and
Zhivotovskiy [3, Theorem 1]. We give a short proof.

Theorem 1. Under (KL), every bounded nonempty T ⊂ Rd satisfies

γ2(T ) ≤ C
√

κ wµ(T ),

where C is universal.

In particular, the Gaussian translation formula, KL(N(h, Id)∥N(k, Id)) = ∥h − k∥2/2, gives the
lower bound in the Gaussian majorizing measures theorem [4, Theorem 2.10.1]. The projection
decomposition of Pathak and Zhivotovskiy [1] applies to every centered integrable noise vector. We
combine it directly with testing and admissible partitions.
1. The projection decomposition. Let K = convT . For every z ∈ K, the projection identity is

wµ(T ) = 1
2

∫ ∞

0
E∥ΠK(z + σX) − z∥2 dσ

σ2 , (1)
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stays within the “convex hull” of the results and tools in the cited works.
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where ΠC(x) = arg minu∈C ∥x − u∥2 is the Euclidean projection onto a nonempty closed convex set
C. This is the decomposition of [1, Theorem 2.2 and (15b)] applied to K − z; see also [3, Lemma 2,
(6)]. Its proof uses comparison of maximizers and integration in one variable. The same comparison
shows that ∥ΠK(z + σx) − z∥2 is nondecreasing in σ.2

We use the following consequence of this identity. Write Rz(s) = E∥ΠK(z +sX)−z∥2. For q > 1
and positive scales with sj+1 ≤ sj/q, the intervals [sj , qsj ] have disjoint interiors. Monotonicity
therefore gives ∑

j

Rz(sj)
sj

≤ q

q − 1
∑

j

∫ qsj

sj

Rz(v) dv

v2 ≤ 2q

q − 1 wµ(T ). (2)

2. Statistical testing: a change of measure inequality. Summing an elementary change of measure
inequality over disjoint events gives the following bound of Fano type; cf. [5, §§15.1.2, 15.3].

Lemma 1. Let P1, . . . , Pm, Q be probability laws on the same measurable space, where m ≥ 2, and
let E1, . . . , Em be pairwise disjoint measurable events. If m−1∑

i Pi(Ei) ≥ 7/8, then

log m ≤ 16
m

m∑
i=1

KL(Pi∥Q). (3)

Proof. The scalar inequality av ≤ a log a − a + exp(v), integrated with a = dP/ dQ, gives EP V ≤
KL(P∥Q) + EQ exp(V ) − 1. Take V = (log λ)1E and use (λ − 1)/ log λ ≤ λ to obtain, for λ > 1,

P (E) ≤ λQ(E) + KL(P∥Q)
log λ

. (4)

We sum over the disjoint events and take λ =
√

m:

7
8 ≤ 1

m

∑
i

Pi(Ei) ≤ 1√
m

+ 2
m log m

∑
i

KL(Pi∥Q).

Since m−1/2 ≤ 3/4, this proves (3).

Replacing X by
√

κX reduces to κ = 1 and multiplies the width by
√

κ. For a set B ⊂ T with
diam(B) > 0 and an integer n ≥ 0, put

GB =
{

z ∈ B : Rz
(
5 · 2−n/2 diam(B)

)
<

diam(B)2

512

}
. (5)

(We use variants of this set in Section 3; see (22).) We claim that GB is covered by at most 22n − 1
closed balls of radius diam(B)/4. Otherwise, successively choosing a point outside the preceding
balls gives 22n points ti ∈ GB at pairwise distance greater than diam(B)/4. Use

Pi = L
(
ti + 5 · 2−n/2 diam(B)X

)
, Q = P1.

The events Ei = {y : ∥ΠK(y) − ti∥ ≤ diam(B)/8} are disjoint. The Markov inequality gives

Pi(Ec
i ) ≤ 64

diam(B)2 Rti

(
5 · 2−n/2 diam(B)

)
<

64
512 = 1

8 .

2Importantly, convexity is not strictly needed for either fact: for any nonempty compact set, we may use a fixed
measurable nearest point selector.
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Lemma 1 and (KL) now give the contradiction

2n log 2 ≤ 16 max
i

KL(Pi∥P1) ≤ 16 diam(B)2

25 · 2−n diam(B)2 = 16
25 2n < 2n log 2.

Thus the claimed cover exists.
3. The admissible partitions. Without loss of generality assume diam(T ) > 0. We start with
A0 = {T}. Having defined An, take a cell B ∈ An of positive diameter and form GB as above at
scale 5 · 2−n/2 diam(B). Choose closed balls C1, . . . , Cℓ of radius diam(B)/4 covering GB, where
ℓ ≤ 22n − 1. In An+1, replace B by the nonempty sets among

(B ∩ Ci) \
⋃
j<i

Cj (1 ≤ i ≤ ℓ), B \
ℓ⋃

i=1
Ci.

These sets are pairwise disjoint, have union B, and are called its children. Each of the first ℓ sets is
contained in a ball Ci, so has diameter at most diam(B)/2; the uncovered remainder lies in B \ GB.
Children of distinct cells of An are disjoint as well. Thus applying this rule to every cell of positive
diameter and retaining each singleton defines a partition An+1 refining An. Each cell has at most
22n children, so

|AN | ≤
∏

n<N

22n = 22N −1 ≤ 22N
. (6)

Thus the sequence is admissible. Now fix z ∈ T and put

an = 2n/2 diam(An(z)), sn = 5 · 2−n/2 diam(An(z)).

If An+1(z) is one of the children assigned to a covering ball Ci, it is contained in that ball. Its
diameter is therefore at most half that of An(z), giving

√
2an+1 ≤ an. If it is the uncovered

remainder, then z /∈ GB for the cell B = An(z). Thus Rz(sn) ≥ diam(An(z))2/512, and

an = 5 diam(An(z))2

sn
≤ 2560 Rz(sn)

sn
. (7)

The inclusion An+1(z) ⊆ An(z) also gives diam(An+1(z)) ≤ diam(An(z)), hence
√

2an+1 ≤ 2an.
Using (7) to bound one of these two copies of an, we obtain, in either case,

√
2an+1 ≤ an + 2560 Rz(sn)

sn
. (8)

Since sn+1 ≤ sn/
√

2, (2) with q =
√

2 gives

∑
n:sn>0

Rz(sn)
sn

≤ (4 + 2
√

2)wµ(T ).

For every N with aN > 0, summing (8) over 0 ≤ n ≤ N and collecting the an terms gives

(
√

2 − 1)
N∑

n=0
an +

√
2aN+1 ≤

√
2a0 + 2560

N∑
n=0

Rz(sn)
sn

≤
√

2 diam(T ) + 2560(4 + 2
√

2)wµ(T ).

Dropping the nonnegative term
√

2aN+1 bounds every partial sum, and hence the full sum
∑

n≥0 an,
uniformly in z.
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It remains to bound diam(T ). In the Gaussian case, the bound diam(T ) ≤
√

2π w(T ) is standard;
see [19, Proposition 7.5.2(f)]. For general µ, take B = T and n = 0. The covering construction
puts GT in one ball of radius diam(T )/4. Since that ball has diameter diam(T )/2, we have GT ̸= T .
Choose z ∈ T \ GT . The definition of GT , monotonicity, and (1) give

diam(T )
2560 ≤ Rz(5 diam(T ))

5 diam(T ) ≤
∫ ∞

5 diam(T )
Rz(v) dv

v2 ≤ 2wµ(T ).

Hence diam(T ) ≤ 5120wµ(T ). Substituting this into the bound above and restoring the scaling
proves Theorem 1, with C = 10240(3 + 2

√
2) < 216.

Remark 1. The construction follows the ideas of the fundamental partitioning theorem of Tala-
grand [4, Lemma 2.9.4 and Theorem 2.9.1]. In its Gaussian application, the points z ∈ B to cover
satisfy a condition of the form

E sup
t∈B∩(z+rBd

2 )
⟨G, t⟩ > E sup

t∈B
⟨G, t⟩ − η, (9)

where G is standard Gaussian and r, η > 0 are a prescribed radius and deficit. Informally, the
neighborhood of z retains the expected supremum in the current cell up to the additive loss η. The
geometric meaning of this criterion is less immediate, since it requires understanding Gaussian widths
of localized subsets that change with the current cell. Our condition (5) asks whether perturbing
z and projecting back onto the fixed set K returns close to z in mean square. Importantly, the
profiles s 7→ Rz(s) are fixed before constructing the partitions; the cell and its level determine only
the scale and threshold.3 The projection integral bypasses an auxiliary growth functional and the
selection of levels in [4, Lemma 2.9.5]. In the Gaussian case, KL testing gives the covering bound
directly, without Sudakov minoration or Gaussian concentration.

Remark 2 (On probabilistic assumptions). For the lower bound, it suffices that one probability
measure ρ and β > 0 satisfy

µh(E) ≤ exp(β∥h∥2)ρ(E) + 1
8 (h ∈ Rd, E Borel). (10)

After rescaling to β = 1, apply (10) to the disjoint events (Ei − t1)/s and shifts (ti − t1)/s, where
s = 5·2−n/2 diam(B). The average success probability on disjoint events is at most exp(2n/25)

22n + 1
8 < 7

8 .
This gives γ2(T ) ≲

√
β wµ(T ). Condition (KL) implies (10) with ρ = µ and β = 8κ, by (4).

2 Subgaussian comparison from the projection integral
The classical subgaussian comparison theorem is a widely used consequence of the majorizing
measures theorem, as in the original proof of Talagrand [11, Theorem 15]. The Gaussian comparison
with arbitrary deterministic offsets already follows from Liu [7, Corollary 2]; van Handel [6] gives a
streamlined exposition of Liu’s proof mechanism and draws out its convex order consequences. Song
and Talagrand [10] subsequently gave a very short argument deriving the convex order comparison
from the seminorm specialization of the original majorizing measures theorem.

We give a short, self-contained proof of these comparison results, using neither the classical
subgaussian comparison theorem nor results on stationary Gaussian processes. The reference

3Van Handel [15, §§3, 6.1] gives a simpler partition construction through a contraction principle. His Gaussian
proof reorganizes the localized width argument using interpolation profiles defined through similar Gaussian width
deficits; see (9) with B = T . These profiles are also fixed in advance. See also Remark 6.
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experiment and calculations below are analogous to those in Pathak and Zhivotovskiy [3, proof
of Lemma 3, (13) and (14)]. The proof also applies to general reference measures satisfying the
translation bound (KL)4, with an explicit numerical constant.

Theorem 2. Let X ∼ µ be centered and integrable in Rd, with KL(µh∥µk) ≤ κ∥h − k∥2 for all
h, k ∈ Rd and some κ > 0. Let T ⊂ Rd be finite and nonempty, and let (Ut)t∈T be a centered process
such that, for some L ≥ 0,

logE exp
(
λ(Ut − Uu)

)
≤ L2λ2

2 ∥t − u∥2 (t, u ∈ T, λ ∈ R). (11)

Then
Emax

t∈T
Ut ≤ 28L

√
κ wµ(T ). (12)

Taking X = G and κ = 1/2 gives the classical Gaussian comparison.

Corollary 3. Under the assumptions of Theorem 2, for every family of deterministic real numbers
(bt)t∈T ,

Emax
t∈T

(Ut + bt) ≤ Emax
t∈T

{28L
√

κ ⟨X, t⟩ + bt}. (13)

Proof of Theorem 2 and Corollary 3. If L = 0, all increments vanish almost surely and both claims
are immediate. For L > 0, replace (Ut, bt, X) by (Ut/L, bt/L,

√
κX), so that L = κ = 1. It suffices

to prove the corollary, since bt = 0 gives the theorem. We use a fixed rule to break ties in all
selectors below. Choose Z ∈ arg maxt∈T (Ut + bt), and take X independent of (U, Z).

We first include the offsets in the projection identity (1). For σ > 0, set

t̂σ(y) ∈ arg min
t∈T

{
∥y − t∥2 − 2σbt

28

}
, R(σ) = E∥t̂σ(Z + σX) − Z∥2.

The same projection calculation as in (1) gives monotonicity of R and

1
2

∫ ∞

0
R(σ) dσ

σ2 = 1
28

[
Emax

t∈T
{28⟨X, t⟩ + bt} − EbZ

]
. (14)

Here E⟨X, Z⟩ = 0 by independence and centering. It remains to prove EUZ ≤ 14
∫∞

0 R(σ) dσ/σ2.
We now compare two statistical experiments. Fix t0 ∈ T and positive scales σ0, . . . , σn with

σk−1 = 2σk. In the first experiment, take independent copies X1, . . . , Xn of X, independent of U ,
and set

Yk = Z + σkXk, tk = t̂σk
(Yk) (1 ≤ k ≤ n).

Then E∥tk − Z∥2 = R(σk). Let Pk denote the joint law of the process U and the first k observations
(Y1, . . . , Yk) in this experiment.

We define the reference law Qk on the same variables (U, Y1, . . . , Yk) by keeping the law of U
and generating observations successively with

LQk
(Yj | U, Y1, . . . , Yj−1) = L(tj−1 + σjX), 1 ≤ j ≤ k,

using fresh noise at each step. Here t0 is fixed and tj = t̂σj (Yj) is the same deterministic function of
the observation under either law. Under Qk, this recursion never uses U , so all observations and

4The Gaussian comparison is the main case of interest. Allowing other reference laws may also be useful when
studying the best numerical constants, through the quantity

√
κ wµ(T ).
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selected points are independent of U . Under Pk, they can depend on U through Z. At level 0, put
P0 = Q0 = L(U).

Since the law of U is the same under both experiments, the likelihood ratio factors over the
conditional laws of the observations:

log dPk

dQk
(U, Y1, . . . , Yk) =

k∑
j=1

log
dµZ/σj

dµtj−1/σj

(Yj/σj).

Under Pk, conditionally on U, Y1, . . . , Yj−1, the variable Yj/σj has law µZ/σj
. Taking conditional

expectations and applying (KL), we obtain

KL(Pk∥Qk) − KL(Pk−1∥Qk−1) = EKL(µZ/σk
∥µtk−1/σk

) ≤ E∥tk−1 − Z∥2

σ2
k

. (15)

Independence under Qk and (11) give

EQk
exp

(
Utk

− Utk−1

σk
− ∥tk − tk−1∥2

2σ2
k

)
≤ 1.

The change of measure inequality from the proof of Lemma 1 bounds the Pk expectation of the
exponent by KL(Pk∥Qk). Multiplying by σk, adding σkKL(Pk∥Qk), and using σk−1 = 2σk gives

EUtk
+ σkKL(Pk∥Qk) ≤ EUtk−1 + σk−1KL(Pk−1∥Qk−1) + E∥tk − tk−1∥2

2σk

+ 2σk

[
KL(Pk∥Qk) − KL(Pk−1∥Qk−1)

]
≤ EUtk−1 + σk−1KL(Pk−1∥Qk−1) + R(σk) + 3E∥tk−1 − Z∥2

σk
.

The last step uses (15) and ∥tk − tk−1∥2 ≤ 2∥tk − Z∥2 + 2∥tk−1 − Z∥2. We now sum over k. The
left and right sides telescope; using P0 = Q0, EUt0 = 0, and σnKL(Pn∥Qn) ≥ 0, we obtain

EUtn ≤
n∑

k=1

R(σk) + 3E∥tk−1 − Z∥2

σk

= 6E∥t0 − Z∥2

σ0
+ 7

n−1∑
k=1

R(σk)
σk

+ R(σn)
σn

≤ 6 diam(T )2

σ0
+ 7

n∑
k=1

R(σk)
σk

.

(16)

The equality uses σk−1 = 2σk and the definition of R. For m ≥ 1, take n = 2m and σk = 2m−k in
(16). For a fixed copy of X independent of U , finiteness of T gives t̂2−m(Z + 2−mX) = Z for all
sufficiently large m, almost surely. Therefore, as m → ∞,

EUtn = EU
t̂2−m (Z+2−mX) −→ EUZ .

Finally, monotonicity gives R(s)/s ≤ 2
∫ 2s

s R(σ) dσ/σ2. Letting m → ∞ therefore yields

EUZ ≤ 7
∑
k∈Z

R(2−k)
2−k

≤ 14
∫ ∞

0
R(σ) dσ

σ2 = Emax
t∈T

{28⟨X, t⟩ + bt} − EbZ .

Since UZ +bZ = maxt∈T (Ut +bt), adding EbZ and undoing the normalization proves the corollary.

Remark 3. For any centered vector Y satisfying logE exp(⟨v, Y ⟩) ≤ L2∥v∥2/2 for every v ∈ Rd,
Corollary 3 gives, using the standard approximation argument as in [6, §1.1],

Ef(Y ) ≤ Ef(28L
√

κ X) for every convex f : Rd → R.
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3 A geometric construction of admissible sequences
We now give a geometric proof of convex hull stability of γ2 for finite subsets of a Hilbert space,
addressing one possible interpretation of the question of Talagrand [4, Research Problem 2.11.2].
We essentially adapt Section 1 to uniform measure on a Euclidean ball. The argument still passes
through an averaged linear supremum, but testing becomes a volume comparison and metric
projections define the split.

Remark 4. Talagrand suggests that a more satisfactory geometric argument would extend convex
hull stability to 2-smooth Banach spaces [4, Research Problem 2.11.3]. Zhang and Zhao [20] show,
however, that this extension fails in Lp[0, 1] and ℓp for every 2 < p < ∞.

The input admissible sequence is used only to bound the diameter and ball averaged supremum
of K = conv T . We then construct partitions from K itself: in each cell, we cover points whose
perturbations usually project back close to them, and keep the uncovered remainder as one child.
The projection integral controls the total remainder cost.

Theorem 4. Given an admissible sequence of a nonempty finite subset T of a Hilbert space with
cost L < ∞, the construction below produces an admissible sequence of K = conv T with cost at
most 216L. Consequently

γ2(T ) ≤ γ2(conv T ) ≤ 216γ2(T ).

The proof uses only inner products, norms, convex hulls and metric projections; translations,
dilations, intersections and Euclidean volume comparison; counting, averaging, elementary inequal-
ities and calculus in one variable. Probabilities and expectations are used only as shorthand for
volume ratios and averages.

Proof. We first use the input admissible sequence to bound the linear supremum averaged over the
Euclidean ball. We then use the projection integral and volume coverings to construct an admissible
sequence for K with cost at most 216L, following the splitting rule of Section 1. The singleton case
is immediate. Translate a point of T to 0 and identify its span with Rd. Throughout this section,
X is uniformly distributed on

√
d Bd

2 in the Euclidean space under consideration. We write | · | for
Euclidean volume in the appropriate dimension.

Write (An) for the given admissible sequence for T . For each cell F ∈ An, choose a representative
rF ∈ F , taking rT = 0 for the root cell at level 0. For n ≥ 1, let F − be the unique cell of An−1
containing F ; this is its parent. Define

vF = rF − rF − .

Both representatives lie in F −, so ∥vF ∥ ≤ diam(F −). For each t ∈ T , let An(t) be its cell in An.
Since the given sequence has cost L, we have ∥t − rAn(t)∥ ≤ diam(An(t)) ≤ 2−n/2L → 0. Using
rT = 0 gives

t =
∑
n≥1

vAn(t),
∑
n≥1

2n/2 diam(An−1(t)) ≤
√

2L.

For a unit vector e and 0 ≤ v ≤
√

d, consider the cap {x ∈
√

d Bd
2 : ⟨x, e⟩ > v}. Since

∥x − ve∥2 = ∥x∥2 − 2v⟨x, e⟩ + v2 ≤ d − v2,

the translation x 7→ x − ve maps this cap into the half-ball {y ∈
√

d − v2Bd
2 : ⟨y, e⟩ > 0}, because

⟨x − ve, e⟩ > 0. Translation preserves volume, so the cap has at most half the volume of
√

d − v2Bd
2 .
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The opposite cap has the same volume by reflection. Their combined volume is therefore at most
|
√

d − v2Bd
2 |. Dividing by |

√
d Bd

2 | gives

P
(
|⟨X, e⟩| > v

)
≤ (1 − v2/d)d/2 ≤ exp(−v2/2). (17)

For v >
√

d the caps are empty. By the decomposition of t above, if maxt∈T |⟨x, t⟩| >
√

2L(2 + u),
then some level n ≥ 1 and cell F ∈ An satisfy |⟨x, vF ⟩| > (2 + u)2n/2 diam(F −). At level n
there are at most 22n such vectors, each of norm at most diam(F −). The cap estimate and
(2 + u)2/2 − log 2 ≥ 1 + u therefore give, for u ≥ 0,

P
(

max
t∈T

|⟨X, t⟩| >
√

2L(2 + u)
)

≤
∑
n≥1

exp
(
−(1 + u)2n) ≤ exp(−u).

The last inequality follows from 2n ≥ n + 1 and summing a geometric series. Convexity enters
through the pointwise identity

max
t∈K

⟨x, t⟩ = max
t∈T

⟨x, t⟩. (18)

Since 0 ∈ T , the supremum is nonnegative. Integrating the preceding bound therefore gives

Emax
t∈K

⟨X, t⟩ ≤
√

2L

(
2 +

∫ ∞

0
exp(−u) du

)
= 3

√
2L < 5L. (19)

The same identity gives diam(K) = diam(T ) ≤ L, since the diameter of a set is the supremum,
over unit directions, of its linear oscillation. The input sequence is used only to establish these two
bounds. The splitting rule below depends on K, the current cell, and its level, but not on the input
partitions or L.
The averaged projection integral. For z ∈ K and s > 0, put

Rz(s) = E∥ΠK(z + sX) − z∥2.

Thus Rz(s) is the mean squared projection error for points uniformly distributed over z + s
√

d Bd
2 ,

measured from z. We take expectations in the pointwise projection decomposition [1, equation
(15b)]. Since EX = 0 by symmetry, E⟨X, z⟩ = 0, giving for every z ∈ K

1
2

∫ ∞

0
Rz(v) dv

v2 = Emax
t∈K

⟨X, t⟩ < 5L. (20)

For positive scales with sj+1 ≤ sj/
√

2, apply the same calculation over disjoint intervals as in (2).
Since

√
2/(

√
2 − 1) < 7/2, we obtain

∑
j

Rz(sj)
sj

≤ 7
2

∫ ∞

0
Rz(v) dv

v2 ≤ 35L. (21)

Covering points with small projection error. We repeat the testing step of Section 1: separated
points with small projection error give disjoint success sets. Here a volume comparison bounds their
number. Fix a set B ⊂ K with diam(B) > 0 and an integer n ≥ 2. Let sn = 2 diam(B)2−n/2.

We now introduce one of our key geometric objects. We call z ∈ B good if

P
(

∥ΠK(z + snX) − z∥ ≤ diam(B)
8

)
>

3
4 . (22)
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In words, a point is good if projecting z + snX back onto K returns a point within diam(B)/8
of z with probability greater than 3/4.

We claim that these points are covered by at most 22n − 1 closed balls of radius diam(B)/4.
Otherwise, successive selection gives 22n such points t1, . . . , t22n at pairwise distance greater than
diam(B)/4. Put

Dn = t1 +
√

ds2
n + diam(B)2 Bd

2 .

For x ∈
√

d Bd
2 , the parallelogram identity gives

∥ti + snx − t1∥2 + ∥ti − snx − t1∥2 = 2∥ti − t1∥2 + 2s2
n∥x∥2 ≤ 2(ds2

n + diam(B)2).

At least one of ti + snx and ti − snx therefore lies in Dn. By symmetry, P(ti + snX ∈ Dn) ≥ 1/2.
Together with condition (22), this shows that the sets

Ei = Dn ∩ (ti + sn

√
d Bd

2) ∩ {y : ∥ΠK(y) − ti∥ ≤ diam(B)/8}

satisfy P(ti + snX ∈ Ei) > 1/4, hence |Ei| > sd
n|

√
d Bd

2 |/4. They are pairwise disjoint. Since all Ei

lie in Dn, summing their volumes gives

22n
<

4|Dn|
sd

n|
√

d Bd
2 |

= 4
(

1 + diam(B)2

ds2
n

)d/2

≤ 4 exp
(
diam(B)2/(2s2

n)
)

= 4 exp(2n/8) < 22n
. (23)

The last inequality holds for n ≥ 2, giving a contradiction.
If z is not good, the projection error exceeds diam(B)/8 with probability at least 1/4. Conse-

quently,

Rz(sn) ≥ 1
4

(diam(B)
8

)2
= diam(B)2

256 ,

and hence
2n/2 diam(B) = 2 diam(B)2

sn
≤ 512 Rz(sn)

sn
. (24)

The construction of admissible partitions. Start with B0 = B1 = B2 = {K}. Given Bn for n ≥ 2, take
a cell B ∈ Bn of positive diameter and set sn = 2 diam(B)2−n/2. Choose centers ci satisfying the
projection condition (22), each outside the preceding closed balls Cj = cj + (diam(B)/4)Bd

2 , until
all such points are covered. The covering argument forces this procedure to stop with ℓ ≤ 22n − 1
centers. As in Section 1, replace B by the nonempty sets among

(B ∩ Ci) \
⋃
j<i

Cj (1 ≤ i ≤ ℓ), B \
ℓ⋃

i=1
Ci.

The same counting argument as in (6) gives refining admissible partitions: for N > 2,

|BN | ≤
N−1∏
n=2

22n = 22N −4 ≤ 22N
.

Finally, fix z ∈ K, let Bn(z) be its cell in Bn, and put

an = 2n/2 diam(Bn(z)), sn = 2 · 2−n/2 diam(Bn(z)).

9



As in (8), a covered child has at most half the parent diameter, while the remainder is controlled by
(24). Thus, at every level n ≥ 2 of positive diameter,

√
2an+1 ≤ an + 512 Rz(sn)

sn
.

The scales satisfy sn+1 ≤ sn/
√

2. The input bound (19), through the projection identity (20)
and (21), therefore bounds

∑
n≥2:sn>0 Rz(sn)/sn by 35L. The remaining summation is the same

as in Section 1: for N ≥ 2 with aN > 0, summing over 2 ≤ n ≤ N and using a0 = diam(K),
a1 =

√
2 diam(K), and a2 = 2 diam(K) gives

(
√

2 − 1)
N∑

n=0
an +

√
2aN+1 ≤ (1 + 2

√
2) diam(K) + 512

N∑
n=2

Rz(sn)
sn

≤ (1 + 2
√

2) diam(K) + 17920L < (
√

2 − 1)216L.

Every partial sum, and hence the full sum, is bounded by 216L, uniformly in z. This proves the
claimed cost bound. Restricting partitions of K to T gives γ2(T ) ≤ γ2(K).

The construction in the proof of Theorem 4 does not require convexity or an input admissible
sequence. The input sequence above is used only to bound its cost. We now state the general form
of the construction; the sets to be covered can be defined by the projection condition (22), or by
the finite average in Remark 5 below.

Corollary 5. Let H ⊂ Rd be nonempty and compact, and fix a measurable nearest point selector
ΠH . The projection and covering rule using (22), with H in place of K, constructs an admissible
sequence of cost at most 216γ2(H).

Proof. As noted after (1), the projection identity and monotonicity hold for non-convex H. The
volume argument (23) only requires a fixed selector, so that the success sets of separated points are
disjoint. Thus the covering rule and the branch summation apply unchanged. Apply (19) to an
arbitrary admissible sequence of H and take the infimum over its cost.

Remark 5 (Admissible sequences from finite projections). The sets to be covered can also be
defined by a finite average of squared projection distances, even for nonconvex H. Choose once,
depending only on d, a symmetric 1/64-net x1, . . . , xN of

√
d Bd

2 , with N ≤ (1 + 128
√

d)d. Fix wj

as the probability that xj is a closest net point to X:

wj = P
(
∥X − xj∥ ≤ ∥X − xi∥ for all 1 ≤ i ≤ N

)
.

In a cell B of positive diameter at level n ≥ 2, put sn = 2 diam(B)2−n/2 and cover the set

GB =

z ∈ B :
N∑

j=1
wj∥ΠH(z + 2snxj) − z∥2 <

diam(B)2

1024

 , (25)

retaining the uncovered points as before. The resulting admissible sequence has cost at most
219γ2(H). Once the points and weights are fixed, the recursive construction requires no volume
evaluations: only nearest point projections onto H, finite weighted sums, and successive ball
coverings. With this definition, the rest of the proof proceeds as above; we omit the details.
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4 Examples
We now turn to several related questions raised in [4]. The next two examples give geometric proofs
in the sense of Section 3. Research Problem 2.11.8 asks for a geometric proof of the γ2 bound for
convex hulls of vectors with logarithmically decreasing norms.

Example 6. Let (tj)j≥1 be Hilbert vectors with ∥tj∥ ≤ A/
√

log(j + 1). Then

γ2
(
conv{±tj : j ≥ 1}

)
≤ 216A.

Proof. To apply the construction, take a finite hull K = conv{±t1, . . . , ±tN } in its span Rd; the
zero case is immediate. Let X be uniform on

√
d Bd

2 . The estimate (17) and the norm bound give,
for u ≥ 0,

P
(

max
t∈K

⟨X, t⟩ > (2 + u)A
)

≤
∑
j≥1

(j + 1)−2−2u ≤ exp(−u).

For the last inequality, we use (j + 1)−2u ≤ 2−2u ≤ exp(−u) and
∑

j≥1(j + 1)−2 < 1. Integrating
gives

Emax
t∈K

⟨X, t⟩ ≤ 3A.

Insert this bound and diam(K) ≤ 2A/
√

log 2 into the branch estimate underlying Corollary 5 to
obtain 216A. The admissible partition construction uses condition (22).

Research Problem 2.11.13 asks for a geometric proof of subadditivity of γ2 under Minkowski
addition. Research Problem 2.11.14 asks for the special bound γ2(

∑N
i=1 Ti) ≤ CN

√
log M when

each Ti consists of M unit vectors. The next example gives both. Only additivity of linear suprema
is needed; the covering argument is unchanged.

Example 7. Let T1, . . . , TN be nonempty finite subsets of a common Hilbert space, with given
admissible sequences of finite costs L1, . . . , LN . The construction above produces an admissible
sequence of

∑N
i=1 conv Ti with cost at most 216∑N

i=1 Li. Consequently, for arbitrary bounded
nonempty Hilbert sets Ti,

γ2

(
N∑

i=1
Ti

)
≤ 216

N∑
i=1

γ2(Ti),
N∑

i=1
Ti = {t1 + · · · + tN : ti ∈ Ti}.

Proof. Translate one point of each Ti to 0 and work in their common span Rd. Put K =
∑

i conv Ti.
Let X be uniform on

√
d Bd

2 . Since

max
t∈K

⟨x, t⟩ =
∑

i

max
t∈Ti

⟨x, t⟩,

applying (19) to each input sequence gives

diam(K) ≤
∑

i

Li, Emax
t∈K

⟨X, t⟩ ≤ 3
√

2
∑

i

Li < 5
∑

i

Li.

The construction therefore applies with L =
∑

i Li. Restrict the resulting partitions to
∑

i Ti

and take the infimum over the input costs; compactness gives the general case. For Research
Problem 2.11.14, keep each Ti in one cell until its singleton partition satisfies the admissibility
bound. Since diam(Ti) ≤ 2, the geometric sum of the preceding levels gives cost at most C

√
log M

for M ≥ 2. The construction above then gives cost at most CN
√

log M ; for M = 1, the sum is a
singleton.
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We now apply the same projection and covering rule directly to a union of ellipsoids. Let T be a
nonempty finite set of real m × d matrices, and put

d∞(t, r) = ∥t − r∥op, Et = t⊤Bm
2 , H =

⋃
t∈T

Et.

Here t⊤ is the transpose of t, so Et ⊂ Rd is the ellipsoid obtained by applying t⊤ to the Euclidean unit
ball. The Hilbert–Schmidt norm ∥t∥HS is the square root of the sum of squared matrix entries, and
∥t∥op is the Euclidean operator norm. A consequence of the chaos bounds of Krahmer, Mendelson,
and Rauhut [13], recorded in [4, Proposition 15.1.21], is(

E sup
t∈T

∥tG∥2
)1/2

≤ C

(
sup
t∈T

∥t∥HS + γ2(T, d∞)
)

. (26)

Since supt ∥tG∥ = suph∈H⟨G, h⟩, Talagrand [4, Research Problem 15.1.22] asks for a direct construc-
tion of an admissible sequence on H whose cost is bounded by the right side of (26). We construct
the partitions geometrically and, for brevity, use the cited bound (26) to estimate their cost.

Example 8. The projection and covering construction produces an admissible sequence of H with
cost at most

C

(
sup
t∈T

∥t∥HS + γ2(T, d∞)
)

,

where C is universal.

Proof. We apply Corollary 5, using the nearest point selector described below.
Projection onto the union. For t ∈ T , let bi > 0 be its positive singular values and vi the corresponding
right singular vectors. In these coordinates,

Et =
{∑

i

aivi :
∑

i

a2
i

b2
i

≤ 1
}

.

Write yi = ⟨y, vi⟩. If
∑

i y2
i /b2

i ≤ 1, then ΠEt(y) =
∑

i yivi. Otherwise,

ΠEt(y) =
∑

i

b2
i

b2
i + λ

yivi,
∑

i

b2
i y2

i

(b2
i + λ)2 = 1, λ > 0. (27)

We now define a nearest point selector by

ΠH(y) ∈ arg min
q∈H

∥y − q∥2 = arg min
q∈{ΠEt (y):t∈T }

∥y − q∥2.

Projection ties are resolved by a fixed ordering of the matrices. Evaluating ΠH therefore requires
only the scalar equations (27) and comparison of the resulting distances.
The partition rule. Use this selector in the projection condition (22) or the finite test (25). In each
cell B, cover the selected points by balls of radius diam(B)/4 and retain the uncovered remainder as
one child. The preceding results give admissibility and the cost bound; only the projection formulas
are specific to the ellipsoids.
The cost. Let X be uniform on

√
d Bd

2 . Since maxh∈H⟨x, h⟩ = maxt∈T ∥tx∥, the branch estimate
used in Corollary 5 and its finite version bound the cost by

C

(
diam(H) + Emax

t∈T
∥tX∥

)
.

12



It remains to insert the known bound. Cauchy–Schwarz and radial integration give

Emax
t

∥tX∥ ≤
(
Emax

t
∥tX∥2

)1/2
=

√
d

d + 2

(
Emax

t
∥tG∥2

)1/2
.

For the equality, use homogeneity and the mean squared radii E∥X∥2 = d2/(d + 2) and E∥G∥2 = d.
Together with diam(H) ≤ 2 supt ∥t∥HS and (26), this proves the asserted cost.

4.1 Special geometries where good sets are explicit

The constructions in Section 3 are geometric, but in special cases we can make the good sets more
explicit. Talagrand [4, §2.14] gives an explicit chaining construction of optimal order tailored to
ellipsoids. Here we apply the splitting rule of Section 3 to ellipsoids and ℓ1 balls, replacing the
projection conditions (5), (22), or (25) by explicit coordinate conditions. The sets depend only on
the current cell and level, and their covering bounds follow from coordinate packing.

Example 9. Let

E =
{

z ∈ Rd :
d∑

i=1

z2
i

a2
i

≤ 1
}

, ai > 0, ∥a∥ =
(

d∑
i=1

a2
i

)1/2

.

In a cell B ⊂ E with diam(B) > 0 at level n ≥ 2, put sn = 2 diam(B)2−n/2 and cover the good set

GB =

z ∈ B :
∑

a2
i <∥a∥sn

z2
i +

d∑
i=1

min
{

s2
n,

a4
i

∥a∥2

}
<

diam(B)2

256

 . (28)

The splitting rule of Section 3, starting with B0 = B1 = B2 = {E}, constructs admissible partitions
of cost at most C∥a∥, which is of optimal order.

Proof. We first check the covering bound. Put J = {i : a2
i ≥ ∥a∥sn}. If GB is nonempty, then

|J |s2
n < diam(B)2/256, so |J | < 2n/1024, and every z ∈ GB satisfies ∥zJc∥ < diam(B)/16. For any

two points z, z′ in a diam(B)/4-separated family of N points in GB, the triangle inequality gives

∥(z − z′)J∥ ≥ ∥z − z′∥ − ∥(z − z′)Jc∥ >
diam(B)

4 − diam(B)
8 = diam(B)

8 .

For J ̸= ∅, disjoint balls of radius diam(B)/16 around the projected centers lie in a ball of radius
17 diam(B)/16 around one of these centers, giving

N ≤ 17|J | < 25|J | < 22n
.

For J = ∅, one center suffices. Thus successively choosing uncovered points of GB gives a cover by
at most 22n − 1 balls of radius diam(B)/4.

We now put

Uz(s) =
∑

a2
i <∥a∥s

z2
i +

d∑
i=1

min
{

s2,
a4

i

∥a∥2

}
.

This is the left side of the inequality in (28); it replaces Rz in the branch estimate. Each term is
nondecreasing in s. Integrating the first sum over s > a2

i /∥a∥ and splitting each term of the second
at s = a2

i /∥a∥ gives the following counterpart of the projection integral for ellipsoids:∫ ∞

0
Uz(s) ds

s2 =
d∑

i=1

(
∥a∥z2

i

a2
i

+ 2a2
i

∥a∥

)
= ∥a∥

(
2 +

d∑
i=1

z2
i

a2
i

)
≤ 3∥a∥. (29)
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Along a branch, sn+1 ≤ sn/
√

2, so the disjoint-interval calculation in (2) gives
∑

n Uz(sn)/sn ≤
21∥a∥/2. If z belongs to the remainder child, then

2n/2 diam(B) = 2 diam(B)2

sn
≤ 512 Uz(sn)

sn
.

A covered child has diameter at most diam(B)/2. The summation in Section 3, with Uz in place of
Rz and diam(E) ≤ 2∥a∥, now gives cost at most C∥a∥. For optimality, see [4, §2.14].

Remark 6 (Comparison with the interpolation approach). For a symmetric convex body K, write
∥y∥K = inf{r > 0 : y ∈ rK} for its gauge. Van Handel [14, Propositions 2.3 and 2.5] constructs nets
by covering the images Ks = πs(K) of interpolation minimizers πs(z) ∈ arg miny{∥y∥K + s∥z − y∥}
and integrating their approximation errors. The bound [14, Theorem 1.2] is, for every a > 0,

γ2(K) ≤ C

1
a

+
∑
n≥0

2n/2en(Ka2n/2)

 .

Here en(A) is the infimum radius of a cover of A by fewer than 22n balls.
For ellipsoids, the specific geometry of the interpolation sets yields the sharp bound [14, Proposi-

tion 3.1]. However, the interpolation entropy bound is not sharp in general, even in finite dimensions.
For Kε in Example 10 and fixed 0 < ε < 1, the displayed bound gives order (log d)3/2 instead
of

√
log d; see [14, §3.3]. Example 10 below gives a geometric proof and a direct construction of

admissible partitions using the coordinate condition (30), which replaces the general condition (22)
for this example. The approach of Section 3 gives cost at most Cγ2(K) for every compact K ⊂ Rd.

Example 10. Let 0 ≤ ε ≤ 1, put u = d−1/2(1, . . . , 1), and set

Kε = conv{±(ei + εu) : 1 ≤ i ≤ d}, λ =
√

log(ed).

The coordinates of z ∈ Kε in the basis (ei + εu)d
i=1 are

ai(z) = zi − ε⟨z, u⟩
1 + ε

√
d

, 1 ≤ i ≤ d.

Hence z =
∑

i ai(z)(ei + εu) and ∥a(z)∥1 ≤ 1. In a cell B ⊂ Kε with diam(B) > 0 at level n ≥ 2,
put sn = 2 diam(B)2−n/2 and cover the good set

GB =
{

z ∈ B :
d∑

i=1
min{ai(z)2, λ2s2

n} <
diam(B)2

256

}
. (30)

The splitting rule, starting with B0 = B1 = B2 = {Kε}, constructs admissible partitions of cost at
most C

√
log(ed), of optimal order uniformly in ε.

Proof. We first check the covering bound. For z ∈ GB, put I = {i : |ai(z)| ≥ λsn}. Then

|I|λ2 <
2n

1024 , ∥a(z)Ic∥ <
diam(B)

16 .

Let m be the largest integer in {0, . . . , d} satisfying mλ2 < 2n/1024, and enlarge each I to a
set J of size m. The distance from z to SJ = span(u, {ei : i ∈ J}) is less than diam(B)/16:
indeed, a(z)J + ε(

∑
i ai(z))u ∈ SJ . Within a diam(B)/4-separated family in GB, the points assigned
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to the same J have orthogonal projections onto SJ separated by more than diam(B)/5, since
(diam(B)/4)2 − (diam(B)/8)2 > (diam(B)/5)2. These projections have diameter at most diam(B),
so disjoint balls of radius diam(B)/10 give at most 11m+1 points for each J . The total number is at
most (

d

m

)
11m+1 ≤ 11 exp

(
m[log(ed) + log 11]

)
≤ 11 exp

(
(1 + log 11)2n/1024

)
< 22n

,

where the last inequality holds for n ≥ 2. Thus at most 22n − 1 balls of radius diam(B)/4 cover GB .
Keeping the direction u in every SJ avoids any loss from the stretching along u.

We now put

Uz(s) =
d∑

i=1
min{ai(z)2, λ2s2} = s2∥ΠλBd

∞
(a(z)/s)∥2.

This is nondecreasing in s. We have∫ ∞

0
Uz(s) ds

s2 = 2λ
∑

i

|ai(z)| ≤ 2λ. (31)

This is also the pointwise projection identity at 0 in direction a(z) for the fixed cube λBd
∞, with

σ = 1/s. The same disjoint-interval calculation gives
∑

n Uz(sn)/sn ≤ 7λ along each branch. An
uncovered point satisfies 2n/2 diam(B) ≤ 512Uz(sn)/sn, while covered children have diameter at
most diam(B)/2. The branch summation, starting at level 2 and using diam(Kε) ≤ 4, gives cost at
most Cλ. Finally, the 2d vertices are pairwise separated by at least

√
2, so γ2(Kε) ≥ c

√
log(ed).

For the ℓ1 ball, the construction of Wootters presented in [17, §4.4] and the construction in [18,
§11.2.1] use global sparse nets, with the cost controlled by dyadic coordinate decompositions. Clipped
coordinates and packing on their active supports already appear in [16, §8]; see also [14, §3.2].
The present example uses closely related sparse coordinate geometry within the general splitting
construction of Section 3.

4.2 Minoration

Finally, we show that the same testing principle gives an elementary proof of the dual Sudakov
inequality under (KL), shortening the information-theoretic proof in [1, Proposition 5.3]. For a
symmetric convex body B, write M(A, εB) for the largest cardinality of a subset of A with pairwise
distances greater than ε in the norm ∥ · ∥B.

Proposition 11. Let T = −T be a convex body and denote its polar by T ◦ = {x : supt∈T ⟨x, t⟩ ≤ 1}.
Under (KL),

wµ(T ) ≥ 1
64

√
κ

sup
ε>0

ε
√

log M(Bd
2 , εT ◦). (32)

Proof. Choose t1, . . . , tm ∈ Bd
2 , m ≥ 2, separated by more than ε in ∥ · ∥T ◦ , and put

σ = ε

16wµ(T ) , Pi = L(ti + σX), Q = L(σX).

We have EPi∥Y − ti∥T ◦ = σE∥X∥T ◦ = σwµ(T ). The events Ei = {y : ∥y − ti∥T ◦ ≤ ε/2} are pairwise
disjoint by the separation of the ti. The Markov inequality gives

Pi(Ec
i ) ≤ 2σwµ(T )

ε
= 1

8 , KL(Pi∥Q) ≤ κ

σ2 .
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Applying Lemma 1, we obtain

log m ≤ 16κ

σ2 = 212κwµ(T )2

ε2 .

Taking square roots and then the supremum over ε > 0 proves the proposition.

Remark 7. Recent work also uses related information-theoretic tools. In [12, §§2.1, 2.4], operator
norm Sudakov minoration for Gaussian chaos of order two is proved using adaptive Gaussian
experiments and KL estimates against shifted reference laws.
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