



































































































































Outline
1 Maximum Likelihood Estimator

2 Asymptotic Distribution of MLE

3 Consistency of MLE






































































































































Maximumlikelisination
For a generic

dominated family D Po COn

with densities fo a simple estimator for 0 is

Emir X aff Pdx

afE No X

R 1
argmax may not exist be unique or be

computable

Remark 2 doesn't depend on parameterization or base

measure MLE for g
O is g Emir

EI pix ere't Ahhhh

l z x y'TG A z t loghlx

Telly x The EzTCx

me
solves T EzT if such z exists

Because Fllzix VarzCT is negative definite

unless z T 0 in which case param
redundan

at most 1 solution exists

Let XC inverse of mln PAG z yCT






































































































































EI X int eZ AG h ye E IR

Z y T F KETCH

Assume zE Too iity z O free

so Yeats 4 uh IT oath

Consistency I 95 µ z

Cts mapping yet 94cm z z

since rn nad Nco VardTCx

Nco A'cm

Delta method

Tn ie z rn yet yard

Nco Acid

NCO act
Recall J Cq VarfTCxi Itcz

Fisher info from
1 obs

I Nlr Ein
Asymptotically unbiased Gaussian achieves CRLB






































































































































EI X Xn
d Poi's O z logo

I log I XT O Nco O

En Te z rn log I logo

NCO O ft
NCO O

Bet V finite n fo 0

IPO z
o Poe X o

e
On o O

EI a Vcr 1 0

MLE can have embarrassing finite sample

performance despite being asy optimal

Prof If P Bn 30 Xn X Zn arbitrary

then Xn1B t ZnIBn X

Proof P 112 1 11 e E lP Bn 0 so 2 1,3 0

Also 1B 51 apply Slutsky

So Zany behavior has no effect on cvg in dist






































































































































Asymptotic Efficiency

The nice behavior of MLE we found

in the exponential family case generalizes

to a much broader class of models

Setting X Xn
d
pdx OEIRD

fo smooth in 0 e.g
2 cts integrable deriv.s

can be relaxed

Let 410 Xi log pocxi encoix If COiXi

J.co Varo Pl.CO Xi EOEVH.com

i5fJnCoVaro TlnlOiX nJ 1O

We say an estimator is asymptoticallyefficient
Po

if rn In O NCO Jaco

Delta method for estimand glo
Po

Sn Cajon g
o NCO Tgco t co5Tgco

also achieves CRLB if does g
diff






































































































































AsymptolicDistLE

Under mild conditions Ime is asy Gaussian efficient

We will be interested in Lfo X as a function of O

Notale true value as Oo X Poo

Derivatives of ln at Oo

Fl Oo Xi El 0 J Coo

Poo

Pluto x rn IEolicooixi NCO T.co

f TWO D
P
Ee.TL.looixi J Oo

Informal Proof

O Pluton X 8h19 Fence on Oo

rnton o.li ftp.lnlodj Eve.co
IP J Oo NCO STOOD

Naco 51 5
d

More rigorous proof later but note

we need consistency of n first to even

justify Taylor expansion






































































































































Asym cPiud 1

Recall Info b Oo oe
is minimal sniff

Quadratic approximation near Oo

G encode Inco O Oo iz co co Oo

NCO NJ Oo NJ Oo

Gaussian linear term Deterministic curvature

Oo score

I
ir nWn lo

l 1

I

NJ I
r l

1
It

in so
On

I
Q Oo lnl0 s




















































Consistence
Xi Xn Poo ne greg

ax Into X

Assuming IP argmax 0 I as n

Question When does too
Assume model identifiable Po Poo for 0 Oo

Recall KL Divergence

Dw Oo 110 Eq log
o

PocXi

DkLlOoHO log Eq qq.cc i not switch

EEseoo
dncxs

j
E tog I O

fostrict ineq unless Foo const ie unless Po_Poo

Let Wild lfo Xi l Ooni WJ T Ewi

Note
n
E argmax WTCO

too
O c



NICO Is Eoowico
DkL Oo 110

E 0 equality if 0 00

BIT not enough need uniform convergence in 0

DIE For compact K let CCK ft K 2113 cts

For f c CCK let HfH fEq I fCHI

fn f in this norm if Hfn f HI 0

The LLN for random functions

Assume K compact Wi Wz C CCK iid

Ell Willis ult Wilt

Then ult C CCK

and P Ht Ewi n Has e 0

i.e In u in HHo or HWI ml O



theorem Keener 9 4

Let G Gz random functions in CCK kept

11Gn gH 0 some fixed g
c CCK Then

If tn C c K c fixed then G Ct gCt

If g maximized at unique value t

and G Ctn max Gnlt then Ends t
tn ImaxGn on I 30 mods ofproof in purple

If K E IR g t
0 has unique sol t't

and tn solve G tn O ther t 5 Ex
Gulen E on on 30

Proof
Gutta gct91 E GnCt g.CH tlgCtD gCtYEllGngHist1gCtn gCt

to Do
by assumptions by cts mapping

Fix e O let Belt tilt Hee

Let Ke K BEEN k n BELED compact

8 gCt FEE GH O



If tn c ke then Gnlt E gCt St HG glias

and Galta zGnCt az gCt Horn gllos d

then 211Gn gyu IS on

IPC Htm Allee c PUG ghost Ij 70

Analogous to

theorem Consistency of MLE for compact

X Xn
d
fo P has cts densities fo OE

Assume compact

IEqllwillcs Eool.co X leg X.tl gcs
Model identifiable

Then n Oo if neargmax Into X

Proof wi e CC iid mean MCO Daloollo
n Oo _O MCO 0 TO Oo Oo_argminer

By definition n maximizes Trh
11Th Mlb 0 apply 9 4,20



We usually care about non compact
parameter spaces need some extra

assumption to get us there

Them Keener 9.11 but stronger conditions

Xi Xn
d
fo P has cts densities fo OE 0 12

Assume Model identifiable

For all compact KelRd Efsue Wildlife co
Oe k

I r o s t.IE suewilo so
110 Dollar

Then n Oo if neargmax Into X

Proof Let A fo 110 Ooh r y E sup Wi lo a 0
c A

Snf trio E I E sup Wilo d s O
O c A A

Hence PCE c A e P wncoo cosL Wild o

Go d

Let 8nA 8,198inch too 198N c A

Oo by previous thm since Ac is compact

Hence In Oo by one Proposition



Asymptotic Dist of MLE

theorem
X X

d
fo for Oo c

O
E IRD

Assume QC afgemo.axl.IO x in 5 Oo

In a neighborhood Belo O 110 0011code

i l lo X has 2 cts deriv.s on BdOo Fx

liiltEooffufzllthloix.DK so

any norm on IRD
D

e g
Frobenius

Fisher info

Eq 8lfQiX O

Vargo Fl Coo x Eo Fl Coo X 0

enough to have 3rd deriv off bald in BIG

Then rn Q Oo Nato Tcg



Proof Let An to Ooh E3

Pq An 0 by assumption

On Anc QE Beloo and we have

0 old x
n

Pluto x t Fl Con X Q Oo

for some n between Oo and Q MUT

rn Q Oo Fenton Tl Oo

JfOo5 N 0,51003

By 9.14 tats mapping

Nd 0,510.5

Behavior on An irrelevant to asymptotic limit

More rigorous define fixed estimator
a

f Oo tnyl.CO on An

Jn Q Oo J Ian 1 THEN 1Ag Fence

Naco J

n Enlai OnIan


