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Maximum Likelihoodestimation

For a generic
dominated family D Po Oe

with densities fo a simple estimator for O is

Emre X argmax poly
OE

ay lcoix

2kt argmax may not exist be unique or be

computable

Remark 2 doesn't depend on parameterization or base

measure MLE for g
o is g O'Mie

EI Glx e
th Alpha

fly x Y'Tex Aly t log h x

Tl z x TG ETA

Imre solves T East if such z exists

Because Illy X Varnet is negative definite

unless o T O in which case param
redundan

at most 1 solution exists
HW 4 2

Let M X 2 TAG É X T






































































































































Ex Xi id et AG h x ye I EIR

Z x F F I ET XD

Assume ye 7,0 46 IG O f yet
so 4 cts G m

a at
Consistency I I n

Cts mapping Y F itn 3

Since 5nF m NCO Varntex

NCO Acn
Recall J m Var t

Delta method Aint

Tn ie z rn yet y

Nco Icp Aid

NCO Is
Recall J y Var Taxi z

Fisher info from
1 obs

NG In
Asymptotically unbiased Gaussian achieves CRIB






































































































































EI X Xn
d Poi's O z logo

I log I XT O Nco O

En Te z rn log I logo

NCO O ft
NCO O

Bet V finite n fo 0

IPO z
o Poe X o

e
On o O

EI a Vcr 1 0

MLE can have embarrassing finite sample

performance despite being asy optimal

Prof If P Bn 30 Xn X Zn arbitrary

then Xn1B t ZnIBn X

Proof P 112 1 11 e E lP Bn 0 so 2 1,3 0

Also 1B 51 apply Slutsky

So Zany behavior has no effect on cvg in dist






































































































































Asymptotic Efficiency

The nice behavior of MLE we found

in the exponential family case generalizes

to a much broader class of models

Setting X Xn
d
pdx OEIRD

fo smooth in 0 e.g
2 cts integrable deriv.s

can be relaxed

Let 410 Xi log pocxi encoix If COiXi

J.co Varo Pl.CO Xi EOEVH.com

i5fJnCoVaro TlnlOiX nJ 1O

We say an estimator is asymptoticallyefficient
Po

if rn In O NCO Jaco

Delta method for estimand glo
Po

Sn Cajon g
o NCO Tgco t co5Tgco

also achieves CRLB if does g
diff






































































































































AsymptoticDist MLE

Under mild conditions Gm is any Gaussian efficient

We will be interested in 110 x as a function of O

Notate true value as 0 X Po

Derivatives of In at Oo

Tl Oo Xi id O J Oo

Pln O x on IETlicooixi NCO J.co

IT'ln O X 9 E Thoo X J Oo

Igntrmal
Proot between Qa

Tln On X Pln 9 Flaco o 0

rn on 0 ath la

aft Nato 510

Naco 51005

More rigorous proof later but note

we need consistency of Ot first to even

justify Taylor expansion






































































































































re
IEYI.co i is.a

Quadratic approximation near Oo

110 flo 110 0 00 51 8 O Oo

n

IN nJ Oo EIJI
Deterministic curvature

Gaussian linear term

nWy10
econ to

i

i

i
o

on

t.co us




















































Consistencyofme

xi in fo One grggax Into X

Will be ok if On comes close to maximizing In

Question When does in IQ
Assume model identifiable Po Po for 0 Oo

Recall KLDivergence

Dialoollo Eg log

Diallo 11 log leg goofy note switch

logs 98 dulx
x food O

E log 1 0

E

strict ineq unless const i.e unless Po Po

Let Wilo lilo X l Cooixil WI IE Wi
Note e argmax It o too

OE



Wi O Is Eo Wild

Dal 110

I 0 equality if 0 0

But not enough
i

MLE On depends on entire function In
need uniform convergence in O

Dfe For compact k let Cck f K R cts

For f e CCK let Ilfll If If Cal

f f in this norm if Il fu flip 0

Thy LN for random functions

Assume K compact Wi Wa E CCK iid

Ill Will Lo ult Wilt

Then nlt E CCK

and P At Ewi all e 0

i.e In u in H lo or IWi n 1550



theorem Keener 9 4

Let G Gz random functions in CCK kept

11Gn gH 0 some fixed g
c CCK Then

If tn C c K c fixed then G Ct gCt

If g maximized at unique value t

and G Ctn max Gnlt then Ends t
tn ImaxGn on I 30 mods ofproof in purple

If K E IR g t
0 has unique sol t't

and tn solve G tn O ther t 5 Ex
Gulen E on on 30

Proof
Gutta gct91 E GnCt g.CH tlgCtD gCtYEllGngHist1gCtn gCt

to Do
by assumptions by cts mapping

Fix e O let Belt tilt Hee

Let Ke K BEEN k n BELED compact

8 gCt FEE GH O



If taek then Galt I
g gftllGn gllis

and Galt z G tx a get Ilan glo o

then 211g gllo 28 on

IP Hen Ell e E PAG glo 2 E O

Analogous to

theorem Consistency of MLE for compact Q

Xi X nd fo P has cts densities fo OE

Assume compact

Egllwilla Egle 10 X lilgix so
Model identifiable

Then n
I Oo if Oneargmax Into X

Proof Wi e Cla iid mean Mco Dido 110
u Oo O MCO O V0 00 Oo argminn

By definition n maximizes In
I Wn M lis 0 apply 9 4,20



We usually care about non compact
parameter spaces need some extra

assumption to get us there

Them Keener 9.11 but stronger conditions

Xi Xn
d
fo P has cts densities fo OE 0 12

Assume Model identifiable

For all compact KelRd Efsue Wildlife co
Oe k

I r o s t.IE suewilo so
110 Dollar

Then n Oo if neargmax Into X

Proof Let A fo 110 Ooh r y E sup Wi lo a 0
c A

Snf trio E I E sup Wilo d s O
O c A A

Hence PCE c A e P wncoo cosL Wild o

Go d

Let 8nA 8,198inch too 198N c A

Oo by previous thm since Ac is compact

Hence In Oo by one Proposition



AsymptoticDistofML

theorem
Xi X nd fo for Qe

0
E Ird

Assume Ene qgmgxl.IO X On 50

In a neighborhood Baco 0 110 011583 0

i l 10 x has 2 cts derives on Baloo Tx

ii Eo ftp.lltliloixdll so

any norm on Ipd
d

e g Froberin

Fisher info

Eo THE X 0

Varo Tl Oo X E T l too X 0

enough to have 3rd deriv off bold in Beta

Then 5 On Oo NO 5,107



Proof guy 1117110 J 10111 o since Be compact
T l cts

Let An 1118 0.11 e

Polan O by assumption

On Ai Ee Baloo and we have

O Place X

Pluto x t 02h Enix On Oo

for some n between Oo and Oi Mut

on Con Oo It'enton Tenco

Éyat Encoded
By 9.4 tats mapping

NICO 5,10

Behavior on An irrelevant to asymptotic limit A


