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Uniformly most powerful tests

General setup P o

Def If 4 6 has sig level d and

for any other level a test we have

9 2 Eof to E

then ft is uniformlymost powerful UMI

Typically only exist for 1 sided testing in

certain 1 parameter families

Def A model P is identifiable if

Q Oz Po Po FA Po.CAT PodAl

Dj Assume D Po OE ER has densities fo
and is identifiable We say

has

monotone likelihood ratios MIR if

there is some statistic TCX s.t

X is a nondecreasing function of TCX

for any 0 CO2 same TG for all O's

Eo as if c 0 Eo indef

EI Exp fan EG 7 ETCH MACH Ako
in gta






































































































































theorem Assume P has MLR test Ho O EQ

vs It O Oo at level CO 1

Let Hex g II
I a X c

with c y chosen so IEoo 4 4 d C Q1

a is a UMP level a test

b B O Eo 04 7 is non decreasing in 0

strictly incr wherever 13 O e Qi

c If O c Oo then minimizes Eo 0 X

among
all tests with Ego cx L

scar of

other 0

s

o
i
i
i

O
Oo






































































































































Prof
b Suppose 0 Oz then f x is a

no decreasing function of TX

Ot is at
maybe not the

LRT for Ho 0 0 us it O 0

at level I Eo X

By Cor 12.4 Eg 0 X z Eo 0 x strict ineg
unless both 0 or I

a Suppose 0 Oo and of has level Ed

Eo X z Eo F X since 4 is

a LRT for Ho 0 00 us It 0 0

c O s Oo assume Eo X Ego 4 7 0

Both 1 94 I of are tests of Ho O Oo us Hit
both have sig level t d

1 04 is a LRT since f x is non incr in TX

I I 9 e Eo I 0 l o

Intuition qt is a LRT for Ho O 0 us H O O

for any pair O O sig level depends on Oo

This lets us extend our simple us simple result

to a very special case of composite us come






































































































































TwosidedAthies
Setup D Po c EIR Qe

Test Ho O _Oo us Hi O Oo

Can be generalized naturally
to Ho c 0 Oz

Def A real valued statistic TH is

stochastically in 0 if

IPO T X Et is non incr in 0 htt

Assume TCX is a stochastically increasing

summary test statistic

Xo
d
p x O localinon family

1 X sample near median

Ey Xi top o scalefanity
TG EX or median IX I 1kt


























































































































Two taiest rejects when TCX is extreme

0 6 f
TH ez or TCx c

O 1 X e c ca

z
TH ci

Let d Pg Tcc ftp.CT ci

z
similar for upper tail

Need a 142 0 but how to balance

Idea 1 Equal taist
o k E

I e
C

Det 4G is unbiased if int Eo44724
OE

Idea 2 Unbiased ensure min 03 9

usually 30 Oo O

so



Assume Xi
d OTH AG

Theorem hCx

Ho O C O O vs H O or 0 0

possibly 0 _Oa
rejecting

for

Then exteneofa'T

a The unbiased test basedoT

ETCH with sig level L is UMP

among all unbiased tests CUMPU

b If 0 Oz the UMPU test can

be found by solving for Ci Zi

o o s E EO 10 Eq0 d

c If 9 05 9 the UMPU test can

be found by solving for Ci Ji

s t Eg X L and

d
cod Eoolftixikokx o O

Proof in Keener



p

Value.SIsldefinition SyposeoCX rejects for

large values of TCX
Cc

pCx Pao Tal z TG

Snf IPO TeX zTCx
OE o

EI X Nce Ho 0 0 us H O 1 0

Two sided test rejects for large TCX 1 1

ffx 111 1 7 3

The two sided p
value is p

X where

p x Po Kl 1 1

2 I ICHI

For Ho Oled us H I 8

pdx Pg 1 1 1 1 f Roc

I ICHI s t Ethel o

etc



definition P Q

Assume we have a test for each

significance
level

o.SE Eo0fX Ed

non randomized case 0 1 x C Ro

Assume tests are monotone in 4

if a E d then 04 7 0 1 1

non randomized Ry E Raa

Then
p

x inffo 0 1 7 13

inflo x c Rd

possible to define randomized p value but
not

worth it

Note p
so 4,47

1 V E d

For Oe Ipo pixler eginflpco.CH
1 er

a

p value stochasticallydominates UCSD

If rejects for large TCX coincides

with informal definition



Note the p value depends on

the model null hyp

the data AND

the choice of test

EI X Nyo Id Ho 0 0 vs H O 0

We can use IT x 11 112 XZ test

or TIX Hills

mgxlx.cl
max test

Very different p
values power if d large

choice reflects belief about whether 0 is sparse



Accept reject
dÉÉÉTs interesting

usually we care how big O is

tiny p
value doesn't imply big 0

big p value
doesn't imply small

O either

Def P Po O a

X is a teconfidenceset for glad
if

IPO X 2910 z t d toe

subject object
verb

We say
Cox covers glo if Cox 2g 0

coverage probabilityIPO ca 2 glo is

int Pf co glo is conflevel

Not a CA is random not glo
Often misinterpreted as Bayesian guarantee

Say Ctx has a 95 chance of covering

Not glo has a 95 chance of being in c

NEVER 95 chance glo e 0.5 1.5 e.g



Dualityottestinfidencesets
Suppose we have a level a test x a

of Ho g D a us H glo ta V aeg
We can use it to make a confidence set to glo
Let UX fa 0 x a a 13

all non rejected values of 0

Then Ipo Cox gloD Ipo 06 glo L

e r fo

Alternatively suppose CX is a l a confidence

set for glo
We can se C to construct a test X of

Ho glo a us Hi gCO f a

x 1 fact can

For 0 s t glo a

F 0CX Po ax glo e or

This is called invertiest



Confidence Intervals Bounds

If CCX Glx Csx we say
CCX is a continual Ct

CX Cfx cs lower conf bd LEB

X C o Cx upperconfbd ncis

We usually get LCB UCB by inverting

a one sided test in appropriate direction

called uniformlymost accurate LMA if test UMP

Get CI by inverting a two sided test

called UMAU if test is UM PU



Ex X Exp o to e Xo x O O o

CDF IPO X ex I e
Xo

Is Invert test for Ho O E Oo

Solve a 1Pa X doo e

Oo Oolog Ya 0

X E co Oo Z
X Ego s

UI Similar X C o In
Equaltailed

Invert equal tiled test of Ho 0 0

O x d c x to x

Filed Too T.toHoO Oo

Cox Eg a n to

Iga Eli as



CMisInterpretingHypothesistest

Hypothesis tests ubiquitous in science

Common misinterpretations

1

p
0.05 therefore there is an effect

or the effect size the estimate

2 p
0.05 therefore there is no effect

3
p

10
6 therefore the effect is huge

4

p
10 therefore the data are signif

and everything about our model

is correct in most naive intern

5 Effect CI for men is 0.2 3.2

for women is 0.2 2.83 therefore

there is an effect for men and not

for women

378 We rejected a specific parametric null
model therefore something interesting is happen



it
is not easy or automatic

Hypothesis tests let us ask specific
questions about specificdatasets
under specificmodelingassumptions

Iiis.tt ii i I t niereretatio

Top tier medical journals let people

publish claims reporting p values

without saying what model was used or

what test was employed

Pretty outrageous when you think about it

Hyp tests can be a good compation to

critical thinking never a substitute

All models are wrong some are useful but

need experience and theory to understand

when assumptions do or don't cause real trouble



E msn.FI on.n.oi

ever exactly 0

Afa Test Ho Oled if you want

If s.e.CO 108 not much difference

b Most two sided tests justify directionaliferenc

If T ca declare O O if Tae

declare O o with P false claim Ed

c Harder to answer in non parametric problems

e.g Ho P Q us H P Q for

perm test but alternative frameworks like

Bayes force very strong assumptions on us

People only like frequentist results like

f values CI s because they mistake them

for Bayesian results

95 chance x O is misinterpreted as

a claim about p lol X
A a True but subjective Bayesian results often

misinterpreted as the posterior dist of O
when

really should be my posterior opinion about O



y
b Objective Bayesian credible intervals are

even worse nobody's posterior opinion about
O

c Caveat in some simple low dim high signal

settings can maybe say any reasonable person's

posterior opinion about O Then Bayes
methods probably best

Q1 p values ignore P Data Hi and only
look at P Data Ho Data might be

aelikely under Ho but still reject

AZ P Data H PCDatal It only make sense for

simple null alternative Even in NCO D HoO 0

what is P X 2.21 It

If It is vague prior like O NCO 100

then X N o 106 D and P 41 it PC4 Ho
Will scientists understand this

Even bigger problems in high dim hierarchical or

nonparametric priors



QI scientists always misuse hypothesis testing

so we should switch to something else

confidence intervals Boyes weird new idea

myopinions

At a CIs great but just a re packaging of
hypothesis tests Might still be good for
staving off some common misinterpretations by naifs

b Bayes has its uses but forcing scientists to
make more choices assumptions is not going
to solve problem of scientist incentives ignorance

c Most weird new ideas have bigger issues
but just haven't been criticized much yet
b c no one but proponents care

d statistical inference will never be idiot
proof ble science critical thinking are

not idiot proof Engineers have to learn
calculus learning what a p value means is

not that hard Ask for help if you need it

corollary for statisticians don't be jerks


