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Sufficiency

Motivation Coin flipping

Suppose X Xn it Bernoulli O

Xn Ito'T 05 on 10,13
Then TCX EX Biron n O

Otc o
t
I on lo in

X Xn TCM is throwing away data How do
we justify this

In exp fam Lingo TG is the sufficient statistic

for X Today we'll see why we call it that

Definition Let D Po O c be a statistical
model for data X 1 x is sufficient forP
if Po Xlt does not depend on O

Exampley cont'd

Poc X IT e
Po X t

POET E

O
E Il Exist

1fExi t3 I
So given

1 X t X is uniform on all seqs with Exi t



Interpretations of sufficiency

Recall we only care about X in the first place because

it is indirectly informative about 0

Sufficiency means only TCx is informative

We can think of the data as being generated
in two stages

Yj X 1 Generate T distribution dep on 0

qq.gg
eaediii2 Generate Xlt does not def on 0

Dist over slices depends on O not dist
Sufficiency Principle within each slice

If Tx is sufficient for P then any
statistical procedure should depend on X only
through Tox

In fact we could throw away X and generate
a new Y P X IT and it would

no 0
be just as good as X

In graphical model form
step 1 Steps

O TCA x

Fake Lg No reason
to f'T

step 2 any
attention

X Just as good as X



Factorization Theorem

There is a very convenient way to verify
sufficiency of a statistic based only on

the density

theorem LFactorization Theorem

Let D Po O c be a family of
distributions dominated by µ Pfe µ fo
densities fo
T is sufficient for P if there exist non neg
functions

go
h such that

focx gotta hCx for a.e x under µ
n Ex p gotta hCx7D o

Rigorous proof in Keener 6.4

Physicsproot rigorous for discrete X

f x Tt 7 TG t go ha

ftphdnCzT
D Take goct dmC PoCTCx t

hCx fool G date

P X x ITH TCx
goCTCxDhCx lPoCT TCxDlP X x IT _Tix



Exampies
Ex Exponential Families

fo x I
TG Bca

Hx

goCTCx hCx

Ei Xi Xn
d
Po for model

P Po oe on X E IR

Po is in variant to perm s of X CK Xn

orderstats Xc i Cxc Kth smallest

are sufficient Note Xi Xu.DE
loses information specifically the orig ordering

For more general X we can say the

empiricaldistribution G T off
is sufficient where J iCA 1Ixie A

x n Eca Is

Not important that it's a measure in this
context just keeps track of which values
came up how many times



EI X X U 0,0 1

110 Ex E O 113

polx II 190 e xie 0 13

190 e Xa 7 Xen E O ti

Xen Xen is sufficient

Minimal Sufficiency

Consider X X red NCO D

1 x EX sufficient
I In EX also

SCX Xa Xen too

X X Xn too

which can be recovered from which others

gg

EtheI.ugan
be compressed

These are the
most

compressed
Are they

as

Exi I
compressed

as possible



Prof If TCX is sufficient and TCx fGcx
then SCX is sufficient

Proof pdx goCTCxDhCx

goof SCH hCx

Definition TX is minimal sufficient if
D TCX is sufficient
2 For any other sufficient SCH

TX f sexy for some f
Cars in

So no matter how many more sniff stats we add
to our diagram they will all have arrows

pointing to EX

How to check minimal sufficiency Basically
equivalent to knowing likelihood ratios

Definition Assume P Po O c On has densities

wrt commoner data X The log likelihood
function is the clog density re framed as a

random function of 0

Lik Osx pdx ICO X log Lildo x



Note if TCX is sufficient then

Likloix goCTCxDhCx
T determines the scaling

shape

hm3 Assume D Po O c 3 densities fo
1 X sufficient for X

If Likloix do Lik O y
Tx TG

then TCX is minimal sufficient
T determines the likelihood shape in a

one to one fashion

Prooff Suppose S is sufficient and Iff
s.t f SCH TEX

Then Fx y with 567 54 TG FTC

Likloix go SCxDhCx

oogolscyDhly
LikCOiy

But that implies TCxt Tly by assumption



EX fg
ENG Tx Blog

Hx

Is TC minimal doesn't const in 0
change with

Assume LikCO D do LikCO y Nts Tx Hy
Lik 0 x do Lik lo y

ez O TC
210 TCy
e clay to

210 TCx 2103TCy ta x y FO

z O plod TG glo yo 4 too

z 0 2101 L TG Ny to 0

TG Tty L SpanfyCO glad O GE 0
We were trying to show Tx Tty 0 not

quite there yet
If Span 260 21oz O qe IRS

we are done

Otherwise TCX really might not be minimal
e g 710 8 then Tix sufficient
could TCx still be minimal



EI X Nz uco Iz OER

em O x Bto
e
Ex'x

If IR ACO a 106 for a.be
RZpofx

eCa Ob x Bco
e
izxix

eO X Bco
e
z x 2D'x

b'X is sufficient X not minimal

7 A E

TH minimal

as

B

t f

2



E Laplace location family

X Xn dpo I e
Ix ol

Pdx In expf E Hi ol

ICO x log pdx

E ki ol nlog2
Piecewise linear in 0 knots at Xii

Xen Xia Xcs pea Xpcs

11 O
i i i i
l T i

fl T

ILO X NO Y const X Y same order
statistics

Thm 3.11 order stats are minimal suff


