



































































































































Lecture 3 9 3 2020

Outline
1 Review

2 Exponential families

3 Interpretation exponential tilting

4 Demo

5 Examples



Exponential Families

An s parameter exponential family is a

family D Pz get with densities

fz Wrt a common measure µ on X

X not ne in IR of the form

fy x et'Tx AG h x where

T X IRS sufficiatstic
h X IR carrierlbasedensity
Y E I E IRS naturalparameter

A IRS IR cumulant
generatingfericcgIor normalize
Coyst

Note The cgf Acy is totally determined

by h and T since we must always have

film L Hz

AG log Get hadda

pg is normalizable if A z cos



The na spsce is the set

of all allowable normalizable 2

Eq Atp a

We say P is in canonicalt if
Note Er determined by T h n

We could take f Te if we wanted

A z is convex is convex HWI Prob 2

Sometimes it is more convenient to use a different

parameterization
focx EVO TG BCO ha

Bla Acylos

Many many examples sometimes requires massaging
to see that they are exp fans

E 2 X n N m o MEIR of 0

Let D n o

fold LE e
Cn Yaa

exp I x fo X II zlog Zito



yo III TG xx tix I

BIO 1 t z1og 2to

In terms of z

fix ere AG
AG III Elogfth

It can be useful to analogize pz ze
to an s din hyperplane in co dimensional log density

Space
Assume wlog HG 0 Vx

Cow we could truncate to I x EX hCx O

Let fz x log hG z'TG

i
z fetrdn cos

Then pzCx efdxysefnhduc.dz
TCx
ehCx eAG

for z E E E Iz ehr norm'able



Functional form of fz is in many ways not

unique for example we could always

a Reformulate so hCx L i

n I with dei

h I D
h

b Re parameterize so Oe E
Take some yo E

z 7 I 2 To
h 7 h x pz.CN
A ICE AlzotT A yo

c For celRs invertible De IR
change sufficient statistic to

T Ttx at DTCx

z I D D z
A An as appropriate

etc

Inter
Start with a carrier density hCx

Apply exponential tilt
1 multiply by et TG

2 re normalize to prob density



Ex fan in canonical form is all normalizable
tilts of hCx using linear combos of Tid Tsc

F x 2ee X X Ncn

pdx IIe xi

exp F Xi Taxi Eat It.gl o7

expfEExi II Exc nc

za III text Efi
Blm E n B Ku E

No accident these came out so similar
from an exp fam isan

iidansae.pk famalso

Suppose X X pay x ez't AG
h x

then X FI ez'thi ACD h
exp z ETCH nACz ith xi

Tuffstat Tgf Tarrier



The sufficient statistic TCX follows a

related exp fam too

Suppose XeX 1 X c T TEX

M base measure vlog h 1

For BET define u B MCT B

U called push forward measure

Then TCx qzCt er't AG
wet

Discrete case

Pz Tex c B E et't Ah'nCg
x TCx EB

t.EE te nG D

E en't AG v Etz
c EB

More generally satisfies

f tix dulx f t duct H nice f

Pz TEX c B 5 19177 c B en't AG
µ

1ft c B eZ't
Acz
duct

T en't A 2 density wit u



Moreexamplesy

Binomial X n Biron n O

fo x 0 1 0 I

Io I o I

exp log Io x t n tog l O I

Z O log o log odds ratio

Poisson X Pois O x c 0,1

f x exp log x x X

z Cx log 1

Practically everything else on wikipedia too

Beta Gamma Multi nom Dirichlet Pareto Wishart



Differential Identies

Write EACH fer'T hc dµC
We can derive lots of useful identities

by differentiating on both sides

pulling derivative inside y not always allowed

4 for f X R let

f z C IRS flfleithdm a co

Then g z ffeithdn has cts partial
derivatives of all orders for ZE I we can

get them by differentiating under the f sign
on i Alz has all partial derivatives

Differentiate once i

Eg et Ee fer ha duC

jecn Stand't iii c

0 cz EIICHI
TAG Ez TCx



Diff twice

o
e f o se hdn

1 to E Stit.eitiIii
EEE ETH IEEE

JA
T.dy.CZ CouzCT Te

A z Vary Tix c IRS's

E e Poisson TCX X za logX

B X A z EZ

Efx d
Z Fy et

e I

Varzlx II er er x



Momentgeneratington
Differentiating repeatedly we get

A z ok 1 k
e

o
et'd Ez T Its

That is because Match eACztn AG

is the momentgeneratingfunction mff
of TCX when Xyz

Mic n Ez e
t

f en't en't Ah
hdµ

eaten Ala
feczed'T Alztufyn

I


