



































































































































Lecture 3 8 31 2023

offer
2 Exponential families

3 Differential identities

4 MGF



Exponenti alfamilies

An is a

IÉ É ÉÉ

man

fr wit a common measure M on X

X not nec in IR of the form

ply e

t Ah h x where

T X IRS sufficientstatistic

h X IR carrierlbasedensity

yessir
A IR IR

Note The function Al is totally determined

by h and T since we must always have

Sypdm
L Yz

Aly log fer't haldulx so



The nafalparametesce is the set

of all z
that give us normalizable p

I z AG a

Note I determined by T h M

We could take I f 7 if we wanted

Aly is always convex

I is convex HW I Prob 2

Examplefoisson
X Pois x x 0,1

f x exp log X x X

z x log Tix X

Alt X e hix



DifferentialI dentities

Write eth fer't h x dm x x

We can derive lots of useful identities

by differentiating 4 on both sides

pulling derivative inside f not always allowed

for f X IR let

keeneghi.gg ps Sifteithdm o

Then gly ffeithdm has cts partial
derivatives of all orders for ZEE we can

get them by differentiating under the S sign
on Ii Ale has all partial derivatives

Difqtfawig.ge tohadmcx
G State t't day

87 y Eft X

TAG Ez Tax



DIÉIÉah
ftp.feithdue

o on t8f 8f St t.e it
ETI ETI FEET

82,12 Cov Ts Tic

T Aly Var Tex e Rss

Examples Poisson TX X Aly e f x

EY get e t

Varix Eyez e t

NI We would get wrong answer by differentiating
wrt t



as a

1 Differentiating x k times then

2 Dividing by eAG

That is because MI u eA at 7 AG

is the momentgeneratingfunction ing
of TA when X p

ME u E Lento

f en't en't
AG
han

galata Ala
G elata

t Alytus
hdn

Useful for

finding moments

o finding dist of sums of indep RVs

Cumulant generating function

Ktla logMila Alyea Aly A is sometimes

called agf



Other Parameterization

Sometimes it is more convenient to use a different

parameterization

pdx exo T Bio ha

BIO AGIOS

Many many examples sometimes requires massaging
to see that they are exp fam s

X N n o MEIR E O

t O no

polx In e
n x Yao

exp fax Lex II flog 2 0

yo Ig Thx Y Hx 1

BIO If flog 2,8

Natural parameterization

GG er
AG

Ala II Elogtt



Moreexan

Binomial X n Biron n O

fo x 0 1 0 Y x o in

E i o I

exp I log Eo x t n log 1 o I

Y
o

lag Eo log odds ratio

Beta X Betalo B

fois
x f il a

B
plop

Beta function

explologx Blogs xt logBla p

3 19 text id him In

Practically everything else on wikipedia too

Beta Gamma Multi nom Dirichlet Pareto Wishart



Interpretation Exponential tilting

Can think of pix e
A

ha as

an exponential tilt of the carrier hix

1 Start with carrier hex

2 Multiply by e
Th

3 Re normalize by e
Ah

TX T x1 Ts x gives linear space of direction

in which we can tilt h x

Ir all tilt after which normalization is possibl

Decomposition into 2 T h A very non unique

1 Only span ti Ts matters

2 Could absorb h into M dux hdu x

w og
hix It if we wa th

31 Can add constant to tix



Repeated Sampling

Suppose X kid pill e

t
hey

Then X Xi ex comes from a closely related family

pix II e'tail Ahhh

exp y E tail nah II hex
That Fft Tarrierdensity

wit u on X't

Important property

This means É Tail E IRS is an effective summary
of a potentially very large sample Xe X

We will often analyze Text as a proxy for

the whole data set



suppose
k ut

vlog 4 1

Then TIX ugly er't Aint wit U

where u is the measure me pushed forward
through T X IRS

V B In Ex TG EB

IP TIX EB SI a e duel

S 1,1 78
t Ah dolt

Simplest in discrete case drop he assumption

Py Tx t É ha m x

g't
a

EE
ÉÉ


