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Measuetheory basics

Measuethe is a rigorous grounding
for probability theory subject of 205A

Simplifies notation clarifies concepts especially
around integration conditioning

Given a set X a measure µ maps subsets

A E X to non negative numbers m A c 0,0

Eine X countable e g 21 2

countrymen A points in A

Exampley X IR

Lebesguemeasuref A S f fdx dx

Volume A

Standard Gaussian distribution

PCA f f C 7dx dx ax e
s

2 I

lP ZEA where Z nNfo.IN
NI Because of pathological sets XA can only
be defined for certain subsets A EIR Awo Prob 3



In general the domain of a measure m

is a collection of subsets D E 2X
power set

7 must be a ofield meaning it satisfies
certain closure properties not important for us

EI X countable 7 24
EI X IR 7 Borel o field B
B smallest o field including all open rectangles

a b x x anion ai b ti

Given a measurablespacey X 7 a measure
is a map M F o 7 with
MC Ai FE m Ai for disjoint A Az F

m probabilitymeasure if µ X

Measures let us define integrals that put
weight n A on A EX



Define f 1ExeA3dnC MCA extend to

other functions by linearity limits

f
n

i i

F N

Indicator J 1 xeA3dµC MCA

simple S ci1lxc.A.czdnCx EciMH i

Function

Nice enough Jfk dµf approximated by simple
measurable functions
function

Examfles

C g Std fCx

Lebesgue SfDX S f f G dx Dx

Gaussian Sfdp f f 06 d dx _E f Z



Densities
X and P above are closely related Want to

make this precise
Given X F two measures P m

We say P is absolutelycontinuous2 wit n

if PCA O wherever MCA 0
Notation Pacer or we say u dominates P

If Pacer then Cunder mild conditions we can

always define adensittion
f X o.o with

PCA fap duck

Hx dPC ffCx7pCx duCx

sometimes written f x
P

x called

RadonNinderivative
Useful to turn Sfdp into ffpdµ if we know

how to calculate integrals dm
If P prob u Lebesgue
plx called erob.densi.ly Cpdf

If P prob u counting
PG called p ob.massf.cn pref



ProbabiliRadonvariables
Typically we set up a problem with multiple

random variables having various relationships
to one another convenient to think
of them as functions of an abstract
outcome w

Let R F P be a probability
w C I called outcome
A c 7 called event
PCA called probabilityofAy

A randonvaria is a function X R X
We say X has distribution Q X Q
if PCXEB P w XC cBD

QCB
More generally could write events involving many R.US

PC X Y 2 zo P Iw 3

The expectation is an integral wet IP
E fail Has YcwDdPCw



To do real calculations we must eventually boil

P or E down to concrete integrals.ms ek

If PLA we say A occurs almostrely
More in Keener ch 1 much more in Stat 205A


