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Abstract

This book introduces integrable probability through a selection of models whose asymptotic behavior
can be analyzed using exact formulas for expectations of observables. The main examples come from
interacting particle systems, interface growth, last passage percolation, random tilings, randommatrices,
and the six-vertex model. We prove limit theorems in which universal objects such as the Tracy–Widom
distributions and the Gaussian free field arise. The methods draw on symmetric functions, determinantal
point processes, steepest descent, and the Yang–Baxter equation.

Integrable probability is a large and growing field. Our aim is a rigorous, self-contained introduction
to selected foundational results. The prerequisites are linear and abstract algebra, probability theory, and
complex analysis at the advanced undergraduate level.
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Chapter 1

What is integrable probability?

In this chapter we make a journey, meeting along the way a number of stochastic systems analyzed in
this book and two key players in integrable probability: Schur symmetric polynomials and Tracy-Widom
distribution.

1.1 Gaussian universality class

The term “integrable probability” has two parts, and we start discussion from the second one. The Central
Limit Theorem is, perhaps, the most celebrated result of classical probability theory.

Consider a sample (i.e., a collection of data) obtained by a large number of observations that are
randomly and independently generated, and compute the average of the observed values. Repeating
the computation many times, one will notice that the computed averages are distributed according to a
normal distribution: this is the content of the Central Limit Theorem.

Theorem 1.1. LetX1, X2, . . . be a sequence of independent, identically distributed (i.i.d.) random variables
with mean µ and variance σ2 <∞. Let Sn :=

∑︁n
k=1Xk. Then

lim
n→∞

P
(︃
Sn − µn
σ
√
n
≤ s
)︃

=

ˆ s

−∞

e−x2/2

√
2π

dx. (1.1)

This means that, despite the model dependent features such as the mean and the variance, any sum of
i.i.d random variables with finite variance will show the same limiting behavior, described by the normal
distribution, and fluctuations around the mean value of order n1/2. Physical and mathematical systems
accurately described in terms of Gaussian statistics are said to be in the Gaussian universality class.

Theorem 1.1 illustrates well the universal and the non-universal quantities. The model-dependent
and thus non-universal quantities are µ and σ2, while the 1/2 exponent in the normalization as well as
the normal distribution are universal, i.e., they do not depend on other features of the distribution ofXi

beyond the mean and variance.
Theorem 1.1 is also a good illustration of the setting, which distinguishes “integrable probability”

from other parts of probability theory. The first proof of the theorem goes back to the famous work of
de Moivre [dM67] in the 18th century who studied the case when Xi are Benoulli random variables:
P(Xi = 1) = p, P(Xi = 0) = 1− p with 0 < p < 1, so that µ = p and σ2 = p(1− p). In this situation
the probability distribution of Sn is fully explicit:

P(Sn = k) = pk(1− p)n−k n!

k!(n− k)!
, 0 ≤ k ≤ n. (1.2)

4



CHAPTER 1. WHAT IS INTEGRABLE PROBABILITY? 5

Figure 1.1: Illustration and simulation of the random deposition model.

The asymptotics of this formula can be directly analyzed1 to yield (1.1): this amounts to using Stirling’s
formula n! ∼

√
2πn

(︁
n
e

)︁n for approximating the factorials; the basic form of the latter was also first
developed by de Moivre.

In the early 19th century Laplace [Lap20] extended the analysis of de Moivre and made the first steps
towards universality by proving the convergence (1.1) for a class of random variables, going beyond
the Bernoulli case. The method which Laplace used is reminiscent of the modern “steepest descent
method”, which will also play a role in our book, see Chapter 5. The next wave of discoveries in the early
20th century created the modern central limit theorems with essentially optimal conditions, through
the developments by Chebyshev, Markov, Lindeberg and Lyapunov, see [Lya01, Lin22] and [Uly24]; this
included both general distribution of Xi and relaxation of the i.i.d. condition in Theorem 1.1.

The original treatment of de Moivre is what we call the “exactly–solvable” or “integrable” case: here
the exact formula (1.2) is available, but it does not extend to generalXi. Similarly, in this book we will be
dealing with very special situations where interesting stochastic systems can be analyzed by the means
of exact formulas. As in Theorem 1.1, one can expect that the results obtained in this way are universal,
i.e., they extend to much greater generality. However, for most of the systems we discuss there is no
rigorous proof of it.

1.2 Random deposition

One of our main themes is models related to stochastically growing interfaces. Let us starts with two
simple models, which, however, show very different limiting behaviors.

In the random deposition model, unit blocks fall down independently and in parallel onto Z after an
exponentially distributed waiting time of parameter 1, see Figure 1.1. Due to the memoryless property of
the exponential distribution, this model is a Markov process. Each column evolves independently and is
a Poisson process. Denote by h(x, t) the height function that gives the value of the height of the column
on the site x at time t. By the Law of Large Numbers and the Central Limit Theorem, for any x ∈ Z,

lim
t→∞

h(x, t)

t
= 1,

h(x, t)− t√
t

d⇒ N (0, 1).

(1.3)

The model shows linear growth speed and lack of spatial correlations — the limits in (1.3) for different x
are independent. The fluctuations belong to the Gaussian universality class.

1See Section 5.2 for precise asymptotics obtained using contour integrals and the method of steepest descent.
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Figure 1.2: Illustration and simulation of the ballistic deposition model.

1.3 Ballistic deposition and KPZ universality class

It suffices to slightly modify the rules of the growth of the interface to lose the Gaussian behavior of the
previous section. Consider the same model, but now, instead of landing on the ground or the interface,
the blocks are sticky so that they also get stuck to the boxes of adjacent columns. Each falling block sticks
to the first edge it meets as in Figure 1.2: this is known as the ballistic depositionmodel, introduced by Vold
in 1959, see [Vol63]. This change in the evolution rules leads to large-time effects: the interface grows
faster than in the random deposition model (the value of the velocity is still unknown), and simulations,
as in Figure 1.2 and [BS95], show that the height function has smaller fluctuations, on the scale t1/3, and
nontrivial correlations on the transversal scale of t2/3. Moreover, the rescaled height does not converge
to the Gaussian distribution anymore.

The ballistic deposition model is believed to belong to the Kardar-Parisi-Zhang (KPZ) universality
class. The key features of the models in this class are:

• Random local growth rules: the evolution of the height function depends only the local (in space
and time) configuration of the interface and is being driven by random noise, which quickly decor-
relates in space and time.

• Smoothing: there is a smoothing mechanism implying that deep holes are rapidly filled to smooth
the interface. .

• Non-linearity of the speed of growth: the vertical effective growth rate should depend non-
linearly on the local slope of the interface.

Simulations, such as the one in Figure 1.3, make one believe that the ballistic deposition model should
indeed have these features. Mathematically rigorous results are limited, see introduction in [GRSZ25]
for the most recent developments.

The KPZ universality classwas introduced in the context of studying themotion of growing interfaces
in 1986 in a paper of Kardar, Parisi and Zhang [KPZ86], where they studied a continuous stochastically
growing height function h(x, t) given in term of a stochastic PDE, known as the KPZ equation:

∂h

∂t
(x, t) =

1

2

∂2h

∂x2
(x, t)− 1

2

(︃
∂h

∂x
(x, t)

)︃2

+ ξ(x, t), (1.4)

where ξ(x, t) is Gaussian space-time white noise. Special efforts are required to make sense of this
equation, since squaring white noise is an a priori ill-defined procedure; see e.g., [BG97, ACQ11, Hai13,
GP17] for different rigorous approaches. The equation contains the key features of random growth: local
randomness (the noise ξ), the smoothing (from the Laplacian), the non-linearity (from the square of the
gradient).

One of the major open questions is to produce an analogue of Theorem 1.1 and (1.3) which would
cover generic models in the KPZ class, including ballistic deposition and many others.
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Figure 1.3: Ballistic deposition started from a stack of 30 boxes at the origin. The picture shows the
configuration after ≈ 6666 depositions in the observation window.

1.4 Last passage percolation: an integrable member of the KPZ class

Let us now introduce an integrable growth, which plays a role for the KPZ class that is similar to the one
played by de Moivre’s Bernoulli case for Theorem 1.1.

Consider an interface modeled by a height function h(x, t), x ∈ Z, t ∈ Z≥0, with h(x ± 1, t) −
h(x, t) ∈ {−1, 1}. At time 0 the function is initialized as a wedge h(x, 0) = |x|. The height func-
tion then evolves in discrete time according to the following dynamics: each local minimum turns into
a local maximum after a geometrically distributed waiting time with parameter q, i.e., of distribution
P(ξ = k) = (1− q)qk, k = 0, 1, 2, . . . , see Figure 1.4. Note that ξ = 0 with positive probability, and
therefore many boxes can be added simultaneously.

An alternative description of the dynamics is obtained by starting with an array wi,j , i, j = 1, 2, . . . ,
of i.i.d. geometrically distributed waiting times for the local valley at (i, j) to become a local maximum.
We further define the absorbtion times ti,j through the recurrence

ti,j = max(ti−1,j , ti,j−1) + wi,j ,

which is solved by iterating
ti,j = max

π:(1,1)→(i,j)

∑︂
(k,l)∈π

wk,l, (1.5)

where the summation is over paths π made out of consecutive elementary steps of (1, 0) or (0, 1). For
each t = 0, 1, 2, . . . , we can further define the set of all boxes absorbed by this time as {(i, j) | ti,j ≤ t}.
Rotating this set by π/4, rescaling by

√
2, and reading the top border, we arrive at the graph of h(x, t) as a

function of x, see the right panel of Figure 1.4 and a simulation in Figure 1.5. The evolution of h(x, t) can
be also viewed as a discrete time version of the Totally Asymmetric Simple Exclusion process (TASEP)
— in the latter the waiting times wi,j are exponential rather than geometric random variables.

The representation (1.5) identifies ti,j with the last passage time and the model in this form is called
the last passage percolation (LPP) with geometric weights. The name originates from the following inter-
pretation: a group of people enters into the site (1, 1) and then travels from (1, 1) to (i, j) by all possible
monotone paths. It takes time wi,j in order to enter the site (i, j) from one of its neighbors. Then ti,j is
the time when the last person arrives at (i, j) (where we agree to include the waiting time w1,1 in the
total time).
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w1,1

w1,2 w2,1

w1,3 w2,2 w3,1

w3,2 w4,1w1,4 w2,3

w4,2 w5,1

Figure 1.4: Integrable evolution of the height function.

Figure 1.5: Simulation of h(x, t) for geometric LPP model with q = 0.8, t = 1000 and t = 5000.

The geometric LPP model is believed to belong to the same KPZ class as the ballistic deposition
of the previous section. Former, in contrast to the latter, is very well understood by now with plenty of
asymptotic results available. The solvability of the model is based on Schur symmetric polynomials which
we now introduce.

Definition 1.2. The Schur polynomial sλ(x1, . . . , xN ) is a symmetric Laurent polynomial inN variables
x1, . . . , xN parametrized by N–tuple of integers λ1 ≥ λ2 ≥ · · · ≥ λN (called signatures) and defined by

sλ(x1, . . . , xN ) =
det
[︂
x
λj+N−j
i

]︂
1≤i,j≤N∏︁

1≤i<j≤N (xi − xj)
. (1.6)

The first appearance of the ratio in the right-hand side of (1.6) dates more than 200 years back to the
work of Cauchy [Cau15], see [Sta99, Notes at the end of Chapter 7] for the historic overview. A century
later Schur realized the relevance of sλ to the representation theory of symmetric, general linear, and
unitary groups. In particular, [Sch01] matched the Schur polynomials with the characters of irreducible
representations2 of the unitary group U(N) (or general linear group GL(N ;C)). In other words, each
sλ corresponds to an irreducible representation Tλ overC, i.e., to a homomorphism to the group of linear
automorphisms of a linear space V

Tλ : U(N) ↦→ GL(V ;C).
2Although representation theory sits in the background and underlies integrability of many of the stochastic systems of

our interest, we will not use it directly for the asymptotic analysis, and the representation-theoretic paragraphs can be skipped
without loss of understanding.
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j

i

λ = (5, 2, 1, 1) λ′ = (4, 2, 1, 1, 1)

Figure 1.6: The Young diagram λ = (5, 2, 1, 1) in English notation, its transpose, and its Russian notation.

The Weyl’s character formula identifies

sλ(x1, . . . , xN ) = Trace

⎛⎜⎝Tλ
⎡⎢⎣
⎛⎜⎝x1 0

0
. . .

0 xN

⎞⎟⎠
⎤⎥⎦
⎞⎟⎠ .

Throughout the book we will only use non-negative signatures, i.e., such that λN ≥ 0. In this situation,
they are also called partitions.

Definition 1.3. A partition of n is a sequence of non-negative integers λ = (λ1 ≥ λ2 ≥ · · · ≥ 0) such
that

∑︁∞
i=1 λi = n. The numbers λi are called parts of λ, the number n is the size of λ denoted as |λ|, and

the number of non-zero parts in λ is called the length of λ and is denoted as ℓ(λ).

The difference between partitions and non-negative signatures is that the latter have prescribed num-
ber of parts, N , while the former do not keep track of this parameter. Partitions that differ by zero parts
only are usually considered the same.

We identify each partition of n with a corresponding Young diagram of size n, which is a collection
of n unit boxes in the plane with ith row having λi boxes. For this reason the λi’s are sometimes called
the row lengths of λ. There are different ways to draw Young diagrams; we adopt two of them known as
the traditional “English notation” and the “Russian notation” (after the works of Vershik and Kerov). The
former is shown in the left panel of Figure 1.6: in that drawing the index i grows from top to bottom and
the Young diagram has λi boxes in the ith row counting from the top. If we flip the Young diagram λ
drawn in English notation with respect to the main diagonal i = j, then we obtain a transposed diagram
λ′, as shown in the center panel of Figure 1.6. The row lengths of λ′ are the column lengths of λ. In
other words, for each i, λ′i is equal to the number of j such that λj ≥ i. Rotating the drawing of λ′ by
135° counter–clockwise we obtain the Russian notation for the Young diagram, which is shown in the
right panel of Figure 1.6; the set {(i, j) | ti,j ≤ t} for LPP also forms a Young diagram in the Russian
notation in the right panel of Figure 1.4. As is common, we will use partitions and Young diagrams
interchangeably.

An important result for the Schur polynomials is the Cauchy summation identity:

∑︂
λ1≥λ2≥···≥λN≥0

sλ(x1, . . . , xN )sλ(y1, . . . , yN ) =
N∏︂

i,j=1

1

1− xiyj
, |xiyj | < 1 for all i, j. (1.7)

In representation-theoretic language, (1.7) can be interpreted as decomposition of the linear space of
polynomials in N2 variables (vi,j)Ni,j=1, treated as a representation of U(N) ⊗ U(N), with two copies
of the unitary group acting on the left and on the right on the matrixN ×N matrix (vi,j)Ni,j=1. A direct
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computation shows that the right-hand side of (1.7) is the character of this representation and (1.7) is a
manifestation of its multiplicity-free decomposition into

⨁︁
λ(Tλ⊗Tλ). In Chapter 2 we present a direct

elementary verification of (1.7) not using any representation theory.
The Cauchy identity motivated Okounkov [Oko01a] to define a Schur measure as the probability

distribution on N–tuples λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0 with weights:

P(λ) =
N∏︂

i,j=1

(1− xiyj) · sλ(x1, . . . , xN )sλ(y1, . . . , yN ). (1.8)

The relevance of the Schur measures for the LPP problems was realized by Johansson3 in [Joh00] by
using the Robinson-Schensted-Knuth correspondence and eventually proving the following result:
Theorem 1.4. Let ti,j be as in (1.5) with i.i.d. geometric wi,j . Let λ1 ≥ · · · ≥ λN be distributed as (1.8)
with x1 = · · · = xN = y1 = · · · = yN =

√
q. Then4, for constants c1, c2 > 0, we have:

1. In distribution, tN,N
d
= λ1.

2. With F2 denoting the distribution function of the GUE Tracy-Widom distribution,

lim
N→∞

P
(︃
tN,N − c1N
c2N1/3

≤ s
)︃

= F2(s). (1.9)

It is instructive to compare (1.9) with (1.1): the first order linear growth cN is similar in both formulas;
the size of fluctuations is much smaller in (1.9) — N1/3 rather than N1/2; the Tracy-Widom distribution
F2 replaces theGaussian limit. It is believed that a similar result to (1.9) (withmodel-dependent constants)
should exist universally, for any “good” choice of the distribution of i.i.d. random variableswi,j . However,
rigorous results at this moment are limited to very few particular cases.

We discuss the Tracy–Widom distribution in Section 5.9. It was originally discovered in the context
of random matrix theory and the following result can be found in [TW94].
Theorem 1.5. LetHN denote a randomN×N complex Hermitianmatrix, whose diagonal matrix elements
are i.i.d. N (0, 1) and the elements above the diagonal are i.i.d. N (0, 12) + iN (0, 12), and let λ

N
1 denote the

largest eigenvalue of HN . Then

lim
N→∞

P

(︄
λN1 − 2N1/2

N−1/6
≤ s

)︄
= F2(s). (1.10)

Two remarks are in order. First, the index 2 in the F2 notation corresponds to our use of complex
matrices; if we used real symmetric matrices instead, then an analogue of (1.10) would lead to another,
GOE Tracy-Widom distribution F1 instead5. Second, scaling exponents are different between (1.10) and
(1.9) only because of our choice of the normalization ofHN , and they would be the same, if we multiplied
HN and λN1 by N1/2. The latter rescaling is natural, because asymptotically it puts N eigenvalues into
an interval of width proportional to N .

Similarly, just as Theorem 1.1 implied the asymptotics of random deposition model (1.3), Theorem 1.4
can be used to achieve the law of large numbers and scaling limit of fluctuations for the height function
h(0, t) as t → ∞. The recentered and rescaled one-point limit will be given by the distribution F2. In
contrast to (1.3), the limits of h(x, t) for varying values of x with shifts of order N2/3 are now going to
be highly dependent: the random curve governing the spatial limit is called the Airy2 process. We will
not study it in any detail, only introducing the proper rescalings in the exercises for Chapter 6.

3The work of Johhanson is independent from [Oko01a] and he uses different notational conventions.
4See Corollary 5.26 for the values of c1 and c2.
5One also finds F1 in the study of LPP, when dealing with point-to-line, rather than point-to-point passage times, see [FS11].
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Figure 1.7: A domino tiling of the Aztec diamond of size n = 5 and corresponding particle system.

1.5 Domino tilings

The same algebraic structure of Schur polynomials and Schur measures underlies many other integrable
stochastic systems.

We start the discussion of domino tilings on the square grid, where each domino is either a 2× 1 or
1× 2 rectangle. A general setup is to draw a large finite domain on the grid and study one of its tilings,
chosen uniformly at random among all possibilities. One can tile various domains, but we concentrate
on a particular one known as the Aztec diamond, mostly due to its fruitful combinatorics.

The Aztec diamond of size n is roughly a 45◦ rotated square with diagonal length 2n traced on the
square grid, as shown in Figure 1.7. Interestingly, the total number of domino tilings of the diamond
admits a very simple formula — it is 2n(n+1)/2, as we will prove in Chapter 6.6

It is convenient to distinguish not two (vertical and horizontal), but four types of dominos. For that
we color the grid in a checkerboard pattern, in such a way that the bottom (i.e., the Southernmost)
left-right squares of the diamond are white-black, cf. the right panel of Figure 1.7. We call a horizontal
domino South if its left square is white and it is called North otherwise. A vertical domino is West if its
top square is black and it is called East otherwise. The origin of these names is readily seen on the sample
of uniformly random tiling of a large Aztec diamond in Figure 1.8: in a typical tiling, the bottom part of
the diamond is occupied by South dominos; the top, left and right parts are occupied by North, West and
East dominos, respectively.

Once we distinguished the four types, a larger simulation in the right panel of Figure 1.8 reveals
intriguing asymptotic phenomenology for the uniformly random domino tilings. We will study it in
detail in Chapter 6 revealing the appearances of the Arctic circle, Tracy-Widom distributions, and the
Gaussian free field.

The domino tilings also enjoy a connection to Schur polynomials. One combinatorial way to see it
is through the interlacing particle configurations. Choose one out of two horizontal types of lozenges
and one out of two vertical types. For the sake of concreteness, we choose South and West dominos. We
put a particle at the black squares of such dominos and arrive at an interlacing particle configuration,

6This was first proved by Elkies, Kuperberg, Larsen, and Propp [EKLP92] in 1992.
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Figure 1.8: Left panel: a uniformly random tiling of an Aztec diamond of size N = 10. The North
dominoes are blue, the South are green, the East are red, and finally the West dominoes are yellow. Right
panel: N = 50.

as shown in the right panel of Figure 1.7. If we rotate the picture by 135◦ clockwise and encode each
particle by 1 and the absence of a particle by 0, then we obtain a n× (n+1)matrix. It is also convenient
to supplement the matrix by the row of all 1’s at the top, thus arriving at a (n+ 1)× (n+ 1) matrix. In
terms of the particle configuration, as in the right panel of Figure 1.7, we added six particles at positions
123456 (for n = 5) outside the diamond along its bottom–left border. The left panel of Figure 1.9 shows
the matrix corresponding to the tiling of Figure 1.7.

We further encode the positions of all particles (or positions of 1’s in the matrix) by an array of
numbers. The k particles of row k are encoded by a k–tuple of decreasing integers; each integer is at
least 1 and at most n + 1. Figure 1.9 (right panel) shows the coordinates of the particle configuration
corresponding to the tiling of Figure 1.7. Note that the coordinates of the particles satisfy the constraints
ℓj+1
i ≥ ℓji ≥ ℓ

j+1
i+1 :

ℓ31 ℓ32 ℓ33≥ ≥ ≥ ≥
ℓ21 ℓ22≥ ≥

ℓ11

(1.11)

In addition, the numbers in each row are distinct, i.e., strictly ordered. Such arrays of numbers are
sometimes called strict Gelfand–Tsetlin patterns, with other used name being monotonone triangles.

It turns out that the k particles in the kth row are again distributed by a variant of the Schur measure,
given by:

P(λ) =
A∏︂
i=1

B∏︂
j=1

1

1 + xiyj
· sλ(x1, . . . , xA)sλ′(y1, . . . , yB), (1.12)

where we emphasize the appearance of the transposed partition λ′ in the formula.
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⎛⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1
1 1 0 1 1 1
1 0 1 1 1 0
1 0 0 1 1 0
0 1 0 0 1 0
0 1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
6 5 4 3 2 1

6 5 4 2 1
5 4 3 1

5 4 1
5 2

2

Figure 1.9: Particle configuration encoded in a matrix (left panel) and the strict Gelfand–Tsetlin pattern
corresponding to the tiling of Figure 1.7. The numbers in the pattern correspond to the coordinates of
1’s in the matrix.

The exact connection is delivered by the following theorem, as well as the consequent asymptotic
theorem proved by [Joh05].

Theorem 1.6. Consider a uniformly random domino tiling of the n×n Aztec diamond and encode the kth
row in the corresponding strict Gelfand-Tsetlin pattern via (ℓk1 > ℓk2 > · · · > ℓkk) = (λ1 + k, λ2 + k −
1, . . . , λk + 1). Then:

1. λ1 has the same distribution as (1.12) with A = k, B = n− k, and all xi and yj variables set to 1.

2. For each 0 < κ < 1 with κ ̸= 1/2, there exist two constants c1(κ) and c2(κ) such that

lim
n→∞

P
(︃
ℓκn1 − c1(κ)n
c2(κ)n1/3

≤ s
)︃

= F2(s). (1.13)

Explicit formulas for the centering and scaling constants c1(κ), c2(κ) can be extracted from the
Johanasson’s work on the Aztec diamond [Joh05].

1.6 Alternating sign matrices and the six-vertex model

The Aztec diamond with checkerboard coloring possesses two reflection symmetries, one of which was
lost when we passed to the particles and Gelfand-Tsetlin patterns. It can be reconstructed by consider-
ing the alternating sign matrices, which are differences of consecutive rows of the matrix in Figure 1.9.
Namely, we subtract the second row from the first, subtract the third row from the second, etc. The last
row is kept unchanged. We arrive at a matrix filled with 0s, 1s and −1s, cf. Figure 1.10. The sum of the
matrix elements in each row or column of such matrix is 1, and 1s interlace with −1s in each row and
column, hence the name alternating sign matrix, or ASM, for short. It is important to note that the above
constructed map from the domino tilings of the size nAztec diamond to (n+1)×(n+1) alternating sign
matrices is not bijective — each ASM corresponds to 2k−1 tilings, where k−1 is the total number of −1’s
in this ASM. One way to see that is by observing that each particle in the configuration (as in the right
panel in Figure 1.7) corresponding to −1 is a top corner of a 2 × 2 square covered with two dominos.
These two dominos can either be oriented horizontally or vertically without changing the corresponding
particle configuration. The total number of (n + 1) × (n + 1) alternating sign matrices is also much
smaller than the total number of domino tilings of the Aztec Diamond of size n. The former is given by
the following elegant formula, first conjectured in [MRR83], and proven in [Zei96, Kup96]; we give our
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⎛⎜⎜⎜⎜⎜⎜⎝

0 0 1 0 0 0
0 1 −1 0 0 1
0 0 1 0 0 0
1 −1 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
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Figure 1.10: Left Panel: the alternating sign matrix corresponding to the tiling of Figure 1.7 and particle
configuration of Figure 1.9. Right panel: the corresponding configuration of the square ice model with
domain wall boundary conditions.

proof in Chapter 7:

#{(n+ 1)× (n+ 1) ASMs} =
n∏︂

i=0

(3i+ 1)!

(n+ 1 + i)!
. (1.14)

The alternating sign matrices sit at a crossroads where many well-studied 2d systems from combi-
natorics and statistical mechanics meet. The ASMs first appeared in the enumeration of terms in Dodg-
son’s condensation algorithm for recursive evaluation of the determinant of a square matrix; they are
also related to the notion of λ–determinant, see [RR86, DF13]. The right–hand side of (1.14) also counts
the Totally Symmetric Self–Complementary Plane Partitions (TSSCPP), see [MRR83, MRR86]: this is an
equicount without a bijective proof and combinatorialists have been trying to make sense of it for the
last 30 years.

In another direction, the ASMs are in bijection with configurations of a square ice model (first intro-
duced in [Lie67a] as a simplification of a 3d model of [Pau35]), which we now describe. Consider a square
grid with atomsO of oxygen located at the vertices and atomsH of hydrogen positioned at midpoints of
edges. A configuration of the model is a perfect matching of these atoms into molecules of water H2O,
cf. the right panel of Figure 1.10. Another name for the square ice is the six–vertex model because there
are precisely six ways to link an oxygen to two out of the surrounding four hydrogens, as in Figure 1.12.

For a precise mathematical definition, one typically considers a finite subdomain of the grid and
matchings of the atoms inside this domain into molecules. The domain related to the (n+ 1)× (n+ 1)
ASMs is the (n+1)× (n+1) square with hydrogens along the right and left boundaries and alternating
hydrogens with oxygens along top and bottom boundaries, as in the right panel of Figure 1.10. Since
1980s this is known in the statistical mechanics literature as the domain wall boundary conditions. One
readily sees that there are (n + 1)2 oxygens and 2(n + 1)2 hydrogens, and there are plenty of perfect
matchings into the molecules of water; one of such matchings is shown in Figure 1.10. The bijection
between the configurations of the molecules in the (n + 1) × (n + 1) square and ASMs is very simple:
one replaces eachOwith either 0, 1 or−1 by the following rule. EveryO in a horizontalH2Omolecule
corresponds to 1, everyO in a verticalH2O corresponds to −1, and the remainingO’s turn into 0’s.

Although being clearly two–dimensional and flat, the square ice still mimics the structure of the real
world ice; for instance, in the latter each oxygen is also surrounded by four hydrogens, cf. Figure 1.11.
Similarities go further, as the computation of the leading order asymptotics for the partition function (i.e.,
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Figure 1.11: Structure of the real world ice [From Wikipedia]

O OO H HH H OO H OH

H

H H

H H

a1 a2

H

b1 b2 c1 c2

Figure 1.12: Weights of six types of vertices

the total number of the configurations) on the torus [Lie67a] closely matched the experimentally found
residual entropy of the ice. Much more recent experimental work tried to force the real world ice to indeed
form the square lattice in extreme conditions, such as when a very thin layer is squeezed between two
sheets of the graphene; the results of these experiments were mixed, see [ASLW+15] and [ZYW+15].

When speaking about random configurations of the six-vertex model, one typically chooses six
weights a1, a2, b1, b2, c1, c2 corresponding to the vertex types, for example, as in Figure 1.12. Then,
probability of a configuration is defined in terms of the counts of vertex types as

a
#(a1)
1 a

#(a2)
2 b

#(b1)
1 b

#(b2)
2 c

#(c1)
1 c

#(c2)
2

Z(a1, a2, b1, b2, c1, c2)
, (1.15)

where #(a1) is the number of the vertices of the first type in the configuration, etc., and
Z(a1, a2, b1, b2, c1, c2) is the partition function, i.e., the normalization constant ensuring that the weights
sum up to 1. One can show (cf. [GN25, Section 2]) that the distribution (1.15) depends only on two rather
than six parameters: multiplying all weights by the same constant clearly leaves the ratio unchanged,
and there are three more similar conservation laws. Here are some special choices of the parameters:

• If a1 = a2 = b1 = b2 = c1 = 1 and c2 = 2, then the measure (1.15) is a projection of the uniform
measure on domino tilings by the map described above.
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Figure 1.13: Simulations of the six-vertex model in 200 × 200 square with domain wall boundary con-
ditions. The vertices of a, b, and c weights shown in light blue, light gray, dark blue, respectively. Left:
a1 = a1 = b1 = b2 = c1 = c2 = 1. Right: a1 = a2 =

1
2 , b1 = b2 = 1, c1 = c2 = 2.

• More generally, a1a2 + b1b2 = c1c2 is called the free fermion condition, and in this situation the
measure (1.15) can be obtained by projecting a biased measure on dominos, which favors horizon-
tal over vertical dominos (or other way round). This situation is typically simpler than the most
general case, because additional algebraic structures are available.

• If a1 = a2 = b1 = b2 = c1 = c2, then (1.15) turns into the uniform measure. This is known as
“combinatorial” or “ice” point.

Figure 1.13 shows simulations of the model — many features of these pictures remain unexplained at
the time of writing this book. For instance, an analogue of Theorems 1.4 and 1.6, including the appearance
of F2, is believed to be true, but has been proven only for the special values of the weights. The island
clearly visible in the center of the right-panel of Figure 1.13 is also poorly understood. But a few things
are known, as we discuss in Chapter 7.

1.7 Stochastic six-vertex model in the quadrant

Let us now turn to another variation of the square ice, known as the stochastic six-vertex model. For
this version, it is convenient to use a different representation of the six-vertex model as a collection of
lattice paths, which are allowed to touch each other in the corners, but never intersect or share an edge.
This is achieved by a bijection of vertices, shown in Figure 1.14. In addition, we set the six weights to
1, 1, b1, b2, 1 − b1, 1 − b2. The model is defined in the quadrant Z>0 × Z>0 with n = ∞ version of
the domain wall boundary conditions: paths enter from every single position from the left and nothing
enters from below.

The vertex types are sampled recursively: we first define the type of the vertex at (1, 1), then types
at (1, 2) and (2, 1), then types at (1, 3), (2, 2), and (3, 1), etc. When we need to sample a vertex at (x, y),
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Figure 1.14: Stochastic six-vertex model in paths representation.

we already know whether a path is entering into it from below, and whether a path is entering from the
left. Hence, there are four cases:

• If no paths are entering from either direction, then the vertex at (x, y) must have Type 1.

• If paths are entering from both directions, then the vertex at (x, y) must have Type 2.

• If a path is only entering from the left, then we flip an independent biased coin and set the vertex
to be of Type 3 with probability b1 and of Type 5 with probability 1− b1.

• If a path is only entering from below, then we flip an independent biased coin and set the vertex
to be of Type 4 with probability b2 and of Type 6 with probability 1− b2.

The stochastic six-vertex model on the torus first appeared in [GS92], and the version in the quadrant
used here originates from [BCG16], see Figure 1.15. The latter paper proved the following asymptotics.
Theorem 1.7. Assume that 0 < b2 < b1 < 1 and let H(x, y) be the number of paths below (x, y) in the
stochastic six-vertex model in the quadrant. For any x, y such that 1−b1

1−b2
< x

y <
1−b2
1−b1

, we have

lim
L→∞

P
(︃
H(Lx,Ly)− Lc1(x, y)
−c2(x, y)L1/3

≤ s
)︃

= F2(s).

The exact values of c1(x, y) and c2(x, y) can be found in [BCG16, Theorems 1.1, 1.2], but note x↔ y
flip between our notations here and that paper. Theorem 1.7 is a harder and more recent result than the
previous theorems of this chapter. In Chapter 8 we will prove it by again exploiting a connection to the
Schur measures, which becomes more delicate in this situation. The following statement is an example
of this connection.
Theorem 1.8. Let H(N,N) be the number of paths below (N + 1

2 , N + 1
2) in the stochastic six-vertex

model in the quadrant with b1 = 1−u
1−tu and b2 = t 1−u

1−tu , 0 < u < 1. Let λ1 ≥ · · · ≥ λN ≥ 0 be distributed
as the Schur measure (1.8) with parameters chosen so that x1 = · · · = xN = y1 = · · · = yN =

√
u. Then,

for each N = 1, 2, . . . and each w ∈ C, we have

E6v

(︃(︁
1− w

)︁(︁
1− wt

)︁
· · ·
(︁
1− wtH(N,N)−1

)︁)︃
= ESchur

N∏︂
i=1

(︂
1− wtλi+N−i

)︂
.

The notation means that in the left-hand side we take expectation with respect to the six-vertex
model, while in the right-hand side it is over the Schur measure (1.8).
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Figure 1.15: Simulation of the stochastic six-vertex model in 300 × 300 corner of the quadrant with
b1 =

2
3 , b2 =

1
3 . Right panel is a colored version, as detailed in [BW22].

1.8 Simpler models obtained by degenerations

A number of other interesting and popular stochastic systems can be obtained through limit transitions
from the settings of this chapter. We will discuss some of them in more detail later:

• Asymmetric Simple Exclusion Process (ASEP), Totally Asymmetric Simple Exclusion Process, and
KPZ equation (1.4) can all be obtained as limits of the stochastic six-vertex model, see Chapter 8.

• Totally Asymmetric Simple Exclusion Process can be also reached from the geometric LPP model
as q → 1 and from (biased) domino tilings of the Aztec diamond, see Section 6.2.2.

• Another q → 1 limit from the geometric LPP model leads to a continuum polynuclear growth
(PNG) model, and marginals of the latter give rise to the Plancherel measure (on partitions) for
the symmetric group and lengths of the longest increasing subsequences in the uniformly random
permutations, see Chapter 3.



Chapter 2

Symmetric functions

In this chapter we introduce the algebras of symmetric polynomials and symmetric functions, their main
bases and generators. They will be used in the next chapter for the key definitions of these book — the
Schur measure and the Schur process, which are central to the asymptotic analysis of various stochastic
systems from Chapter 1. More thorough treatments of the theory of symmetric functions are available
in the classical textbooks [Mac95] and [Sta99, Chapter 7].

2.1 Algebra of symmetric functions and its generators

Let ΛN = C [x1, . . . , xN ]SN be the space of polynomials with complex coefficients in variables
x1, . . . , xN which are symmetric with respect to permutations of the variables xi’s. ΛN is a graded
algebra: polynomials can be multiplied and ΛN can be decomposed as

ΛN =
⨁︂
n≥0

Λn
N , (2.1)

where Λn
N consists of homogeneous symmetric polynomials of degree n (together with the zero polyno-

mial). In particular, the 0th graded component Λ0
N is the one-dimensional linear space of all constants.

For α = (α1, . . . , αN ) ∈ ZN
≥0, we set

xα = xα1
1 xα2

2 · · ·x
αN
N .

We recall Definition 1.3, and further denote

Yn = {partitions of n}, Y = {all partitions}, Y =
∞⋃︂
n=0

Yn, (2.2)

where Y0 contains a single empty partition 0 ≥ 0 ≥ . . . . For a partition λ with ℓ(λ) ≤ N , i.e., with
λN+1 = 0, we define the monomial symmetric polynomials as

mλ = mλ(x1, . . . , xN ) =
∑︂

α are distinct permutations of (λ1,...,λN )

xα.

In particular, omitting 0s from the notations, so that (1) is the same as (1, 0) and (1, 0, 0), we have

m(1) = x1 + x2 + · · ·+ xN , m(2) = x21 + x22 + · · ·+ x2N , m(1,1) =
∑︂
i<j

xixj = x1x2 + x1x3 + . . . ,

19
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where the last sum has N(N − 1)/2 terms. Clearly, polynomialsmλ with λ ∈ Y and ℓ(λ) ≤ N form a
linear basis in ΛN . If we additionally fix |λ| = λ1 + · · ·+ λN = n, thenmλ form a basis of Λn

N .
Symmetric functions appear when we allow the number of variables to be infinite. Consider the

homomorphism πN+1 : C [x1, . . . , xN+1]→ C [x1, . . . , xN ], which sends xN+1 to zero and other xi’s to
themselves. Note that πN+1 maps elements of Λn

N+1 to elements of Λn
N for each n = 0, 1, . . . , and acts

onmλ as:

πN+1mλ(x1, . . . , xN+1) =

{︄
mλ(x1, . . . , xN ), if λN+1 = 0,

0, if λN+1 > 0.
(2.3)

The graded projective limit of ΛN ,N →∞, is called the algebra of symmetric functions and denoted by
Λ. Formally,

Λn = lim←−
N

Λn
N = {(f1, f2, f3, . . . ) | fj ∈ Λn

j , πjfj = fj−1},

Λ =
⨁︂
n≥0

Λn.

The monomial symmetric function mλ is the limit of mλ(x1, . . . , xN ) as N → ∞ or, more formally, a
sequence

mλ =
(︁
0, 0, . . . , 0,mλ(x1, . . . , xN ),mλ(x1, . . . , xN+1), . . .

)︁
,

where N = ℓ(λ). Equation (2.3) implies thatmλ ∈ Λ. In fact, {mλ}λ∈Y is a linear basis of Λ.
Equivalently, one can think of elements of Λ as formal power series in infinitely many variables

x1, x2, . . . of bounded degree which are invariant under permutations of the xi’s.

Example 2.1. Here are a few examples.

•
∑︁

i xi = x1 + x2 + . . . belongs to Λ;

•
∏︁

i(1 + xi) = (1 + x1)(1 + x2) . . . does not belong to Λ, because it has infinite degree;

•
∑︁

i<j xixj = x1x2 + x1x3 + . . .+ x2x3 + . . . belongs to Λ;

• 1 belongs to Λ;

• x1 + x22 + x3 + x24 + . . . does not belong to Λ, because it is not symmetric.

Three simplest families of symmetric functions play an important role when working with Λ:

Definition 2.2. For n ≥ 1, the nth elementary symmetric function en is defined by

en =
∑︂

i1<i2<···<in

xi1 · · ·xin . (2.4)

We use the convention e0 = 1.
For n ≥ 1, the nth complete homogeneous function hn is defined by

hn =
∑︂

i1≤i2≤···≤in

xi1 · · ·xin . (2.5)

We use the convention h0 = 1.
For n ≥ 1, the nth power sum pn is defined by

pn =
∑︂
i≥1

xni . (2.6)
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Relations between these three families are best understood via their generating functions.

Definition 2.3. We define the generating functions:

H(z) =
∑︂
k≥0

hkz
k, E(z) =

∑︂
k≥0

ekz
k, P (z) =

∑︂
k≥1

pkz
k

k
. (2.7)

Lemma 2.4. The following identities hold:

H(z) =
∏︂
i≥1

1

1− xiz
, E(z) =

∏︂
i≥1

(1 + xiz), P (z) = −
∑︂
i≥1

ln
(︁
1− xiz

)︁
, (2.8)

H(z)E(−z) = 1, H(z) = exp (P (z)) , P ′(z) =
H ′(z)

H(z)
, P ′(−z) = E′(z)

E(z)
. (2.9)

Proof. We only prove (2.8), as (2.9) is an immediate corollary. For E(z) we open the parentheses:∏︂
i≥1

(1 + xiz) = (1 + x1z)(1 + x2z) · · · = 1 + z
∑︂
i≥1

xi + z2
∑︂

1≤i≤j

xixj + · · · = 1 +
∑︂
k≥1

zkek = E(z).

For H(z) we use the geometric series formula and open the parentheses:∏︂
i≥1

1

1− xiz
=
∏︂
i≥1

(1 + x1z + x21z
2 + . . . )(1 + x2z + x22z + . . . ) · · · = 1 + zh1 + z2h2 + · · · = H(z).

For P (z) we use the Taylor expansion of the logarithm:

−
∑︂
i≥1

ln
(︁
1− xiz

)︁
=
∑︂
i≥1

(︃
xiz +

(xiz)
2

2
+

(xiz)
3

3
+ . . .

)︃
= p1z +

p2z
2

2
+
p3z

3

3
+ · · · = P (z).

Products of en, hn, pn also have a special notation. For a partition λ ∈ Y, we set

eλ =
∏︂
i

eλi
, hλ =

∏︂
i

hλi
, pλ =

∏︂
i

pλi
. (2.10)

For the empty partition of 0, we set e∅ = h∅ = p∅ = 1.

Theorem 2.5. Each system {en}, {hn}, {pn} consists of algebraically independent generators of Λ, i.e.,
Λ = C [e1, e2, . . . ] = C [h1, h2, . . . ] = C [p1, p2, . . . ]. Equivalently, each of {eλ}λ∈Y, {hλ}λ∈Y, {pλ}λ∈Y
is a linear basis of Λ.

Proof. For eλ Theorem 2.5 follows from triangularity of the eλ ↔ mµ transition:

eλ′ = mλ +
∑︂
µ<λ

aµλmµ, (2.11)

where λ′ is the transpose partition, aµλ are certain real coefficients, and < is the lexicographic ordering,
so that

(1, 1, 1, 1, 1) < (2, 1, 1, 1) < (2, 2, 1) < (3, 1, 1) < (3, 2) < (4, 1) < (5).

In order to see (2.11), notice that

eλ′ = eλ1−λ2
1 eλ2−λ3

2 · · · =
(︁
xλ1−λ2
1 + · · ·

)︁
·
(︁
(x1x2)

λ2−λ3 + · · ·
)︁
·
(︁
(x1x2x3)

λ3−λ4 + · · ·
)︁
· · · ,
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where the product clearly has the leading term xλ. Since {mλ}λ∈Y is a basis and transformation (2.11)
is triangular, {eλ}λ∈Y is also a basis.

For hλ we argue in a different fashion by introducing an algebra homomorphism of Λ:

ω : Λ→ Λ, ω(en) = hn, n = 0, 1, 2, . . . . (2.12)

The relationship (2.9) implies
n∑︂

r=0

(−1)rerhn−r = 0, n = 1, 2, . . . . (2.13)

Since these relations express {e0, . . . , en} ↔ {h0, . . . , hn} and are symmetric with respect to e’s and
h’s, we conclude that ω2 = Id, i.e., ω is an involution. This implies Theorem 2.5 for {hλ}.

For pλ, we rewrite (2.9) as Newton formulas:

nen =

n∑︂
r=1

(−1)r−1pren−r.

This identity allows to express {en} through {pm} in an invertible (and triangular) way, leading to The-
orem 2.5 for {pλ}.

2.2 Schur functions

One more linear basis of Λ is the most important for our book — the Schur symmetric functions.
We first define the alternant, which is a skew-symmetric version ofmλ:

Altα(x1, . . . , xN ) =
∑︂
σ∈SN

(−1)σxα1

σ(1)x
α2

σ(2) · · ·x
αN

σ(N), α = (α1, . . . , αN ),

where (−1)σ is the sign of the permutation σ ofN letters. We also denote δN = (N−1, N−2, . . . , 1, 0).

Theorem 2.6. The Schur symmetric polynomial of (1.6), defined for λ = (λ1 ≥ · · · ≥ λN ≥ 0) as

sλ(x1, . . . , xN ) =
Altλ+δN (x1, . . . , xN )

AltδN (x1, . . . , xN )
=

det
[︂
x
λj+N−j
i

]︂
1≤i,j≤N

det
[︂
xN−j
i

]︂
1≤i,j≤N

, (2.14)

is a homogeneous symmetric polynomial in (x1, . . . , xN ) of degree |λ|. As λ varies over Y with ℓ(λ) ≤ N ,
polynomials sλ form a linear basis of ΛN .

Proof. In order to match (1.6) with (2.14), we use the Vandermonde determinant:∏︂
1≤i<j≤N

(xi − xj) = det
[︂
xN−j
i

]︂
1≤i,j≤N

. (2.15)

In order to prove (2.15), note that the right-hand side is skew-symmetric: it changes its sign under xi ↔
xj and vanishes when xi = xj . Hence, the right-hand side is divisible by each (xi − xj) and thus by the
left-hand side. Both sides have degree N(N − 1)/2, and therefore they have to agree up to a constant
factor. Comparing the coefficient of the highest (or any other) monomial, we conclude that the constant
is 1.
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The same argument shows that (2.14) is a polynomial: Altλ+δN is skew-symmetric and therefore
divisible by the Vandermonde determinant. Since both numerator and denominator in (2.14) are skew-
symmetric, their ratio sλ is symmetric. Computing the degrees of numerator and denominator, we con-
clude that the degree of sλ is |λ|.

Finally, sλ form a basis in the space of symmetric polynomials, because alternants form a linear basis
of the space of skew-symmetric polynomials, and multiplication by Vandermonde is an isomorphism
between these two spaces.

An important property of Schur polynomials is their stability under projections πN .

Lemma 2.7. For each λ ∈ Y with ℓ(λ) ≤ N + 1,

πN+1sλ(x1, . . . , xN+1) = sλ(x1, . . . , xN , 0) =

{︄
sλ(x1, . . . , xN ), if λN+1 = 0,

0, if λN+1 > 0.
(2.16)

Proof. If λN+1 = 0, then sλ(x1, . . . , xN , 0) becomes

det

⎡⎢⎢⎢⎣
xλ1+N
1 . . . xλN+1

1 1
... . . . ...

...
xλ1+N
N . . . xλN+1

N 1
0 . . . 0 1

⎤⎥⎥⎥⎦

det

⎡⎢⎢⎢⎣
xN1 . . . x11 1
... . . . ...

...
xNN . . . x1N 1
0 . . . 0 1

⎤⎥⎥⎥⎦
=

det

⎡⎢⎣x
λ1+N−1
1 . . . xλN

1
... . . . ...

xλ1+N−1
N . . . xλN

N

⎤⎥⎦ · x1x2 · · ·xN
det

⎡⎢⎣x
N−1
1 . . . 1
... . . . ...

xN−1
N . . . 1

⎤⎥⎦ · x1x2 · · ·xN
= sλ(x1, . . . , xN ).

If λN+1 > 0, then each term in Altλ+δN+1
vanishes at xN+1 = 0 and so does sλ.

Definition 2.8. For λ ∈ Y, the Schur symmetric function sλ is a sequence(︁
0, . . . , 0, sλ(x1, . . . , xℓ(λ)), sλ(x1, . . . , xℓ(λ)+1), . . .

)︁
∈ Λ.

An important role in our exposition is played by the Cauchy identity for the Schur functions.

Theorem 2.9. Taking two copies of Λ in two sets of variables (x1, . . . ), (y1, . . . ), the following identity of
formal power series holds:

H(x; y) :=
∑︂
λ∈Y

sλ(x1, x2, . . . )sλ(y1, y2, . . . ) =
∏︂
i,j≥1

1

1− xiyj

= exp

⎛⎝∑︂
k≥1

pk(x1, x2, . . . )pk(y1, y2, . . . )

k

⎞⎠ . (2.17)

Each term in
∑︁

λ of (2.17) is an element of the tensor product Λ ⊗ Λ, and the sum is a series of
homogeneous elements of the tensor product of growing degrees. Expanding the exponent in the right-
hand side using exp(z) = 1 + z + z2

2! + . . . , we get the same series.
The last equality in (2.17) is obtained by taking z = yj inH(z) = exp (P (z)) of (2.9) and multiplying

over j. In order to prove the middle equality we need two auxiliary determinant evaluations.
The first one is the Cauchy–Binet formula, which is a generalization of the well-known identity

det(AB) = detA detB.
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Proposition 2.10. Choose K ≥ N and let A =
[︁
A(i, j)

]︁
and B =

[︁
B(i, j)

]︁
be two matrices of N ×K

format. Then, with T denoting matrix transposition, we have

det
(︂
ABT

)︂
=

1

N !

K∑︂
ℓ1=1

· · ·
K∑︂

ℓN=1

det
[︁
A(i, ℓj)

]︁N
i,j=1

det
[︁
B(i, ℓj)

]︁N
i,j=1

=
∑︂

K≥ℓ1>ℓ2>···>ℓN≥1

det
[︁
A(i, ℓj)

]︁N
i,j=1

det
[︁
B(i, ℓj)

]︁N
i,j=1

. (2.18)

Remark 2.11. One can takeK =∞ or assume the second index of A and B to be continuous, replacing
the sums over ℓi with integrals. In all such settings, as long as all sides of (2.18) make sense and are
absolutely convergent, an analogue of the identity would hold with a similar proof.

Proof of Proposition 2.10. First, note that if some ℓi coincide, then the corresponding term in∑︁K
ℓ1=1 · · ·

∑︁K
ℓN=1 in (2.18) vanishes. Together with skew-symmetry of the determinants with respect

to the swaps of columns, this implies the second equality in (2.18). For the first equality, we write

K∑︂
ℓ1=1

· · ·
K∑︂

ℓN=1

det
[︁
A(i, ℓj)

]︁N
i,j=1

det
[︁
B(i, ℓj)

]︁N
i,j=1

=

K∑︂
ℓ1=1

· · ·
K∑︂

ℓN=1

⎛⎝ ∑︂
σ,τ∈SN

(−1)στ
N∏︂
j=1

A(σ(j), ℓj)B(τ(j), ℓj)

⎞⎠
=

∑︂
σ,τ∈SN

(−1)στ
N∏︂
j=1

[︁
ABT

]︁
(σ(j), τ(j)) = N ! det[ABT].

The second ingredient is the Cauchy determinant evaluation.

Proposition 2.12. For each N = 1, 2, . . . and x1, . . . , xN , y1, . . . , yN , we have

det

[︃
1

1− xiyj

]︃N
i,j=1

=

∏︁
1≤i<j≤N

(xi − xj)(yi − yj)

N∏︁
i,j=1

(1− xiyj)
. (2.19)

Proof. Change the variables yj = 1/zj and divide both sides by (−1)Nz1 · · · zN to convert the desired
identity into

det

[︃
1

xi − zj

]︃N
i,j=1

?
=

∏︁
1≤i<j≤N

(xi − xj)(zj − zi)

N∏︁
i,j=1

(xi − zj)
, (2.20)

which is equivalent to

det

[︃
1

xi − zj

]︃N
i,j=1

N∏︂
i,j=1

(xi − zj)
?
=

∏︂
1≤i<j≤N

(xi − xj)(zj − zi). (2.21)

The left-hand side is a homogenous polynomial of degreeN(N − 1), which vanishes whenever xi = xj
or zi = zj for some i < j. Hence, the left-hand side is divisible by the right-hand side and the ratio is a
constant. Computing the coefficient of some monomial, we conclude that this constant is 1.
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Proof of Theorem 2.9. As with most identities inΛ, it is sufficient to prove (2.17) for finite sets of variables
(x1, . . . , xN ) and (y1, . . . , yN ), i.e., we would like to show that

∑︂
λ=(λ1≥···≥λN≥0)

sλ(x1, . . . , xN )sλ(y1, . . . , yN )
?
=

N∏︂
i,j=1

1

1− xiyj
. (2.22)

By Proposition 2.12 and Definition 2.14, this is equivalent to

∑︂
λ=(λ1≥···≥λN≥0)

Altλ+δN (x1, . . . , xN )Altλ+δN (y1, . . . , yN )
?
= det

[︃
1

1− xiyj

]︃N
i,j=1

. (2.23)

Expanding inside the determinant 1
1−xiyj

= 1+(xiyj)+(xiyj)
2+(xiyj)

3+. . . , treating this expression as
the matrix element of ABT, where A isN ×∞matrix A[i, k] = (xi)

k, k = 0, 1, 2, . . . , and B isN ×∞
matrix B[j, k] = (yj)

k, k = 0, 1, 2, . . . , using Proposition 2.10, and identifying (ℓ1 > · · · > ℓN ) =
(λ1 +N − 1, λ2 +N − 2, . . . , λN ), we arrive at (2.23).

Theorem 2.13. The Schur functions {sλ}λ∈Y form a linear basis of Λ. Their relations with the generators
hn and en are given by the Jacobi-Trudi and Nagelbach–Kostka formulas, respectively:

sλ = det [hλi−i+j ]1≤i,j≤N = det
[︂
eλ′

i−i+j

]︂
1≤i,j≤M

, (2.24)

where by definition hk ≡ ek ≡ 0, for k < 0. Here N is an arbitrary integer satisfying N ≥ ℓ(λ), andM is
an arbitrary integer satisfyingM ≥ ℓ(λ′) = λ1.

Proof. The Schur functions form a linear basis of Λ as a corollary of the same statement for finite N in
Theorem 2.6.

Let us prove the first identity in (2.24). First notice that for N ≥ ℓ(λ) the expression is stable, i.e.,
remains unchanged underN → N + 1. If λN+1 = 0, then the (N + 1)st row of [hλi−i+j ]1≤i,j≤N+1 has
the form (0, 0, . . . , 1) and the determinant of (N + 1) × (N + 1) matrix reduces to the determinant of
its top-left N ×N corner.

Hence, it is sufficient to prove the identity inN variables (y1, . . . , yN ). For this we claim that for any
power series f(y) = f0 + f1y + f2y

2 + . . . , we have

f(y1)f(y2) · · · f(yN ) =
∑︂

λ=(λ1≥···≥λN≥0)

det
[︁
fλi−i+j

]︁N
i,j=1

sλ(y1, . . . , yN ). (2.25)

We multiply (2.25) by
∏︁

i<j(yi − yj) to get an equivalent skew-symmetric identity:

f(y1)f(y2) · · · f(yN )
∏︂
i<j

(yi − yj) =
∑︂

λ=(λ1≥···≥λN≥0)

det
[︁
fλi−i+j

]︁N
i,j=1

Altλ+δN (y1, . . . , yN ). (2.26)

The latter identity is obtained by collecting the coefficient of yℓ11 y
ℓ2
2 · · · y

ℓN
N for ℓ1 > · · · > ℓN in the

left-hand side of (2.25), i.e., in

N∏︂
i=1

⎛⎝∑︂
m≥0

fm(yi)
m

⎞⎠ ∑︂
σ∈SN

(−1)σyN−σ(1)
1 · · · yσ(N)

N .
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This coefficient is det
[︁
fℓi−N+j

]︁N
i,j=1

, which matches the coefficient of yℓ11 y
ℓ2
2 · · · y

ℓN
N in the right-hand

side of (2.26) under identification (ℓ1, . . . , ℓN ) = (λ1 +N − 1, . . . , λN ).
The proof of the first identity in (2.24) is finished by applying (2.25) with

f(y) =
∑︂
m≥0

hm(x1, . . . , xN )ym =

N∏︂
i=1

1

1− xiy
,

where the second equality is (2.8), to the Cauchy summation identity in the form (2.22).
The proof of the second identity det [hλi−i+j ]1≤i,j≤N = det

[︂
eλ′

i−i+j

]︂
1≤i,j≤M

can be found in
[Mac95, Chapter 1, Section 2, (2.9’)]. Here is a sketch. Define matrices H = [hi−j ]0≤i,j≤K and
E = [(−1)i−jei−j ]0≤i,j≤K , with K = N +M − 1. Using (2.13), one obtains HE = 1 and det[E] =
det[H] = 1. Then det [hλi−i+j ]1≤i,j≤N is the determinant of a submatrix ofH , which is equal to the de-
terminant of the complementary cofactor of ET (see e.g., [Pra94, Section 2.5.2] for this generalization of
the Cramer’s rule). A straightforward computation identifies the latter with det

[︂
eλ′

i−i+j

]︂
1≤i,j≤M

.

Comparing (2.24) with (2.12), we conclude that the involution ω acts nicely on Schur functions.

Corollary 2.14. For each λ ∈ Y, we have ω(sλ) = sλ′ .

2.3 Skew Schur functions

Schur functions give rise to Schur measures, which we saw being relevant to the integrable probability
models in the previous chapter. In order to encode the full two-dimensional systems (e.g., particle config-
urations in the Aztec diamond in the right panel of Figure 1.7), we need an extension of Schur functions
parameterized by two rather than one Young diagrams. These are called skew Schur functions, and they
naturally connect to transitions between different sections of the Aztec diamond.

Consider two sets of variables x = (x1, x2, . . . ), y = (y1, y2, . . . ) and let (x, y) be the union of these
sets. Consider a function f(x, y) symmetric with respect to all permutations of the combined set of all
variables xi and yj . Since f(x, y) is also symmetric separately and finie degree in the xi’s and separately
in the yj ’s, it is always possible to express it in the form of a finite sum f(x, y) =

∑︁
n fn(x)gn(y), for

some symmetric functions fn, gn. For instance, if one takes for f(x, y) the power sum (2.6), then

pk(x, y) =
∑︂
i≥1

xki +
∑︂
i≥1

yki = pk(x) + pk(y). (2.27)

We want to understand how the Schur function sλ(x, y) decomposes.

Definition 2.15. Take λ ∈ Y and decompose sλ(x, y) into a linear combination of sµ(y), µ ∈ Y:

sλ(x, y) =
∑︂
µ∈Y

sλ/µ(x)sµ(y). (2.28)

The cofficients of the decomposition are symmetric functions in x, called skew Schur functions sλ/µ(x).

Let us consider some properties of the skew Schur functions.

Proposition 2.16 (Branching or consistency relation). Let x, y be two sets of variables. Then for any
λ, µ ∈ Y

sλ/µ(x, y) =
∑︂
ν∈Y

sλ/ν(x)sν/µ(y). (2.29)
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Proof. Consider three sets of variables x, y, z. Then, by definition

sλ(x, y, z) =
∑︂
µ∈Y

sλ/µ(x, y)sµ(z),

but also
sλ(x, y, z) =

∑︂
ν∈Y

sλ/ν(x)sν(y, z) =
∑︂
µ∈Y

∑︂
ν∈Y

sλ/ν(x)sν/µ(y)sµ(z).

Comparison of the coefficient of sµ(z) yields (2.29).

The skew Schur functions can be expressed in terms of the complete homogeneous functions (2.5):

Proposition 2.17. Set hk = 0 for k < 0. Then for any N ≥ max{ℓ(λ), ℓ(µ)}

sλ/µ = det
[︁
hλi−µj−i+j

]︁N
i,j=1

. (2.30)

This is an extenstion of the Jacobi-Trudi formula of Theorem 2.13, and we refer to [Mac95, Chapter I,
Section 5, (5.4)] for the proof; see also Problem 7 at the end of this chapter. The formula (2.30) identifies
sλ/µ with minors of an infinite triangular Toeplitz (i.e., constant along the diagonals) matrix:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
1 h1 h2 h3 h4
0 1 h1 h2 h3
0 0 1 h1 h2
0 0 0 1 h1
0 0 0 0 1

. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.31)

Toeplitz matrices are studied through their symbols, cf. [BS99, BS06], which are generating functions of
matrix elements. In our case the symbol is

∞∑︂
n=−∞

hnz
n =

∏︂
i≥1

1

1− xiz
.

Then Propositions 2.16 and 2.17 can be viewed together as an evaluation of minors of a product of two
Toeplitz matrices. Indeed, such a product is again an infinite Toeplitz matrix with a symbol given by the
product of the symbols.

We summarize without proofs several other important properties of the skew Schur functions. Many
of them can be obtained from the Jacobi-Trudi formula, andwe refer to the classical treatments in [Mac95,
Chapter 1] and [Sta99, Chapter 7] for further details.

Theorem 2.18. Properties of the skew Schur functions:

1. sλ/∅(x) = sλ(x) and s∅/ν(x) =

{︄
1 if ν = ∅,
0 otherwise.

2. sλ/µ = 0 unless µ ⊂ λ, i.e., µi ≤ λi for all i ≥ 1.
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λ1

λ2

λ3

µ1

µ2

µ3

µ1

µ2

µ3

µ4

λ1

λ2

λ3

λ4

Figure 2.1: Left panel: a horizontal strip λ/µ, shown with gray hatching. Right panel: a skew diagram
with three connected components, shown with gray hatching.

3. If µ ⊂ λ, let θ = λ/µ, viewed as a skew diagram, defined as the set-theoretical difference of Young
diagrams corresponding to λ and µ. Suppose that θ is a disjoint union of (finitely many) connected
components θi. Then

sλ/µ =
∏︂
i

sθi . (2.32)

In particular, sλ/µ depends only on the shape of the skew-diagram λ/µ, but not on its positioning
(e.g., increasing all rows of λ and µ by 1 keeps sλ/µ unchanged).

4. Set x2 = x3 = · · · = 0 by considering the one-variable coordinate in the definition of a symmetric
function and let α denote the remaining variable x1. Then sλ/µ = 0, unless λ/µ is a horizontal strip,
i.e., a diagram with at most one box per column, cf. Figure 2.1. This is also equivalent to interlacing
inequalities:

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ λ3 . . . , (2.33)

denoted µ ≺ λ. In the latter case, sλ/µ(α) = α|λ|−|µ|, cf. Section 2.5.

5. The involution ω of (2.12) transposes both diagrams: ω(sλ/µ) = sλ′/µ′ .

Let us give an example to illustrate the third property in Theorem 2.18. Consider λ = (9, 5, 3, 2),
µ = (4, 4, 2, 1), as in the right panel of Figure 2.1. The skew diagram is given by θ1 = (5, 1), θ2 = (1),
θ3 = (1). The table of indices λi − µj − i+ j inside the matrix (2.30) is

H
HHHHHi

j 1 2 3 4

1 5 6 9 11
2 0 1 4 6
3 -3 -2 1 3
4 -5 -4 -1 1

and sλ/µ is given by

sλ/µ = det

⎡⎢⎢⎣
h5 h6 h9 h11
1 h1 h4 h6
0 0 h1 h3
0 0 0 h1

⎤⎥⎥⎦ = det

[︃
h5 h6
1 h1

]︃
· h21.
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κ

µλ

x y

τ

xy

Figure 2.2: Flipping the arrows in the skew Cauchy identity.

We recall that sλ = det [hλi−i+j ]1≤i,j≤ℓ(λ). So sθ1 = det

[︃
h5 h6
1 h1

]︃
, sθ2 = sθ3 = h1 and we have

sλ/µ = sθ1 · sθ2 · sθ3 .

The following generalization of the Cauchy identity will play an important role in identification of
stochastic models with Schur measures, and threfore we include a proof.

Theorem 2.19 (Skew Cauchy identity). For any λ, µ ∈ Y and two sets of variables x = (x1, x2, . . . ) and
y = (y1, y2, . . . ), we have (see Figure 2.2 for a visual representation)∑︂

κ∈Y
sκ/λ(x)sκ/µ(y) =

∏︂
i,j≥1

1

1− xiyj

∑︂
τ∈Y

sλ/τ (y)sµ/τ (x). (2.34)

The proof relies on another relation.

Lemma 2.20. Let Littlewood–Richardson coefficients cλµν be defined through the expansion

sλ/µ(x) =
∑︂
ν∈Y

cλµνsν(x), λ, µ ∈ Y. (2.35)

Then we also have
sµ(x)sν(x) =

∑︂
λ∈Y

cλµνsλ(x), ν ∈ Y. (2.36)

In particular, this implies cλµν = cλνµ, for any λ, µ, ν ∈ Y.

Proof. Define dλµν as the coefficients in the expansion sµ(z)sν(z) =
∑︁

λ∈Y d
λ
µνsλ(z). We set H(x; y) =∏︁

i,j≥1

1
1−xiyj

and use the Cauchy identity (2.17) for the sets of variables x, y, z:

H(x; z)H(y; z) = H(x, y; z) =
∑︂
λ∈Y

sλ(x, y)sλ(z) =
∑︂

λ,µ∈Y
sλ/µ(x)sµ(y)sλ(z)

=
∑︂

λ,µ,ν∈Y
cλµνsν(x)sµ(y)sλ(z).
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But also

H(x; z)H(y; z) =
∑︂
µ,ν∈Y

sµ(y)sµ(z)sν(x)sν(z) =
∑︂

λ,µ,ν∈Y
dλµνsν(x)sµ(y)sλ(z).

Hence, dλµν ≡ cλµν .

Proof of Theorem 2.19. We again start with H(x; y) =
∏︁

i,j≥1

1
1−xiyj

. Applying the Cauchy identity (2.17),

we get

H(x; y)H(x;u)H(z; y)H(z;u) = H(x, z; y, u) =
∑︂
κ∈Y

sκ(x, z)sκ(y, u)

=
∑︂

κ,λ,µ∈Y
sκ/λ(x)sλ(z)sκ/µ(y)sµ(u). (2.37)

On the other hand, applying the Cauchy identity three times, the same expression is also equal to

H(x; y)
∑︂

σ,ν,τ∈Y
sσ(x)sσ(u)sν(y)sν(z)sτ (z)sτ (u) = H(x; y)

∑︂
σ,ν,τ∈Y
λ,µ∈Y

sσ(x)sν(y)c
µ
στsµ(u)c

λ
ντsλ(z)

= H(x; y)
∑︂

τ,λ,µ∈Y
sµ/τ (x)sλ/τ (y)sµ(u)sλ(z), (2.38)

where we used (2.36) in the first equality and (2.35) in the second one. Comparing the coefficient of
sµ(u)sλ(z) in (2.37) and (2.38), we arrive at (2.34).

2.4 Specializations

Schur functions and identities concerning them involve elements of an abstract algebra Λ of symmetric
functions. In contrast, stochastic models involve real numbers, which also should be positive in order to
define probabilities. A bridge between these viewpoints is provided by the notion of a specialization.

Definition 2.21. An algebra homomorphism ρ : Λ → C, f ↦→ f(ρ), is called a specialization. In other
words, ρ must satisfy the following properties:

(f + g)(ρ) = f(ρ) + g(ρ), (fg)(ρ) = f(ρ)g(ρ), (cf)(ρ) = cf(ρ), c ∈ C.

Take any sequence of complex numbers u1, u2, . . . satisfying
∑︁

i |ui| < ∞. Then the substitution
map Λ → C, xi ↦→ ui is a specialization. More generally, any specialization is uniquely determined by
its values on any set of generators of Λ. Furthermore, if the generators are algebraically independent,
then these values can be chosen arbitrarily. What this means is that defining ρ is equivalent to specifying
the set of numbers p1(ρ), p2(ρ),. . . , or the set of numbers e1(ρ), e2(ρ),. . . , or the set of numbers h1(ρ),
h2(ρ),. . . . In particular, if ρ is the substitution of complex numbers ui, then

pk ↦→ pk(ρ) =

∞∑︂
i=1

(ui)
k. (2.39)

Note that the condition
∑︁

i |ui| <∞ implies that the series in (2.39) converges for every k ≥ 1.
In order to use specializations to define probabilities, it is important to know which ones are positive

in a certain sense.
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Definition 2.22. We call a specialization ρ Schur–positive if for every Young diagram λ ∈ Y we have

sλ(ρ) ≥ 0.

There is an explicit classification for Schur–positive specializations.

Theorem 2.23. The Schur–positive specializations are parameterized by pairs of sequences of non-negative
reals α = (α1 ≥ α2 ≥ · · · ≥ 0) and β = (β1 ≥ β2 ≥ · · · ≥ 0) satisfying

∑︁
i(αi + βi) < ∞ and an

additional parameter γ ≥ 0. The specialization with parameters (α;β; γ) can be described by its values on
power sums

p1 ↦→ p1(α;β; γ) = γ +
∑︂
i

(αi + βi), (2.40)

pk ↦→ pk(α;β; γ) =
∑︂
i

(αk
i + (−1)k−1βki ), k ≥ 2

or, equivalently, via the generating function

∞∑︂
k=0

hk(α;β; γ)z
k = exp

⎛⎝∑︂
k≥1

pk(α;β; γ) z
k

k

⎞⎠ = eγz
∏︂
i≥1

1 + βiz

1− αiz
. (2.41)

If ρ is a Schur–positive specialization, then also sλ/µ(ρ) ≥ 0 for every λ, µ ∈ Y.

Theorem 2.23 has a number of equivalent reformulations, in particular, it is equivalent to the descrip-
tion of all characters of the infinite symmetric group S(∞) and to the classification of totally positive
triangular Toeplitz matrices, as can be seen from (2.30) and (2.31). The first proofs of Theorem 2.23 were
obtained independently by Thoma [Tho64] and Edrei [Edr53]. A proof by a different method can be
found in [VK81, Ker03, KOO98] — this approach also gives an interpretation for αi and βj as normalized
row and column lengths of growing Young diagrams, so that the corresponding (normalized) characters
of finite symmetric groups approximate the (α;β; γ)-character of S(∞). Its detailed exposition can be
found in [BO17a]. Two other proofs are in [Oko99] and [BG15].

Partial proof of Theorem 2.23. The hardest part of the argument is to show that the list is exhaustive, i.e.,
that there are no further specializations beyond (2.40), (2.41). We do not give this proof, and only explain
that each specialization from the list satisfies sλ/µ(ρ) ≥ 0 for all λ, µ ∈ Y.

We start with a specialization with a single α: α1 = α > 0 and all other parameters are 0. In this
case pk(ρ) = αk, and

∞∑︁
k=0

hk(ρ)z
k = (1−αz)−1, and this specialization is simply a substitution x1 = α,

x2 = · · · = 0 in a symmetric function of (x1, x2, . . . ). The fourth property in Theorem 2.18 implies
sλ/µ(ρ) ≥ 0.

Next, consider a specialization ρ with a single β: β1 = β > 0 and all other parameters are 0. In
this case, pk(ρ) = (−1)k−1βk and

∞∑︁
k=0

hk(ρ)z
k = 1 + βz. Note that 1 + βz is also

∞∑︁
k=0

ek(ρ
′)zk, where

ρ′ is the specialization with α1 = β and all other parameters 0. Therefore, comparing with (2.12), we
conclude that

ρ(f) = ρ′(ω(f)). (2.42)

Hence, sλ/µ(ρ) ≥ 0 follows from sλ′/µ′(ρ′) ≥ 0 and the fifth property in Theorem 2.18.
In order to reach the general case from the two basic ones, we use the following operation:
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Figure 2.3: Top row: all SYT of shapes λ with |λ| = 1, 2, 3. Bottom two rows: |λ| = 4.

Definition 2.24. Given two specializations ρ1, ρ2, their union (ρ1, ρ2) is defined through its values on the
power sums pk:

pk(ρ1, ρ2) = pk(ρ1) + pk(ρ2). (2.43)

We claim that if ρ1 and ρ2 are such that sλ/µ(ρ1) ≥ 0 and sλ/µ(ρ2) ≥ 0 for all λ, µ ∈ Y, then also
sλ/µ(ρ1, ρ2) ≥ 0. Indeed, (2.27) and (2.29) imply that

sλ/µ(ρ1, ρ2) =
∑︂
ν∈Y

sλ/ν(ρ1)sν/µ(ρ2) ≥ 0.

Using the unions, starting from a singleα and a single β, we reach any finite collections of non-zeroαi

and βi parameters. Next, notice that all sλ/µ are polynomials in pk, and therefore, sλ/µ(ρ) continuously
depend on {pk(ρ)}k≥1. Therefore, we can pass to the limits and reach arbitrary infinite collection of
parameters αi and βi subject to

∑︁
i(αi + βi) <∞.

For the γ–parameter, we notice

pk(0; 0; γ) = lim
N→∞

pk
(︁ γ
N , . . . ,

γ
N ; 0, 0

)︁
, k = 1, 2, . . . , (2.44)

where the used specialization has non-zero parameters α1 = α2 = · · · = αN = γ
N . Hence, the γ–

specialization can also be obtained by a limit transition from positive specializations and, therefore, is
Schur-positive. Finally, we combine γ with α’s and β’s by another union.

The specialization with non-zero γ and all other parameters set to 0 is called the Plancherel special-
ization. It is the most famous one, and we discuss it in more detail.

Definition 2.25. Given a Young diagram λ ∈ Y with |λ| = n, a Standard Young Tableau (SYT) of shape
λ, is a filling of boxes of λ with numbers 1, 2, . . . , n, in such a way that entries grow along the rows and
columns. The total number of SYT of a fixed shape λ is called the dimension of λ and denoted1 dimλ.

All Standard Young Tableaux of shapes λ with |λ| ≤ 4 are shown in Figure 2.3.
1Algebraic combinatorics literature typically uses fλ for the same quantity. Our dimλ notation emphasizes that this is the

dimension of the irreducible representation of the symmetric group Sn indexed by λ, cf. Theorem 2.27 below.
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Proposition 2.26. The Plancherel specialization (0; 0; γ) in Theorem 2.23 leads to

sλ(0; 0; γ) =
γ|λ|

|λ|!
dimλ, λ ∈ Y. (2.45)

Proof. Recall the Cauchy identity (2.17) in the form

∑︂
λ∈Y

sλ(x)sλ(y) = exp

⎛⎝∑︂
k≥1

pk(x)pk(y)

k

⎞⎠
and apply in variables (y) the specialization with a fixed γ and all other parameters set to 0. We obtain∑︂

λ∈Y
sλ(x)sλ(0; 0; γ) = exp

(︁
p1(x)γ

)︁
=

∞∑︂
n=0

γn

n!

[︁
p1(x)

]︁n
. (2.46)

Noting that sλ(0; 0; γ) = γ|λ|sλ(0; 0; 1) from homogeneity of Schur polynomials, we conclude that
sλ(0; 0; γ)|λ|!γ−|λ| is equal to the coefficient of sλ(x) in the decomposition of

[︁
p1(x)

]︁n in the basis
of Schur functions; here n = |λ|. In order to compute this coefficient, we note the recurrence on Schur
polynomials:

sλ(x)p1(x) =
∑︂

µ=λ+□

sµ(x),

where the summation goes over all µ obtained from λ by adding one box. This recurrence is proven
directly from the definition (2.14), and we leave it as an exercise for Section 2.5. Iterating the recurrence,
we arrive at [︁

p1(x)
]︁n

=
∑︂

λ: |λ|=n

dimλ · sλ(x).

Picking the coefficient of sλ(x), we conclude that sλ(0; 0; γ)|λ|!γ−|λ| = dimλ, as desired.

Let us study the numbers dimλ more carefully. From Figure 2.3, it is clear that:

• For |λ| = 1 the only dimension is 1;

• For |λ| = 2 the dimensions are 1 and 1;

• For |λ| = 3 the dimensions are 1, and 2, and 1;

• For |λ| = 4 the dimensions are 1, and 3, and 3, and 2, and 1.

Let us sum the squares of these numbers, getting 1, 1+1 = 2, 1+4+1 = 6, and 1+9+9+4+1 = 24.
One can see the pattern here, which generalizes to the Burnside identity.

Theorem 2.27. For each n = 1, 2, . . . , we have
∑︂

λ: |λ|=n

dim2 λ = n!.

This identity has a representation-theoretic meaning. The irreducible representations of the sym-
metric group Sn are parameterized by partitions of n, with the representation corresponding to λ having
dimension precisely dimλ, see, e.g., [Mac95, Section I.7] or [Sag01]. On the other hand, n! is the dimen-
sion of the regular representation of Sn in the linear space C[SN ]. Hence, the Burnside identity can be
obtained by evaluating dimensions in the statement “each irreducible representation of a finite group
enters into the decomposition of the regular representation of the same group with multiplicity equal to
its dimension”, see e.g., [Ser77, Section 2.4].
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Figure 2.4: Plancherel-random partition of n = 1000 and Vershik-Kerov-Logan-Shepp limit shape.

Proof of Theorem 2.27. We again start from the Cauchy identity

∑︂
λ∈Y

sλ(x)sλ(y) = exp

⎛⎝∑︂
k≥1

pk(x)pk(y)

k

⎞⎠ .

Let us apply the γ–specialization in (x)–variables and the γ = 1 specialization in (y) variables. Taking
into account Proposition 2.26, we obtain∑︂

λ∈Y
γ|λ|

dim2 λ

(n!)2
= exp(γ) =

∞∑︂
n=0

γn

n!
.

Comparing the coefficient of γn in both sides, we arrive at the desired identity.

Theorem 2.27 implies that the formula

P(λ) =
dim2 λ

n!
(2.47)

defines a probability distribution on the set of all partitions of n. This distribution is known as the
Plancherel measure and it has been extensively studied in the literature, see, for example, [VK77, LS77,
Joh01a, BOO00, Oko00, IO02, JS16, Rap25]. We will return to this measure in future sections, and for now
refer to the teaser in Figure 2.4, where a large Plancherel-random Young diagram and the corresponding
limit shape are shown.

Let us explain the origin of the name of the Plancherel measure. The classical Plancherel theorem
[Pla10] is a statement on preservation of the norm of a function under the Fourier transform:ˆ ∞

−∞
|f(x)|2dx =

ˆ ∞

−∞
|f̂(ξ)|2dx, f̂(ξ) =

ˆ
R
f(x)e−2πixξdx. (2.48)

This theorem has a non-commutative analogue, valid for all finite groups and beyond. We state it for
the symmetric group Sn, whose irreducible representations are parameterized by partitions of n. For
λ ∈ Yn, let χλ be the normalized trace of the representation Tλ:

χλ(g) =
Trace

(︁
Tλ(g)

)︁
dimλ

, g ∈ Sn, χλ
(︁
Id
)︁
= 1.
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Consider the space of all central functions F : Sn → C, i.e., such that F (ab) = F (ba) for any a, b ∈ SN ,
and equip it with the scalar product ⟨︁

F,H
⟩︁
=
∑︂
g∈SN

F (g)H(g).

An analogue of the Fourier transform then becomes

ˆ︁F (λ) = ⟨︁F, χλ
⟩︁
, λ ∈ Yn.

Orthogonality relations for the characters (see, e.g., [Ser77, Section 2.3]) imply the identity:

⟨︁
F, F

⟩︁
=
∑︂
λ∈YN

dim2 λ

n!

⃓⃓⃓ ˆ︁F (λ)⃓⃓⃓2 . (2.49)

In contrast to the Plancherel theorem (2.48), where both sides of the identity involved integration against
the Lebesgue measure, in the right-hand side of (2.49) we see a non-uniformmeasure with weights dim2 λ

n!
— this is precisely the Plancherel measure for the symmetric group Sn.

The identity (2.48) can be also given a representation theoretic meaning by looking at the additive
groupR and interpreting exponents x ↦→ e−2πixξ as characters of all possible one-dimensional represen-
tations parameterized by ξ. Formulas (2.48) and (2.49) admit a common generalization covering locally
compact topological groups, see, e.g., [Dix77, Section 18.8].

2.5 Exercises

Problem 1. Take λ ∈ Yn and consider the expansion of eλ =
∏︁

i eλi
in the basis of monomial symmetric

functions in Λ:
eλ =

∑︂
µ∈Yn

Mµ
λmµ.

Prove that the coefficientMµ
λ is equal to the number of matrices A = [aij ] which are large enough (e.g.,

of size n× n), and which satisfy:

aij ∈ {0, 1},
∑︂
j

aij = λi,
∑︂
i

aij = µj .

Problem 2. Show that in Λ

pn = det

⎛⎜⎜⎜⎜⎜⎝
e1 1 0 0 . . . 0
2e2 e1 1 0 . . . 0
3e3 e2 e1 1 . . . 0
...

...
... . . . ...

nen en−1 en−2 en−3 . . . e1

⎞⎟⎟⎟⎟⎟⎠ .

Problem 3. Working directly with the definition of sλ(x1, . . . , xN ) and sending N →∞, prove that

sλp1 =
∑︂

µ=λ+□

sµ.
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(2, 2)

Figure 2.5: Hook at (2, 2) with the hook length h(2, 2) = 4.

Extend the argument to compute the expansion in sµ of the product sλek for any k ≥ 1.

Problem 4. Working directly with the definition of sλ(x1, . . . , xN ), prove that

sλ(x1, . . . , xN−1, α) =
∑︂
µ≺λ

α
∑︁

i λi−
∑︁

i µisµ(x1, . . . , xN−1), (2.50)

where µ ≺ λ means the interlacement condition (compare with property 4 in Theorem 2.18):

λ1 ≥ µ1 ≥ λ2 ≥ · · · ≥ µN−1 ≥ λN .

.

Problem 5.
A. Working directly with the definition and using the Vandermonde determinant, evaluate

sλ(1, q, . . . , q
N−1) for λ = (λ1 ≥ · · · ≥ λN ).

B. Sending q → 1, prove that

sλ(1, . . . , 1) =
∏︂

1≤i<j≤N

λi − i− λj + j

j − i
. (2.51)

This is the dimension of the irreducible representation of the unitary group U(N) with highest weight
λ. In this interpretation, (2.51) is theWeyl dimension formula.

C. Recall from Proposition 2.26 that dimλ can be expressed through the Plancherel specialization
and the limits of specializations in N equal variables:

dimλ =
|λ|!
γ|λ|

sλ(0; 0; γ) =
|λ|!
γ|λ|

lim
N→∞

sλ

(︂ γ
N
,
γ

N
, . . . ,

γ

N

)︂
.

Use this and the result of part B to get some formula for dimλ

D. Prove that your formula from part C is equivalent to the hook length formula

dimλ =
|λ|!∏︁

(i,j)∈λ h(i, j)
,

where for a box (i, j) inside the Young diagram λ, its hook length h(i, j) is λi+λ′j− i− j+1, illustrated
graphically as the number of boxes in the gray hook area in Figure 2.5.
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Problem 6. Let N andM be two natural numbers and letMN be the rectangular Young diagram with
N rows of lengthM . For λ ∈MN , denote λ̂ = (λ̂1, . . . , λ̂N ) = (M − λN ,M − λN−1, . . . ,M − λ1).

A. Use Jacobi-Trudi formula to prove that sMN/λ = sλ̂.
B. Prove that for any n = 0, 1, 2 . . . , NM ,∑︂

λ⊂MN : |λ|=n

dimλ · dim λ̂ = dimMN .

Hint. Apply the specialization (0; 0; γ1 + γ2) to sMN .

Problem 7. Consider up-right monotone lattice paths on Z2, which follow the lattice edges and connect
(1, 0) with (N,K). We encode a path γ as a non-decreasing sequence of integers

0 = γ(0) ≤ γ(1) ≤ γ(2) ≤ · · · ≤ γ(N) = K

via
γ = [(1, γ(0))→ (1, γ(1))→ (2, γ(1))→ (2, γ(2))→ · · · → (N, γ(N))].

Choose positive parameters α1, . . . , αN and assign to a path γ the weight

w(γ) =

N∏︂
i=1

α
γ(i)−γ(i−1)
i .

A. Using complete homogeneous symmetric functions, prove that∑︂
γ:(1,0)→(N,K)

w(γ) = hK(α1, α2, . . . , αN ).

B. Consider pairs of paths γ1 : (1, J1)→ (N,K1), γ2 : (1, J2)→ (N,K2) which do not intersect:

Non-intersecting Intersecting Intersecting

Prove by direct count that the sum of w(γ1)w(γ2) over such pairs of non-intersecting paths is equal to

hK1−J1(α1, . . . , αN )hK2−J2(α1, . . . , αN )− hK1−J2(α1, . . . , αN )hK2−J1(α1, . . . , αN ).

Hint. The two terms being subtracted correspond to all paths and paths with intersections.
C. Extend the argument of part B tom–tuples of non-intersecting paths and prove∑︂

γ1:(1,J1)→(N,K1),
...

γm:(1,Jm)→(N,Km),
γ1,...,γm do not intersect

w(γ1)w(γ2) · · ·w(γm) = det
[︂
hKa−Jb(α1, . . . , αN )

]︂m
a,b=1

.
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D. Use partC to prove Proposition 2.17, by verifying that the right-hand side of (2.30) satisfies (2.28).
E. A generalization of part C is known as Lindström–Gessel–Viennot (LGV) lemma, which we now

present. Consider a finite2 directed acyclic graph and denote by V and E the sets of its vertices and
edges. Let w : E → C be an arbitrary weight function. For any path γ denote by w(γ) the product of
weights over the edges in the path: w(γ) =

∏︁
e∈γ w(e). We say that two paths γ1 and γ2 do not intersect

(notation γ1 ∩ γ2 = ∅) if they have no common vertices.
For any u, v ∈ V , let Υ(u, v) be the set of all (directed) paths from u to v. Set

T (u, v) =
∑︂

γ∈Υ(u,v)

w(γ). (2.52)

Let (u1, . . . , um) and (v1, . . . , vm) be two m-tuples of vertices of our graph, and assume that for any
nonidentical permutation σ ∈ Sn,{︁

(γ1, . . . , γm) | γi ∈ Υ
(︁
ui, vσ(i)

)︁
, γi ∩ γj = ∅, 1 ≤ i < j ≤ m

}︁
= ∅.

Prove that ∑︂
γ1∈Υ(u1,v1),...,γm∈Υ(um,vm)

γi∩γj=∅, 1≤i<j≤m

w(γ1) · · ·w(γm) = det
[︁
T (ui, vj)

]︁m
i,j=1

.

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Mac95], [ZJ08], and [BO17a].

2The assumption of finiteness is not necessary as long as the sums in (2.52) converge.



Chapter 3

Schur measures, PNG, and increasing
subsequences

In this chapter, we first introduce another interface growth model in the KPZ universality class that is
closely related to lattice models of 2d statistical mechanics. Then we connect this model to Schur mea-
sures and Schur processes (which are also introduced here). A degeneration of the constuction provides a
link to the Plancherel measure, last passage percolation, and longest increasing subsequences of random
permutations.

3.1 The discrete PNG

The discrete polynuclear growth model (PNG) is a growth model with discrete space, x ∈ Z, and discrete
time, t ∈ Z≥0. The height function h is integer-valued, h(x, t) ∈ Z for any x ∈ Z, t ∈ Z≥0. We consider
the PNG model in the droplet geometry, which corresponds to the initial condition h(x, 0) = 0, for any
x ∈ Z, and the dynamics

h(x, t+ 1) = max{h(x− 1, t), h(x, t), h(x+ 1, t)}+ ω(x, t+ 1), (3.1)

where the noise ω(x, t) is defined using auxiliary i.i.d. random geometric weights wi,j , i, j ∈ Z≥1 with

P (wi,j = k) = (1− aibj)(aibj)k, k ≥ 0,

and ai, bj are parameters satisfying 0 < aibj < 1 for all i, j = 1, 2, . . . . We have

ω(x, t) =

{︄
0, if t− x is even or |x| > t,

w t+x+1
2

, t−x+1
2

, if t− x is odd and |x| ≤ t.
(3.2)

Equivalently, ω(i− j, i+ j−1) = wi,j , i, j ∈ Z≥1, and all other ω(x, t) are 0, see Figure 3.1.1 We use the
set of parameters {ai, bj} in order to observe more clearly the algebraic structure underlying the model;
later, when we study large time asymptotics, we fix ai = bj =

√
q ∈ (0, 1), so that the parameter in the

geometric distribution is always q.
The procedure (3.1) for evolving h(x, t) into h(x, t + 1) can be described by the three rules shown

in Figure 3.2. For a better graphical visualization we view the function h(·, t) as a continuous interface:
instead of a single point at position (x, h(x, t)), we draw a horizontal segment of size 1 centered at x
at the vertical position h(x, t), and join the ends of the horizontal segments by vertical ones. Then the
rules are:

1The droplet geometry corresponds to ω(x, t) vanishing outside the cone, |x| > t; the droplet itself is visible in Figure 3.10.

39
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x

t
ij

Figure 3.1: Setting for the discrete PNG model. ω(x, t) are independent geometric random variables at
black dots and zeros everywhere else.

x− 1 x+ 1x

ω(x, t+ 1)

1. Creation
x− 1 x+ 1x

2. Growth

t → t+ 1

3. Island merging

overlap

Figure 3.2: Rules in discrete PNG.

1. The weight ω(x, t + 1) leads to creation of an island of width 1, spanning [x − 1
2 , x + 1

2 ], and of
height ω(x, t+ 1), placed on top of h(x, t).

2. The existing islands grow by 1 both in negative and in positive x–directions.

3. When two islands merge, they both continue growing, but their overlap becomes invisible and is
removed from the picture.

Let us consider an explicit example of Figure 3.3 for times t = 1, 2, 3. At time t = 0 we have a flat
interface. At time t = 1 an island of width 1 and height 2 appears because ofw1,1 random variable taking
the value 2. At time t = 2, this island grows to width 3, and two new islands are appended on top of it,
of heights 1 and 3, corresponding to values of w1,2 and w2,1. At time 3, the islands centered at −1 and 1
merge together, with the overlap removed, and then three more islands are appended on top.

It is clear from the example that for times t = 1, 2 we can recover from the graph of the height
function the values of the wi,j used so far (i.e., for i + j − 1 ≤ t): h(·, 1) contains full information on
w1,1; h(·, 2) contains full information on w1,1, w1,2, w2,1. However this is no longer possible for times
t ≥ 3, and the mapping from {wi,j , i+ j− 1 ≤ t} to {h(x, t), |x| ≤ t} is not a bijection anymore: in our
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x
t = 1

t = 2

t = 3

2 3 2

1 1

4

(a)

a1 a2 a3

b1

b2

b3
0 t = 01 2 3-1-2-3

(b)

0 t = 11 2 3-1-2-3
(c)

0

t = 2

1 2 3-1-2-3

(d)

0

t = 3

1 2 3-1-2-3
(e)

Figure 3.3: Example of the volution of the PNG model. In figure (a) the values of the random variables
w are represented on the plane (i, j). From (b) to (e) are the graphs of the height function at times
t = 0, 1, 2, 3. At t = 3 two islands meet and we have the formation of an overlap (in gray), which is
removed with no trace.

example, given h(·, 3), it is impossible to distinguish the two cases(︁
w1,1, w1,2, w2,1

)︁
= (2, 1, 3) or

(︁
w1,1, w1,2, w2,1

)︁
= (1, 2, 4).

Due to this loss of information, even a nice measure on the array wi,j does not translate to a simple
measure on {h(x, t), |x| ≤ t}, which complicates the analysis.

In order to maintain a bijection between the growth model and the underlying random variableswi,j ,
we need to extend the model. This extension is know as the multilayer PNG model.

3.2 The multilayer PNG

Themultilayer PNG is an evolution of the family of height functions {hℓ, ℓ ≥ 1}, where hℓ(x, t) is the ℓth
line of the model at time t, and h1 is the PNG height function from the previous section. By construction,
the lines are non-intersecting, i.e., h1(x, t) > h2(x, t) > h3(x, t) > . . . for each x and t. At time 0 the
evolution is initialized by horizontal lines hℓ(x, 0) = 1− ℓ, for each ℓ = 1, 2, . . . .

The evolution is defined as follows: first of all, h1(x, t) := h(x, t) (this is the function we actually
want to study). For the other lines, the dynamics of hℓ, ℓ ≥ 1, is given by the following recursion:

hℓ(x, t+ 1) = max {hℓ(x− 1, t), hℓ(x, t), hℓ(x+ 1, t)}+ ωℓ(x, t+ 1), (3.3)
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0

h1(x, 3)

1 2 3-1-2-3
h2(x, 3)

h3(x, 3)

h4(x, 3)

Figure 3.4: The multilayer PNG for the example in Figure 3.3 at time t = 3.

where for ℓ = 1 the noise ωℓ(x, t+ 1) is the same as ω(x, t+ 1) in (3.1), while for ℓ ≥ 2, wℓ(x, t+ 1) is
given by the new overlap on the site x at level ℓ − 1 when updating hℓ−1(·, t) ↦→ hℓ−1(·, t + 1). Let us
spell out the meaning of the overlap more formally. For t− x odd and ℓ = 1, 2 . . . we define the jumps,

η+ℓ (x, t) = hℓ(x, t)− hℓ(x− 1, t),

η−ℓ (x, t) = hℓ(x, t)− hℓ(x+ 1, t).
(3.4)

Geometrically, η±ℓ are the lengths of the vertical segments in the interface hℓ to the left (at x− 1
2 ) and to

the right (at x+ 1
2 ) of x. The parity is chosen so that both of these segments go down from the horizontal

segments at height hℓ(x, t), and consequently η+, η− ≥ 0. In terms of η±ℓ , the new overlap at the site x
is computed for ℓ = 2, 3, . . . as

ωℓ(x, t) =

{︄
min

{︁
η+ℓ−1(x+ 1, t− 1), η−ℓ−1(x− 1, t− 1)

}︁
if t− x is odd,

0 if t− x is even.
(3.5)

Due to the shift of indices, η+ℓ−1(x ± 1, t − 1) are the lengths of the vertical segments going up from
the horizontal segment at height hℓ−1(x, t). Hence, when updating from time t− 1 to time t, these two
segments collide, leading to island merging and readily matching ωℓ(x, t) with the previous intuitive
definition of the overlap and the last panel in Figure 3.3.

We leave as an exercise to the reader to check that the evolution rules (3.3), (3.5) imply that the
interfaces corresponding to hℓ, ℓ = 1, 2, . . . , remain non-intersecting (and do not share corners) at each
time t = 0, 1, 2, . . . , see [Joh03, Claim 3.7] for further details. In the example of Figure 3.3, the interfaces
hℓ, ℓ > 1, stay constant at times t = 1 and t = 2, and the first growth is at time t = 3, leading to the
interfaces of Figure 3.4.

In contrast to the top interface h1(·, t) = h(·, t), the joint law of the family {hℓ(·, t)}ℓ≥1 turns out to
be explicit at each time t = 0, 1, 2, . . . , as recorded in the following theorem.

Theorem 3.1. Suppose that hℓ evolve according to (3.3)–(3.5), with initial condition hℓ(x, 0) ≡ −ℓ+1 and
the driving noises ω1 = ω given by (3.2). Then at time t, the interfaces {hℓ(·, t)}ℓ≥1 almost surely satisfy
the following:

1. hℓ(x, t) ≡ 1− ℓ whenever |x| ≥ t (droplet geometry);

2. The interfaces {hℓ(·, t)}ℓ≥1 do not intersect and do not share corners;
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Figure 3.5: Illustration of Theorem 3.1 for the example in Figure 3.3.

3. The jumps η±ℓ of (3.4) are all non-negative.

The probability {hℓ}ℓ≥1 of a family satisfying the above three conditions is

∏︂
i+j≤t+1

(1− aibj)
∞∏︂
ℓ=1

∏︂
x : t−x is odd

[︃
a
η+ℓ (x,t)

(t+x+1)/2 · b
η−ℓ (x,t)

(t−x+1)/2

]︃
. (3.6)

Proof. An illustration for the theorem is given in Figure 3.5. The three properties satisfied by the in-
terfaces were all discussed in the construction. Note that the law of {hℓ(·, t)}ℓ≥1 depends only on wi,j

with i+ j ≤ t+1. In fact, the algorithm for constructing {hℓ(·, t)}ℓ≥1 implies that the possible families
{hℓ(·, t)}ℓ≥1 are in bijection with Zt(t+1)/2 realized as values of wi,j , i + j ≤ t + 1. This is because all
these values are encoded as heights of the islands in the interfaces — the bijectivity was precisely the
reason to introduce hℓ for ℓ > 1, and we refer to [Joh03, Section 3] for more details.

In the rest of the argument we prove the formula (3.6) by induction in t and analyze the change of
the weight of the collection of interfaces as t grows. As we transition from t to t+1, the random growth
of h1(·, t+ 1) is governed by t+ 1 random variables wi,j with i+ j = t+ 2.

When an island is created at point x at time t + 1 as in the first rule of Figure 3.2, the value of
w(t+1+x+1)/2,(t+1−x+1)/2 governs this creation. If we assume this value (height of the created island) to
be k, then we collect the weight of geometric distribution(︁

1− a(t+1+x+1)/2b(t+1−x+1)/2

)︁
· ak(t+1+x+1)/2 · b

k
(t+1−x+1)/2. (3.7)
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On the other hand, both η±1 (x, t+1) grow by k from the island creation, leading to multiplication by the
same factor (3.7) in (3.6).

All the remaining rules in t → t + 1 multilayer PNG evolution are deterministic, and we only need
to check that they keep the value of (3.6) unchanged. For the growth of an island in the second rule of
Figure 3.2 (and similar rule for hℓ with ℓ > 1), note that the a-parameters correspond to the left vertical
borders of islands. These borders move to the left, so that x decreases by 1 as t increases by 1. Hence, the
(t+x+1)/2 index in a-parameter in (3.6) corresponding to a given vertical border remains unchanged.
The b–parameters correspond to the right borders of islands, which move to the right with x increasing
by 1 as t increases by 1. Hence, the (t− x+ 1)/2 index in b-parameter in (3.6) is also unchanged.

For the island merging in the third rule of Figure 3.2 and similar rule for hℓ with ℓ > 1, note that
η±ℓ decrease by the overlap ωℓ+1 (cf. (3.5)), compared to if there were no overlap. But simultaneously
the island of the height ωℓ+1 is created in hℓ+1 leading to the increase of η±ℓ+1 by the same amount.
Hence, the overlap leads to transfer of factors between ℓ and ℓ + 1 parts of (3.6), with overall product
unchanged.

3.3 From PNG to skew Schur functions

Our next task is to connect the PNG to Schur symmetric functions. We look at the fixed time distribu-
tion of the multilayer PNG and encode the interfaces {hℓ(·, t)}ℓ≥1 as a sequence of Young diagrams or
partitions. For fixed t, we have 2t − 1 diagrams split into two groups λ(1), . . . , λ(t) and µ(1), . . . ,µ(t−1).
One group corresponds to even positions x and the other one to odd positions:

•
(︁
λ
(m)
i + 1− i

)︁
i≥1

=
(︁
hi(−t− 1 + 2m, t)

)︁
i≥1

, m = 1, 2, . . . , t.

•
(︁
µ
(m)
i + 1− i

)︁
i≥1

=
(︁
hi(−t+ 2m, t)

)︁
i≥1

, m = 1, 2, . . . , t− 1.
The correspondence for t = 3 is illustrated in Figure 3.6. There the configuration of Figure 3.4 is

matched to a sequence of Young diagrams ∅ ≺ (6) ≻ (3) ≺ (5, 1) ≻ (4) ≺ (6) ≻ ∅, where we recall the
interlacement condition (2.33).
Proposition 3.2. The interfaces {hℓ(·, t)}ℓ≥1 of the multilayer PNG at time t are in one-to-one correspon-
dence with sequences of interlacing Young diagrams:

∅ ≺ λ(1) ≻ µ(1) ≺ λ(2) ≻ µ(2) ≺ · · · ≻ µ(t−1) ≺ λ(t) ≻ ∅. (3.8)

The distribution of {hℓ(·, t)}ℓ≥1 induced by the PNG is recast in terms of Young diagrams as⎡⎣ ∏︂
i+j≤t+1

(1− aibj)

⎤⎦ · sλ(1)(a1) · sλ(1)/µ(1)(bt) · sλ(2)/µ(1)(a2) · · · sλ(t)/µ(t−1)(at) · sλ(t)(b1). (3.9)

Proof. Recall that the interlacement condition µ ≺ λ reads

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ . . . .

Hence, interlacement in (3.1) is a restatement of the second and third points in Theorem 3.1. The first
point in the same theorem implies that the sequence in (3.8) starts and ends with ∅. In view of the
evaluation of the skew Schur functions in one variable presented in the fourth point of Theorem 2.18,

sλ/µ(α) =

{︄
α
∑︁

i≥1(λi−µi), µ ≺ λ,
0, otherwise,

the weight (3.9) is the same as the PNG weight computed in (3.6).
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Figure 3.6: From interfaces to Young diagrams in multilayer PNG.

3.4 Schur measures and Schur processes

Inspired by Proposition 3.2, we present a generalization of a probability distribution on Young diagrams
(3.9). The resulting Schur measure and Schur process were first introduced in [Oko01a, OR03].

Definition 3.3. We call two specializations ρ1 and ρ2 (as in Section 2.4) admissible if they are both Schur-
positive, and the series

∑︁∞
k=1

pk(ρ1)pk(ρ2)
k is absolutely convergent. In this situation we denote

H(ρ1; ρ2) := exp

(︄ ∞∑︂
k=1

pk(ρ1)pk(ρ2)

k

)︄
. (3.10)

Definition 3.4. Given two admissible specializations ρ1, ρ2, the Schur measure is a probability measure on
Y with weights

P(λ) =
sλ(ρ1)sλ(ρ2)

H(ρ1; ρ2)
, λ ∈ Y. (3.11)

The Schur-positivity of ρ1 and ρ2 implies that P(λ) ≥ 0 for any λ ∈ Y. Applying ρ1 and ρ2 in
variables (x) and (y), respectively, to the Cauchy identity of Theorem 2.9 and justifying the convergence



CHAPTER 3. SCHUR MEASURES, PNG, AND INCREASING SUBSEQUENCES 46

λ(1) λ(2) λ(N)
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µ(N−1)

ρ−Nρ+N−1

· · ·
Figure 3.7: Diagram of a Schur process.

by using the absolute convergence of
∑︁∞

k=1
pk(ρ1)pk(ρ2)

k , we get
∑︁

λ P(λ) = 1. Hence, (3.11) indeed
defines a probability measure on Y.

Definition 3.5. GivenN = 1, 2, . . . and 2N specializations ρ+0 , ρ
+
1 , . . . , ρ

+
N−1, ρ

−
1 , ρ

−
2 , . . . , ρ

−
N , such that

for each i < j, the pair (ρ+i ; ρ
−
j ) is admissible, the Schur process (of rank N ) is a probability measure on

sequences of Young diagram λ(1), µ(1), λ(2), µ(2), . . . , µ(N−1), λ(N) with weights

P
(︃
λ(1), µ(1), λ(2), µ(2), . . . , µ(N−1), λ(N)

)︃
=

1∏︁
0≤i<j≤N

H(ρ+i ; ρ
−
j )
· sλ(1)(ρ+0 ) · sλ(1)/µ(1)(ρ−1 ) · sλ(2)/µ(1)(ρ+1 ) · · · sλ(N)/µ(N−1)(ρ+N−1) · sλ(N)(ρ−N ).

(3.12)

An illustration of the Schur process with a diagram is in Figure 3.7. Several remarks are in order:

• Due to the second property in Theorem 2.18, almost surely

λ(1) ⊃ µ(1) ⊂ λ(2) ⊃ · · · ⊃ µ(N−1) ⊂ λ(N);

• For N = t, ρ+i being one-α specialization with ai+1, 0 ≤ i ≤ t − 1, and ρ−i being one-α special-
ization with bt+1−i, 1 ≤ i ≤ t, we return to the multilayer PNG measure of Proposition 3.2;

• By choosing some specialization to be empty (0; 0; 0), we can enforce neighboring Young diagrams
to coincide. For instance, ρ−1 = (0; 0; 0) implies λ(1) = µ(1) almost surely, because

sλ/µ(0; 0; 0) =

{︄
1, λ = µ,

0, λ ̸= µ.
.

• For N = 1, the Schur process turns into a Schur measure.

For general N , Schur measures can be obtained from a Schur process as its marginals.

Theorem 3.6. The distribution of λ(k), obtained by summing (3.12) over all Young diagrams other than
λ(k), coincides with the Schur measure (3.11) with specializations ρ1 = (ρ+0 , ρ

+
1 , . . . , ρ

+
k−1) and ρ2 =

(ρ−k , ρ
−
k+1, . . . , ρ

−
N ).

Remark 3.7. Since we already know that the weights of the Schur measure (3.11) sum up to 1, a corollary
is that (3.12) is a probability distribution, i.e., the total sum over all λ(1), . . . , λ(N), µ(1) . . . , µ(N−1) is 1.
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Figure 3.8: Transformation of Schur process (top-left→ bottom-left→ bottom-right→ top-right).

Proof of Theorem 3.6. The proof is induction in N . Let us show how to sum over λ(1) and µ(1) to reduce
to the Schur process of rank N − 1. The argument is schematically shown in Figure 3.8. We denote

S = sλ(2)/µ(2)(ρ−2 ) · sλ(3)/µ(2)(ρ+2 ) · · · sλ(N)/µ(N−1)(ρ+N−1) · sλ(N)(ρ−N ).

This part is kept unchanged in the induction step. Applying two specializations to the skew Cauchy
identity (2.34), we get∑︂

κ∈Y
sκ/λ(ρ

+
0 )sκ/µ(ρ

−
1 ) = H(ρ+0 ; ρ

−
1 )
∑︂
τ∈Y

sλ/τ (ρ
−
1 )sµ/τ (ρ

+
0 ). (3.13)

Hence, choosing λ = ∅, µ = µ(1), κ = λ(1), we have∑︂
λ(1), µ(1)

1∏︁
0≤i<j≤N

H(ρ+i ; ρ
−
j )
· sλ(1)(ρ+0 ) · sλ(1)/µ(1)(ρ−1 ) · sλ(2)/µ(1)(ρ+1 ) ·S

=
∑︂
τ, µ(1)

H(ρ+0 ; ρ
−
1 )∏︁

0≤i<j≤N

H(ρ+i ; ρ
−
j )
· s∅/τ (ρ

−
1 ) · sµ(1)/τ (ρ

+
0 ) · sλ(2)/µ(1)(ρ+1 ) ·S. (3.14)

The presence of s∅/τ (ρ
−
1 ) forces τ = ∅, and this factors turns into 1. Summation over µ(1) can then be

done using the definition of the skew Schur functions (2.28). Therefore, (5.27) transforms into

H(ρ+0 ; ρ
−
1 )∏︁

0≤i<j≤N

H(ρ+i ; ρ
−
j )
· sλ(2)(ρ+0 , ρ

+
1 ) ·S.

Cancelling H(ρ+0 ; ρ
−
1 ) in the numerator and denominator, we recognize a rank (N − 1) Schur process,

in which the ρ−1 specialization disappeared, and the left-most specialization became the union (ρ+0 , ρ
+
1 ).

A similar argument shows how to sum over λ(N) and µ(N−1). Iterating both argumentsN − 1 times
in total, we arrive at rank 1 Schur process, with specializations ρ+0 , ρ

+
1 , . . . , ρ

+
k−1 in the left half and

ρ−k , ρ
−
k+1, . . . , ρ

−
N in the right half. This is the desired Schur measure.
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Remark 3.8. Exploiting the same argument based on the skew Cauchy identity as in the proof of Theorem
3.6, one can arrive at many more identities between marginals of Schur processes of different ranks N
whose specializations are related by taking unions.

Corollary 3.9. Fix t ∈ Z≥1 and x ∈ Z, such that t + x is odd and t − |x| ≥ 1, and identify the
multilayer PNG configuration {hℓ(x, t)}ℓ≥1 with {λ1, λ2 − 1, λ3 − 2, . . . } for a partition λ. Then λ
is distributed as a Schur measure (3.11) with two α–specializations ρ1 =

(︁
a1, a2, . . . , a(t+x+1)/2

)︁
and

ρ2 =
(︁
b1, b2, . . . , b(t−x+1)/2

)︁
.

In the particular case when t is odd, x = 0, and all ai and all bi parameters are equal to √q, the
resulting distribution is the same as in Theorem 1.4 with t = 2N − 1.

3.5 Continuous PNG

3.5.1 Poisson limit

The discrete PNG becomes a simpler (and arguably more attractive) model in the continuous limit, which
we now describe. The tradeoff is that the combinatorics and connections to Schur polynomials are harder
to spot and prove after this limit is taken.

Consider the discrete multilayer PNG model with all ai and bj parameters equal to √q so that wi,j ,
i, j ∈ Z≥1 are i.i.d. with distribution

P (wi,j = k) = (1− q)qk, k ≥ 0. (3.15)

Let us consider its q → 0 limit, simultaneously rescaling all the coordinates (i, j, x, t) by √q. In this
regime, the vast majority of wi,j are equal to 0, some of them are equal to 1, and a negligible amount of
wi,j are larger than one. We keep track of (i, j) where wi,j = 1, call such (i, j) points or particles, and
discard the remaining information.

Theorem 3.10. In the limit q → 0, the random set of points{︁(︁
i
√
q, j
√
q
)︁
: wi,j = 1

}︁
(3.16)

converges to the Poisson point process of intensity 1 in the positive quadrant. Simultaneously, for each fixed
(A,B) ∈ R2

>0,

lim
q→0

#
{︁(︁
i
√
q, j
√
q
)︁
∈ [0, A]× [0, B] : wi,j ≥ 2

}︁
= 0, in probability. (3.17)

If we instead use the (t, x) coordinate system, then we arrive at the Poisson point process of intensity 1
2 in

the rotated quadrant {(t, x) ∈ R2 | t ≥ 0, |x| ≤ t}.

Proof. We delay the detailed discussion of point process till the next chapter. For now, we only need
to know the fact that the Poisson point process of intensity ϱ is characterized by joint distributions of
particle counts in (good enough) sets. For disjoint sets those are independent. For a set A, the number
of points in A is distributed as a Poisson random variable Poi(ϱArea(A)):

P
(︁
Poi(ϱArea(A)) = m

)︁
= e−ϱArea(A) (ϱArea(A))m

m!
, m = 0, 1, 2 . . . . (3.18)

The independence is a direct corollary of the independence of the random variables wi,j . In order to see
(3.17), note that P(wi,j ≤ 1) = 1− q2. Hence, for a set with O(q−1) elements, probability that wi,j ≤ 1
for all (i, j) in this set is

(1− q2)O(q−1) = 1 +O(q).
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Figure 3.9: Height function of PNG model after the birth of 3 seeds.

Hence, probability of the complementary event is O(q) and tends to 0 as q → 0. In view of (3.17),
counting the points (3.16) belonging to a set A is (asymptotically) the same as summing wi,j over all(︁
i
√
q, j
√
q
)︁
in A. In order to compute the distribution of this sum, we recall that if ξ1, ξ2,. . . , ξr are i.i.d.

geometric random variables, as in (3.15), then ξ1 + · · ·+ ξr is negative binomial2:

P
(︁
ξ1 + · · ·+ ξr = m

)︁
= (1− q)rqm

(︃
m+ r − 1

m

)︃
, m = 0, 1, 2, . . . . (3.19)

Setting r = q−1Area(A) and sending q → 0, (3.19) turns into (3.18) with ϱ = 1.
The statement in (x, t)–plane is obtained by a rotation, as in (3.2).

3.5.2 Continuous PNG: singlelayer and multilayer versions

Let us spell out explicitly the process obtained in the limit q → 0 from the constructions of Sections 3.1
and 3.2. This is a continuous-space, continuous-time polynuclear growth model, which combines nucle-
ation events with growth in all directions. The origins of themodel in chemistry and physics can be traced
back to the Kolmogorov–Johnson–Mehl–Avrami (KJMA) framework [Kol37, JM39, Avr39, Avr40, Avr41],
which provides a statistical kinetic description of phase transformations based on random nucleation
events and subsequent isotropic growth. Later, the study of polymer crystal growth models led to for-
mulations closely related to the PNGmodel; see, for instance, [SD71, Fra74, Gol84]. In modern theoretical
physics and mathematics, the PNG model and its exact solvability were brought into focus by [PS00].

More precisely, we consider the following growth model, driven by a Poisson point process of in-
tensity 1

2 in the quadrant t ≥ 0, |x| < t of the (x, t)–plane, and illustrated in Figure 3.9.3 At time
t ∈ R≥0, the height profile is given by an integer-valued random function h(x, t), x ∈ R. At time zero,
h(x, 0) ≡ 0.

At any given time t and any space point x, the left and right limits of the function h(x, t) differ by
at most 1; in other words, h(x, t) is almost surely a step function with steps of size +1 (an “up step”,
when reading the function from left to right) and −1 (a “down step”). If there is a point of the Poisson
process at (z, t), then a nucleation event occurs: at time t, a seed is born at position x = z, consisting
of an up step and a down step, that is, h(z, t) increases by 1. After that, the down step moves to the
right with speed 1, while the up step moves to the left with the same speed. When a subsequent seed is
born, another pair of up and down steps appears and also begins to expand. When up and down steps
(originating from different seeds) meet, they annihilate and both disappear.

For the multilayer continuous PNG, we call the above evolution h1(x, t), and more generally intro-
duce hℓ(x, t), ℓ ≥ 2. The evolution rule for hℓ is exactly the same as for h1(x, t), expect for the origin of
the seeds: a seed on level ℓ, ℓ ≥ 2, is born at time t and position x when the up and down steps collide
at level ℓ− 1 at the same (x, t) position. A simulation is provided in Figure 3.10.

Theorem 3.11. For a fixed t ≥ 0, we identify the continuous multilayer PNG configuration {hℓ(0, t)}ℓ≥1

with {λ1, λ2 − 1, λ3 − 2, . . . } for a partition λ. Then λ is distributed as a Schur measure (3.11) with two
2A direct proof can be obtained by induction in r.
3As in the discrete setup, placing the nucleations into the cone |x| < t corresponds to the droplet geometry, cf. Figure 3.10.
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Figure 3.10: Multilayer PNG simulations. Left panel: after 20 nucleation events. Right panel: after 400
nucleation events.

Plancherel specializations ρ1 = ρ2 = (0; 0, t/2). This is also known as the Poissonized Plancherel measure
of weight

P(λ) = e−θ θ
|λ| dim2(λ)

(|λ|!)2
, θ =

t2

4
. (3.20)

Proof. We start from Corollary 3.9 for odd t, x = 0, and all ai = bj =
√
q. We rescale t by√q, so that the

specializations ρ1 and ρ2 become ( t√
q +1)/2 tuples of√q. Taking the limit to Plancherel, as in (2.44), we

get two specializations (0; 0; t
2). The Schur measure with these specializations was identified with (3.20)

by Proposition 2.26.

Note the difference between (3.20) and the Plancherel measure of (2.47): in the latter the number of
boxes n = |λ| was fixed, while in the former it fluctuates according to the Poisson distribution with pa-
rameter (mean) θ = t2/4. An analogue of Theorem 3.11 can be also obtained by a very similar argument
for the distribution of {hℓ(x, t)}ℓ≥1 for any fixed (x, t).

3.5.3 From PNG to LPP

An alternative way to view the continuous time PNG is via a graphical construction involving Poisson
points. Take a realization of the Poisson point process of intensity 1

2 in the quadrant t ≥ 0, |x| < t of the
(x, t)–plane, and draw two rays from each nucleation event in the up direction of slopes +1 and −1. A
ray ends upon crossing another ray. The union of all parts of (pieces of) rays obtained in this way forms
a collection of broken lines, see Figure 3.11. The height h1(x, t) is then the number of lines crossed along
the path from (x, 0) to (x, t). We leave it as an exercise to the reader to check that this construction leads
to exactly the same process as h1(x, t) in the previous section.4

As a consequence, we can interpret the PNG height as the last passage time in the Poissonian last
passage percolation model, cf. Section 1.4 and Figure 3.11.

Proposition 3.12. Consider the points of the Poisson process from the definition of continuous PNG. The
value h1(x, t) is equal to the maximal number of points one can collect along a path (0, 0)→ (x, t), which

4Hint: the rays represent the space-time trajectories of up and down steps.
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(0, t)

(0, t)

(0, 0)

Figure 3.11: Graphical construction of generating the interface height from the Poisson points, broken
lines and a monotone path collecting maximal number of points.

is monotone in the sense that x coordinate grows slower than t coordinate ( i.e., the absolute value of the path
slope is larger than 1).

Proof. Note that each point on the monotone path necessarily belongs to a different broken line. Hence,
the maximal number of points on a monotone path is at most h1(x, t). For the opposite inequality, one
proves by induction in k that each (x, t) between the kth (from the bottom) and the (k+1)st broken line
can be connected to (0, 0) by a monotone path going through k points of the process.

3.6 Longest increasing subsequences in a random permutation

Poissonian LPP naturally connects to a combinatorial question about permutations of {1, . . . , n}.

Definition 3.13. Let σ = (σ(1), . . . , σ(n)) ∈ Sn be a permutation of {1, . . . , n}. We say that σ has an
increasing subsequence of length k, (n1, . . . , nk) ⊂ (σ(1), . . . , σ(n)), if 1 ≤ n1 < n2 < · · · < nk ≤ n.

For example, (3, 4, 5, 6) is an increasing subsequence of length 4 for the permutation

σ =

(︃
1 2 3 4 5 6 7
3 4 1 7 5 2 6

)︃
. (3.21)

Definition 3.14. We denote by L(σ) the length of the longest increasing subsequence (or one of them) for
the permutation σ.

In order to connect to LPP, let us give a geometric interpretation of L(σ). Represent a permutation σ
asN points (k, σ(k)), k = 1, 2, . . . . ThenL(σ) is identified with the maximal number of points collected
along a top-right monotone (i.e., with both coordinates increasing) path joining (0, 0)with (n+1, n+1),
see Figure 3.12 for an example with n = 6.

We see a clear analogy with the construction of Section 3.5.3 which can be formalized by introducing
two different random variables:

• For n = 1, 2, 3, . . . , we let Ln be the length of the longest increasing subsequence in a uniformly
random permutation of n letters.
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k

σ(k)

1 2 3 4 5 6

1

2

3

4

5

6

σ =

(︃
1 2 3 4 5 6
6 2 4 3 1 5

)︃

Figure 3.12: Permutation (624315) with two longest increasing subsequences (2, 4, 5) and (2, 3, 5).

• For θ ∈ R>0 we let Lθ be obtained through a two-step sampling algorithm: first choose n to be
Poisson-distributed with parameter (mean) equal to θ. Then set Lθ = Ln, where we agree that
L0 = 0.

Theorem 3.15. The following distributional identities hold:

1. Lθ d
= h1(0, t), where h1(x, t) is the interface of the continuous PNG and θ = t2

4 .

2. Lθ d
= λ1, where λ ∈ Y is sampled from the Poissonized Plancherel measure (3.20).

3. Ln
d
= λ̃1, where λ̃ ∈ Yn is sampled from the Plancherel measure (2.47).

Proof. We prove the equalities in the order they are listed. Using Proposition 3.12 and rotating by π/4,
we see that h1(0, t) has the same law as the maximal number of points of the Poisson point process of
intensity 1

2 in the square
[︁
0, t√

2

]︁
×
[︁
0, t√

2

]︁
which can be collected among a monotone path connecting

(0, 0) with
(︁

t√
2
, t√

2

)︁
. Let the total number of points in this square be n, and let their coordinates be

(u1, v1),. . . , (un, vn). Then we are looking for the maximal length of a sequence 1 ≤ n1 < n2 < · · · <
nℓ ≤ n such that

un1 ≤ un2 ≤ · · · ≤ unℓ
, and vn1 ≤ vn2 ≤ · · · ≤ vnℓ

.

Note two facts, which follow from the basic properties of the Poisson point process of intensity 1
2 , cf.

[Kin93, DVJ03]:

• The distribution of n is Poisson with mean equal to half the area of
[︁
0, t√

2

]︁
×
[︁
0, t√

2

]︁
, i.e., with

mean t2

4 .

• Conditional on the value of n, the points (ui, vi) are uniformly distributed in
[︁
0, t√

2

]︁
×
[︁
0, t√

2

]︁
.

Hence, all their relative orders are equiprobable, and the maximal length of a monotone subse-
quence has the same distribution as Ln.

Comparing to the definition of Lθ with θ = t2

4 , we obtain the first equality. The second identity follows
from the first one and Theorem 3.11.
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For the third equality note that distributions in the both sides of the second equality are convergent
power series in θ. Their coincidence for all θ > 0 implies that the coefficients of these power series must
be the same. The coefficient of θn gives the desired equality.

The problem of the asymptotic behavior of Ln as n→∞ was formulated and promoted by Ulam in
the early 1960s [Ula61] in the context of Monte Carlo methods. The simulations (attributed by Ulam to
E. Neighbor) seemed to indicate Ln = O(

√
n) and Gaussian fluctuations. Early mathematical progress

wasmade byHammersley, who introduced a formulation through Poisson points on the plane and proved
a law of large numbers Ln ∼ c

√
n using subadditivity [Ham72]. The exact asymptotic constant was

predicted to be 2 based on simulations in [BB68] and heuristics in [Ham72]. Subsequently, Logan and
Shepp [LS77] showed c ≥ 2 and independently Vershik and Kerov [VK77] showed c = 2. These papers
exploited the interplay between Ln and the limit shape of Young diagrams under Plancherel measure (cf.
Figure 2.4) via the Robinson–Schensted correspondence, which is a variation of our approach here, but
without the detour through discrete PNG.

A central open question — the nature of the fluctuations — remained open until a breakthrough of
Baik, Deift, and Johansson [BDJ99], who showed that the asymptotic distribution of n1/6(Ln − 2

√
n)

is Tracy-Widom distribution F2; thus, Gaussian predictions from [Ula61] were wrong. Three influential
extensions of this result soon followed in [Joh01a, BOO00, Oko00]. We will also arrive at this asymptotic
statement in the next chapter. The book [Rom15] gives a very nice introduction to the mathematics
surrounding the longest increasing subsequences.

The problem of determining the asymptotics ofLn admits two real life interpretations. In the airplane
boarding problem, one imagines passengers with numbered seats arriving in random order along a single
aisle. A passenger can proceed to their seat only if all smaller-numbered passengers ahead of them
are already seated; once this condition is met, seating takes one unit of time. In this interpretation, Ln

represents the total time required to board the airplane. Further details on modeling the boarding process
can be found in [BBS+06].

Another popular viewpoint is provided by patience sorting, a solitaire card gamewhose greedy sorting
algorithm, introduced by Mallows [Mal73] and analyzed by Aldous and Diaconis [AD99], decomposes a
permutation into decreasing subsequences (“piles”), with the number of piles equal to the length of the
longest increasing subsequence. The mathematical model studied in these works involves a single card
suit, corresponding to a permutation of distinct numbers; the actual card game uses four suits and is
substantially more complex and far less understood.

3.7 Exercises

Problem 1. Consider the Schur process of Definition 3.5 and choose 1 ≤ k < m ≤ N . By generalizing
the proof of Theorem 3.6, show that the joint distribution of λ(k) and λ(m) is the same as the joint
distribution of two λs in the rank 2 Schur process

λ(k) ⊃ µ ⊂ λ(m)

with probability distribution

P
(︁
λ(k), µ, λ(m)

)︁
=

1

H(ρ̃+0 ; ρ̃
−
1 )H(ρ̃+0 ; ρ̃

−
2 )H(ρ̃+1 ; ρ̃

−
2 )
sλ(k)(ρ̃+0 )sλ(k)/µ(ρ̃

−
1 )sλ(m)/µ(ρ

+
1 )sλ(m)(ρ̃−2 ),

(3.22)
ρ̃+0 = (ρ+0 , ρ

+
1 , . . . , ρ

+
k−1), ρ̃+1 = (ρ+k , . . . , ρ

+
m−1), ρ̃−1 = (ρ−k , . . . , ρ

−
m−1), ρ̃−2 = (ρ−m, . . . , ρ

−
N ).
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Problem 2. Consider the Schur process of Definition 3.5 and choose 1 ≤ k ≤ N − 1. Prove that the
marginal distribution of µ(k) is a Schur measure. What are the specializations?

Problem 3. Let σ be a permutation of n letters. Show that σ necessarily either has an increasing subse-
quence of length

√
n or a decreasing subsequence of length

√
n. Recall thatLn is the length of the longest

increasing subsequence in a uniformly random permutation, and deduce the lower bound ELn ≥ 1
2

√
n.

Problem 4. Consider the unit square [0, 1] × [0, 1], take n points in the lower triangle 0 < y < x < 1,
other n points which are mirror-images with respect to the diagonal x = y, and yet other m points on
the diagonal x = y. If we order the resulting 2n+m points by their first coordinates, then the order of
second coordinates encodes a permutation σ. Assuming all x–coordinates and all y–coordinates to be
distinct, show that σ is an involution, i.e., σ2 = Id.

Problem 5. Our goal is to generalize the correspondence of Theorem 3.15 to hk(x, t), λk, λ̃k with k > 1.
A.The broken lines of Figure 3.11 have down-corners corresponding to the Poisson point process, and

up-corners corresponding to the new set of points. Erase all Poisson points and draw a new collection
of broken lines, by starting two new rays with slope ±1 from each new point and ending them upon
crossing. Here is an example:

(0, t)

(0, 0)

(0, t)

(0, 0)

Prove that the shifted height (h2(x, t)+ 1) is equal to the number of new broken lines crossed along the
path from (x, 0) to (x, t) and is also equal to the maximal number of new points one can collect along a
monotone path (0, 0)→ (x, t).

B. Extend the procedure of partA to a similar geometric way to compute hk(x, t), for each k ≥ 1.
C∗. Prove that for each k ≥ 1, the sum h1(x, t)+ (h2(x, t)+ 1)+ · · ·+(hk(x, t)+ k− 1) equals the

maximal number of the points of the Poisson process of Section 3.5.3, which can be collected by k paths
(0, 0)→ (x, t), which are monotone in the sense that x coordinate grows slower than t coordinate.

D. Prove Greene’s theorem: The distribution of λ1 + · · · + λk, for λ ∈ Yn distributed according to
the Plancherel measure, is the same as the maximal total length of k disjoint increasing subsequences in
a uniformly random permutation in Sn.

Problem 6. A semistandard Young tableaux of shape λ and rank N is a filling of a boxes of a Young
diagram λ with integers between 1 and N , in such a way that the entries are non-decreasing along the
rows and (strictly) increasing along the columns. Here are some examples for rank N = 5:

1 1 2 2

3 4

1 1 1 1

2 3

1 3 3 4

4 4

5
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Denote byMn
K,L the set of matrices of sizeK×Lwith nonnegative integral entries, total sum of en-

tries equal to n. The Robinson-Schensted-Knuth correspondence5 (RSK) establishes a bijection between
Mn

K,L and the set of ordered pairs of semistandard Young tableaux of the same shape with n boxes, the
first tableau of rankK , while the second of rank L.

A. Let 0 < q < 1. Consider a random K × L matrix with nonnegative integral entries that are
independent identically distributed random variables with geometric distributionP(ξ = m) = (1−q)qm,
m = 0, 1, . . . . Via the RSK, this randommatrix induces a probability distribution onY; the randomYoung
diagram is the shape of the tableaux associated to the random matrix. Show that this distribution is a
Schur measure. What are the specializations?

B. Let Wn
K denote the set of all words of length n in the alphabet {1, 2, . . . ,K}. Each such word

can be identified with an element of Mn
K,n, in which each column j has exacly one non-zero element,

which is equal to 1. Denoting the row of this element by w(j) ∈ {1, 2 . . . , n}, the matrix corresponds
to the word w(1)w(2) . . . w(n). Hence, RSK restricts ontoWn

K . Consider the following continuous time
Markov chain on the set of all words

⨆︁∞
n=0W

n
K , depending on K real parameters a1, . . . , aK ≥ 0: the

initial condition is the empty word of length 0; new letters are appended at the end of the word with
intensity ak for appending k, 1 ≤ k ≤ K (equivalently, a new letter k is appended after independent
exponential waiting time of mean a−1

k ). Applying the RSK and keeping track of the shape of the Young
tableau, we get a stochastic process on Young diagrams λt, t ≥ 0. Prove that for each fixed t, the law of
λt is a Schur measure. What are the specializations?
Hint. You can use without proof that for the restriction of RSK ontoWn

K , the second Young tableau is
standard, while the entries (with multiplicities) of the first one are the letters of the word.

C. Each permutation σ ∈ Sn can be represented as a word inWn
n , and therefore as a matrix inMn

n,n,
in which each row and each column have exactly one non-zero element equal to 1. Hence, we can apply
the RSK to permutations. Prove that the RSK pusforward of the uniform measure on Sn is the Plancherel
measure.

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Rob38], [Sch61], [Knu70], [Vie77], [Gre74], [Sag01], [BR01], [PS02],
and [OR03].

5You can use RSK a black box in this problem or read about it in [Ful97, Sag01].



Chapter 4

Determinantal point processes

In the previous chapter we discussed a connection between growth models and combinatorics of Schur
polynomials. It is not yet clear how this is going to help us in investigating the asymptotic questions.
The answer originates in the determinantal structures. Many results in integrable probability rely on
manipulations with determinants in various ways. The definitions and properties of Schur functions
already involved determinants in (2.14), (2.12), (2.24), (2.30). In this chapter we will see how determinants
appear in the probabilistic context of random point processes.

We start from abstract point processes, then specialize to determinantal point processes, and finally
show how the Schur measures fit into this formalism.

4.1 Point processes and correlation functions

Consider a reasonable “state space” or “one particle space” X, say the real line R, or the Euclidean space
Rd, or a discrete space such as the set Z of integers, or its subset. We assume that X is a topological
space, i.e., there are open sets, compact sets, convergence, etc. A point configuration X in X is a locally
finite (i.e., without accumulation points) collection of points of the space X. For our purposes it suffices
to assume that the points ofX are always pairwise distinct. The set of all point configurations in X will
be denoted as Conf(X).

A compact subset A ⊂ X is called a window. For a window A and X ∈ Conf(X), set NA(X) =
|A∩X| (number of points ofX in the window). Thus,NA is a function on Conf(X). We equip Conf(X)
with the Borel structure generated by functions NA for all windows A. In other words, we consider the
smallest σ–algebra, which makes all functions NA measurable.

Definition 4.1. A random point process on X is a probability measure on Conf(X).

We will often use the term particles for the elements of a random point configuration. Thus, we will
speak about particle configurations1.

For the first example we takeX to be the lattice Z of integers. A particle configuration on Z is simply
an arbitrary subset X ⊂ Z, the assumption of absence of accumulation points holds automatically.

Fix a real number p ∈ (0, 1). The Bernoulli point process with parameter p on Z is constructed as
follows: for each integer i ∈ Z we put a particle at the node i with probability p, independently of other
nodes. This procedure leads to a random particle configuration. Equivalently, the Bernoulli process is a
doubly infinite sequence ξi, i ∈ Z, of binary independent random variables, such that each ξi takes value

1Another point of view is to consider random point processes as random point measures, where the measure is the sum of
Dirac unit mass measures supported by the particle positions.

56
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1 or 0 with probability p or 1 − p, respectively. Then the random configuration X consists of those i’s
for which ξi = 1.

Lemma 4.2. For the Bernoulli point process, for each finite A ⊂ Z with |A| = n, the random variable NA

is distributed as a binomial random variable Bin(n, p):

P(NA = k) = pk(1− p)n−k

(︃
n

k

)︃
, 0 ≤ k ≤ n.

For disjoint sets A1, . . . , Am the random variables {NAj}mj=1 are independent.

Proof. The proof follows by observing that NA can be represented as a sum of n independent Bernoulli
random variables. Independence of NAj follows from the independence of ξi.

Our second example is the homogeneous Poisson process on R.

Definition 4.3. The Poisson point process on R of (constant) intensity ϱ is determined by random vari-
ables NA for each compact set A of Lebesgue measure |A| having a Poisson distribution of mean ϱ|A|, i.e.,
Poi(ϱ|A|):

P(NA = k) = e−ϱχ (ϱ|A|)k

k!
, k = 0, 1, 2, . . . .

For disjoint sets A1, . . . , Am the random variables {NAj}mj=1 are independent.

Remark 4.4. In the same way we can define the Poisson point process on Rd, with the only difference
being that A is now a compact subset of Rd. We stick to d = 1 throughout this section, but all the
constructions have direct analogues for d > 1.

The consistency of this definition follows from the fact that the sum of independent Poisson random
variables is again Poisson: Poi(a) + Poi(b) = Poi(a+ b).

If one wishes to construct the Poisson point process from a collection of i.i.d. random variables, there
are several ways to do so. The most classical construction proceed through the observation that spacings
between adjacent particles are independent exponential random variables of mean ϱ−1, see, e.g., [Bil12,
Section 23]. Alternatively, one can take a limit from the Bernoulli point process:

Lemma 4.5. Take ε > 0 and embed the integer lattice into R as εZ. Then the Bernoulli point process of
parameter p = εϱ converges in distribution as ε→ 0 to the Poisson process of intensity ϱ.

Proof. Let us start by decoding what “convergence in distribution” means. Since we defined the point
process through the random variables NA, we should also use them here. Hence, we say that point
processes converge in distribution whenever all finite-dimensional distributions of random variablesNA

(where A is a compact subset of X) converge.
Take an interval [u, v] ⊂ R and letmε denote the number of points of εZ belonging to the interval.

Clearly, εmε → v−u = length([u, v]) as ε→ 0. Hence, by a straightforward computation, forA = [u, v]

lim
ε→0

P
(︁
NBernoulli

A = k
)︁
= lim

ε→0

[︃
(εϱ)k(1− εϱ)mε−k (mε)!

(mε − k)!
· 1
k!

]︃
= e−ϱ(v−u) (ϱ(v − u))k

k!
= P

(︁
NPoisson

A = k
)︁
.

Hence, for A = [u, v] we have the desired convergence in distribution for NA. The same argument
also works for open intervals. Using independence for disjoint NA, which is true both for Bernoulli
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and Poisson cases, we extend the convergence to A being a union of intervals, and to joint distributions
over finite collections A1, A2, . . .Al. Representing open sets as unions of disjoint open intervals, we can
further extend to an arbitrary open and bounded A and to finite collections of those.

For a general compactA, we can always choose r large enough, so thatA ⊂ [−r, r]. Then [−r, r]\A
is open, and using the joint convergence for this set and for the segment [−r, r], we also get ε → 0
convergence for such NA.

Here is a different construction of the Poisson process:

Lemma 4.6. LetM = 1, 2, 3, . . . . Take the interval
[︂
−M

2ϱ ,
M
2ϱ

]︂
and placeM particles in it, uniformly and

independently of each other. In the limit asM →∞, these collections converge in distribution to the Poisson
point process of intensity ϱ.

Proof. Take two disjoint intervals: [x, y], [u, v] ⊂ R. For large enoughM , we have

P
(︁
k particles in [x, y] and l particles in [u, v]

)︁
=

M !

k!l!(M − k − l)!

(︃
ϱ
y − x
M

)︃k (︃
ϱ
v − u
M

)︃l (︃
1− ϱy − x

M
− ϱv − u

M

)︃M−k−l

.

SendingM →∞, we get the probabilities corresponding to the Poisson point process of intensity ϱ:

1

k!l!
(ϱ(y − x))k (ϱ(v − u))l exp

(︁
−ϱ(y − x)− ϱ(v − u)

)︁
.

The same argument works for any collection of disjoint intervals, and we arrive at Definition 4.3.

The limits of Lemmas 4.5 and 4.6 contain a few important ideas:

• First, the idea of a limit transition: starting from a discrete ensemble one can get a continuous
ensemble; starting fromM–particle configurations one can get infinite particle configurations.

• Second, the limit transition may lead to a simplification. The structure of the joint distribution of
NA1 , . . . , NAk

simplifies in the limit of Lemma 4.6: dependencies between particle counts disap-
pear asM →∞.

• Third, we observe a hint of the universality: very different object are leading to exactly the same
scaling limit in both lemmas.

How to describe a point process that would be more complicated than Poisson? The problem here
comes from the fact that the space of particle configurations Conf(X) is, typically, infinite–dimensional
and, thus, there is no natural “Lebesgue measure” which could be used for writing densities. One solution
is to use correlation functions.

Let us temporarily restrict ourselves to point processes on a finite or countable discrete space X (for
instance, the reader may assumeX = Z). Such a process is the same as a collection {ξx} of binary random
variables, indexed by elements x ∈ X, which indicate the presence of a particle at x. (They are often
called occupancy variables.) The Bernoulli process was a simple example. Now we no longer assume that
these variables are independent and identically distributed; they may have an arbitrary law. Their law
is simply an arbitrary probability measure P on the space of all configurations. This is a large space, it
can be described as the infinite product space {0, 1}X. Thus, defining a point process on X amounts to
specifying a probability measure P on {0, 1}X.
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Definition 4.7. Let A range over finite subsets of discrete X. The correlation function of a point processX
on X is the function ρ(A) defined by

ρ(A) = P(A ⊂ X).

If A has n points, A = {x1, . . . , xn}, then we also employ the alternative notation

ρ(A) = ρn(x1, . . . , xn).

In this notation, the single function ρ splits into a sequence of functions ρ1, ρ2, . . . , where ρn is a sym-
metric function in n distinct arguments from X, called the nth correlation function.

Equivalently, in terms of occupation random variables {ξx}, we have

ρn(x1, . . . , xn) = P(ξx1 = · · · = ξxn = 1). (4.1)

For example, for the Bernoulli process one easily sees that ρ(A) = p|A|.

Lemma 4.8. A random point process on a discrete set X is uniquely determined by its correlation functions.

Proof. The law of a point process on X is determined by the probabilities of all cylindrical events, de-
scribing the positions of particles. Those can be encoded using the following sets:

UB
A = {X : X ∩B = A} ⊂ Conf(X)

where A ⊂ B is a pair of finite sets. The sets UB
A generate the same σ–algebra on Conf(X) as functions

NA. A probability measure P on {0, 1}X is uniquely determined by its values P(UB
A ) on such sets. Thus,

it suffices to show that the correlation function determines these values. This follows from the formula

P(UB
A ) =

∑︂
C:A⊆C⊆B

(−1)|C|−|A|ρ(C),

which is a direct corollary of the inclusion–exclusion principle.

Let us now extend the definition of the correlation functions to arbitrary, not necessarily discrete
state spaces X. If the space is continuous, then the probabilities in Definition 4.7 might all be zeros, and
we need to adjust our point of view.

Definition 4.9. Given a random point process on X, we define a sequence {ρn}∞n=1, where ρn is a symmet-
ric measure on Xn called the nth correlation measure. The correlation measures are characterized by the
following property: for any n ≥ 1 and a compactly supported bounded Borel function f on Xn, one has

ˆ
Xn

fdρn = E

⎛⎝ ∑︂
xi1

,...,xin∈X
f(xi1 , . . . , xin)

⎞⎠ , (4.2)

where E denotes averaging with respect to our point process, and the sum on the right is taken over all
n-tuples of pairwise distinct points of the random point configuration X .

In particular, for n = 1 we have
ˆ
X
f(x)ρ1(dx) = E

(︄∑︂
x∈X

f(x)

)︄
,

and ρ1 is often called the density measure or intensity measure of a point process.
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Proposition 4.10. If X is discrete, then Definitions 4.7 and 4.9 coincide.

Proof. Given correlation functions in the discrete setting as in (4.1), we extend their definitions to possibly
coinciding xi by setting ρ(x1, . . . , xn) = 0 whenever xi = xj . Then ρ(x1, . . . , xn) can be treated as
weights of a measure on Xn. Let us check that (4.2) holds. Note that both sides are linear in f , and
therefore it is sufficient to choose some y1, . . . , yn ∈ X and verify the identity for

f(x1, . . . , xn) =

{︄
1, (x1, . . . , xn) = (y1, . . . , yn),

0, otherwise.

If yi = yj , for some i ̸= j, then both sides of (4.2) are zeros and, therefore, coincide. If all yi are distinct,
then the left-hand side is ρn(y1, . . . , yn), while the right-hand side is the expectation of the indicator
function for the event {y1 ∈ X, . . . , yn ∈ X}, i.e., it is the probability of that event. Comparing with
Definition 4.7, this is also ρn(y1, . . . , yn).

Definition 4.11. Suppose that for ameasureµ onX (called referencemeasure), all the correlationmeasures
have densities with respect toµ⊗n, n = 1, 2, . . . . Then the density of ρn is called thenth correlation function
and it is usually denoted by the same symbol ρn.

Often X = R and µ is the Lebesgue measure, so that the definition becomes:

ρn = ρn(x1, . . . , xn)dx1 · · · dxn.

In this case the probabilistic meaning of the nth correlation function is that of the density of probability
to find a particle in each of the infinitesimal intervals around points x1, x2, . . . xn:

ρn(x1, x2, . . . xn)dx1 · · · dxn ≈ P (there is a particle of X in each interval [xi, xi + dxi]).

As an exercise, the reader might check directly from Definition 4.9 that the nth correlation function
of intensity ϱ Poisson point process (with respect to Lebesgue measure) is identically equal to ϱn:

ρn ≡ ϱn, n ≥ 1.

Vaguely, correlation measures for the point processes play the same role as moments for the random
variables: under mild technical conditions they exist and uniquely determine the distribution. We refer to
[DVJ08, Section 9.5] for further discussions. The analogy with the moments becomes more transparent
in the following statement.

Theorem 4.12. Let ρn be correlation measures for a point processX ∈ X. For any compact set A ⊂ X, we
have

ENA =

ˆ
A
ρ1(dx), (4.3)

and, more generally, for each n ≥ 1

E
[︁
NA(NA − 1) · · · (NA − n+ 1)

]︁
=

ˆ
An

ρn(dx1, . . . ,dxn). (4.4)

Proof. We take f = 1A(x1)1A(x2) · · ·1A(xn) in (4.2). The left-hand side becomes´
An ρn(dx1, . . . ,dxn). The right-hand side is

E
[︁
#{distinct xi1 , . . . , xin ∈ X, such that they are all in A}

]︁
.

The expression under expectation is precisely NA(NA − 1) · · · (NA − n + 1): we have NA options for
choosing xi1 , NA − 1 options for choosing xi2 , etc.
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Similar formulas exist for joint distributions ofNA with several different setsA. Comparing with the
classical moment problem (cf. [Akh65] or [Bil12, Section 30]), the conclusion is that as long as the cor-
relation functions do not grow too fast (e.g. ρn(x1, . . . , xn) ≤ n2nCn for some C > 0 is sufficient), they
uniquely determine the joint distribution ofNA and therefore of the point process. [Len73] contains the
exact necessary growth conditions. In all examples of our interest these conditions are straightforward
to check.

Here is one way to compute correlation functions when the total number of particles is fixed.

Proposition 4.13. For a random point process with a fixed number of particles N , described by a joint
probability distribution P (dx1, . . . ,dxN ), symmetric with respect to permutations of the arguments and
assigning probability 0 to the diagonals xi = xj , the correlation measures for n ≤ N are given by

ρn(dx1, . . . , dxn) =
N !

(N − n)!

ˆ
xn+1,...,xN∈X

P (dx1, . . . , dxN ), n ≤ N. (4.5)

For n > N the correlation measures ρn vanish identically.

Proof. The statement for n > N is immediate from the definition. For n ≤ N we have

E

⎛⎜⎜⎝ ∑︂
xi1

,...,xin
pairwise distinct

f(xi1 , . . . , xin)

⎞⎟⎟⎠ =

ˆ
XN

∑︂
xi1

,...,xin
pairwise distinct

f(xi1 , . . . , xin)P (dx1, . . . ,dxN )

=
N !

(N − n)!

ˆ
XN

f(x1, . . . , xn)P (dx1, . . . ,dxN ),

where we used the symmetry of P (dx1, . . . ,dxN ) in the last equality.

4.2 Determinantal point processes

We now proceed to defining an important class of random point processes.

Definition 4.14. A point process onX is said to be determinantal if there exists a functionK(x, y) onX×X
such that the correlation functions (with respect to some reference measure) are given by the determinantal
formula

ρn(x1, . . . , xn) = det[K(xi, xj)]
n
i,j=1

for all n = 1, 2, . . . . The functionK is called the correlation kernel.

In particular, we have

ρ1(x1) = K(x1, x1), ρ2(x1, x2) = det

[︃
K(x1, x1) K(x1, x2)
K(x2, x1) K(x2, x2)

]︃
,

ρ3(x1, x2, x3) = det

⎡⎣K(x1, x1) K(x1, x2) K(x1, x3),
K(x2, x1) K(x2, x2) K(x2, x3)
K(x3, x1) K(x3, x2) K(x3, x3)

⎤⎦ .
Note that the values of determinants det[K(xi, xj)] do not depend on the ordering of the arguments

xi and vanish at xi = xj . Also the correlation kernel is not unique — gauge transformations of the form

K(x, y) ↦→ f(x)

f(y)
K(x, y) (4.6)
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with a non-vanishing f : X → C do not affect the correlation functions. Another freedom is in the
choice of the reference measure: if we simultaneously multiply the density of the reference measure by
a positive function f(x) and divide K(x, y) by the same function, then the correlation functions are
unchanged.

The main benefit of the determinantal structure is complexity reduction. The correlation kernel is a
single function of two variables while the correlation functions form an infinite sequence of functions
of growing number of variables. Thus, if a point process happens to be determinantal, it can be de-
scribed by a substantially reduced amount of data. This is parallel to Gaussian processes for which all
the information is encoded in a single covariance function.

Example 4.15. The Bernoulli point process is determinantal with respect to the counting measure on Zwith

K(x, y) =

{︄
p, x = y,

0, x ̸= y.

The Poisson point process of intensity ϱ is determinantal with respect to the Lebesgue measure on R with

K(x, y) =

{︄
ϱ, x = y,

0, x ̸= y.

Determinantal processes first appeared in the 1960s in the context of random matrix theory, with
the first examples going back to the work of Dyson [Dys62a, Dys62b, Dys62c]; see also the monograph
of Mehta [Meh04], first edition published in 1967, where the determinantal structure of eigenvalue cor-
relations became a standard tool. As a class, such processes were first distinguished in 1975 by Macchi
[Mac75], who considered the case when the correlation kernel is Hermitian (K(x, y) = K(y, x)) and
called them “Fermion processes”. In this case

ρ2(x, y) = ρ1(x)ρ1(y)− |K(x, y)|2 ≤ ρ1(x)ρ1(y),

which, from a probabilistic point of view, means that particles repel.
The term “determinantal point process” first appeared in [BO00b], together with the first natural ex-

amples of such processes with non-Hermitian kernels. A systematic probabilistic study of determinantal
point processes, including general existence results and limit theorems, was carried out by Soshnikov
[Sos00a]. Today the term is widespread, and determinantal point processes play a central role in random
matrix theory and integrable probability; there is aWikipedia article devoted to them. Other foundational
papers and influential reviews include [Lyo03, BR05, HKPV09, Bor11a, KT12].

An important class of determinantal random point processes is formed by biorthogonal ensembles.

Definition 4.16. Consider a state space X with a reference measure µ. AnN–point biorthogonal ensemble
on X is a probability measure on XN of the form

PN (dx1, . . . , dxN ) = cN · det
[︁
ϕi(xj)

]︁N
i,j=1

det
[︁
ψi(xj)

]︁N
i,j=1

· µ(dx1) · · ·µ(dxN )

for a normalization constant cN > 0 and functions ϕ1, ψ1, . . . , ϕN , ψN on X such that all integrals of the
form

´
X ϕi(x)ψj(x)µ(dx) are finite.

Theorem 4.17. Mapping (x1, . . . , xN ) ∈ XN to a point configuration {x1, . . . , xN} ⊂ X, any biorthog-
onal ensemble gives rise to a determinantal point process. Its correlation kernel has the form

K(x, y) =

N∑︂
i,j=1

ϕi(x)ψj(y)
[︁
G−T

]︁
ij
, (4.7)
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where −T means inverse transpose, and G =
[︁
Gij

]︁N
i,j=1

is the Gram matrix defined by

Gij =

ˆ
X
ϕi(x)ψj(x)µ(dx).

Remark 4.18. When the functions ϕi(x) and ψj(y) are biorthogonal, the Gram matrix is diagonal and
can be easily inverted. This is the origin of the name “biorthogonal ensemble”.

Proof of Theorem 4.17. Applying the Cauchy-Binet formula (in the context of integrals it is also known
as the Andréief identity [And86]) of Proposition 2.10 :ˆ

XN

det
[︁
ϕi(xj)

]︁N
i,j=1

det
[︁
ψi(xj)

]︁N
i,j=1

· µ(dx1) · · ·µ(dxN ) = N ! detG.

This implies that the normalization constant cN in the definition of the biorthogonal ensemble above is
equal to (N ! detG)−1, and that the matrix G is invertible.

We need to prove that ρn(x1, . . . , xn) = det
[︁
K(xi, xj)

]︁n
i,j=1

for any n ≥ 1. For n > N both sides
vanish: the right-hand side is zero because the matrix under determinant has rank no more than N due
to the explicit formula forK .

Assume n ≤ N . By formula (4.5) for the correlation functions,

ρn(x1, . . . , xn) =
N !cN

(N − n)!

ˆ
XN−n

det
[︁
ϕi(xj)

]︁N
i,j=1

det
[︁
ψi(xj)

]︁N
i,j=1

µ(dxn+1) · · ·µ(dxN ).

Let A and B be twoN ×N matrices such that AGBT = Id. Due to invertibility ofG such two matrices
exist, but they are not unique. Set

Φk =
N∑︂
l=1

Aklϕl, Ψk =
N∑︂
l=1

Bklψl, k = 1, . . . , N.

Then
⟨Φi,Ψj⟩L2(X,µ) = [AGBT]ij = 1i=j .

On the other hand, for any x1, . . . , xN ,

det
[︁
Φi(xj)

]︁N
i,j=1

= detA det
[︁
ϕi(xj)

]︁N
i,j=1

,

det
[︁
Ψi(xj)

]︁N
i,j=1

= detB det
[︁
ψi(xj)

]︁N
i,j=1

.

Also AGBT = Id implies detA detB detG = 1. Hence, the formula for the correlation functions can
be rewritten as

ρn(x1, . . . , xn) =
1

(N − n)!

ˆ
XN−n

det
[︁
Φi(xj)

]︁N
i,j=1

det
[︁
Ψi(xj)

]︁N
i,j=1

µ(dxn+1) · · ·µ(dxN ).

Opening up the determinants and using the fact that Φi’s and Ψj ’s are biorthogonal, we obtain

ρn(x1, . . . , xn) =
1

(N − n)!

ˆ
XN−n

∑︂
σ,τ∈SN

(−1)στ
[︄

N∏︂
i=1

Φσ(i)(xi)Ψτ(i)(xi)

]︄
µ(dxn+1) · · ·µ(dxN )

=
1

(N − n)!
∑︂

σ,τ∈SNσ(k)=τ(k), k>n

(−1)στ
n∏︂

i=1

Φσ(i)(xi)Ψτ(i)(xi)

=
∑︂

1≤j1<···<jn≤N

detΦj1,...,jn detΨj1,...,jn ,
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Figure 4.1: Left panel: points from Circular Unitary Ensemble. Right panel: uniformly random points.

where Φj1,...,jn is the submatrix of Φ := [Φj(xi)]i=1,...,n
j=1,...,n

formed by columns j1, . . . , jn, and similarly for

Ψj1,...,jn . The Cauchy-Binet formula now yields ρn(x1, . . . , xn) = detΦΨT, and

[ΦΨT]ij =

N∑︂
k,l,m=1

AklBkmϕl(xi)ψm(xj) =

N∑︂
l,m=1

[ATB]lmϕl(xi)ψm(xj).

The right-hand side is equal toK(xi, xj) because AGBT = Id is equivalent to ATB = G−T.

Important examples of biorthogonal ensembles come from the random matrix theory. One case is
the measure on N–particle configurations on the unit circle, |z| = 1, with density with respect to the
Lebesgue measure given by

1

(2π)NN !

∏︂
1≤i<j≤N

|zi − zj |2, |zi| = 1, i = 1, 2, . . . , N. (4.8)

It can be identified with the distribution of eigenvalues of the N ×N random unitary matrices sampled
from the uniformmeasure, see e.g., [Meh04, Chapters 10,11] or [For10, Chapter 2]. ThisN–point process
is known as the Circular Unitary Ensemble or CUE. The CUE eigenvalue density is the spectral represen-
tation of the Haar measure, formally expressed by the Weyl Integration Formula [Wey26, Wey39]. This
result provides the analytical form for the geometric structures discovered in Cartan’s classification of
Lie groups [Car94], later adapted by Dyson [Dys62a] to model quantum level statistics.

Figures 4.1 and 4.2 reveal striking differences between the behavior of points of CUE, as compared to
the uniformly random points on the unit circle. The eigenvalues exhibit much more rigidity, caused by
their repulsion expressed through |zi − zj | factors in (4.8).

Proposition 4.19. CUE (4.8) is a determinantal point process with correlation kernel with respect to the
Lebesgue measure on the unit circle (of total mass 2π) given by

K(z, w) =
1

2π
· 1− (zw̄)N

1− zw̄
, |z| = |w| = 1, (4.9)

where w̄ denotes the complex conjugate of w.
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CUE: Gaudin-Mehta distribution
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Figure 4.2: Histrograms for adjacent spacings for points in Figure 4.1. Red curves are theoretical asymp-
totic distributions for the spacings as N →∞, which is the exponential distribution for the right panel
and is called the Gaudin-Mehta distribution for the left panel.

Proof. Using the Vandermonde determinant (2.15), we rewrite (4.8) as

1

(2π)NN !
det
[︁
zi−1
j

]︁N
i,j=1

det
[︁
z̄i−1
j

]︁N
i,j=1
|dz1| · · · |dzN |. (4.10)

Hence, we are in the framework of Theorem 4.17 with the Gram matrix

Gij =

ˆ
|z|=1

zi−1z̄j−1|dz| = 1

i

˛

around 0

zi−j−1dz =

{︄
2π, i = j,

0, otherwise.
(4.11)

Inverting G is straightforward, and (4.7) turns into

K(z, w) =
1

2π

N∑︂
i=1

(zw̄)i−1 =
1

2π
· 1− (zw̄)N

1− zw̄
.

Another case of a biorthogonal ensemble is the measure on N–particle configurations x1 > x2 >
· · · > xN in R with density

1

(2π)N/2
∏︁N−1

j=1 j!

∏︂
i<j

(xi − xj)2
∏︂
i

e−
1
2
x2
i , (4.12)

which is the distribution of eigenvalues of a random Hermitian matrix M from Gaussian Unitary En-
semble (GUE), i.e.,M = 1

2(Y + Y ∗), where Y is a matrix of i.i.d. N (0, 1) + iN (0, 1) elements, and Y ∗

its transpose-conjugate matrix, see e.g., [?, For10, AGZ10, ABDF11] for further details. The correlation
kernel of (4.12) is often written down in terms of the Hermite orthogonal polynomials (see exercises),
making it one of the instances of an orthogonal polynomial ensemble. An alternative contour integral
expression for the correlation functions of (4.12) will be presented in Section 5.8.
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4.3 Correlation functions of the Schur measure

Our next goal is to show that any Schur measure is a determinantal point process. We will split the
discussion into two steps. In the first step, we deal with Schur measures with two specializations into
finitely many α–parameters. In other words, we consider the probability measure

P(λ) =
N∏︂

i,j=1

(1− xiyj) · sλ(x1, . . . , xN )sλ(y1, . . . , yN ). (4.13)

Directly from Definition 2.8, the Schur functions sλ(x1, . . . , xN ) are non-zero only if ℓ(λ) ≤ N . We
encode such λ through a finite point configuration

XN (λ) =
{︁
λj +N − j

}︁N
j=1
⊂ Z≥0.

Theorem 4.20. Let λ be distributed as in (4.13), where xi and yj are non-negative real numbers, such that
|xiyj | < 1 for each i, j = 1, . . . , N . Then the point processXN (λ) is determinantal, with correlation kernel
(with respect to the counting measure) given by a double contour integral:

K(ℓ1, ℓ2) =
1

(2πi)2

‹ N∏︂
k=1

(v − yk)(1− wxk)
(1− vxk)(w − yk)

· v
−ℓ1−1wℓ2

w − v
dvdw, ℓ1, ℓ2 ∈ Z≥0, (4.14)

where the integration is over positively-oriented contours which enclose the singularities at v = (xk)
−1 and

w = yk, but leave out the singularities at v = w or v = 0. In particular, the contours do not intersect, cf.
Corollary 4.22 and Figure 4.4 below.

Proof. The definition of Schur functions (1.6) and definition of P(λ) in (4.13) imply that

P(λ) =
1

Z
det
[︂
x
λj+N−j
i

]︂N
i,j=1

det
[︂
y
λj+N−j
i

]︂N
i,j=1

. (4.15)

We recognize a biorthogonal ensemble on Z≥0 in the right–hand side of (4.15). Therefore, we can use
Theorem 4.17 which yields that XN (λ) is a determinantal point process with correlation kernel

˜︁K(ℓ1, ℓ2) =
N∑︂

i,j=1

xℓ1i y
ℓ2
j G

−T
ij ,

where G−T
ij is the inverse–transpose matrix of the N ×N Gram matrix

Gij =
∑︂
ℓ≥0

xℓiy
ℓ
j =

1

1− xiyj
.

The determinant of G was computed in Proposition 2.12:

det
[︁
Gij

]︁N
i,j=1

= det

[︃
1

1− xiyj

]︃N
i,j=1

=

∏︁
i<j(xi − xj)

∏︁
i<j(yi − yj)∏︁N

i,j=1(1− xiyj)
. (4.16)

By Cramer’s rule, we have (︁
G−T

)︁
kℓ

=
(−1)k+ℓ det[Gij ]i̸=k,j ̸=ℓ

det[Gij ]Ni,j=1

.
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λ = (5, 2, 1, 1)

51-1-2-4-5-6

Figure 4.3: Particle configuration X(λ).

Using the fact that submatrices of Gij are matrices of the same type, and their determinants can be
evaluated using (4.16), we obtain(︁

G−T
)︁
kℓ

=

∏︁N
a=1(1− xayℓ)(1− xkya)

(1− xkyℓ)
∏︁

b̸=k(xk − xb)
∏︁

c̸=ℓ(yℓ − yc)
. (4.17)

We claim that

˜︁K(ℓ1, ℓ2) =
N∑︂

i,j=1

xℓ1i y
ℓ2
j G

−T
ij =

1

(2πi)2

‹ N∏︂
k=1

(1− zyk)(1− wxk)
(z − xk)(w − yk)

· z
ℓ1wℓ2

1− zw
dzdw, (4.18)

with contours chosen so that they enclose the singularities at z = xk and w = yk, but do not enclose
the singularity at zw = 1. Indeed, (4.18) is just the evaluation of the double integral as the sum of the
residues. Changing the variables z = 1/v in (4.18) we arrive at (4.14).

For more general specializations in the Schur measure, the particle configuration XN (λ) no longer
works, and there is no N that makes λi + N − i non-negative for all i. Hence, we introduce infinite
particle configurations in Z instead. Given a Young diagram λ, we associate to it a point configuration

X(λ) =
{︁
λi − i+ 1

}︁∞
i=1
⊂ Z. (4.19)

Note that X(λ) is semi–infinite, i.e., there are finitely many points to the right of the origin, and all but
finitely many points to the left of the origin belong to X(λ). The construction of X(λ) is illustrated in
Figure 4.3.

We recall the most general Schur measure of Definition 3.4 and introduce the notation

H(ρ; z) =

∞∑︂
k=0

hk(ρ)z
k = exp

(︄ ∞∑︂
k=1

pk(ρ)
zk

k

)︄
.

Theorem 4.21. Suppose that λ ∈ Y is distributed according to the Schur measure with two admissible
specializations ρ1, ρ2. Then X(λ) is a determinantal point process on Z with correlation kernel K(ℓ1, ℓ2)
defined by

K(ℓ1, ℓ2) =
1

(2πi)2

‹
H(ρ1; v)H(ρ2;w

−1)

H(ρ2; v−1)H(ρ1;w)

v−ℓ1wℓ2−1

v − w
dvdw, ℓ1, ℓ2 ∈ Z, (4.20)
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with integration over two positively oriented circles around the origin |w| = R1, |v| = R2 such that R1 <

R2 and the functions
∞∑︁
k=1

pk(ρ1)
uk

k ,
∞∑︁
k=1

pk(ρ1)
u−k

k ,
∞∑︁
k=1

pk(ρ2)
uk

k ,
∞∑︁
k=1

pk(ρ2)
u−k

k , are holomorphic in the

annulus R1− ε < |u| < R2 + ε. In particular, if |pk(ρ1)| < Crk and |pk(ρ2)| < Crk with some constants
C > 0 and 0 < r < 1, then any r < R1 < R2 < r−1 are suitable.2

We included Schur positivity of ρ1 and ρ2 in the conditions of the theorem, yet it is a purely algebraic
statement which holds more generally, as long as all the series arising in the statement are absolutely con-
vergent. An important example going beyond our admissible specializations is given by the z–measures
on partitions, for which sλ(ρ1) and sλ(ρ2) do not have to be real numbers, but their product is real non-
negative, see [BO06, Theorem A, s = t case] for a direct analogue of (4.20) and references therein for the
earlier literature on the z-measures

Determinantal structure of Schur measures was discovered in [Oko01a], following an earlier develop-
ments for z–measures in [Oko01b]; his approach through the Fock space is outlined in the exercises for
this chapter. Our proof through Theorem 4.20 is very different from that paper and is closer to [Joh01b].

Proof of Theorem 4.21. We have to prove that for any finite set A = {a1, . . . , am} ⊂ Z we have∑︂
λ:A⊂X(λ)

sλ(ρ1)sλ(ρ2)

H(ρ1; ρ2)
= det

[︁
K(ai, aj)

]︁m
i,j=1

. (4.21)

Let us first prove the following identity of formal power series. Let x = (x1, x2, . . . ) and y = (y1, y2, . . . )
be two infinite sets of variables; then

∞∏︂
i,j=1

(1− xiyj)
∑︂

λ:A⊂X(λ)

sλ(x)sλ(y)
?
= det

[︂ ˆ︁K(ai, aj)
]︂m
i,j=1

, (4.22)

where the kernel ˆ︁K is a power series defined through,

ˆ︁K(ℓ1, ℓ2) =
1

(2πi)2

‹
(︃ ∞∑︁

k=0

hk(x)v
k

)︃(︃ ∞∑︁
k=0

hk(y)w
−k

)︃
(︃ ∞∑︁

k=0

hk(y)v−k

)︃(︃ ∞∑︁
k=0

hk(x)wk

)︃ v−ℓ1−1wℓ2−1

1− w
v

dvdw. (4.23)

Here the integral should be understood in the following sense: we expand

1

1− w
v

= 1 +
w

v
+
w2

v2
+
w3

v3
+ . . . , (4.24)

convert the integrand in (4.23) into a (Laurent) power series in w and v, and collect the coefficient of
v−1w−1. In this way the integral becomes a power series in hk(x) and hk(y) with integer coefficients.
We choose some d = 0, 1, 2, . . . and consider the degree d (with respect to x and y) component of this
series — this is an element of Λ⊗ Λ.

The left-hand side of (4.22) is also a power series in hk(x) and hk(y)with integer coefficients. Again,
we can consider the degree d component of this series as an element of Λ⊗ Λ.

Hence, the meaning of (4.22) is that for each d the corresponding elements of Λ ⊗ Λ in both sides
coincide. In order to check that, we chooseN and project onto finite sets of variables by setting xN+1 =

2Generally speaking, such R1, R2 and the corresponding integration contours do not have to exist. However, in all inter-
esting examples we know of, either they exist, or contours can be deformed so that (4.20) still holds.
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xN+2 = · · · = 0 and yN+1 = yN+2 = · · · = 0. An identity in Λ⊗Λ turns into an identity in ΛN ⊗ΛN ;
if we manage to prove it for each large enough N , then we would be done, because Λ = lim←−ΛN .

For finite N , we start from the result of Theorem 4.20, and rewrite the kernel for XN (λ) as

1

(2πi)2

‹ N∏︂
k=1

(1− v−1yk)(1− wxk)
(1− vxk)(1− w−1yk)

· v
N−ℓ1−1wℓ2−N

w − v
dvdw, ℓ1, ℓ2 ∈ Z≥0.

We now specify xi and yi to be small positive numbers, choose the v–contour to be a negatively oriented
circle of radius 2 (we absorbed∞ into the contour, which is allowed because of the decay of the integrand)
and w–contour to be a positively oriented circle of radius 1

2 , both centered at the origin. In the next step
we will flip the orientation of the v–contour changing the sign of the integral simultaneously.

Note that XN (λ) differs from X(λ) by shift by (N − 1) and addition of particles extending to −∞.
The latter does not matter, because for large enough N , the set A = {a1, . . . , am} of our interest does
not have any of these additional particles. Absorbing the shift and using theH–notations, the kernel for
X(λ) becomes

1

(2πi)2

‹
H(x1, . . . , xN ; v)H(y1, . . . , yN ; w−1)

H(x1, . . . , xN ; w)H(y1, . . . , yN ; v−1)
· v

−ℓ1−1wℓ2−1

1− w
v

dvdw, ℓ1, ℓ2 ∈ Z>−N .

Because
⃓⃓
w
v

⃓⃓
< 1, we can use the expansion (4.24), and then compute the v–integral as the residue at

∞ and w–integral as the residue at 0. This gives the same meaning to the integral as in (4.23). Since xk
and yk can take arbitrarily small values, and we deal with power series in these variables, the evaluation
of the correlation functions can be viewed as a power series identity in (x1, . . . , xN ) and (y1, . . . , yN ).
This proves a finite N version of (4.22). Sending N →∞, we get (4.22) itself.

From (4.22) we obtain (4.21) by applying specializations ρ1 and ρ2 and choosing the contours on
which all four H(ρ1; v), H(ρ2;w

−1), H(ρ2; v
−1), H(ρ1;w) are given by converging series in terms of

the specialized hk.

Let us specialize Theorems 4.20 and 4.21 to our running examples. The first one is the Schur measure
with α–specializations (4.13) with x1 = x2 = · · · = xN = y1 = y2 = · · · = yN =

√
q, which is relevant

to the last passage percolation (Theorem 1.4) and discrete PNG (Corollary 3.9).

Corollary 4.22. For 0 < q < 1, let λ = (λ1 ≥ · · · ≥ λN ≥ 0) be distributed according to (see (2.51) for
the equivalence of two forms)

P(λ) = (1− q)N2[︁
sλ(
√
q, . . . ,

√
q)
]︁2

= (1− q)N2
q|λ|

⎡⎣ ∏︂
1≤i<j≤N

λi − i− λj + j

j − i

⎤⎦2

.

Then XN (λ) =
{︁
λi +N − i

}︁N
i=1
⊂ Z≥0 is a determinantal point process with kernel

K(ℓ1, ℓ2) =
1

(2πi)2

‹ [︃
(v −√q)(1− w√q)
(1− v√q)(w −√q)

]︃N
· v

−ℓ1−1wℓ2

w − v
dvdw, ℓ1, ℓ2 ∈ Z≥0, (4.25)

where the v–contour is a small positively oriented loop around 1√
q and w–contour is a small positively

oriented loop around
√
q, see the left panel of Figure 4.4.

We remark that the integrand has no residue at v = ∞. Hence, the v–contour can be modified into
a circle of radius 1 around the origin, at the expense of changing the sign of the integral. The integrand
also has no residue at w = 0, hence, this point can be included in the w–contour.
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√
q 1√

q

w v

0

w

v

Figure 4.4: Integration contours in Corollary 4.22 on the left and Corollary 4.23 on the right.

The second example is relevant to continuous PNG (Theorem 3.11) and longest increasing subse-
quences in random permutations (Theorem 3.15). In this situation we use the Plancherel specialization
ρ = (0; 0; γ) of Proposition 2.26 with

H
(︁
(0; 0; γ); z

)︁
= exp(γz)

and apply Theorem 4.21 with γ =
√
θ.

Corollary 4.23. For θ > 0, let λ ∈ Y be distributed according to the Poissonized Plancherel measure:

P(λ) = e−θ
[︁
sλ(0; 0;

√
θ)
]︁2

= e−θ θ
|λ| dim2(λ)

(|λ|!)2
. (4.26)

Then X(λ) =
{︁
λi + 1− i

}︁∞
i=1
⊂ Z is a determinantal point process with kernel

K(ℓ1, ℓ2) =
1

(2πi)2

‹
exp

(︃√
θ

(︃
v − 1

v

)︃
−
√
θ

(︃
w − 1

w

)︃)︃
· v

−ℓ1wℓ2−1

v − w
dvdw, ℓ1, ℓ2 ∈ Z

(4.27)
where the v– and w–contours are positively oriented loops around 0; the w–contour is inside the v–contour,
as in the right panel of Figure 4.4.

Note the sign differences: w−v in (4.25) vs v−w in (4.27) caused by different choices of the contours. If
we deform the v-contour in (4.25) trough the infinity to enclose thew-contour, then it becomes negatively
oriented. Changing the orientation and taking appropriate q → 0,N →∞ limits of (4.25) leads to (4.27).

4.4 Gap probabilities and Fredholm determinants

The correlation kernel contains a lot of information about a determinantal point process, and we need
to learn how to extract this information. We start from gap probabilities.

Theorem 4.24. Let X be a determinantal point process on X with correlation kernelK(x, y) with respect
to a reference measure ν. For a measurable set A, we have

P(no points in A) = det
(︁
Id−K

)︁
L2(A,ν)

=
∑︂
n≥0

(−1)n

n!

ˆ
An

det
[︁
K(xi, xj)

]︁n
i,j=1

ν(dx1) · · · ν(dxn),

(4.28)
assuming that the right-hand side is well-defined, i.e., that the series is absolutely convergent.
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The notation det
(︁
Id−K

)︁
L2(A,µ)

is a Fredholm determinant for the trace-class integral operator with
kernelK(x, y) acting inL2(A,µ). The

∑︁∞
n=0 expression is the Fredholm expansion for this determinant,

which can be taken as a definition, see, e.g., [Lax02] or [Sim05b]. An alternative definition could be
det
(︁
Id−K

)︁
=
∏︁∞

i=1(1− λi), where λi are eigenvalues ofK in L2(A,µ).
For finite matrices the Fredholm determinant is the same as the usual determinant and matches other

definitions. In particular, expanding the determinant by multilinearity, for N ×N matrixKab, we have

det
[︂
1a=b −Kab

]︂N
a,b=1

=
N∑︂

n=0

(−1)n

n!

N∑︂
a1,...,an=1

det
[︂
Kai,aj

]︂n
i,j=1

,

where only the terms with all distinct ai are non-zero and correspond to various principal minors of the
matrix [Kab]

N
a,b=1.

Absolute convergence of the series (4.28) is related to the unique determination of the random vari-
able NA by its moments, cf. discussion after Theorem 4.12. Indeed, by this theorem the n–tuple integral
in (4.28) is the nth factorial moment of NA and it is smaller than the nth standard moment ENn

A. Con-
vergence of the series

∑︁
n≥0

nth moment
n! implies the uniqueness in the moments problem. Determinants

det
[︁
K(xi, xj)

]︁n
i,j=1

are typically bounded by Hadamard’s inequality (see Lemma 5.15 below), leading
both to the unique determination of the process by its determinantal correlation measures, and to con-
vergence of the series (4.28) for “nice” sets A.

Proof of Theorem 4.24. Directly from Theorem 4.12, the right-hand side of (4.28) is∑︂
n≥0

(−1)n

n!
E
[︁
NA(NA − 1) · · · (NA − n+ 1)

]︁
= E

[︄
NA∑︂
n=0

(−1)n
(︃
NA

n

)︃]︄
= E

[︁
(1− 1)NA

]︁
= P(NA = 0).

A generalization of Theorem 4.24 is a computation of expectation of a multiplicative functional.

Theorem 4.25. Let X be a determinantal point process on X with correlation kernelK(x, y) with respect
to a reference measure ν. Let ϕ be a function on X, such that the kernel (1 − ϕ(x))K(x, y) defines a trace
class operator (1− ϕ)K in L2(X, ν). Then

E

[︄∏︂
x∈X

ϕ(x)

]︄
= det

(︁
Id− (1− ϕ)K

)︁
L2(X,ν)

.

Sketch of the proof. We only outline the case of discrete X and counting measure ν, see, e.g., [Sos00a,
Joh06] for further discussions. We have

E

[︄∏︂
x∈X

ϕ(x)

]︄
= E

[︄∏︂
x∈X

(︁
1− 1x∈X(1− ϕ(x))

)︁]︄

= 1−
∑︂
x∈X

P(x ∈ X) · (1− ϕ(x)) + 1

2!

∑︂
x,y∈X
x̸=y

P(x, y ∈ X) · (1− ϕ(x))(1− ϕ(y))− · · · .

Plugging in the probabilities as determinants of the correlation kernel, we recognize the expansion of
det
[︁
1x=y − (1− ϕ(x))K(x, y)

]︁
x,y∈X.
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Another generalization is the computation of the distribution of NA.

Theorem 4.26. Let X be a determinantal point process on X with correlation kernelK(x, y) with respect
to a reference measure ν. For a measurable set A, we have

P(m points in A) =
(−1)m

m!

∂m

∂zm
det
(︁
Id− zK

)︁
L2(A,ν)

⃓⃓⃓
z=1

=
∑︂
n≥m

(−1)n−m

m!(n−m)!

ˆ
An

det
[︁
K(xi, xj)

]︁n
i,j=1

ν(dx1) · · · ν(dxn), (4.29)

assuming that the right-hand side is well-defined, i.e., that the series is absolutely convergent.

Proof. The second equality in (4.29) is obtained by term-by-term differentiation of the Fredholm expan-
sion for det

(︁
Id − zK

)︁
L2(A,ν)

. A possible proof of the first equality is to interpret det
(︁
Id − zK

)︁
as

E
[︁∏︁

x∈X∩A(1− z)
]︁
using Theorem 4.25, then differentiate m times, and set z = 1 under the expecta-

tion sign. Alternatively, we can match the left-hand side of (4.29) with the right-hand side by repeating
the proof of Theorem 4.24 and transforming the right-hand side into∑︂

n≥m

(−1)n−m

m!(n−m)!
E
[︁
NA(NA − 1) · · · (NA − n+ 1)

]︁
= E

[︄
NA(NA − 1) · · · (NA −m+ 1)

m!

NA∑︂
n=m

(−1)n−m(NA −m)(NA −m− 1) · · · (NA − n+ 1)

(n−m)!

]︄

= E
[︃
NA(NA − 1) · · · (NA −m+ 1)

m!
· (1− 1)NA−m

]︃
= P(Na = m).

A typical application of Theorem 4.24 is to compute the distribution of the largest particle in the point
process (which we need for the analysis of many systems due to Theorem 1.4, Theorem 1.6, Corollary
3.9, Theorem 3.11, or Theorem 3.15).

Theorem 4.27. LetX be a configuration of a determinantal point process onX ⊂ Rwith correlation kernel
K(x, y) with respect to a reference measure ν. The law of the largest particle x1 in X is

P(x1 ≤ s) = det
(︁
Id−K

)︁
L2((s,+∞),ν)

, (4.30)

and the largest particle exists almost surely if and only the last determinant tends to 1 as s→ +∞.

Proof. The event {x1 ≤ s} is the same as the event that all points ofX belong to (−∞, s], and is the same
as the event that no points of X belong to (s,+∞). The probability of the last one is a gap probability
computed in Theorem 4.24. This proves (4.30).

For the existence of the largest particle, note that then event “there exists the largest particle” is the
union of the growing sequence of events “all particles of X are at most s” as s → +∞. Hence, the
probability of the former is the limit of the probabilities of the latter, computed by the right-hand side of
(4.30).

Application of Theorem 4.27 to the Schurmeasure gives a curious result in functional analysis, saying,
essentially, that every Toeplitz determinant can be written as a Fredholm determinant, and known as the
Borodin-Okounkov-Geronimo-Case formula.

In order to establish this connection we start from a result hidden inside [Ges90] and [TW01].
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Proposition 4.28. Let x = (x1, x2, . . . ) and y = (y1, y2, . . . ) be two sets of variables. For each n =
1, 2, . . . we have ∑︂

λ∈Y:λ1≤n

sλ(x)sλ(y) = det
[︁
fi−j

]︁n
i,j=1

, (4.31)

where fm are series of elements of Λ⊗ Λ:

fm =

∞∑︂
ℓ=−∞

eℓ(x)em+ℓ(y). (4.32)

Proof. We use Nagelbach-Kostka formula (2.24) in the form

sλ = det
[︁
eℓi−n+j

]︁n
i,j=1

, ℓi = λ′i + n− i.

We have, using the Cauchy-Binet formula in the third equality:∑︂
λ∈Y:λ1≤n

sλ(x)sλ(y) =
∑︂

ℓ1>···>ℓn≥0

det
[︁
eℓi−n+j(x)

]︁n
i,j=1

det
[︁
eℓi−n+j(y)

]︁n
i,j=1

=
∑︂

ℓ1>···>ℓn≥0

det
[︁
eℓi+1−j(x)

]︁n
i,j=1

det
[︁
eℓi+1−j(y)

]︁n
i,j=1

= det

[︄ ∞∑︂
ℓ=0

eℓ−i(x)eℓ−j(y)

]︄n
i,j=1

.

The summation in the last formula can be extended to ℓ ∈ Z, because ek = 0 for k < 0. Since (4.32) is
equivalent to

fi−j =
∞∑︂

ℓ=−∞
eℓ−i(x)eℓ−j(y),

we arrive at (4.21).

Combining with Theorem 4.21, Theorem 4.27, and (4.23), we get the Toeplitz-to-Fredholm formula:

Proposition 4.29. Let x = (x1, x2, . . . ) and y = (y1, y2, . . . ) be two sets of variables and let fm be from
(4.32). We have

det
[︂
fi−j

]︂n
i,j=1

= exp

(︄ ∞∑︂
k=1

pk(x)pk(y)

k

)︄
· det

(︂
Id− ˆ︁K)︂

ℓ2(n+1,n+2,... )
, (4.33)

where ˆ︁K is given by the double contour integral in (4.23).

Applying various specializations ρ in (x) and (y), we can get arbitrary Toeplitz determinant (of a
matrix with complex entries) in the left-hand side of (4.33). The formula (4.33) has been widely used
in functional analysis and integrable probability communities, following the paper of Borodin and Ok-
ounkov [BO00a], but, in fact, the result was sitting unnoticed in the literature for many years before
that, since the article of Geronimo and Case [GC79]. Several alternative and much more direct (i.e., not
using Schur functions) proofs of the identity are known by now, see [BW00, Böt01, Böt02, BS06]. The
first factor in the right-hand side of (4.33) governs the large n asymptotics of the Toeplitz determinants
known as the Strong Szegö theorem, see [Sze52, Sim05a, Sim11].



CHAPTER 4. DETERMINANTAL POINT PROCESSES 74

4.5 Rescaling a determinantal point process

Our main application of the determinantal point processes is for the study of scaling limits. Hence, we
need to know how rescaling of particle positions changes the correlation kernel.

Lemma 4.30. Let X be a determinantal point process on X with particles {xi} and correlation kernel
K(x, y) with respect to a reference measure µ. Fix a ∈ R \ {0} and b ∈ R, consider the transformed process
with particles {axi + b}, and define

˜︁K(x, y) =
1

|a|
K

(︃
x− b
a

,
y − b
a

)︃
. (4.34)

1. If X = R and µ is the Lebesgue measure, then the transformed process is determinantal with respect
to Lebesgue measure, with transformed correlation kernel ˜︁K .

2. Suppose that X = Z and µ is the counting measure assigning mass 1 to each point of Z. Then the
transformed process is determinantal on aZ+bwith respect to the rescaled countingmeasure assigning
mass |a| to each point of aZ+ b, with transformed correlation kernel ˜︁K .

The motivation to have mass |a| per point in the discrete situation is that the resulting measure approx-
imates the Lebesgue measure on R as a→ 0.

Proof of Lemma 4.30. In the continuous case, by the definition of correlation functions, for any n ≥ 1
and any compactly supported Borel function f ,

E

⎛⎜⎜⎝ ∑︂
xi1

,...,xin
pairwise distinct

f(axi1 + b, . . . , axin + b)

⎞⎟⎟⎠
=

ˆ
Rn

f(at1 + b, . . . , atn + b) det
[︁
K(ti, tj)

]︁n
i,j=1

dt1 · · · dtn.

Making the substitution uj = atj + b, with Jacobian factor |a|−n, turns the right-hand side into
ˆ
Rn

f(u1, . . . , un) det

[︃
1

|a|
K

(︃
ui − b
a

,
uj − b
a

)︃]︃n
i,j=1

du1 · · · dun.

In the discrete case, the analogous identity is

E

⎛⎜⎜⎝ ∑︂
xi1

,...,xin
pairwise distinct

f(axi1 + b, . . . , axin + b)

⎞⎟⎟⎠
=

∑︂
t1,...,tn∈Z

f(at1 + b, . . . , atn + b) det
[︁
K(ti, tj)

]︁n
j,j=1

=
∑︂

u1,...,un∈aZ+b

f(u1, . . . , un) det

[︃
1

|a|
K

(︃
ui − b
a

,
uj − b
a

)︃]︃n
i,j=1

· |a|n.

Thus, in both cases the transformed correlation kernel is ˜︁K .
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4.6 Exercises

Problem 1. Directly using Definition 4.9, show that the nth correlation function ρn (with respect to the
Lebesgue measure) of the Poisson point process on R of intensity ϱ is ϱn.

Problem 2. Generalize Theorem 4.12 to joint factorial moments of NA1 ,. . . ,NAr for several disjoint sets
A1,. . . , Ar: prove that

E

[︄
r∏︂

i=1

NA(NA − 1) · · · (NA − ni + 1)

]︄
=

ˆ
An1×An2×···×Anr

ρn(dx1, . . . ,dxn), (4.35)

where ni ∈ Z≥0 and n = n1 + n2 + · · ·+ nr .

Problem 3. Prove a generalization of Theorem 4.26 to several sets: for a determinantal point process
with kernelK with respect to a measure ν and disjoint measurable sets A1,. . . , Am, we have

P(NA1 = m1, . . . , NAr = mr)

=
(−1)m1+···+mr

m!

∂m1+···+mr

∂zm1
1 · · · ∂z

mr
r

det
(︁
Id− z1[K]A1 − · · · − zr[K]Ar

)︁
L2(A1∪A2∪···∪Ar,ν)

⃓⃓⃓
z1=···=zr=1

,

(4.36)

where [K]A is the restriction of the kernel K to the set A: [K]A(x, y) = K(x, y)1A(x)1A(y). The
derivatives of the Fredholm determinant should be understood as differentiating the Fredholm expansion
term-by-term.

Problem 4. Consider the Circular Unitary Ensemble: N particles on the circle with density

1

(2π)NN !

∏︂
1≤i<j≤N

|zi − zj |2, |zi| = 1, i = 1, 2, . . . , N. (4.37)

A. Take an arbitrary point z = exp(iϕ) ̸= −1 on the unit circle and change the coordinates zj =
exp(iϕj), so that −π < ϕj , ϕ ≤ π. Show that the point process{︃

N

2π
(ϕj − ϕ)

}︃N

j=1

,

converges to a translationally-invariant determinantal point process3 on R with the first correlation
function identically equal to 1. In the literature this is known as the (continuous) Sine process. What is
the correlation kernel for the process?

B. For 0 ≤ t ≤ N consider the gap probability:

G(t) = lim
N→∞

P
(︃
there are no particles zj with complex argument between 0 and 2πt

N

)︃
.

Using part A this is equal to a Fredholm determinant involving the limiting correlation kernel. Write
down this Fredholm determinant. Computing the Fredholm expansion numerically on your computer,
plot G(t).

3The case z = −1 works equally well, if we redefine the angles ϕi and ϕ to be in [0, 2π).
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C.Now approximateG(t) by choosing a largeN (You can takeN = 100 orN = 1000.), and sampling
CUE many times to approximate the probability in question. Plot the result and compare with the graph
from part B.

D. It is possible to express the distribution of the asymptotic spacing (i.e., the distribution of the first
positive particle in the Sine process, conditional on the event that there is a particle at 0) through G(t)?
What is the expression? No need to be fully rigorous here (but one can check whatever answer one gets
on the computer, as in parts B and C).

Problem 5. Consider the GUE–eigenvalue distribution, which is a probability distribution on x1 > x2 >
· · · > xN with density

1

(2π)N/2
∏︁N−1

j=1 j!

∏︂
i<j

(xi − xj)2
∏︂
i

e−
1
2
x2
i . (4.38)

A. Passing to unordered configurations and using Theorem 4.17, show that the corresponding parti-
cle configuration forms a determinantal point process on R with correlation kernel with respect to the
Lebesgue measure given by

KGUE
N (x, y) =

N−1∑︂
k=0

Hk(x)Hk(y)

⟨Hk, Hk⟩
exp

(︃
−x

2

4
− y2

4

)︃
, (4.39)

WhereHk(x) = xk+(lower degree terms), k = 0, 1, 2, . . . , is the kth degree monic Hermite orthogonal
polynomial, so that

⟨Hk, Hℓ⟩ :=
ˆ ∞

−∞
Hk(x)Hℓ(y) exp

(︃
−x

2

2

)︃
dx = 0, for any k ̸= ℓ.

Hint. Rewrite the Vandermonde determinant (2.15) as a determinant involving Hk(x).
B. Integrating by parts in the expression for scalar product with xm, deduce expressions for the

Hermite polynomials and their norm:

Hn(x) = (−1)n exp
(︃
x2

2

)︃
∂n

∂xn
exp

(︃
−x

2

2

)︃
, ⟨Hk(x), Hℓ(x)⟩ = 1k=ℓk!

√
2π. (4.40)

C. Show that Hermite polynomials satisfy a three-term recurrence:

Hn+1(x)− xHn(x) + nHn−1(x) = 0.

Hint. One way is by converting the expression in part B into a contour integral around 0.
D. Deduce from part C an alternative expression for the correlation kernel:

KGUE
N (x, y) =

1

(N − 1)!
√
2π

HN (x)HN−1(y)−HN (y)HN−1(x)

x− y
exp

(︃
−x

2

4
− y2

4

)︃
. (4.41)

Problem 6. Our goal is to give another proof of Theorem 4.21 by using the Fock space F . Let V be
a linear space with basis {k | k ∈ Z}. The semi-infinite exterior power is a linear space F spanned by
infinite wedge products of elements of V of the form

vS = s1 ∧ s2 ∧ s3 ∧ . . . , (4.42)
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where S = {s1 > s2 > . . . } ⊂ Z is such that both sets S+ = S \ Z≤0 and S− = Z≤0 \ S are finite. We
equip F with the inner product ⟨·, ·⟩ in which the basis {vS} is orthonormal. Creation and annihilation
operators in F are introduced as follows. The creation operator ψk is the exterior multiplication4 by k:
ψk (f) = k ∧ f . The annihilation operator ψ∗

k is its adjoint. Observe that

ψkψ
∗
k vS =

{︄
vS , k ∈ S ,
0 , k /∈ S .

(4.43)

LetC be the charge operator : CvS = (|S+|−|S−|)vS . Using (4.19), the zero-charge subspace kerC ⊂
F is spanned by the vectors vX (λ) with λ varying over all partitions. The vacuum vector

vvac = 0 ∧ −1 ∧ −2 ∧ . . .

corresponds to the empty partition. Define the operators

αn =
∑︂
k∈Z

ψk−nψ
∗
k, n ∈ Z \ {0}.

Note that the application of αn to any vS yields a finite linear combination of basis vectors.
A. Show that operators ψk and ψ∗

k satisfy the canonical anti-commutation relations

ψkψl + ψlψk = 0, ψ∗
kψ

∗
l + ψ∗

l ψ
∗
k = 0, ψkψ

∗
l + ψ∗

l ψk = 1k=l , k, l ∈ Z.

B. Show that operators αn satisfy the Heisenberg commutation relations

αmαn − αnαm = m1n=−m , m, n ∈ Z \ {0}.

C. Fix two admissible specializations ρ1, ρ2, as in Definition 3.3, and set

Γ±(ρj) = exp

⎛⎝ ∞∑︂
k≥1

pk(ρj)

k
α±k

⎞⎠ , j = 1, 2,

where the exponential is understood through its series expansion. Prove the relations:

Γ∗
±(ρj) = Γ∓(ρj), Γ+(ρj)vvac = vvac, Γ−(ρj)vvac =

∑︂
λ∈Y

sλ(ρj) · vX(λ), j = 1, 2,

Γ+(ρ1)Γ−(ρ2) = H(ρ1; ρ2) · Γ−(ρ2)Γ+(ρ1).

D. Use part C and (4.43) to derive the following formulas for the correlation functions ofX(λ), with
λ distributed as the Schur measure of Definition 3.4:

ρn(x1, . . . , xn) =
1

H(ρ1; ρ2)

⟨︄(︄
n∏︂

i=1

ψxiψ
∗
xi

)︄
Γ−(ρ1) vvac, Γ−(ρ2)vvac

⟩︄
=

⟨︄
n∏︂

i=1

ΨxiΨ
∗
xi
vvac, vvac

⟩︄
,

(4.44)
where

Ψk = GψkG
−1 , Ψ∗

k = Gψ∗
kG

−1 , G = Γ+(ρ1) Γ−(ρ2)
−1.

4If f contains k, then k∧ f = 0. Otherwise, we multiply by k on the left, and then reorder the coordinates as in (4.42) using
x ∧ y = −y ∧ x on each step.
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E. Show that Ψa and Ψ∗
b are linear combinations of ψk’s and ψ∗

l ’s respectively. Use part A to deduce

ρn(x1, . . . , xn) = det [K(xi, xj)]
n
i,j=1 , K(x, y) =

⟨︁
ΨxΨ

∗
y vvac, vvac

⟩︁
. (4.45)

The passage from (4.44) to (4.45) is an instance of the fermionic Wick theorem.
F. Denote ψ(z) =

∑︁
m∈Z ψmz

m, ψ∗(z) =
∑︁

m∈Z ψ
∗
mz

−m. Prove the commutation relations

Γ±(ρj)ψ(z) = H(ρj ; z
±1)ψ(z)Γ±(ρj), Γ±(ρj)ψ

∗(z) =
1

H(ρj ; z±1)
ψ∗(z)Γ±(ρj), j = 1, 2.

Use them to match (4.45) with (4.20).

Problem 7. Our goal is to prove a generalization of Theorem 4.17 known as the Eynard–Mehta theorem.
Fix integers k, n ≥ 1 and let X(1), . . . ,X(k) be finite sets. We choose n functions ϕ1, . . . , ϕn on X(1) and
n functions ψ1, . . . , ψn on X(k) organized into matrices

Φ =
[︁
ϕi(x)

]︁
1≤i≤n, x∈X(1) , Ψ =

[︁
ψj(x)

]︁
x∈X(k), 1≤j≤n

.

We also choose transition matrices

Wm : X(m) × X(m+1) → C, m = 1, . . . , k − 1.

For 1 ≤ i, j ≤ k, we introduce ordered products of these matrices:

W[i,j) =

⎧⎪⎨⎪⎩
WiWi+1 · · ·Wj−1, i < j,

IdX(i) , i = j,

0, i > j,

W[i,j) =

{︄
WiWi+1 · · ·Wj−1, i < j,

0, i ≥ j.
(4.46)

These two types of products differ only when i = j. We consider nk–point configurations{︁
x
(1)
i

}︁n
i=1
∪
{︁
x
(2)
i

}︁n
i=1
∪ · · · ∪

{︁
x
(k)
i

}︁n
i=1
⊂ X(1) ⊔ X(2) ⊔ · · · ⊔ X(k),

with
{︁
x
(m)
i

}︁n
i=1
⊂ X(m) for each 1 ≤ m ≤ k, and assign them a weight

wt({x(m)
i }) = det

[︁
ϕi(x

(1)
j )
]︁n
i,j=1

(︄
k−1∏︂
m=1

det
[︁
Wm(x

(m)
i , x

(m+1)
j )

]︁n
i,j=1

)︄
det
[︁
ψi(x

(k)
j )
]︁n
i,j=1

. (4.47)

A. SetM = ΦW[1,k)Ψ and compute the normalization constant for (4.47) as:∑︂
{x(m)

i }

wt({x(m)
i }) = detM. (4.48)

B. LetΩ be a finite set and letL be a matrix with rows and columns indexed byΩ. Fix a subsetY ⊂ Ω
with complement Y = Ω \ Y. The conditional L-ensemble on Y is a probability measure on subsets of
Y given by

P(Y ) =
detLY ∪Y

det(IdY + L)
, Y ⊂ Y, (4.49)

where the determinant in numerator involves a matrix of size |Y |+ |Y|, while the determinant in denom-
inator involves a matrix of size |Ω|, in which IdY is viewed as an orthogonal projection onto Y. Show
that the weights (4.49) sum up to 1.
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Remark. When Y = Ω, (4.49) is called L–ensemble (without “conditional”). The statements below and
their proofs also make sense for complex measures, without imposing positivity of the weights (4.49).

C. Prove that the conditional L-ensemble is a determinantal point process with correlation kernel

K = IdY − (IdY + L)−1
⃓⃓
Y×Y. (4.50)

Hint. Use inclusion–exclusion and the following identity (see e.g., [Pra94, Section 2.5.2]):

det(A−1)S =
detAΩ\S

detA
.

D. Now set

Ω = {1, . . . , n} ⊔ X(1) ⊔ · · · ⊔ X(k), Y = X(1) ⊔ · · · ⊔ X(k), Y = {1, . . . , n}.

Define the block matrix

L =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 Φ 0 0 · · · 0
0 0 −W1 0 · · · 0
0 0 0 −W2 · · · 0
...

...
...

... . . . ...
0 0 0 0 · · · −Wk−1

Ψ 0 0 0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (4.51)

where the block rows and columns are ordered as

{1, . . . , n}, X(1), X(2), . . . ,X(k).

Show that the conditional L-ensemble (4.49) is exactly the point process with weights (4.47). More pre-
cisely, show that detLY ∪Y vanishes unless Y contains exactly n points on each level X(m), and that in
the nonzero case it is equal to (4.47) up to a sign depending only on n and k, but not on the configuration.

E. Prove the block inversion formula (assuming all inverses that appear exist):[︃
A B
C D

]︃−1

=

[︃
−M−1 M−1BD−1

D−1CM−1 D−1 −D−1CM−1BD−1

]︃
, M = BD−1C −A. (4.52)

F. Continuing partD, split the matrix IdY+L into blocks according to the decompositionΩ = Y⊔Y.
Use (4.52): identify the blocks A,B,C,D, check that

D−1 =

⎡⎢⎢⎢⎢⎢⎣
I W[1,2) W[1,3) · · · W[1,k)

0 I W[2,3) · · · W[2,k)

0 0 I · · · W[3,k)
...

...
... . . . ...

0 0 0 · · · I

⎤⎥⎥⎥⎥⎥⎦ ,

and prove that the Schur complementM in (4.52) matchesM in part A.
G. Using part C, prove the following statement.

Theorem 4.31. The process with weights (4.47), i.e.,

P({x(m)
i }) =

1

detM
wt({x(m)

i }),
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is a determinantal point process (with respect to the counting measure) on

X(1) ⊔ · · · ⊔ X(k),

such that its correlation kernel has (i, j) block (in which we used both types of products (4.46))

Kij =W[i,k)ΨM
−1ΦW[1,j) −W[i,j), 1 ≤ i, j ≤ k. (4.53)

Equivalently, for pairwise distinct space-time points (ma, xa),

P
(︁
(m1, x1), . . . , (mr, xr) ∈ {x(m)

i }
)︁
= det

[︁
Kmamb

(xa, xb)
]︁r
a,b=1

.

H. Check that for k = 1, the result of part G matches Theorem 4.17 up to transposition.
Remark. Problem 7.E in Section 2.5 delivers examples for the Eynard-Mehta theorem. If, in a suitable
weighted oriented graph, we have nonintersecting paths with fixed starting and ending vertices, then the
distributions of the intersection points of these paths with any chosen “sections” have the same structure
as (4.47), and thus we obtain a determinantal point process.

Problem 8. We deal with a Schur process of Definition 3.5: we pick a natural number T and consider
sequences of partitions

∅ ⊂ λ(1) ⊃ µ(1) ⊂ λ(2) ⊃ µ(2) ⊂ · · · ⊃ µ(T−1) ⊂ λ(T ) ⊃ ∅,

equipped with probability measure (for the normalization constant Z , see (3.12))

P
(︃
λ(1), µ(1), . . . , λ(T )

)︃
=

1

Z
sλ(1)(ρ+0 ) sλ(1)/µ(1)(ρ−1 )sλ(2)/µ(1)(ρ+1 ) · · · sλ(T )/µ(T−1)(ρ+T−1) sλ(T )(ρ−T ).

We consider a random point process on {1, . . . , T} × Z given by

L(λ(1), . . . , λ(T )) =
{︂(︁

1, λ
(1)
i − i+ 1

)︁}︂
i≥1
∪ · · · ∪

{︂(︁
T, λ

(T )
i − i+ 1

)︁}︂
i≥1

. (4.54)

In this problem we extend Theorem 4.21 to Schur processes by proving the following statement.

Theorem 4.32. The random point process L of (4.54) is determinantal5: for any pairwise distinct pairs
{(ti, ℓi)}mi=1 of {1, . . . , T} × Z, we have∑︂

{(t1,ℓ1),...,(tm,ℓm)}⊂L(λ(1),...,λ(T ))

P
(︃
λ(1), µ(1), . . . , λ(T )

)︃
= det

[︁
K(ti, ℓi; tj , ℓj)

]︁m
i,j=1

, where

K(t1, ℓ1; t2, ℓ2) =
1

(2πi)2

‹ H(ρ+[0,t1); v)H(ρ−[t2,T ];w
−1)

H(ρ−[t1,T ]; v
−1)H(ρ+[0,t2);w)

v−ℓ1wℓ2−1

(v − w)
dwdv. (4.55)

The contours for w and v go around 0 in the positive direction. H(·) must have uniformly convergent series
expansions on the contours (cf. Theorem 4.21). For t2 ≥ t1, we require |v/w| > 1, so that

1

v − w
=

1

v
· 1

1− w/v
=

1

v

(︃
1 +

w

v
+
(︂w
v

)︂2
+ . . .

)︃
5We can also add diagrams µ(t) to consideration. Such an extension can be proven by choosing some of the specializations

to be (0; 0; 0) leading to almost sure equality of µ and λ coordinates.
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For t2 < t1, we require |v/w| < 1 on the contours, thus allowing the expansion

1

v − w
= − 1

w
· 1

1− v/w
= − 1

w

(︃
1 +

v

w
+
(︂ v
w

)︂2
+ . . .

)︃
.

In (4.55) we use the notation ρA for the union (as in Definition 2.24) of specializations {ρa}a∈A.

A. Check that the case t1 = t2 = · · · = tm in the theorem and (4.55) coincides with Theorem 4.21.

B. Consider the case when ρ+0 and ρ−T are specializations into finitely many variables:

ρ+0 = (x1, . . . , xN ), ρ−T = (y1, . . . , yN ). (4.56)

Using the Jacobi-Trudi formula of Proposition 2.17, show that the joint law of λ(1), λ(2), . . . , λ(T ) has
weights proportional to

det
[︂
x
ℓ
(1)
j

i

]︂N
i,j=1

det
[︂
W1(ℓ

(1)
i , ℓ

(2)
j )
]︂N
i,j=1

· · · det
[︂
WT−1(ℓ

(T−1)
i , ℓ

(T )
j )

]︂N
i,j=1

det
[︂
y
ℓ
(T )
j

i

]︂N
i,j=1

, (4.57)

where ℓ(t)j = λ
(t)
j − j +1 for all meaningful values of t, j; N is assumed to be larger than the number of

rows in each λ(t), 1 ≤ t ≤ T ; and [Wt(x, y)]x,y∈Z are Toeplitz matrices with symbols∑︂
m∈Z

Wi(x+m,x)zm = H(ρ−i ; z)H(ρ+i ; z
−1).

C. The formula (4.57) is similar to the setting of Problem 7, but with two important differences: the
sizes N of intermediate determinants in (4.57) depend on λ(t) and the variables ℓ(t)j may vary over the
infinite set of all integers, not over a finite setX. Show that nevertheless one can apply the Eynard-Mehta
theorem of Problem 7 to (4.57) and deduce that (4.54) is a determinantal point process.
Hint. Recall how we deduced Theorem 4.21 from Theorem 4.20.

D. Compute (M−T)kℓ forM as in Problem 7.A, corresponding to (4.57). Your expression should be
reminiscent of (4.17), but multiplied by a power of xkyℓ due to a shift by (N − 1) in the definition of the
point process, and should include additional H(·)–factors

E. Plug the result of part D into (4.53) and convert the resulting sum into a contour integral for the
correlation kernel of the Schur process. What are the contours?

F. Extend the contour integral expression of part E from specific ρ+0 and ρ−T of (4.56) to general
specializations. Match with (4.55).

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Kac90], [Sos00a], [Oko01a], [Meh04], [OR06], [Bor11a], and [BR05].



Chapter 5

Steepest descent and its applications to
local limits

The contour integrals we encountered in the formulas for correlation kernels, such as (4.25) or (4.26),
can often be written in the form

´
exp[Nf(z)]dz, whereN is a relevant large parameter. In this chapter

we learn how to study N → ∞ asymptotics of such integrals. The integrals which we need are fairly
advanced, so we start with much simpler examples.

5.1 Real integral: Stirling’s formula

As a warm up, we prove Stirling’s formula for N !.

Proposition 5.1. As N →∞, we have

N ! =
√
2πN

(︃
N

e

)︃N (︁
1 + o(1)

)︁
. (5.1)

Proof. We start from the representation of N ! through the Gamma function: N ! = Γ(N + 1), i.e.,

N ! =

ˆ ∞

0
xNe−xdx. (5.2)

This identity is readily proven by induction, using integration by parts. The asymptotic analysis of the
real integral (5.2) can be performed using Laplace’s method, whose origins date back to [Lap74, Lap86].

Changing variables x = Ny, we study the integral

NN+1

ˆ ∞

0
exp (N(log(y)− y)) dy. (5.3)

The key idea is that the integral is dominated by a small neighborhood of the maximum of the integrand,
or, equivalently, of the maximum of log(y)− y. The maximum is a critical point, i.e., the first derivative
vanishes at this point:

0 =
∂

∂y

(︁
log(y)− y

)︁
=

1

y
− 1.

Because log(y)− y → −∞, as y → +0 and y → +∞, the critical point y = 1 is the global maximum.

82
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We choose small ε > 0 and split the integral into two parts, y ∈ [0, 1 − ε] ∪ [1 + ε,+∞) and
y ∈ (1− ε, 1 + ε). Inside the ε–neighborhood of 1 we Taylor-expand the function in the exponent. The
second derivative is

∂2

∂y2
(log(y)− y) = ∂

∂y

(︃
1

y
− 1

)︃
= − 1

y2
.

Hence,

log(y)− y = −1− (y − 1)2

2
+O

(︁
(y − 1)3

)︁
.

With y = 1 + z√
N
, the integral over y ∈ [1− ε, 1 + ε] becomes

NN+1 1√
N

ˆ ε
√
N

−ε
√
N
exp

(︃
−N − z2

2
+N ·O(ε3)

)︃
dz (5.4)

Let us choose1 ε = N−2/5, so that Nε3 → 0 as N → ∞. Then, via the Gaussian integralˆ ∞

−∞
exp

(︂
− z2

2

)︂
dz =

√
2π, the expression (5.4) becomes

√
N

(︃
N

e

)︃N ˆ ε
√
N

−ε
√
N
exp

(︃
−z

2

2

)︃
dz ·

(︁
1 + o(1)

)︁
=
√
2πN

(︃
N

e

)︃N (︁
1 + o(1)

)︁
.

It remains to show that the integral over y ∈ (0, 1− ε]∪ [1+ ε,+∞) is negligible. We upper-bound this
part by:

NN+1

[︃ˆ 1−ε

0
+

ˆ 2

1+ε
+

ˆ ∞

2

]︃
exp (N(log(y)− y)) dy

≤ CNN+1
[︁
exp
(︁
−N(1 + δ)

)︁
+ exp

(︁
−N(1 + δ)

)︁
+ exp

(︁
N(log(2)− 2)

)︁]︁
, (5.5)

where C is a constant which does not depend on ε or N , and

δ = −1−max
(︁
log(1 + ε)− (1 + ε), log(1− ε)− (1− ε)

)︁
> 0.

In order to get the third term in the right-hand side of (5.5), one notices that the integrand decays fast
enough as y → +∞, so that the integral can be upper-bounded by a constant times the value of the
integrand in the left-most point of the integration segment. Since we chose ε = N−2/5, we can lower
bound δ > cN−4/5 for some c > 0. Then (5.5) becomes(︃

N

e

)︃N

· C ′N exp
(︂
−cN1/5

)︂
,

which can be absorbed into o(1) term in (5.1)2.

We conclude that the integral is computed by localizing and Taylor expanding near the critical point.
1Any N−ξ with 1

3
< ξ < 1

2
will work.

2The o(1) term in (5.1) is, actually, 1
12n

+O
(︁

1
n2

)︁
, see, e.g., [Olv97, Section 8.4].
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5.2 Contour integral: local CLT for binomial random variables

In the next example we use a contour integral to establish asymptotics of binomial coefficients.

Proposition 5.2. Choose 0 < p < 1 and x ∈ R. For N = 1, 2, . . . , set K to be the nearest integer to
pN + x

√
N . Then

pK(1− p)N−K

(︃
N

K

)︃
=

1√︁
2πNp(1− p)

exp

(︃
− x2

2p(1− p)

)︃
·
(︁
1 + o(1)

)︁
, N →∞. (5.6)

The left-hand side of (5.6) is the weight of the binomial random variable, equal to the sum ofN i.i.d.
Bernoulli random variables ξ1 + · · · + ξN , with P(ξ = 1) = p, P(ξ = 0) = 1 − p. pN in our choice
of K is the mean of this random variable, Np(1 − p) is its variance. The right-hand side of (5.6) is
N−1/2 times the density of the Gaussian random variable N

(︁
0, p(1 − p)

)︁
. The asymptotic identity is a

manifestation of the local central limit theorem, where the word local means that we deal with individual
weights, rather than sums of those required for the (weaker) convergence in distribution in the usual
CLT, which we recalled in Chapter 1 as Theorem 1.1.

Proof of Proposition 5.2. Using the binomial theorem and computing the residue at 0 as coefficient of 1
z :

pK(1− p)N−K

(︃
N

K

)︃
=

1

2πi

˛
around 0

(︁
zp+ (1− p)

)︁N
zK+1

dz, (5.7)

where the contour can be an arbitrary positively-oriented loop enclosing the singularity at z = 0.
Comparing to the previous case, a new difficulty appears: if we want to localize near a maximum

of the modulus of the integrand, then that depends on the choice of the contour around 0. In addition,
oscillations of the complex integrand (caused by variations in the phase) may lead to cancellations near
the maximum. Yet, it turns out that we should still look for the critical point.

We recast the integral in the form:

1

2πi

˛
around 0

exp
(︁
Nf(z)

)︁
zpN−K−1dz, (5.8)

where
f(z) = ln

(︁
pz + (1− p)

)︁
− p ln(z). (5.9)

We treat zpN−K−1 separately, because its power grows as O
(︁
N1/2

)︁
, i.e., much slower thanNf(z). One

might be uneasy about the choice of the branches for ln(z) in the definition of f(z), since this is a
multivalued function — eventually, this is not going to matter, and any consistent choice of branches is
going to work, because the modulus of the integrand is controlled by Ref(z) which is independent of
the branch. Throughout this proof we use the branch of ln(z) with a cut along the negative real axis, so
that ln(exp(iϕ)) = iϕ for −π < ϕ < π.

We compute the derivative
f ′(z) =

p

pz + (1− p)
− p

z
.

Setting the above expression to zero gives us the unique critical point zc = 1. We observe that

f ′′(zc) = −
p2

(pzc + (1− p))2
+

p

z2c
= p(1− p) > 0.
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Figure 5.1: Real and imaginary parts of f(z) = ln(pz+ (1− p))− p ln(z) near the critical point zc = 1.

Hence, the Taylor expansion yields

f(z) = f(zc) +
f ′′(zc)

2
(z − zc)2 +O

(︁
(z − zc)3

)︁
=
p(1− p)

2
(z − 1)2 +O

(︁
(z − 1)3

)︁
. (5.10)

For a holomorphic function, its critical points are also known as saddle points, for the reasons best
seen by examining the graphs ofRef(z) and Imf(z) near such point, as in Figure 5.1. The graphs locally
look like two saddles, rotated by π

4 with respect to each other. In particular, locally near critical point
zc there is a contour passing through it and such that on this contour Ref(z) is maximized at zc, while
Imf(z) stays constant — this is the contour we need for studying the asymptotics of the integral. In
a more general situation (i.e., for more complicated f(z)), it might be tricky to figure out the global
geometry of the desired contour of integration, because there is no a priory information on Ref(z) or
Imf(z) far from the critical points.

However, for our particular choice of f(z) given by (5.9) this is straightforward: we deform the
integration contour into the closed loop Imf(z) = Imf(1) passing through 1 and enclosing 0, as in the
right panel of Figure 5.1. We claim that along this loop the real part Ref(z) is maximized at z = 1.
Indeed, locally near 1 this is true directly from (5.10): Ref(z) is monotone decreasing as we move away
from z = 1. We claim that monotonicity continues until the contour reaches the real axis at the left tip3
again. Indeed, otherwise, Ref(z) would have a local minimum on the contour at a point z̃. But then z̃
would have to be another critical point of f(z): at a non-critical point a holomorphic function is locally
linear and simultaneous vanishing of directional derivatives of Ref(z) and Imf(z) is impossible. Since
there are no other critical points, the claim is proven.

We split the integral over the contour Imf(z) = Imf(1) into two parts, as in the proof of Proposition
5.1: a small neighborhood of z = 1 and the rest. The latter part does not contribute to the asymptotics
by the same argument as before. In an ε–neighborhood of z = 1 we approximate the contour by the
vertical line and make a change of variables:

z = 1 + i
v√
N
,

3At the left tip Imf(z) has a discontinuity along the contour due to branching of ln(z).
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which converts, as N →∞, the integral (5.8) into a Gaussian integral:

1 + o(1)

2π
√
N

ˆ ε
√
N

−ε
√
N
exp

(︃
−p(1− p)

2
v2 + o(1)

)︃(︃
1 + i

v√
N

)︃pN−k−1

dv

=
1 + o(1)

2π
√
N

ˆ ∞

−∞
exp

(︃
−p(1− p)

2
v2
)︃
exp
(︁
−ivx

)︁
dv =

1 + o(1)√︁
2πNp(1− p)

exp

(︃
− x2

2p(1− p)

)︃
,

where the last equality is a computation of the characteristic function (Fourier transform) of the Gaussian
random variable N

(︂
0, 1

p(1−p)

)︂
, which can be justified, e.g., by completing the square in the exponent.

The lesson from this integral is that we still need to localize near a critical point, but we have to
be careful about the contour along which we are integrating. This method is known since the 19th
century as the “steepest descent method” or alternatively “saddle point method”, and we refer, e.g., to
[Cop65, BH86, BO99] for detailed expositions.

5.3 Edges of the Plancherel measure

Our next goal is to apply the steepest descent method to the correlation kernel of the Poissonized
Plancherel measure

P(λ) = e−θ θ
|λ| dim2(λ)

(|λ|!)2
, (5.11)

as recorded in Corollary 4.23, i.e., to

K(ℓ1, ℓ2) =
1

(2πi)2

‹
exp

(︃√
θ

(︃
v − 1

v

)︃
−
√
θ

(︃
w − 1

w

)︃)︃
v−ℓ1wℓ2−1

v − w
dvdw, (5.12)

where both contours enclose 0 and w–contour is inside the v–contour, as in Figure 4.4.
We are interested in θ →∞ limit with ℓ1 and ℓ2 staying close to χ

√
θ. The asymptotics of the kernel

(5.12) is going to be drastically different in three regimes, cf. Figure 5.2:

• If |χ| < 2, then we are inside the Vershik-Kerov-Logan-Shepp curve of Figure 2.4, and the first
correlation function ρ1(χ

√
θ) = K(χ

√
θ, χ
√
θ) remains strictly between 0 and 1. The asymptotics

here is referred to as the bulk limit.

• If χ > 2, then we are in the void region, where no particles are present with high probability,
and the first correlation function ρ1(χ

√
θ) approaches 0. If χ < −2, then we are in the saturated

region where all positions are occupied by particles with high probability, and the first correlation
function approaches 1. The χ > 2 and χ < −2 cases are related to each other by the particle-hole
involution, which swaps the particles with empty sites.

• If |χ| = 2, then we are in the critical regime, which governs the asymptotic distribution of the
longest rows and longest columns of Plancherel-random Young diagrams. This asymptotics is
referred to as the (soft) edge limit

We start our analysis from the critical regime χ = 2, which connects us to a new special function.

Definition 5.3. The Airy function Ai : R→ R is a function satisfying the following three properties

Ai′′(x) = xAi(x), Ai(0) =
Γ(13)

2π · 31/6
, lim

x→+∞
Ai(x) = 0.
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Figure 5.2: Three limit regimes for the asymptotics of the Plancherel measure.

The Airy function serves as the canonical solution to the Airy equation y′′ − xy = 0, representing
the simplest dynamical system exhibiting a transition from oscillatory to exponential behavior across a
turning point, see Figure 5.3. Its second solution, denoted as Bi, grows at +∞. Originally derived by
George Biddell Airy in 1838 [Air38] to resolve the intensity singularity predicted by geometric optics
at the caustic of a rainbow, the function’s deep analytic structure was later revealed by Stokes. In his
seminal 1850 work [Sto50], Stokes utilized the Airy integral to discover the “Stokes phenomenon” – the
discontinuous change in the constants of asymptotic expansions across specific rays in the complex plane.
In modern mathematical physics, the Airy function remains ubiquitous; for a comprehensive tabulation
of its properties, integral representations, and zeros, [OLBC10] is a definitive standard.

The Airy function vanishes at both infinities, but the speed of decay is very different:

Ai(x) ∼ 1
√
π |x|1/4

sin

(︃
2

3
|x|3/2 + π

4

)︃
, x→ −∞; (5.13)

Ai(x) ∼ e−
2
3
x3/2

2
√
π x1/4

, x→ +∞. (5.14)

The normalization condition written in terms of Ai(0) in Definition 5.3 ensures orthonormality
(which we are not going to prove or use, but which can be deduced by applying the Plancherel theo-
rem (2.48) to the Fourier representation (5.17) below):

ˆ ∞

−∞
Ai(x+ a)Ai(x+ b)dx = δ(a− b).

Definition 5.4. The Airy point process is a determinantal point process on R with correlation kernel with
respect to the Lebesgue measure given by:

KAiry(x, y) =
Ai(x)Ai′(y)−Ai(y)Ai′(x)

x− y
, (5.15)

where the value on the diagonal x = y is understood as the limit of the ratio as y → x.
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Figure 5.3: Two independent solutions of the equation y′′ − xy = 0.

If one wants to be more precise, one should use the name Airy2 point process, as this is a β = 2
representative of a one-parametric family of Airyβ point processes, in which β > 0 corresponds to the
strength of repulsion between the particles, see, e.g., [RRV11, GS18, GXZ24].

There are two ways to show that the Airy point process exists. First, one can rely on the Macchi–
Soshnikov theorem saying that any kernel corresponding to a Hermitian locally trace class operator K
satisfying 0 ≤ K ≤ Id defines a determinantal point process, see [Mac75] and [Sos00a, Theorem 3].
Alternatively, we get the Airy point process via a limit transition from the objects already known to us.4
The following statement first appeared in [Oko00, BOO00, Joh01a].

Theorem 5.5. Let λ = (λ1 ≥ λ2 ≥ . . . ) be distributed as the Poissonized Plancherel measure (5.11) with
parameter θ. Consider the point process on R defined as{︂

θ−1/6
(︂
λi + 1− i− 2

√
θ
)︂}︂∞

i=1
. (5.16)

As θ → ∞, the correlation measures of (5.16) converge to those of the Airy point process, in the sense that
all integrals over compact sets converge.

Remark 5.6. Since lim
θ→∞

θ−1/6(1− i) = 0, the shifts by 1− i in (5.16) can be omitted.

In Section 5.6 we show that Theorem 5.5, together with tail estimates, lead to convergence in distri-
bution of θ−1/6(λ1−2

√
θ) to the position of the largest particle in the Airy point process. The probability

distribution of the latter is precisely the Tracy-Widom distribution.
4Theorem 5.5 obtains the correlation functions of theAiry point process as limits, while Theorem 5.14 explains how to deduce

convergence of the joint distributions of the random variablesNA for various windowsA. The existence ofNA consistent with
the correlation functions of Definition 5.4 is precisely the statement of the existence of the Airy point process.



CHAPTER 5. STEEPEST DESCENT AND ITS APPLICATIONS TO LOCAL LIMITS 89

0

π
3

z

π
3

v

π
3

w

Figure 5.4: Integration contours in (5.17) and (5.18).

Before proceeding to the proof, let us present integral formulas both for the Airy function and for
the Airy kernel (5.15).

Lemma 5.7. The Airy function Ai(x) admits integral representations:

Ai(x) =
1

π

ˆ +∞

0
cos

(︃
z3

3
+ zx

)︃
dz =

1

2π

ˆ ∞

−∞
exp

(︃
i
z3

3
+ ixz

)︃
dz

=
1

2πi

ˆ ei
π
3 ∞

e−iπ3 ∞
exp

(︃
z3

3
− xz

)︃
dz. (5.17)

The Airy kernel (5.15) admits an integral representation:

KAiry(x, y) =
1

(2πi)2

ˆ ei
π
3 ∞

e−iπ3 ∞
dv

ˆ e2i
π
3 ∞

e−2iπ3 ∞
dw exp

(︃[︃
v3

3
− vx

]︃
−
[︃
w3

3
− wy

]︃)︃
1

v − w
, (5.18)

where the contours for the second line in (5.17) and for (5.18) are as in Figure 5.4.

The first two integrals in (5.17) are conditionally convergent improper Riemann integrals. The last
integral is a version of the first two on a deformed contour, which leads to fast decay at the infinities
and absolute convergence of the integral. Instead of π/3 angles anything between π/6 and π/2 works
equally well.

Proof of Lemma 5.7. We start from the integral formula in the second line of (5.17) and denote it f(x).
Note that on the integration contours z3 is a negative real number, and therefore the integrand decays
very fast as z →∞. Differentiating under the integral sign, we have

f ′′(x)− xf(x) = 1

2πi

ˆ ei
π
3 ∞

e−iπ3 ∞

(︁
z2 − x

)︁
exp

(︃
z3

3
− xz

)︃
dz =

1

2πi
exp

(︃
z3

3
− xz

)︃⃓⃓⃓⃓
⃓
ei

π
3 ∞

e−iπ3 ∞

= 0.

In addition, changing the variables x = z3 and comparing with the definition of the Γ function, we

conclude f(0) = Γ
(︁
1
3

)︁
2π·31/6 . Further, directly from the definition it is clear that limx→+∞ f(x) = 0. These

three properties uniquely determine Ai(x), and we conclude that f(x) = Ai(x). The integrals in the
first line of (5.17) are obtained from those in the second line by contour deformation and replacement of
z with −iz.
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For (5.18) with x ̸= y, we integrate by parts, use
(︁

∂
∂v + ∂

∂w

)︁
1

v−w = 0, and the second line in (5.17)
with z = v and z = −w:

1

(2πi)2

¨
exp

(︃
v3

3
− vx− w3

3
+ wy

)︃
dvdw

v − w

=
1

y − x
1

(2πi)2

¨ [︃(︃
∂

∂v
+

∂

∂w

)︃
exp(−vx+ wy)

]︃
exp

(︃
v3

3
− w3

3

)︃
dvdw

v − w

=
1

x− y
1

(2πi)2

¨
exp

(︃
v3

3
− w3

3
− vx+ wy

)︃
(v2 − w2)dvdw

v − w

=
1

x− y
1

(2πi)2

¨
exp

(︃
v3

3
− w3

3
− vx+ wy

)︃
(w + v)dvdw =

Ai(x)Ai′(y)−Ai′(x)Ai(y)

x− y
.

The diagonal values at x = y follow by continuity of both sides.

Proof of Theorem 5.5. We choose5

ℓ1 = 2
√
θ + θ1/6x1, ℓ2 = 2

√
θ + θ1/6x2,

and rewriteK(ℓ1, ℓ2) in (5.12) as

K(ℓ1, ℓ2) =
1

(2πi)2

‹
exp

(︂√
θ
(︁
f(v)− f(w)

)︁)︂ v−θ1/6x1wθ1/6x2−1

v − w
dvdw, (5.19)

where
f(z) = z − 1

z
− 2 ln(z), (5.20)

and we use the branch of ln(z) with a cut along the negative real axis, so that ln(exp(iϕ)) = iϕ for
−π < ϕ < π. The integral (5.19) has a similar form to the cases studied in the two previous sections
with

√
θ playing the role of a large parameter. Hence, the steepest descent method suggests to deform

the integration contours to pass through a critical point. Differentiating f , we have

f ′(z) = 1 +
1

z2
− 2

z
,

and we observe that zc = 1 is a double critical point, i.e., a double zero of f ′(z). (If ℓi are close to χ
√
θwith

|χ| ̸= 2, then f(z) would instead have two single critical points leading to a very different asymptotic
behavior of the kernel which we are also going to study below.)

We compute f(1) = f ′(1) = f ′′(1) = 0, f ′′′(1) = 2 and conclude that near 1 the function f(z) has
an asymptotic expansion

f(z) =
(z − 1)3

3
+O

(︁
(z − 1)4

)︁
.

The double critical point leads to a more complicated behavior of Ref and Imf , as compared to the
single critical point in Figure 5.1. This is shown in Figure 5.5. This time there are six, rather than four
rays of constant Imf emanating from the critical point zc = 1; they are inclined by angles 0, ±π

3 , ±
2π
3

to the real axis. On the ±π
3 rays, z = 1 is a local maximum of Ref(z), while on the ±2π

3 rays, z = 1 is
a local minimum of Ref(z)6. Hence, we deform the contours in the following way, see the left panel in
Figure 5.6:

5As we will see from the proof, the θ1/6 prefactor is chosen so that the eventual asymptotic formula keeps non-trivial
dependence on x1 and x2. For another explanation of this scaling see the end of Section 5.4.

6Such local behavior is sometimes referred to as a “monkey saddle” with three downward parts suitable for monkey’s two
legs and the tail.
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• The new w–contour is the closed loop Imf(z) = Imf(1) around 0 starting from 1 at angles ±2π
3 .

• The new v–contour is a closed loop around 0 starting from 1 at angles ±π
3 and following the level

line Imf(z) = Imf(1) until reaching Re(z) = −2, at which point upper and lower parts are
connected by a vertical line.

The important features are: first, the w–contour is inside the v–contour, so that there is no residue at
v = w gained while deforming the old contours in (5.12) into the new ones. Second,Ref(v)−Ref(w) is
maximized on the new contours at the point v = w = 1. The latter follows fromRef(z) being harmonic,
and therefore not having any local maxima/minima, implying the constant sign of Ref(z)− Ref(1) in
the domains bounded by Ref(z) = Ref(1) curves.

The conclusion is that only a small neighborhood of v = w = 1 contributes to the asymptotics of
the double integral on the new contours. In this neighborhood we make a change of variables

v = 1 + θ−1/6ṽ, w = 1 + θ−1/6w̃,

so that the integral becomes:

θ−1/6

(2πi)2

¨
exp

(︃
ṽ3

3
− w̃3

3

)︃(︂
1 + θ−1/6ṽ

)︂−θ1/6x1
(︂
1 + θ−1/6w̃

)︂θ1/6x2−1 dṽdw̃

ṽ − w̃
(︁
1 + o(1)

)︁
=

θ−1/6

(2πi)2

¨
exp

(︃
ṽ3

3
− ṽx1 −

w̃3

3
+ w̃x2

)︃
dṽdw̃

ṽ − w̃
(︁
1 + o(1)

)︁
, (5.21)

where the contour transformations are shown in Figure 5.6. The answer matches (5.18), with the θ−1/6

prefactor in the asymptotics appearing because of the lattice rescaling by θ1/6, as in Section 4.5. The
asymptotics (5.21) implies weak convergence of the correlation measures. For instance, the expected
number of points in an interval [a, b] for the point process (5.16) is computed as the sum or integral of
the first correlation function ∑︂

x∈[a,b]

K
(︁
2
√
θ + θ1/6x, 2

√
θ + θ1/6x

)︁
,

where the summation goes only over suchx ∈ [a, b] that the argument ofK(·, ·) is an integer. The locally-

uniform in x convergence in (5.21) guarantee that this (Riemann) sum approximates
ˆ b

a
KAiry(x, x)dx
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Figure 5.6: Global and local shape of the integration contours.

as θ → ∞. Since this is true for all intervals [a, b], it follows that the first correlation measure of (5.16)
weakly converges to the first correlation measure of the Airy point process.

For the kth correlation measure, we instead plug the asymptotics of (5.21) into the k×k determinant
for the correlation function and integrate over [a1, b1]× [a2, b2]× · · · × [ak, bk].

5.4 Bulk limit for the Poissonized Plancherel measure

Weproceed to the bulk limit regime and study themiddle portion of Figure 5.2 corresponding to ℓi ≈ χ
√
θ

with |χ| < 2.

Definition 5.8. The discrete Sine process of density ϕ
π ∈ (0, 1) is a determinantal point process on Z with

correlation kernel with respect to the counting measure given by

KSine(x, y) =

⎧⎪⎨⎪⎩
sin(ϕ(x− y))
π(x− y)

, if x ̸= y,

ϕ

π
, otherwise.

(5.22)

Theorem 5.9. Let λ = (λ1 ≥ λ2 ≥ . . . ) be distributed as the Poissonized Plancherel measure (5.11) with
parameter θ. For any −2 < χ < 2, consider the point process on Z formed by7{︂

λi + 1− i− ⌊χ
√
θ⌋
}︂∞

i=1
. (5.23)

As θ → ∞, the correlation functions of (5.23) converge to those of the discrete Sine process with
ϕ = arccos(χ/2).

Note that while (5.23) seems to capture all particles together, the limiting correlation functions only
capture probabilistic information at the finite distance from the origin. Hence, as θ → ∞, only the
particles which have λi − i close to χ

√
θ remain visible in this limit.

In contrast to the Bernoulli point process of Section 4.1, in the discrete Sine process particles repel
each other, as can be seen from the inequality

ρSine2 (x, y) = ρSine1 (x)ρSine1 (y)−Ksine(x, y)2 < ρSine1 (x)ρSine1 (y).

7We define the floor ⌊y⌋ = max{k ∈ Z | k ≤ y}.
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The correlations functions give all probabilities of various local patterns in the discrete Sine process.
For instance, if ϕ = π

2 , then the probability to observe two particles at two fixed adjacent positions is:

ρSine2 (0, 1) =
1

4
− 1

π2
,

and the probability to have no particles at these locations is also

1− ρSine1 (0)− ρSine1 (1) + ρSine2 (0, 1) =
1

4
− 1

π2
.

Corollary 5.10. In the setting of Theorem 5.9, the point process (5.23) converges in distribution to the discrete
Sine process.

Proof. Convergence in distribution means convergence of finite-dimensional distributions of the ran-
dom variables NA for all finite sets A ⊂ Z. As we saw in Lemma 4.8, the probabilities of the events
{NA1 = k1, NA2 = k2, . . . , NAm = km} can be written as finite linear combinations of correlation func-
tions of the process. Hence, convergence of the latter in Theorem 5.9 implies convergence of the for-
mer.

Proof of Theorem 5.9. We choose

ℓ1 = χ
√
θ + x1, ℓ2 = χ

√
θ + x2,

and rewriteK(ℓ1, ℓ2) in (5.12) as

K(ℓ1, ℓ2) =
1

(2πi)2

‹
exp

(︂√
θ
(︁
f(v)− f(w)

)︁)︂ v−x1wx2−1

v − w
dvdw, (5.24)

where
f(z) = z − 1

z
− χ ln(z), (5.25)

and we use the branch of ln(z) with a cut along the negative real axis. The critical point equation has
two solutions this time:

0 = f ′(zc) = 1 +
1

z2c
− χ

zc
, zc =

χ± i
√︁

4− χ2

2
. (5.26)

Since we assumed |χ| < 2, the two critical points are complex conjugate and lie on the unit circle. We
denote them exp(±iϕ) and note that 2 cosϕ = χ, matching the definition of ϕ in the statement of the
theorem. Ref(z) and its level lines are plotted in Figure 5.7.

According to the general principles, we deform the contours to pass through the critical points. The
new feature is that there are two rather than one such point, and the contours need to go through both.
Let us deform the contours so that both of them pass through the critical points and look as shown in
Figure 5.8— in this argument there is a lot of flexibility in choosing the contourswithout affecting the final
asymptotics. We claim that now Ref(v) < 0 everywhere on its contour except at critical points e±iϕ,
and Ref(w) > 0 everywhere on its contour except at critical points e±iϕ, and Ref(v) = Ref(w) = 0
at e±ϕ. Indeed, observe that Ref(z) = 0 for z on the unit circle |z| = 1 and compute the gradient of
Ref(z) = Ref(a+ bi) on the unit circle a2 + b2 = 1:

Ref(a+ bi) = a− a

a2 + b2
− χ

2
ln(a2 + b2),
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Figure 5.7: Ref(z) and Imf(z) for f(z) = z − 1
z − ln(z), i.e., χ = 1.

∇Ref(a+ bi) =

(︃
1− b2 − a2

(a2 + b2)2
− aχ

a2 + b2
,

2ab

(a2 + b2)2
− bχ

a2 + b2

)︃
=
(︁
1− b2 + a2 − aχ , 2ab− bχ

)︁
=
(︁
2a2 − aχ , 2ab− bχ

)︁
= (2a− χ) · (a, b). (5.27)

Identity (5.27) implies that the gradient vanishes at points e±iϕ, points outwards the unit circle on the
right arc joining the critical points, and points inwards on the left arc. This implies our inequalities for
Ref(z) on the contours, as long as we assume that the contours are fairly close to the unit circle so that
the gradient approximation works.

After the deformation of the contours the integral vanishes as θ → ∞: by the same arguments as
in the previous sections, it decays as θ−1/4. However, this does not imply vanishing of the correlation
functions. The reason is that the integrand in (5.24) has a singularity at v = w. Therefore, when we
deform the contours from the contour configuration with |w| < |v|, as we had in (5.12), to the contours
of Figure 5.8, we get a residue of the integrand in (5.24) at w = v along the arc of the unit circle joining
e±iϕ. This residue is

1

2πi

ˆ eiϕ

e−iϕ

vx2−x1−1dv =

⎧⎪⎪⎨⎪⎪⎩
sin(ϕ(x1 − x2))
π(x1 − x2)

, if x1 ̸= x2,

ϕ

π
, if x1 = x2.

This matches (5.22) and finishes the proof.

A particular case of Theorem 5.9 is that for χ = 2 cos(ϕ) with 0 < ϕ < π, we have the limit of the
first correlation function:

lim
θ→∞

ρ1(χ
√
θ) =

ϕ

π
.

Thus, the asymptotic density of particles at point χ
√
θ decreases from 1 when χ = −2 down to 0 when
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Figure 5.9: Graph of limθ→∞ ρ1(χ
√
θ) for the Poissonized Plancherel measure.

χ = 2, as in Figure 5.9. Integrating this expression, we obtain the Vershik–Kerov–Logan–Shepp curve
[VK77, LS77] describing the limit shape of the Plancherel random Young diagrams. It is the curve shown
in Figure 5.2 and explicitly given by

Ω(χ) =

⎧⎨⎩
2

π

(︂
χ arcsin

(︂χ
2

)︂
+
√︁
4− χ2

)︂
, |χ| ≤ 2,

|χ|, |χ| ≥ 2,

which satisfies8

1− Ω′(χ)

2
= lim

θ→∞
ρ1(χ
√
θ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
arccos

(︁χ
2

)︁
π

, |χ| < 2,

0, χ ≥ 2,

1, χ ≤ −2.
8We have not yet established the result for |χ| ≥ 2, but it will be addressed in the next section.
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An important feature of the asymptotic density limθ→∞ ρ1(χ
√
θ) is its

√
x–type behavior at −2

and 2. The unusual θ1/6 rescaling in the edge limit of Theorem 5.5 can be attributed to this
√
x by the

following heuristics: If the kth largest particle of the process is close to some xk ∈ R, then we expect∑︁
x≥xk

ρ1(x) ≈ k. Hence,

k ≈
2
√
θ∑︂

x=xk

1

π

√︃
2− x√

θ
≈
√
θ

ˆ 2

xk√
θ

√
2− y
π

dy =
√
θ
2

3π

(︃
2− xk√

θ

)︃3/2

,

which leads to

xk ≈ 2
√
θ − k2/3θ1/6

(︃
3π

2

)︃2/3

and yields the desired θ1/6 prefactor.

5.5 Decay of the Poissonized Plancherel measure outside the support

We proceed to analyzing the last case |χ| > 2 in Figure 5.8. We will only deal with χ > 2. Similar bounds
for χ < −2 can be obtained by transposing the Young diagram λ, corresponding to replacing all particles
by holes and then flipping by x ↦→ −x the point configuration X(λ).

Theorem 5.11. Let λ = (λ1 ≥ λ2 ≥ . . . ) be distributed as the Poissonized Plancherel measure (5.11) with
parameter θ. Let ρ1 = P

(︁
x ∈ {λi + 1− i}∞i=1

)︁
be the first correlation function of the point process X(λ).

There exists C > 0, such that for each θ > 1 and each x > 2
√
θ + θ1/6, we have

ρ1(x) ≤ Cθ−1/6 exp

[︄
−min

(︄
x− 2

√
θ,

(x− 2
√
θ)3/2

θ1/4

)︄]︄
. (5.28)

When x is close to 2
√
θ, the min equals to its second argument, and the power of 3/2 matches the

large x decay of the diagonal of the Airy kernelKAiry(x, x) of (5.15), which can be established using the
known asymptotics of the Airy function. The prefactor 1 in front of min is not optimal, but the exact
decay constant 4

3 can be extracted from our proof.
When x− 2

√
θ is large, the min is equal to its first argument. This bound is not optimal, but rather

a simplification of the exact estimate (5.32) we obtain in the proof. As x grows, the bound (5.28) quickly
decays to 0, thus indicating the absence of the particles far to the right from the x = 2

√
θ point.

Proof of Theorem 5.11. The values of the constants C > 0may change from line to line in this proof. For
a given x > 2

√
θ + θ1/6, let χ be such that x = χ

√
θ. We rewriteK(x, x) in (5.12) as

ρ1(x) = K(x, x) =
1

(2πi)2

‹
exp

(︂√
θ
(︁
f(v)− f(w)

)︁)︂ dvdw

w(v − w)
, (5.29)

where |w| < |v|,
f(z) = z − 1

z
− χ ln(z), (5.30)

and we use the branch of ln(z) with a cut along the negative real axis. The quadratic critical point
equation has two positive real roots this time, because of χ > 2:

0 = f ′(zc) = 1 +
1

z2c
− χ

zc
, z±c =

χ±
√︁
χ2 − 4

2
. (5.31)
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z − 3 ln(z), i.e., χ = 3.

Ref(z) and its level lines are plotted in Figure 5.10. Note that the two critical points are inverses of each
other, and Ref(z−c ) = −Ref(z+c ) > 0. The second derivative is computed using (5.31) as:

f ′′(zc) = −
2

z3c
+
χ

z2c
=

1

zc
− 1

z3c
,

which is positive at the larger critical point and negative at the smaller one. We deform thew–contour to
pass through the smaller critical point and the v–contour to pass through the larger critical point. Both
contours cross the real axis perpendicularly to the axis itself and then circle around the origin in such a
way that Ref(w) is minimized along its contour at the critical point z−c , and Ref(v) is maximized along
its contour at the critical point z+c . As before, this allows us to localize the integral near the critical points
by making a change of variables:

w = z−c + iθ−1/4 1√︂
−f ′′(z−c )

w̃, v = z+c + iθ−1/4 1√︂
f ′′(z+c )

ṽ.

The double integral in (5.29) turns into a product of two Gaussian integrals in ṽ and w̃, each evaluated
as
√
2π. Hence, for some C > 0

ρ1(x) ≤ C
θ−1/2√︂

−f ′′(z−c )
√︂
f ′′(z+c )

exp
[︁√
θ(f(z+c )− f(z−c ))

]︁
z−c (z

+
c − z−c )

. (5.32)

For the analysis of this expression, we note that f is real and monotone decreasing between z−c and z+c ,
with z−c < 1 < z+c and f(1) = 0. We assumed x > 2

√
θ + θ1/6, which implies χ > 2 + θ−1/3 and

consequently |z±c − 1| ≥ 1
C θ

−1/6 for some C > 0. Elementary computations lead to further bounds:

|z+c − z−c | >
θ−1/6

C
, z−c >

1

Cχ
, −f ′′(z−c ) >

θ−1/6

C
, f ′′(z+c ) >

θ−1/6

C
· 1
χ
.
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Figure 5.11: Upper bound for f(z+c ) as a function of χ.

Plugging these inequalities into (5.32), we get an upper bound

ρ1(x) ≤ Cθ−1/6χ3/2 exp
[︁√
θ(f(z+c )− f(z−c ))

]︁
= Cθ−1/6χ3/2 exp

[︁
2
√
θf(z+c )

]︁
≤ Cθ−1/6 exp

[︂
−
√
θmin

(︂
χ− 2, (χ− 2)3/2

)︂]︂
, (5.33)

where the last inequality is obtained from the exact formulas for f and z+c : the left panel in Figure 5.11
shows the values of χ for which (χ − 2)3/2 bound is relevant and the right panel corresponds to the
values for which (χ− 2) is important. Plugging χ = xθ−1/2, we obtain (5.28).

Corollary 5.12. Let λ = (λ1 ≥ λ2 ≥ . . . ) be distributed as the Poissonized Plancherel measure (5.11) with
parameter θ. Then

lim
y→+∞

sup
θ>1

P(λ1 > 2
√
θ + θ1/6y) = 0. (5.34)

Remark 5.13. Note that the Plancherel measure is symmetric under the transposition λ ↦→ λ′. Hence,
exactly the same statement also holds for λ′1 = ℓ(λ).

Proof of Corollary 5.12. We have

P(λ1 > 2
√
θ + θ1/6y) = P

(︁
X(λ) has at least one particle larger than 2

√
θ + θ1/6y

)︁
≤ E

[︂
number of particles of X(λ) larger than 2

√
θ + θ1/6y

]︂
=

∑︂
x∈Z:x>2

√
θ+θ1/6y

ρ1(x). (5.35)

We bound the right-hand side using (5.28). For that we let z the point where the value of min in (5.28)
switches: i.e., it solves

z − 2
√
θ =

(z − 2
√
θ)3/2

θ1/4
, z = 3

√
θ.

The sub-sum in (5.35) over x > z is upper-bounded as

Cθ−1/6 exp
(︂
−
√
θ
)︂(︃

1 +
1

e
+

1

e2
+

1

e3
+ . . .

)︃
→ 0, θ →∞. (5.36)
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The sub-sum in (5.35) over 2
√
θ + θ1/6y < x < z is upper-bounded as

Cθ−1/6
∑︂

2
√
θ+θ1/6y<x<z

exp

[︄
−(x− 2

√
θ)3/2

θ1/4

]︄

≤ Cθ−1/6
∑︂

2
√
θ+θ1/6y<x<z

exp

[︄
−y1/2 (x− 2

√
θ)

θ1/6

]︄

≤ Cθ−1/6 exp
[︂
−y3/2

]︂(︄
1 + exp

(︄
−y

1/2

θ1/6

)︄
+ exp

(︄
−2y

1/2

θ1/6

)︄
+ exp

(︄
−3y

1/2

θ1/6

)︄
+ . . .

)︄

= C exp
[︂
−y3/2

]︂ θ−1/6

1− exp
(︂
−y1/2

θ1/6

)︂ . (5.37)

Assuming y > 1, θ > 1, the last expression is upper-bounded by C ′ exp
[︁
−y3/2

]︁
and tends to 0 as

y →∞, uniformly in θ.
We now prove (5.34). For any ε > 0, we can choose θ0 such that (5.36) is smaller than ε/2 for all

θ > θ0. Combining with (5.37), we conclude that

lim sup
y→+∞

sup
θ>θ0

P(λ1 > 2
√
θ + θ1/6y) ≤ ε. (5.38)

On the other hand, since the distribution of λ1 continuously depends on θ, we also have

lim sup
y→+∞

sup
1≤θ≤θ0

P(λ1 > 2
√
θ + θ1/6y) ≤ ε. (5.39)

Since ε > 0 can be arbitrary small, (5.38) and (5.39) imply (5.34).

5.6 Solution to the Ulam problem

Theorem 5.5 presents asymptotic behavior of the correlation measures and we would like to deduce
probabilistic consequence regarding individual particles λi.

Theorem 5.14. Let λ = (λ1 ≥ λ2 ≥ . . . ) be distributed as the Poissonized Plancherel measure (5.11) with
parameter θ. Let a1 ≥ a2 ≥ . . . denote the points of the Airy point process of Definition 5.4. Then, in the
sense of convergence in finite-dimensional distributions, we have

lim
θ→∞

θ−1/6
(︂
λi − 2

√
θ
)︂

d
= ai, i = 1, 2, . . . . (5.40)

The definition of a1 implicitly uses the fact that the Airy point process almost surely has finitely
many particles to the right from the origin. One way to prove it is by noticing that the expected number
of particles to the right from the origin is computed via the first correlation function as

ˆ ∞

0
KAiry(x, x)dx,

and the last integral is finite because of the fast decay of Ai(x) and its derivatives as x→ +∞.
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Proof of Theorem 5.14. We start from individual distributions of the coordinates λi. Note that

P
(︁
θ−1/6(λi + 1− i− 2

√
θ) ≤ s

)︁
= P

(︁
N θ

(s,+∞) ≤ i
)︁
,

where N θ
(s,+∞) is the number of particles in (s,+∞) interval for the point process{︂

θ−1/6
(︂
λi + 1− i− 2

√
θ
)︂}︂∞

i=1
. (5.41)

Hence, all we need to prove is that the random variables Nθ
(s,+∞) converge in distribution to similar

random variables for the Airy point process.
Instead of dealing with (s,+∞), we deal with finite intervals (s, t). This is sufficient, because if t

is large enough, then N θ
(t,+∞) = 0 with probability close to 1 uniformly in θ by Corollary 5.12; same is

true for the Airy point process due to super-exponential decay ofKAiry(x, x) as x→ +∞. ForN θ
(s,t) we

write, using Theorem 4.26:

P
(︂
N θ

(s,t) = m
)︂
=
∑︂
n≥m

(−1)n−m

m!(n−m)!

∑︂
x1,...,xm∈θ−1/6Z
s<x1,...,xn<t

det
[︁
Kθ(xi, xj)

]︁n
i,j=1

, (5.42)

where Kθ(x, y) is the correlation kernel of the point process (5.41). We want to show that as θ → ∞,
(5.42) converges to a similar expression for the Airy point process, i.e., to

P
(︂
N

Airy
(s,t) = m

)︂
=
∑︂
n≥m

(−1)n−m

m!(n−m)!

ˆ
. . .

ˆ
s<x1,...,xn<t

det
[︁
KAiry(xi, xj)

]︁n
i,j=1

dx1 · · · dxn. (5.43)

By Theorem 5.5, the series (5.42) converges to (5.43) term-by-term, and it remains to develop a tail bound.
For that we use the classical Hadamard’s inequality, whose proof is given below:

Lemma 5.15. For any n× n complex matrix A with matrix elements Aij we have

| det(A)| ≤
n∏︂

i=1

√︂
|A1i|2 + |A2i|2 + · · ·+ |A2

ni|. (5.44)

Applying (5.44), we see that the magnitude of the nth term in (5.42) is upper-bounded by

C · nn/2

(n−m)!

[︁
θ1/6(t− s)

]︁n ⎡⎢⎣ max
x,y∈θ−1/6Z
s<x,y<t

⃓⃓⃓
Kθ(x, y)

⃓⃓⃓⎤⎥⎦
n

, (5.45)

for some C > 0 not depending on n. By the asymptotics for Kθ established in (5.21), the maximum
is upper-bounded by Cθ−1/6 for some other C > 0. Since (n − m)! grows faster than

(︁
n−m
e

)︁n−m by
Proposition 5.1, the term (5.45) decays to 0 very fast, giving the desired convergent upper bound. Hence,
by the dominated convergence theorem, (5.42) converges to (5.43).

For the joint distribution of several λi, a similar argument leads us to proving the joint convergence
in distribution of N θ

(s,t) for several segments (s, t). This is done in the same way as for one interval,
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using a generalization of (5.42) provided by (4.36) in Section 4.6: for a determinantal point process with
kernelK with respect to a reference measure ν and disjoint intervals A1,. . . , Am, we have

P(NA1 = m1, . . . , NAr = mr)

=
(−1)m1+···+mr

m!

∂m1+···+mr

∂zm1
1 · · · ∂z

mr
r

det
(︁
Id− z1[K]A1 − · · · − zr[K]Ar

)︁
L2(A1∪A2∪···∪Ar,ν)

⃓⃓⃓
z1=···=zr=1

,

(5.46)

where [K]A is the restriction of the kernelK to the set A: [K]A(x, y) = K(x, y)1A(x)1A(y).

Proof of Lemma 5.15. Geometrically, Hadamard’s inequality (5.44) upper-bounds the volume of the
parallelepiped spanned by columns of A by the product of lengths of its sides. The inequality can be
reduced to the classical relation between arithmetic and geometric means by writing

| detA|2 = det[AA∗] = det

[︄
n∑︂

k=1

AikĀkj

]︄n
i,j=1

.

Normalizing the columns of the matrix A, we can assume without loss of generality that the diagonal
matrix elements of the last (Hermitian, non-negative definite) matrixAA∗ are all equal to 1, and the same
for the right-hand side of (5.44). Denoting by λ1, . . . , λn ≥ 0 its eigenvalues, we have

| detA|2 =
n∏︂

i=1

λi ≤
(︃
λ1 + · · ·+ λn

n

)︃n

=

(︃
Trace(AA∗)

n

)︃n

= 1.

As a corollary of Theorem 5.14, we can now completely solve Ulam’s problem on the length of the
longest increasing subsequences.

Theorem 5.16. Let Ln denote the length of the longest increasing subsequence in a uniformly random
permutation of n letters, as in Section 3.6. Then, in distribution

lim
n→∞

n−1/6
(︁
Ln − 2

√
n
)︁ d
= a1, (5.47)

where a1 is the largest particle of the Airy point process.

The law of a1 is the Tracy-Widom distribution, discussed in further detail in Section 5.9.
Theorem 5.14 is the same statement as Theorem 5.16 but for the Poissonized version of Lθ , obtained

by Poisson-randomizing n in Ln. Note that a Poisson random variable ξθ with mean θ is sharply con-
centrated around θ. In fact, by the Central Limit Theorem (note that for integer θ, ξθ is a sum of θ i.i.d.
Poisson random variables of mean 1 and variance 1):

lim
θ→∞

ξθ − θ√
θ

d
= N (0, 1). (5.48)

Hence, it is reasobable to expect that (5.40) implies (5.47). However, a technical difficulty is that a priory
Poissonization might have had a smoothing effect: hypothetically one could imagine Ln having the
asymptotics (5.47) for generic n, but some completely different behavior for special rare values of n (say,
LN = 0 forN = m2,m ∈ Z). In such a situation the Poissonized version of the theorem could still hold,
but the de-Poissonized one would fail.

The difficulty can be overcome by observing the following monotonicity property; for a systematic
study of the Plancherel growth process underlying it, see [Ker98]9.

9See https://vilas.us/simulations/ for a simulation.

https://vilas.us/simulations/
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Lemma 5.17. One can define all random variables Ln, n = 1, 2, . . . on the same probability space in such
a way that almost surely

L1 ≤ L2 ≤ L3 ≤ . . . . (5.49)

Proof. We define a Markov chain λ(n), n = 0, 1, 2, . . . , on Young diagrams, such that λ(n) ∈ Yn, λ(0) =
∅, and λ(n+1) differs from λ(n) by addition of one box:

P
(︁
λ(n+1) = µ | λ(n) = λ

)︁
=

⎧⎨⎩
1

n+ 1
· dimµ

dimλ
, µ = λ+□,

0, otherwise.
(5.50)

We prove two identities:∑︂
µ:µ=λ+□

1

n+ 1
· dimµ

dimλ
= 1,

∑︂
λ:µ=λ+□

1

n+ 1
· dimµ

dimλ
· dim

2 λ

n!
=

dim2 µ

(n+ 1)!
. (5.51)

Together these identities imply that λ(n) is a Markov chain of growing Young diagrams whose fixed time
distribution is Plancherel, and therefore λ(1)1 ≤ λ

(2)
1 ≤ λ

(3)
1 ≤ . . . is the desired coupling (5.49) by

Theorem 3.15.
The second identity in (5.51) is essentially the definition of dimµ. For the first identity we recall

sλ(x)p1(x) =
∑︂

µ=λ+□

sµ(x)

from Section 2.5, and apply the specialization (0; 0; 1) to both sides using Proposition 2.26.

We also use the following elementary probabilistic statement whose proof we leave as an exercise.

Lemma 5.18. Let bn, cn, dn, n = 1, 2, . . . , be three sequences of random variables on the same proba-
bility space, such that for some random variable ξ we have lim

n→∞
bn

d
= lim

n→∞
dn

d
= ξ in distribution and

lim
n→∞

P(bn ≤ cn ≤ dn) = 1. Then also lim
n→∞

cn
d
= ξ.

Proof of Theorem 5.16. We put on the same probability space L1 ≤ L2 ≤ . . . as in Lemma 5.17 and
an auxiliary independent sequence ξ1, ξ2, . . . of i.i.d. Poisson random variables of mean 1. Set p(t) =
ξ1 + · · · + ξ⌊t⌋ and note that p(t) is a Poisson random variable of mean ⌊t⌋. Define the following three
sequences of random variables:

bn = n−1/6
(︁
Lp(n−

√
n lnn) − 2

√
n
)︁
, cn = n−1/6

(︁
Ln − 2

√
n
)︁
, dn = n−1/6

(︁
Lp(n+

√
n lnn) − 2

√
n
)︁
.

Applying Theorems 3.15 and 5.14 with θ = ⌊n ±
√
n lnn⌋, and noting that replacements of

√
θ with

√
n and θ−1/6 with n−1/6 lead to negligible errors, we conclude that lim

n→∞
bn = lim

n→∞
dn

d
= a1. On the

other hand, by the CLT for Poisson random variables (5.48) and monotonicity of Ln, the probability of
the inequality bn ≤ cn ≤ dn tends to 1 as n→∞. It remains to use Lemma 5.18.

5.7 Shape and fluctuations of the continuous PNG droplet

Since the continuous PNGmodel of Section 3.5 was tightly linked to the Poissonized Plancherel measure,
another corollary of our developments is identification of the shape and one-point fluctuations of the PNG
droplet.
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Theorem 5.19. Let h(x, t) denote the height profile of the continuous PNG model of Section 3.5.2. For each
−1 < χ < 1, we have

lim
t→∞

h(χt, t)− t
√︁
1− χ2

t1/3
d
= a1 ·

(︃
1− χ2

4

)︃1/6

, (5.52)

where a1 is the first point of the Airy point process (that has Tracy–Widom distribution).

At χ = 0 the scalings simplify to lim
t→∞

(︁
t
2

)︁−1/3 (︁
h(0, t)− t

)︁ d
= a1. While we do not prove it here, for

distinct values of χ the limits in (5.52) are independent. In order to reconstruct the spatial dependencies
and see a random function in the limit, one should study the large t fluctuations of h(χt+ yt2/3, t) as a
function of y ∈ R, see [PS02]10.

The limit shape and rescaling are illustrated in Figure 5.12. It is instructive to compare it against
Figure 5.2 giving the shape for Plancherel-random Young diagrams. In both situations a non-random
limit shape appears. However, the structure of fluctuations is very different. For the PNG, fluctuations
are of order t1/3 with Tracy-Widom limit for all −1 < χ < 1. In contrast, for the Plancherel-random
Young diagrams, the Tracy-Widom limit appears only at the critical transition points χ = ±2, while in
betweenwe saw a very different local limit governed by the discrete sine kernel. The discrepancy between
the Vershik-Kerov-Logan-Shepp limit shape and the border of the Young diagram in Figure 5.2 is much
smaller than for the PNG in Figure 5.12. In fact, the former discrepancy grows at most logarithmically
in θ, cf. [Ker93, IO02], a simulation in Figure 5.18, and related statements in Sections 6.5-6.7 below. The
conclusion is that the two growth processes — PNG and Plancherel growth — exhibit different asymptotic
phenomenology, despite being related to the same algebraic objects and being two different projections
of the same multilayer PNG. Heuristically, this can be traced back to transition probabilities (5.51) for the
Plancherel growth which, in contrast to the PNG, are very non-local and lead to additional smoothing
effects.

Proof of Theorem 5.19. We recall the identification of h(x, t) with λ1 for a random partition λ ∈ Y dis-
tributed according to the Poissonized Plancherel measure

P(λ) = e−θ θ
|λ| dim2(λ)

(|λ|!)2
, θ =

t2 − x2

4
. (5.53)

For x = 0, this is Theorem 3.11. For other x one can repeat the same proof. Alternatively, one can use
Proposition 3.12 identifying h(t, x) with a maximal number of Poisson points collected along (0, 0) ↦→
(x, t) monotone path and notice that the latter problem (due to invariance of the Poisson process under
area-preserving rescalings) depends only on the area of the rectangle with vertices (0, 0), ( t+x

2 , t+x
2 ),

( t−x
2 , t+x

2 ), (x, t), rather than on its individual side lengths.
It remains to apply Theorem 5.14 with i = 1 and θ = t2 1−χ2

4 .

5.8 Edge limits for GUE

From the proofs in Sections 5.3 and 5.4, it becomes clear that not much is being used from the exact double
contour integral expression for the correlation kernel that we had. The qualitative form of the integrand
was important, but the precise features of the function f(z) in the exponent

√
θf(v) −

√
θf(w) much

less so. The asymptotics is determined by the critical points, and the behavior of f(z) near them. These
behaviors are universal in the sense that up to scaling constants they do not depend on the choice of

10Note that we use the Poisson process of intensity 1
2
, while [PS02] uses intensity 2 instead, leading to different scaling

constants.
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χ ↦→ t
√︁

1− χ2
t1/3

Figure 5.12: Continuous PNG profile after 200 nucleation event vs asymptotic predictions.

f . This suggests that the asymptototic behaviors can also be universal. In this section and Section 5.10
we confirm this prediction by showing that a few other models have exactly the same edge asymptotics
as Poissonized Plancherel measure, leading to the Airy point process. We omit some technical details,
which are parallel to the previous sections.

The following theorem (proven by another method) can be found in the paper of Tracy and Widom
[TW94] and was the origin for the name “Tracy–Widom distribution” attached to the law of a1.

Theorem 5.20. For N = 1, 2, . . . , let xN1 ≥ xN2 ≥ · · · ≥ xNN ∈ R be distributed with density

1

(2π)N/2
∏︁N−1

j=1 j!

∏︂
1≤i<j≤N

(︁
xNi − xNj

)︁2 N∏︂
i=1

exp

(︃
−1

2
(xNi )2

)︃
, (5.54)

and let a1 ≥ a2 ≥ . . . be the points of the Airy point process. Then, in finite-dimensional distributions

lim
N→∞

N1/6
(︂
xNi − 2

√
N
)︂

d
= ai, i = 1, 2, . . . . (5.55)

TheN particles (5.54) can be identified with eigenvalues of the randommatrix fromGaussian Unitary
Ensemble (GUE), i.e., M = 1

2(Y + Y ∗), where Y is a matrix of i.i.d. N (0, 1) + iN (0, 1) elements,
see [?, For10, AGZ10, ABDF11]. Hence, the i = 1 case of (5.55) has already been announced in the
introduction in Theorem 1.5.

Our proof of Theorem 5.20 is based on explicit evaluation of the correlation functions. We obtain
them as a scaling limit of the correlation functions for a Schur measure. There is a lot of flexibility which
measure to choose — many of them rescale to GUE eigenvalues. Our particular choice relates to the
binomial distributions (cf. Proposition 5.2) and to the Aztec diamond (cf. Theorem 1.6).
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0

w
v

1
α−β 0

vw

Figure 5.13: Integration contours for Schur measure’s correlation kernel (5.57) on the left and for the GUE
kernel (5.62) on the right.

Proposition 5.21. ForN,M = 1, 2, . . . and α, β > 0 consider the distribution on Young diagrams λ with
at most N rows and at mostM columns, given by

P(λ) = (1 + αβ)−NMsλ(α
N )sλ′(βM ) = (1 + αβ)−MN

N∏︂
i=1

[︃
(αβ)i−N (M + i− 1)!

(i− 1)!(M +N − 1)!

]︃

×
∏︂

1≤i<j≤N

[︃
(λi +N − i)− (λj +N − j)

]︃2 N∏︂
i=1

[︃
(αβ)λi+N−i

(︃
M +N − 1

λi +N − i

)︃]︃
, (5.56)

where αN and βM are specializations in N andM variables equal to α and β, respectively. Then the point
process XN (λ) = {λi +N − i}Ni=1 is determinantal with kernel

KN,M (ℓ1, ℓ2) =
1

(2πi)2

‹
(1− αw)N (1 + βw−1)M

(1 + βv−1)M (1− αv)N
vN−1−ℓ1wℓ2−N

v − w
dvdw, (5.57)

where both contours enclose−β and 0, but not α−1, w–contour is inside the v–contour (see Figure 5.13), and
ℓ1, ℓ2 ∈ {0, 1, . . . ,M +N − 1}.

Proof. Let us treat the first equality in (5.56) as a definition of P(λ). Then the determinantal structure
and (5.57) are corollaries of Theorem 4.21, in which we take:

ρ1 = (αN ; 0; 0), H(ρ1; z) = (1− αz)−N , ρ2 = (0;βM ; 0), H(ρ2; z) = (1 + βz)M .

For the choice of contours first note that for the case 0 < α < 1, 0 < β < 1, integrating w over the circle
|w| = 1− ε and integrating v over the circle |v| = 1 + ε with 0 < ε < min(1− α, 1− β) fits both the
description in Theorem 4.21 and the description in Proposition 5.21. For the cases α > 1 or β > 1, we
note that the desired evaluation of the correlation functions is equivalent to the following identity: for
any finite set A = {a1, . . . , am} ⊂ {0, 1, . . . ,M +N − 1} we have∑︂

λ:A⊂XN (λ)

sλ(α
N )sλ′(βM )

(1 + αβ)MN
= det

[︁
KN,M (ai, aj)

]︁m
i,j=1

. (5.58)
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0 M +N − 1

λ1 +N − 1

N − λ′
1

λN

M +N − 1− λ′
M

N

M
N = 8

M = 4

λ = (3, 2, 2, 1, 1, 1, 1, 0)

λ′ = (7, 3, 1, 0)

Figure 5.14: Particle-hole involution and transposition of a Young diagram.

Both sides are analytic (even rational) functions of α and β, and therefore the identity (5.58) for small α
and β implies the same identity for all α > 0 and β > 0 (as long as the contours are chosen so that no
singularity occurs in deforming α and β) by uniqueness of an analytic continuation.

In addition, we would like to show that the two different formulas for P(λ) in (5.56) are the same.
For that we recall (2.51), which implies

sλ(α
N ) = α|λ|

∏︂
1≤i<j≤N

λi − i− λj + j

j − i
, sλ′(βM ) = β|λ|

∏︂
1≤i<j≤M

λ′i − i− λ′j + j

j − i
. (5.59)

The second formula is given in terms of column lengths, and we need to transform it into an expression
involving row lengths. For that we use the following observation, best seen geometrically in Figure 5.14:
we have a disjoint union{︁

λi +N − i
}︁N
i=1

⨆︂{︁
−λ′j + j +N − 1

}︁M
j=1

= {0, 1, . . . ,M +N − 1}. (5.60)

We combine this observation with the following enumeration lemma.

Lemma 5.22. Suppose that A = {a1 > · · · > aN} and B = {b1 > · · · > bM} are two disjoint subsets of
R and denote A ⊔B = {c1 > · · · > cN+M}. Then we have

∏︂
1≤i<j≤M

(bi − bj) =
∏︂

1≤i<j≤N

(ai − aj) ·

⎡⎢⎢⎣ N∏︂
i=1

∏︂
1≤j≤N+M

cj ̸=ai

1

|ai − cj |

⎤⎥⎥⎦ · ∏︂
1≤i<j<N+M

(ci − cj). (5.61)
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Proof. The proof is a direct count of various ci − cj factors in both sides of the identity. We say that
a factor appears with +1 multiplicity if it is in the numerator and with −1 multiplicity if it is in the
denominator. If both ci and cj belong to A, then ci − cj appears zero times in the left-hand side and
1− 2 + 1 = 0 times in the right-hand side. If both ci and cj belong to B then ci − cj appears one time
in the left-hand side and one time in the right-hand side. If one of ci, cj belongs to A and the other one
belongs toB, then ci−cj appears zero times in the left-hand side and−1+1 = 0 times in the right-hand
side.

Applying the lemma to sλ′(βM ) given by (5.59), we get

sλ′(βM ) = C ·β|λ|
∏︂
i<j

(︁
(λi+N − i)− (λj +N − j)

)︁ N∏︂
i=1

1(︁
λi +N − i

)︁
!
(︁
M +N − 1− (λi +N − i)

)︁
!
,

where C does not depend on λ. Plugging in this formula and the expression for sλ(αN ), we arrive at the
second line of (5.56). The normalization constant is obtained either by carefully keeping track of C and
other factors, or by substituting λ = ∅ and noting that (1 +αβ)−NMsλ(α

N )sλ′(βM ) = (1 +αβ)−NM

in this case.

Proposition 5.23. For fixedN ≥ 1, theN–point process {xNi }Ni=1 of GUE eigenvalues (5.54) is a determi-
nantal point process with correlation kernel with respect to the Lebesgue measure given by

KGUE
N (x, y) =

1

(2πi)2

¨
exp

(︃
v2

2
− vy − w2

2
+ wx

)︃
vN

wN

dwdv

v − w
, (5.62)

where the integration contours are shown in Figure 5.13: the w-contour encloses 0 with positive orientation
and the v-contour goes from −i∞ to +i∞ leaving the w–contour on the left.

Proof. In the setting of Proposition 5.21, set α = β = 1 and

xNi (M) =
λi − M

2
1
2

√
M

, 1 ≤ i ≤ N. (5.63)

Directly from the local CLT, as in Proposition 5.2, in the limit M → ∞, the binomial weights in the
second line of (5.56) turn into the Gaussian weights (N is kept finite here, and therefore the shifts by
N − i disappear in the limit), and we observe distributional convergence to the GUE:

lim
M→∞

[︁
xNi (M)

]︁N
i=1

d
=
[︁
xNi
]︁N
i=1
.

Wemake the same limit transition in the correlation kernel (5.57), i.e., using the rescaling of Lemma 4.30,
we consider the asymptotics of

√
M

2
KN,M

(︃
M

2
+

1

2

√
Mx,

M

2
+

1

2

√
My

)︃
, M →∞,

wherewe should have inserted integer part in the arguments, but wewill omit it to simplify the notations;
this does not affect the proof. The last expression is

√
M

2 · (2πi)2

‹
(1 + w−1)MwM/2

(1 + v−1)MvM/2
· v−

1
2

√
Mxw

1
2

√
My · v

N−1(1− w)N

wN (1− v)N
dvdw

v − w
. (5.64)
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Figure 5.15: Ref(z) and Imf(z) for f(z) = ln
(︁
1 + z−1

)︁
+ 1

2 ln z.

The steepest descent method suggests to deform the contours to pass through the critical points of

f(z) =
1

M
ln
[︁
(1 + z−1)MzM/2

]︁
= ln

(︁
1 + z−1

)︁
+ 1

2 ln z.

We compute:

f ′(z) = − 1

z2(1 + z−1)
+

1

2z
=

1

z + 1
− 1

z
+

1

2z
=

1

z + 1
− 1

2z
, f ′′(z) = − 1

(z + 1)2
+

1

2z2
.

Hence, zc = 1, f ′′(zc) = 1
4 , and f(z) = ln 2+ 1

8(z− 1)2 +O
(︁
(z− 1)3

)︁
locally near zc. Figure 5.15 plots

Ref(z) and corresponding level lines.
There is a new feature compared to the previous examples: we can no longer deform the contours to

pass directly through the critical point zc = 1, because the integrand in (5.64) has a singularity at v = 1.
Instead, the contours will have to stay at finite distance from the critical point after rescaling. Hence,
we deform the v–contour to be a small loop of radius 1√

M
around 1: this involves pushing the contour

through v = ∞, which is possible because the integrand in (5.64) decays fast enough as v → ∞, so
that there is no residue there. The w–contour is essentially a vertical line slightly pushed to the left near
w = 1, and then circling around the singularity at w = 0, see Figure 5.16.

The part of the w–integral away from the critical point has a vanishing contribution asM →∞. In
contrast, the entire v–integral contributes to the leading asymptotics. We make a change of variables

v = 1 +
2√
M
ṽ, w = 1 +

2√
M
w̃.

This transforms (5.64) into

1 + o(1)

(2πi)2

¨ exp
(︂
w̃2

2 + w̃y
)︂

exp
(︂
ṽ2

2 + ṽx
)︂ · dvdw

ṽ − w̃
, M →∞.

We arrive at (5.62) after renaming ṽ ↦→ −w, w̃ ↦→ −v and adjusting the contour orientations.
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Figure 5.16: The steepest descent contours for the GUE limit.

Another, more traditional approach to GUE correlation kernel via Hermite orthogonal polynomials
is outlined in Problem 5 in Chapter 4 and in Problem 4 at the end of this chapter.

Proof of Theorem 5.20. We studyN−1/6KGUE
N (χ

√
N +xN−1/6, χ

√
N + yN−1/6) asN →∞, where we

will eventually take χ = 2, but at first keep it is a parameter. Plugging into (5.62), we get

N−1/6

(2πi)2

¨
exp

(︃
v2

2
− v

(︂
χ
√
N + yN−1/6

)︂
− w2

2
+ w

(︂
χ
√
N + xN−1/6

)︂)︃ vN

wN

dwdv

v − w
. (5.65)

In order to balance different terms in the exponent and bring the integral into the form amenable to the
steepest descent analysis, we replace w by w

√
N and v by v

√
N , which leads to

N1/3

(2πi)2

¨
exp

(︃
N

[︃
v2

2
− χv + ln v − w2

2
+ χw − lnw

]︃)︃
exp

(︂
N1/3 [wx− vy]

)︂ dwdv

v − w
. (5.66)

We need to look at the critical points of the function

f(z) =
z2

2
− χz + ln z, f ′(z) = z − χ+

1

z
.

For generic χ, the equation f ′(z) = 0 is quadratic. As we learned in Section 5.3, the Airy asymptotics
arises when the equation has a double root, which happens for χ = ±2 (corresponding to the largest
and smallest eigenvalues of GUE). We focus on χ = 2 case with the critical point zc = 1, so that for z
close to 1

f(z) = −3

2
+

(z − 1)3

3
+O

(︁
(z − 1)4

)︁
.

Let us zoom in near the critical point and change the variables

v = 1 +N−1/3ṽ, w = 1 +N−1/3w̃.

Recognizing the Airy kernel in the integral form of (5.18), but with swapped x and y, we conclude that
as N →∞

N−1/6KGUE
N

(︁
2
√
N +xN−1/6, 2

√
N + yN−1/6

)︁
= exp

(︂
N1/3 [x− y]

)︂
KAiry(y, x) ·

(︁
1+ o(1)

)︁
. (5.67)

The N−1/6 factors match the rescaling in (5.55), as in Lemma 4.30. The exp
(︁
N1/3 [x− y]

)︁
prefactor

cancels out from the determinants in the definition of correlation functions and therefore can be omitted.
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The swap x ↔ y does not matter, because the Airy kernel is symmetric. Hence, (5.67) implies that the
point process

{︂
N1/6

(︂
xNi − 2

√
N
)︂}︂N

i=1
converges to the Airy point process. Supplementing this with

the asymptotic decay ofKGUE
N

(︁
χ
√
N,χ
√
N
)︁
for χ > 2, which is proven very similarly to Theorem 5.11,

we deduce (5.55) by repeating the argument of Theorem 5.14.

5.9 Properties of the Tracy-Widom distribution

We have already established the appearance of the Tracy–Widom distribution in asymptotic fluctuations
for three problems: length of the longest increasing subsequence (5.47), PNG interface (5.52), and GUE’s
largest eigenvalue (5.55). But what is this distribution, how to deal with it and think about it?

At least five different definitions of the Tracy–Widom distribution can be used for studying it:

1. F2(s) is the distribution function of the random variable a1, which is the right-most particle of the
Airy point process of Definition 5.4: F2(s) = P(a1 ≤ s).

2. F2(s) is given by a Fredholm determinant:

F2(s) = det
(︁
Id−KAiry(x, y)

)︁
L2((s,+∞)

=
∑︂
n≥0

(−1)n

n!

ˆ
[s,+∞)n

det
[︁
KAiry(xi, xj)

]︁n
i,j=1

dx1 · · · dxn, (5.68)

where the Airy kernel is given by either of the equivalent formulas (5.15) or (5.18).

3. Using the Hastings-McLeod [HM80] solution to the Painlevé II differential equation:

q′′(x) = xq(x) + 2q(x)3 (5.69)

with the boundary condition q(x) ∼ Ai(x) as x→∞, we have (see [TW94] or [BD02, Section 9])

F2(s) = exp

(︃
−
ˆ ∞

s
(x− s)q(x)2 dx

)︃
. (5.70)

4. F2(s) is the distribution function for the largest eigenvalue of the β = 2 version of the Stochastic
Airy Operator of [ES07, RRV11]. The operator is defined for β > 0 parameter via:

∂2

∂x2
− x+

2√
β
W ′(x), W (x) is a Brownian motion, x ≥ 0, (5.71)

acting on functions in L2(R≥0) vanishing at the origin x = 0. Explaining the proper mathematical
meaning of the operator (5.71) and its eigenfunctions goes beyond the scope of this book and we
refer to [RRV11].

5. One can take one of the asymptotic theorems (5.47), (5.52), (5.55) as a definition. E.g., one can define
the Tracy-Widom distribution as the scaling limit of the largest eigenvalue ofN ×N GUE random
matrices after subtracting 2

√
N and multiplying by N1/6 as N →∞.

The fourth approach shows that F2 is a β = 2 representative of general β Tracy-Widom distributions
Fβ , defined as the law of the largest eigenvalue of (5.71). This connects us to the topic of general β random
matrices, and we refer to [ES07, RRV11, GS18, GXZ24] for related developments. Beyond β = 2, the cases
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β = 1, 4 are of central importance: F1 and F4 are limits of largest eigenvalues for real symmetric and
Hermitian quaternionic matrices, respectively, see [TW96, Meh04, For10]; they also appear in interface
growth models and 2d statistical mechanics, as in [PS00, BR01, Fer04, SI04, BBCS18]. As β → ∞, Fβ

becomes a δ–mass on the largest root of the Airy function (cf. Figure 5.3), with Gaussian limit after
√
β

rescaling — this approximation from β = ∞ is surprisingly good even for β = 1, see [DE05, EPS14,
GK24].

Each of the five definitions above can be used to produce a sampler of the Tracy-Widom distribution
F2 and to numerically compute its density F ′

2(s):

• One can sample a determinantal point process with a given kernel by diagonalizing its correla-
tion kernel and then using a sequence of independent Bernoulli random variables, as described
in [HKPV06]. The only caveat is that this approach works the best for the processes with finitely
many points, hence, one should first choose a large negative−R and restrict the Airy point process
to (−R,+∞) interval, which does not matter that much, because we are interested in a1.

• One can numerically approximate the Fredholm determinant in (5.68) using finite quadrature for-
mulas, similar to those used in approximating integrals, as discussed in detail in [Bor10b].

• Starting from a large value of s (where we set q(s) and its first derivative to match the Airy func-
tion), and then numerically integrating (5.69) backward in time, we get an approximation of q(s),
which subsequently leads to F2(s) through (5.70); this is how we produced Figure 5.17 below.
Bornemann in [Bor10a] compares the numeric efficiency of the Painleve and Fredholm approaches,
arguing that (when implemented properly) the latter is preferable.

• One can approximate the operator (5.71) with a discrete version, which is a random tridiagonal
matrix. The limit of the largest eigenvalue of these matrices gives a direct access to the largest
eigenvalue of (5.71); one advantage of this approach is that it extends to all β and to othermarginals
of the Airy point process (say, to a1 + a2). In particular, for β = 2, we consider the matrix

MN =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

d(N) u(N − 1) 0 · · · 0

u(N − 1) d(N − 1) u(N − 2)
. . . ...

0 u(N − 2) d(N − 3)
. . . 0

... . . . . . . . . . u(1)
0 · · · 0 u(1) d(1)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where d(k) are i.i.d. Gaussian N (0, 1) random variables and u(k) are independent χ2k random
variables of density

21−k

Γ(k)
x2k−1 e−x2/2, x > 0.

Alternatively, ξ22k is a sum of squares of 2k i.i.d.N (0, 1) random variables.MN can be obtained as
a result of tridiagonalization (i.e., sequential rotation of columns to make the matrix tridiagonal) of
a GUE matrix, see [Tro84, DE02], which keeps the eigenvalues unchanged, and therefore Theorem
5.20 applies with xN1 being the largest eigenvalue ofMN .
One technical detail is that one needs to take a very largeN (say,N = 106) to get a good approxi-
mation of F2(s), and computing eigenvalues of such huge matrices can be prohibitively slow. This
can be fixed by replacingMN with its top-left

√
N ×

√
N corner, see [BGK25, Section 2.3] for the

implementation details and further references for other approaches.
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Figure 5.17: Density for Tracy-Widom distribution F2 and Gaussian of the same mean and variance.

Figure 5.17 present a numeric plot of the density F ′
2(s) and compares it to the Gaussian density of

the same mean (≈ −1.77) and variance (≈ 0.81). For historic reasons, the Tracy-Widom distribution is
not normalized: rather than rescaling it to have mean 0 and variance 1, the community keeps the current
notations whose advantage is the simpler form of the formulas, such as (5.55), (5.68), (5.70), (5.71).

Beyond centering, Figure 5.17 reveals two other features of the Tracy-Widom distribution: it is asym-
metric (skewness ≈ 0.22), and its tails differ from the Gaussian ones (the excess kurtosis is ≈ 0.09). The
latter property was investigated and exact tails are known. The right tail is heavier than Gaussian and
exhibits the exponential decay exponent 3/2, which we already saw in (5.28):

1− Fβ(s) = exp

(︃
−2β

3
s3/2

(︁
1 + o(1)

)︁)︃
, s→ +∞. (5.72)

The left tail is lighter than Gaussian and exhibits the exponential decay exponent 3:

Fβ(s) = exp

(︃
− β

24
(−s)3

(︁
1 + o(1)

)︁)︃
, s→ −∞. (5.73)

Precise understanding of o(1) error terms in (5.72), (5.73) is also available in the literature, see [BBD08,
BN12, DV13] and references therein.

5.10 Edge limits for discrete PNG and geometric LPP

We end this chapter by producing large-time asymptotics of discrete PNG of Section 3.1 and delivering
a proof of the long-announced Theorem 1.4 about the last passage percolation with geometric weights.

Theorem 5.24. Consider the multilayer discrete PNG model as in Sections 3.1, 3.2 with all ai and all bi
parameters equal to 0 < q

1
2 < 1. Let a1 ≥ a2 ≥ . . . denote the points of the Airy point process. Then, in

the sense of convergence of finite-dimensional distributions, we have

lim
t→∞

t−1/3

(︄
hi(0, t)−

q
1
2

1− q
1
2

t

)︄
d
= ai ·

(︄
q + q

1
2

2

)︄1/3
1

1− q
1
2

, i = 1, 2, . . . . (5.74)
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Remark 5.25. One can extend this analysis to find the t → ∞ asymptotics of hi(χt, t) as t → ∞, with
−1 < χ < 1. All steps remain the same, but computations are heavier, see [Joh00, Thereom 1.2]. For
t→∞ functional convergence of the rescaled interface x ↦→ h(xt2/3, t), we refer to [Joh03].

Proof of Theorem 5.24. By Corollary 3.9, for odd t, {hℓ(0, t)}ℓ≥1
d
= {λ1, λ2 − 1, λ3 − 2, . . . }, where λ is

distributed according to the Schur measure

P(λ) = (1− q)(t+1)2/4 · s2λ
(︃[︂
q

1
2

]︂(t+1)/2
)︃
,

where
[︂
q

1
2

]︂(t+1)/2
means (t+1)/2 variables equal to q

1
2 . In the following steps we will ignore the parity

restrictions: due to monotonicity of the heights hℓ(0, t − 1) ≤ hℓ(0, t) ≤ hℓ(0, t + 1), we can always
reduce even t case to the odd t case. Applying Theorem 4.21,X(λ) = {λi+1− i}∞i=1 is a determinantal
point process with kernel

K(ℓ1, ℓ2) =
1

(2πi)2

‹ [︄(︁
1− q

1
2w
)︁(︁
1− q

1
2 v−1

)︁(︁
1− q

1
2 v
)︁(︁
1− q

1
2w−1

)︁]︄(t+1)/2
v−ℓ1wℓ2−1

v − w
dvdw, ℓ1, ℓ2 ∈ Z,

with integration over two positively oriented circles around the origin |w| = R1, |v| = R2 such that
q

1
2 < R1 < R2 < q−

1
2 . We set

ℓ1 = ζt+ xt1/3, ℓ2 = ζt+ yt1/3,

in which ζ is not yet known. Ignoring parity, integer parts, and shift by 1 in (t + 1)/2 (none of that is
important for the eventual asymptotics), we rewrite the kernel as

1

(2πi)2

‹
exp
(︁
tf(v)− tf(w)

)︁ v−xt1/3wyt1/3

(v − w)w
dvdw, (5.75)

with

f(z) =
1

2
ln
(︁
1− q

1
2 z−1

)︁
− 1

2
ln
(︁
1− q

1
2 z
)︁
− ζ ln z

=
1

2

(︂
ln
(︂
z − q

1
2

)︂
− ln

(︂
q−

1
2 − z

)︂
− (2ζ + 1) ln z − ln q

1
2

)︂
.

The equation for the critical point becomes

0 = 2f ′(z) =
1

z − q
1
2

− 1

z − q−
1
2

−2ζ + 1

z
=
z(z − q−

1
2 )− z(z − q

1
2 )− (2ζ + 1)(z − q−

1
2 )(z − q

1
2 )

z(z − q
1
2 )(z − q−

1
2 )

,

= −
(2ζ + 1)z2 + z

(︁
q−

1
2 − q

1
2 − (2ζ + 1)(q−

1
2 + q

1
2 )
)︁
+ (2ζ + 1)

z(z − q
1
2 )(z − q−

1
2 )

.

We know that the Airy asymptotics arises when we have a double root, which corresponds to the van-
ishing discriminant of the quadratic polynomial in z in the numerator and gives

ζ =
q ± q

1
2

1− q
. (5.76)
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Since we are interested in the upper edge, corresponding to λ1, we choose the plus sign

ζ =
q + q

1
2

1− q
=

q
1
2

1− q
1
2

, 2ζ + 1 =
1 + q

1
2

1− q
1
2

, zc = 1.

The reader might be surprised by observing critical point zc = 1 yet again, but it does not mean that the
same critical point appears in all problems. Rather, we keep choosing the simplest cases to highlight the
ideas, but avoid heavy computations. At the critical point:

f ′′(1) = 0, f ′′′(1) = − 2ζ + 1

(1− q
1
2 )(1− q−

1
2 )

=
q + q

1
2

(1− q
1
2 )3

> 0.

Hence, we do the usual deformation of the contours to pass through the critical point and local change
of variables

v = 1 +

(︄
2

q + q
1
2

)︄1/3 (︁
1− q

1
2
)︁
t−1/3ṽ, w = 1 +

(︄
2

q + q
1
2

)︄1/3 (︁
1− q

1
2
)︁
t−1/3t−1/3w̃.

Hence, plugging into (5.75), we conclude that as t→∞, the kernelK(ℓ1, ℓ2) becomes(︃
2

q+q
1
2

)︃1/3 (︁
1− q

1
2

)︁
t−1/3

(2πi)2

‹
exp

⎛⎝ ṽ3
3
− w̃3

3
−

(︄
2

q + q
1
2

)︄1/3 (︁
1− q

1
2
)︁(︁
xṽ − yw̃

)︁⎞⎠ dṽdw̃

ṽ − w̃
. (5.77)

We recognize the Airy kernel in the double integral form (5.18) and with x and y variables rescaled by(︃
2

q+q
1
2

)︃1/3 (︁
1− q

1
2

)︁
factor. Supplementing this computation with a tail bound (omitted), as in the proof

of Theorem 5.14, we arrive at (5.74).

We now go back to the setting of Section 1.4.

Corollary 5.26. Let wi,j be i.i.d. geometric random variables P(wi,j = k) = (1 − q)qk, k = 0, 1, 2, . . . .
Consider the last passage time

ti,j = max
π:(1,1)→(i,j)

∑︂
(k,l)∈π

wk,l, (5.78)

where π is a path with (1, 0) and (0, 1) increments. Then, in distribution

lim
N→∞

N−1/3

(︄
tN,N −N

2q
1
2

1− q
1
2

)︄
d
= a1 ·

(︂
q + q

1
2

)︂ 1
3

1− q
1
2

, (5.79)

where the distribution of a1 is Tracy-Widom F2.

Proof. We claim that tN,N has the same distribution as h1(0, 2N − 1), i.e., the height at 0 for discrete
PNG at time t = 2N − 1. This can be seen by looking at the PNG recursive rule (3.1)

h1(x, t+ 1) = max{h1(x− 1, t), h1(x, t), h1(x+ 1, t)}+ ω(x, t+ 1), (5.80)

in which weights ω vanish at ever second point and are i.i.d. geometric at the black dots:



CHAPTER 5. STEEPEST DESCENT AND ITS APPLICATIONS TO LOCAL LIMITS 115

Figure 5.18: Left panel: the Young diagram {(i, j) | ti,j ≤ t} for geometric LPP with parameter q = 0.8
and t = 2400, so that the first row is approximately t(1− q)/q = 600. Right panel: Plancherel-random
Young diagram with n = 90000, so that the first row is approximately 2

√
n = 600.

x

t
ij

Due to up-down shape of the interface, i.e., positivity of the jumps defined in (3.4), the value of the height
at a black dotted point (x, t) is always at least as large as h(x+1, t) and h(x−1, t). Hence, if we restrict
our attention to the values of h(x, t) only at these points, then the recurrence (5.80) becomes simpler

h1(x, t+ 1) = max{h1(x− 1, t), h1(x+ 1, t)}+ ω(x, t+ 1). (5.81)

Upon rotation of the coordinate system, this is the same recurrence as the one satisfied by the last passage
times: ti,j = max(ti−1,j , ti,j−1) + wi,j . The claim follows.

Therefore, (5.79) is obtained from (5.74) by plugging in t = 2N − 1.

The same methodology can be used to understand the asymptotics of ti,j for arbitrary large i and
j. One way to interpret the result is by looking at the Young diagram λ(t) = {(i, j) | ti,j ≤ t} — its
evolution in time t was discussed in Section 1.4. The order t1/3 for the fluctuations of the boundary of
this Young diagram can be contrasted with much smaller fluctuations for the Plancherel-random Young
diagram, as is clearly visible from the simulation in Figure 5.18.

In Theorem 5.24 we analyzed the first rows of the Schur measure, but in the same way we can also get
the result for the first column. We record the answer — it will turn out to be useful later, when studying
the six-vertex model in Chapter 8.
Theorem 5.27. For N = 1, 2, . . . , let λ ∈ Y be distributed as the Schur measure

P(λ) = (1− q)N2 · s2λ
(︃[︂
q

1
2

]︂N)︃
.

Then the lengths of the first columns of λ converge to particles of the Airy point process:

lim
N→∞

N−1/3

(︄
λ′i −

2q
1
2

1 + q
1
2

N

)︄
d
= ai ·

(︂
q

1
2 − q

)︂ 1
3

1 + q
1
2

, i = 1, 2, . . . . (5.82)
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Proof. We continue the analysis in the proof of Theorem 5.27. For the longest columns we need the
second value of ζ with minus sign in (5.76),

ζ =
q − q

1
2

1− q
= − q

1
2

1 + q
1
2

, 2ζ + 1 =
1− q

1
2

1 + q
1
2

, zc = −1.

At the critical point:

f ′′(−1) = 0, f ′′′(−1) = 2ζ + 1

(1 + q
1
2 )(1 + q−

1
2 )

=
q

1
2 − q

(1 + q
1
2 )3

> 0.

As we saw many times before, when the third derivative is positive, locally near the critical point, the
v–contour should be to the right from the w–contour. Since our original contour arrangement is two
circles around 0 with |w| < |v|, in the contour deformation we would need to push one contour entirely
through another one, collecting the v = w residue equal to:

1

2πi

˛
around 0

vℓ2−ℓ1−1dv = 1ℓ1=ℓ2 =

{︄
1, ℓ1 = ℓ2,

0, ℓ1 ̸= ℓ2.

Hence, the analogue of (5.77) becomes

1ℓ1=ℓ2 −K(ℓ1, ℓ2) =
(︁
1 + o(1)

)︁
×

(︄
2

q
1
2 − q

)︄ 1
3 (︁

1 + q
1
2
)︁
t−1/3KAiry

⎛⎝−(︄ 2

q
1
2 − q

)︄ 1
3 (︁

1 + q
1
2
)︁
· x, −

(︄
2

q
1
2 − q

)︄ 1
3 (︁

1 + q
1
2
)︁
· y

⎞⎠ ,

(5.83)

where the minus signs appeared because of zc = 1 being replaced with zc = −1 in the argument.
Plugging in t = 2N − 1, we get the rescalings of (5.82), and it remains to explain why subtracting the
kernel from the identity operator 1ℓ1=ℓ2 is equivalent to passing from rows to columns. This is based on
two observations. First, the N =∞ version of (5.60) is the identity valid for any λ ∈ Y and easily seen
from Figure 4.3: {︁

λi − i+ 1
}︁∞
i=1

⨆︂{︁
−λ′j + j

}︁∞
j=1

= Z. (5.84)

Second, the following complementation principle is proven immediately after we finish the current proof:

Lemma 5.28. Let X be a determinantal point process on Z with correlation kernel K(ℓ1, ℓ2) with re-
spect to the counting measure. Then Z \ X is a determinantal point process on Z with correlation kernel
1ℓ1=ℓ2 −K(ℓ1, ℓ2).

Given the lemma, we see that negative signs in front of λ′i in (5.84) match the negative signs in front
of x and y in (5.83). Hence, using also a tail bound, whose proof we again omit, we arrive at (5.82).

Proof of Lemma 5.28. We take anm–element subsetA = {a1, . . . , am} ⊂ Z and compute the probability
of the event A ⊂ (Z \X) using the gap probability formula of Theorem 4.24:

P
(︁
A ⊂ (Z \X)

)︁
= P

(︁
no points of X in A

)︁
= det

(︁
Id−K

)︁
ℓ2(A)

= det
[︁
1ai=aj −K(ai, aj)

]︁m
i,j=1

.

Comparing with the definition of a determinantal point process with kernel 1ℓ1=ℓ2 −K(ℓ1, ℓ2), we are
done.
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5.11 Exercises

Problem 1. A plane partition is an array π = (πi,j), i, j = 1, 2, . . . of non-negative integers, such
that the numbers are monotone (πi+1,j ≤ πi,j and πi,j+1 ≤ πi,j) and their sum (or “volume”) is finite:∑︁∞

i,j=1 πi,j = Vol(π) < ∞. Plane partitions are in bijection with 3d Young diagrams (put k unit cubes
on entry k), lozenge tilings, and with interlacing sequences of Young diagrams (diagonal slices of the
plane partition), as shown on the picture below:

0
0

0
0

0
00

0 0
2 2

2 2
4

1
1

(0) ≺ (2, 0) ≺ (2, 0, 0) ≺ (4, 2, 0, 0) ≻ (2, 0) ≻ (1, 0) ≻ (1)

A. FixN = 1, 2, . . . and consider probability measure with weights qVol(π) on plane partitions inside
N ×N square (i.e., such that πi,j = 0whenevermax(i, j) > N ). Prove that the corresponding sequence
of Young diagrams forms a Schur process.

B. Deduce from part A the formula for ∑︂
π=plane partition insideN×N square

qVol(π).

Send N →∞ and deduce the MacMahon generating function:

∑︂
π=plane partition

qVol(π) =
∞∏︂
n=1

1

(1− qn)n
.

C. Sending N →∞ in part A deduce that Young diagram λt corresponding to the tth diagonal slice
of the qVol–distributed plane partition, forms a Schur measure. Hence, the point process {λti +1− i}∞i=1

is determinantal. Write down the double contour integral representation for its correlation kernel.
D. Send q → 1 in the result of part C and compute (using the steepest descent method) the limit of

the first correlation function ρ1(x) with x rescaled as x = χ/ ln q and t rescaled as t = τ/ ln q. The
result is the density of the green color in the image below (which has q = 0.97 and 200 × 200 × 200
bounding hexagon).
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E. Find a limit leading to the Tracy-Widom distribution.
F. For a Young diagram λ inside anA×B rectangle, let λ be a collection of unit boxes complementing

λ to the rectangle. A skew plane partition π = (πi,j) of shape λ is a filling of boxes of λwith non-negative
integers, such that the numbers are monotone (πi+1,j ≤ πi,j and πi,j+1 ≤ πi,j) and their sum is finite:∑︁∞

i,j=1 πi,j = Vol(π) <∞. Here is an example:

0
0

0
0

0
00

1 0
2 1 4

2
λ = (2, 1)

A = B = 4

Vol = 10

Extending part A, show that random skew plane partitions of shape λ equipped with weight qVol(π),
0 < q < 1, can be identified with a Schur process. Use this to compute

∑︁
qVol(π) over the skew plane

partitions of shape λ.
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Problem 2. Consider the measure (5.56) on Young diagrams λ and suppose that N,M → ∞, in such a
way M

N+M →m ∈ (0, 1).
A. Compute the bulk limit for the point process {λi +N − i}Ni=1 using the steepest descent, leading

to the discrete sine kernel of Definition 5.8. How does ϕ depend onm and the point where you zoom in?
B. Find the scaling limit of λ1.
C. Find the scaling limit of λ′1.

Problem 3. Taking geometric distribution P(w = k) = (1− q)qk, k = 0, 1, . . . , setting q = 1− ε, and
sending ε→ 0, one sees that εw converges towards an exponential distribution. By performing this limit
transition in the geometric last passage percolation of Section 1.4, one arrives at the exponential last pas-
sage percolation. Reformulate the resulting system as time evolution rules for an interface h(x, t). Using
encoding of Figure 4.3, you should be getting Totally Asymmetric Simple Exclusion Process (TASEP)
with step initial condition as the evolution of particle configurations: at time 0 all particles are to the
left from the origin; each particle has an independent exponential clock, which rings at Poisson process
times. When the clock rings, the particle jumps to the right, unless it is blocked by a neighbor, in which
case it does nothing. Repeating the proof of Corollary 5.26, compute the distributional scaling limit

lim
t→∞

h(αt, t)− c(α)t
t1/3

d
= ξ(α) · a1. (5.85)

Find how c(α) and ξ(α) depend on −1 < α < 1.

Problem 4. Our goal is to match two expressions for the correlation kernel of GUE: (4.39) in Chapter 4
and (5.62) in this chapter. This is done in tree steps:

A. Starting from (4.40) deduce two contour integral representations for Hermite polynomials:

Hn(x) =
n!

2πi

˛
0
exp

(︃
−z

2

2
+ zx

)︃
dz

zn+1
=

1

i
√
2π

ˆ i∞

−i∞
wn exp

(︃
(x− w)2

2

)︃
dw.

B. Using the contour integrals from part A, and extending the sum to k = −∞, . . . , N − 1, convert
(4.39) into a double contour integral.

C. Find a gauge transformation (4.6) of the formK(x, y) ↦→ f(x)
f(y)K(x, y), to match the result of part

B with (5.62).

Problem 5. Prove the integral representation for the Airy kernel:

KAiry(x, y) =

ˆ ∞

0
Ai(x+ z)Ai(y + z)dz, x, y ∈ R. (5.86)

Problem 6. Let a1 ≥ a2 ≥ . . . be the points of the Airy point process. Prove that for each T > 0,

E

[︄ ∞∑︂
i=1

exp(Tai)

]︄
=

1

2
√
π
T−3/2 exp

(︃
T 3

12

)︃
. (5.87)

Hint. Express the expectation through the first correlation function and compute the resulting integrals.
If you encounter divergences, then exp(Tx) = limε→0 exp(Tx− εx2) might help.

Problem 7. Consider N × N table filled with independent geometric random variables wi,j , with pa-
rameter 0 < q < 1 for i > 1 and with parameter 0 < ˜︁q < 1 for i = 1. As in (1.5), define

tN,N = max
π:(1,1)→(N,N)

∑︂
(k,l)∈π

wk,l. (5.88)
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A. As in Theorem 1.4, identify tN,N with the length of the first row λ1 for a Schur measure. How
does the specialization change compared to Theorem 1.4?

B. Fix 0 < q < 1 and 0 < ˜︁q < 1. Show that asN →∞ for all ˜︁q, except for one choice ˜︁q = qc (which
depends on q), the correlation kernel of the Schur process has exactly the same limit as in (5.77). Find
the value of qc.

C. Show that for ˜︁q < qc, an analogue of Corollary 5.26 holds, with exactly the same limit.
D. Show that for ˜︁q > qc, the scaling limit of tN,N is no longer given by the Tracy-Widom distribution,

but instead it is Gaussian. What centering and rescaling of tN,N do you need?
Hint. You need to redo the steepest descent analysis: another critical point is relevant, compared to B.

E. Compute the distributional limit of tN,N for the case ˜︁q = qc. It is neither Gaussian, nor Tracy-
Widom; it is sometimes called the Baik-Ben Arous-Peche (BBP) transitional distribution.
Remark. In the language of the maximization problem (5.88) the transition we observe has a simple
probabilistic interpretation. For small ˜︁q, the optimal path collects only a few weights w1,l, their distri-
bution is washed out in the sum and does not affect its fluctuations. In contrast, for large ˜︁q, the optimal
path collects linear in N number of weights w1,l and the Gaussian CLT for their sum dominates in the
fluctuations. Optimizing over the number of collected weights w1,l, one can get alternative proofs for
parts C andD.

Literature. We used the following sources for composing problems and refer to them for more in-
formation, references, and connections: [Joh00], [Joh01a], [Joh02], [Oko02], [OR03], [BBAP05], [FS03],
[Bor11b], and [BG16].



Chapter 6

Domino tilings of the Aztec diamond

In this chapter we introduce domino tilings, connect them to the Schur processes, and produce three
types of results: construction of a stochastic dynamics which produces random tilings from a sequence
of Bernoulli coin flips; law of large numbers for tilings leading to the appearance of the Artic circle;
central limit theorem for tilings leading to the Gaussian free field describing the fluctuations of the height
function.

6.1 Combinatorics of tilings

For any n = 1, 2, . . . , we define the Aztec diamond An of size n as the union of all lattice squares
[m,m+1]× [n, n+1],m,n ∈ Z, such that they are fully inside the region {(x, y) : |x|+ |y| ≤ n+ 1}.
A tiling of the Aztec diamond is a configurations of n(n + 1) disjoint dominoes (i.e., 2 × 1 rectangles)
such that the Aztec diamond An is fully covered by dominoes, see Figure 6.1 for an example.

We introduce the checkerboard coloring on the squares of the grid in such a way that among the two
bottommost squares in the diamond, the left one is white and the right one is gray: . Hence, among
the two leftmost squares the top one is gray: . Among the two topmost squares the left one is gray: .
Among the two rightmost squares the bottom one is gray: . We distinguish four domino types according
to the checkerboard coloring: a horizontal dominowith gray on the left is calledNorth, while the other
one is called South; a vertical domino with gray on top is calledWest, while the other one is called
East. Left panel of Figure 6.1 illustrates the notation and Figure 1.8 in the introduction motivates the
names. The group of symmetries of the Aztec diamond (rotations and reflections) has eight elements,
and these symmetries reshuffle the four types of dominos.

Domino tilings of the Aztec diamond are in bijection with certain sequences of partitions. In order to
see that, we distinguish two types of dominos out of four — we choose West and South — and put green
particles on the gray squares of those and orange particles on the white squares of those, resulting in
and , respectively. Let us keep track of the particles along the diagonal slices of Figure 6.1. We call the
zeroth white layer the n white squares along the South-West (bottom-left) border of the diamond. More
generally, the mth white layer is formed by n white squares at distance m from the bottom-left border.
Similarly, themth gray layer is formed by n+ 1 gray squares adjacent to the (m− 1)st andmth white
layers. Clearly, the orange particles belong to white layers, and green particles belong to gray layers, as
in the right panel of Figure 6.1.

Proposition 6.1. Form = 0, 1, 2 . . . , n, themth white layer has (n−m) orange particles with coordinates

121
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West

South domino

East

North domino

domino domino

n = 5

λ(1)

λ(2)

λ(3)

λ(4)

λ(5)

∅ = µ(0)

µ(1)

µ(2)

µ(3)

µ(4)

1

2

3

4

5

1

2

3

4

5

6µ(5) = ∅

Figure 6.1: A domino tiling of the Aztec diamond, four types of dominos, and encoding via partitions.

inside {1, 2, . . . , n}, which can be encoded by a partition µ(m) ∈ Y via{︂
µ
(m)
i − i+ n−m+ 1

}︂n−m

i=1
.

For m = 1, 2, . . . , n, the mth gray layer has (n + 1 −m) green particles inside {1, 2, . . . , n + 1}, which
can be encoded by a partition λ(m) ∈ Y via{︂

λ
(m)
i − i+ n−m+ 2

}︂n+1−m

i=1
.

The partitions satisfy the following properties:

1. µ(0) = µ(n) = ∅;

2. For eachm = 0, 1, . . . , n− 1, the skew partition λ(m+1)/µ(m) is a vertical strip, i.e.,

λ
(m+1)
i − µ(m)

i ∈ {0, 1};

3. For eachm = 1, 2 . . . , n, the skew partition λ(m)/µ(m) is a horizontal strip, i.e.,

λ
(m)
1 ≥ µ(m)

1 ≥ λ(m)
2 ≥ · · · ≥ µ(m)

n−m ≥ λ
(m)
n−m+1.

The correspondence between tilings and partitions of the corresponding lengths satisfying the above three
properties is a bijection.

Using the notations µ ≺ λ and µ ≺′ λ for a pair of partitions which differ by horizontal and vertical
strips, respectively, the tiling in Figure 6.1 is encoded by the following sequence of partitions:

∅ ≺′ (1, 1, 1, 0, 0) ≻ (1, 1, 1, 0) ≺′ (1, 1, 1, 0) ≻ (1, 1, 0) ≺′ (2, 2, 0) ≻ (2, 1) ≺′ (3, 1) ≻ (1) ≺′ (1) ≻ ∅.

∅ = µ(0) ≺′ λ(1) ≻ µ(1) ≺′ λ(2) ≻ µ(2) ≺′ λ(3) ≻ µ(3) ≺′ λ(4) ≻ µ(4) ≺′ λ(5) ≻ µ(5) = ∅. (6.1)
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Proof of Proposition 6.1. We keep track of particles recursively layer-by-layer. For the 0th white layer,
each of the n white squares must be covered with a domino, and this domino is necessarily of either
South or West type. It follows that the 0th white layer has n orange particles, and the 1st gray layer has
n green particles. The green particles have to be adjacent to orange particles (because they belong to the
same domino), which is equivalent to λ(1)i − µ

(0)
i ∈ {0, 1}, i = 1, 2, . . . , n.

Since the total number of gray squares in a layer is n + 1, the 1st gray layer has one gray square
without a particle. This square is covered by a domino, which leads to a white square in the 1st white
layer without a particle. All other squares in the 1st white layer must necessarily have particles, and
therefore there are n−1 orange particles in this layer, corresponding to the partition µ(1). We learned in
the previous chapter (see (5.60) and (5.84)) that passing from particles to holes is equivalent to transposing
the Young diagram. Hence, the fact that the single hole in the first gray layer is adjacent to the single
hole in the first white layer (they are covered by North or East domino) means that (λ(1))′/(µ(1))′ is a
vertical strip, which implies that λ(1)/µ(1) is a horizontal strip.

We continue this counting argument: n − 1 orange particles in the 1st white layer are adjacent to
n − 1 green particles in the 2nd gray layer, leading to λ(2)/µ(1) being a vertical strip. Two holes in the
2nd gray layer are adjacent to two holes in the 2nd white layer, leading to λ(2)/µ(2) being a horizontal
strip, etc.

We conclude that all the stated properties of the partitions µ(j) and λ(j) hold. It remains to note that
by the above constructions, λ(j+1)

i − µ(j)i ∈ {0, 1} and (λ(j))′i − (µj)′i ∈ {0, 1} precisely encode the
South/West and North/East dominos, and therefore the correspondence between tilings and sequences
of partitions is a bijection.

Corollary 6.2. In each tiling the number of East dominos equals the number of West dominos, and the
number of North dominos equals the number of South dominos.

Proof. Let E , N ,W , S denote the numbers of East, North, West, and South dominos, respectively. Then
W + S equals the total number of orange particles, i.e., n + (n − 1) + · · · + 1 = n(n+1)

2 . Flipping the
tiling vertically, W + N equals the same number. Hence, S = N . Flipping the tiling horizontally, we
also have E + S = n(n+1)

2 . Therefore,W = E .

We would like to introduce randomness to the tilings, and to that end we choose two weights: α > 0
corresponding to the East dominos and β > 0 corresponding to the West dominos. Let

P
(︁
tiling

)︁
=

1

Z
α#{East dominos}β#{West dominos} =

1

Z
(αβ)

1
2
#{vertical dominos}, (6.2)

where the equality between two forms of weights is Corollary 6.2, and Z is a normalization constant
which makes (6.2) a probability distribution. In words, we assign weight α to each East domino, assign
weight β to each West domino and multiply all the weights in a tiling.

Theorem 6.3. Under the measure (6.2), via the bijection of Proposition 6.1, the sequence of partitions

∅ ≺′ λ(1) ≻ µ(1) ≺′ λ(2) ≻ · · · ≻ µ(n−1) ≺′ λ(n) ≻ ∅ (6.3)

becomes a Schur process of Definition 3.5 with ≻ corresponding to one variable specializations (α; 0; 0) and
≺′ corresponding to one dual variable specializations (0;β; 0).

Proof. Specializing Definition 3.5 and using (2.42) and the fifth property in Theorem 2.18, we would like
to prove that (6.3) has distribution

(1 + αβ)−
n(n+1)

2 · s(λ(1))′(β) · sλ(1)/µ(1)(α) · s(λ(2))′/(µ(1))′(β) · · · s(λ(n))′/(µ(n−1))′(β) · sλ(n)(α), (6.4)
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where all (α) and (β) are one-variable specializations. Recall from the fourth property in Theorem 2.18
that

sλ/µ(α) =

{︄
α|λ|−|µ|, µ ≺ λ,
0, otherwise;

sλ′/µ′(β) =

{︄
β|λ|−|µ|, µ ≺′ λ,

0, otherwise.

Hence, (6.4) is nonzero if and only if the sequence of λ’s and µ’s satisfies the conditions of Proposition
6.1, i.e., (6.3). It remains to match the weights between (6.4) and (6.2), which follows from observing that
for eachm = 1, 2, . . . , n:

• β|λ(m)|−|µ(m−1)| is the total weight of all West dominos joining white squares of layerm− 1 with
gray squares of layerm;

• α|λ(m)|−|µ(m)| is the total weight of all East dominos joining gray squares of layer m with white
squares of layerm.

Corollary 6.4. The normalization constant in (6.2) is

Z = (1 + αβ)
n(n+1)

2 .

In particular, the total number of domino tilings of the Aztec diamond of size n is 2
n(n+1)

2 .

Proof. Each (1 + αβ) factor in (6.4) is H(ρ+i ; ρ
−
j ) from (3.10), (3.12). The normalization constant Z in

(6.2) is computed from (6.4) by 1
Z = (1+αβ)−

n(n+1)
2 . When we substitute α = β = 1, the probability of

an individual tilings becomes 1
Z , where Z is the total number of tilings.

Corollary 6.5. Under the measure (6.2) and using the bijection of Proposition 6.1, the partition λ(m), 1 ≤
m ≤ n, is distributed as a Schur measure of Definition 3.4 with ρ1 = (0;βm; 0) and ρ2 = (αn+1−m; 0; 0):

P(λ(m) = λ) = (1 + αβ)−m(n+1−m)sλ′
(︁
βm
)︁
sλ
(︁
αn+1−m

)︁
. (6.5)

Proof. This is a combination of Theorem 6.3 and Theorem 3.6.

In particular, (6.5) is the same object as the one in the earlier Theorem 1.6 and Proposition 5.21.
Let us compare the Schur process arising from the Aztec diamond with the one we had for mul-

tilayer discrete PNG in Proposition 3.2. In both situations the process can be encoded as a family of
non-intersecting paths, but the combinatorics is slightly different. Following the construction of Section
3.3, let us identity the partitions (6.3) with integer-valued interfaces {hAztecℓ (·, n)}ℓ≥1:

• For fixed n, we have 2n−1 partitions split into two groups λ(1), . . . , λ(n) and µ(1), . . . , µ(n−1). One
group corresponds to even positions x and another one to odd positions.

•
(︁
λ
(m)
i + 1− i

)︁
i≥1

=
(︁
hAzteci (−n− 1 + 2m,n)

)︁
i≥1

, m = 1, 2, . . . , n.

•
(︁
µ
(m)
i + 1− i

)︁
i≥1

=
(︁
hAzteci (−n+ 2m,n)

)︁
i≥1

, m = 1, 2, . . . , n− 1.

If we follow the picture with interfaces from the left to the right, then the up-steps are now allowed
only to be of size 1, but several adjacent paths can go up simultaneously (which was not possible for the
discrete PNG paths). The down-steps are of the same kind, as for the PNG. Figure 6.2 gives an example
corresponding to the domino tiling of Figure 6.1.
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Figure 6.2: Non-intersecting paths corresponding to the tiling in Figure 6.1 and partitions (6.1).

6.2 Shuffling algorithm

For the polynuclear growth in Section 3, we started from a stochastic interface growth model and arrived
at a 2d statistical mechanics model — ensemble of non-intersecting paths encoded by a Schur process —
as a tool for studying the growth. For domino tilings we go in opposite direction, and a 2d statistical
mechanics model becomes our starting point. Inspired by the PNG analogy, one might wonder whether
there exists a simple stochastic dynamics, for which the size of the Aztec diamond, n, plays the role of
time, and for fixed n one obtains random tilings, weighted as in (6.2). Such dynamics was introduced
simultaneously with the very first studies of the Aztec diamond by Elkies, Cohn, Larsen, and Propp, see
[EKLP92, Pro03], under the name of shuffling algorithm. We present a treatment based on the Schur
processes, as in [Nor10, Bor11b, BF18].

6.2.1 Growth of Schur processes

The central idea is to revisit the transformations of the Schur processes which we used in computing
its marginals and partition function (arrow flip of Figure 3.8 used in Theorem 3.6) and treat them in a
stochastic fashion as steps of a Markov dynamics. The transformations were based on the skew Cauchy
identity (2.34), (3.13), which reads (for one α–variable and one dual β–variable specializations):∑︂

κ∈Y
sκ/λ(0;β; 0)sκ/µ(α; 0; 0) = (1 + αβ)

∑︂
τ∈Y

sλ/τ (α; 0; 0)sµ/τ (0;β; 0). (6.6)

One can place identities such as (6.6) in two different contexts. Diaconis and Fill [DF90] might think about
(6.6) as of a commutation relation between “Up” and “Down” Markov transition probabilities: in this
point of view partitions κ and τ are completely independent. In contrast, Fomin [Fom88, Fom95],[Sta99,
Section 7.13 and Appendix]1 suggested that one could treat (6.6) as a correspondence between κ’s and

1See also [FSA24] and references therein for recent developments.
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Figure 6.3: Schematics of one step of the shuffling algorithm

τ ’s which underlies the Robinson-Schensted–Knuth correspondence between integer-valued rectangular
matrices and pairs of semistandard Young tableaux. These two different viewpoints lead to two different
stochastic dynamics and generalize in different directions. We explore the first point of view here and
the second one in the exercises.

We present the stochastic dynamics in an algorithmic form. One time step of the dynamics takes as
its input a domino tiling of the size n Aztec diamond represented as a collection of partitions

∅ ≺′ λ(1) ≻ µ(1) ≺′ λ(2) ≻ · · · ≻ µ(n−1) ≺′ λ(n) ≻ ∅ (6.7)

and outputs a domino tiling of the size n+ 1 Aztec diamond represented as a collection of partitions

∅ ≺′ λ̃(1) ≻ µ̃(1) ≺′ λ̃(2) ≻ · · · ≺′ λ̃(n) ≻ µ̃(n) ≺′ λ̃(n+1) ≻ ∅. (6.8)

This is done in four stages, illustrated in Figure 6.3:
Stage 1. Add two dummy empty partitions to the ends of (6.7) resulting in

∅ ≻ ∅ ≺′ λ(1) ≻ µ(1) ≺′ λ(2) ≻ · · · ≻ µ(n−1) ≺′ λ(n) ≻ ∅ ≺′ ∅. (6.9)

Stage 2. Erase all µ(m), 1 ≤ m ≤ n− 1, as well as two ∅ adjacent to the ends, turning all of them into
?. Rename λ(m) into µ̃(m) for all 1 ≤ m ≤ n resulting in:

∅ ≻? ≺′ µ̃(1) ≻? ≺′ µ̃(2) ≻ · · · ≻? ≺′ µ̃(n) ≻? ≺′ ∅. (6.10)
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Stage 3. Swap all ≻ and ≺′ signs, resulting in:

∅ ≺′? ≻ µ̃(1) ≺′? ≻ µ̃(2) ≺′ · · · ≺′? ≻ µ̃(n) ≺′? ≻ ∅. (6.11)

Stage 4. Denoting µ̃(0) = ∅ = µ̃(n−1), sample each ? independently as λ̃(m), 1 ≤ m ≤ n + 1, in the
triple µ̃(m−1) ≺′ λ̃(m) ≻ µ̃(m), according to the weight of κ in the left-hand side of (6.6), i.e.:

P
(︂
λ̃(m) = κ | µ̃(m−1), µ̃(m)

)︂
=

sκ/µ̃(m−1)(0;β; 0)sκ/µ̃(m)(α; 0; 0)∑︁
κ̂∈Y sκ̂/µ̃(m−1)(0;β; 0)sκ̂/µ̃(m)(α; 0; 0)

, 1 ≤ m ≤ n+ 1. (6.12)

Output the resulting sequence

∅ ≺′ λ̃(1) ≻ µ̃(1) ≺′ λ̃(2) ≻ · · · ≺′ λ̃(n) ≻ µ̃(n) ≺′ λ̃(n+1) ≻ ∅. (6.13)

Theorem6.6. If the input (6.7) is the Schur process (6.4) corresponding to the weights (6.2) for domino tilings
of the Aztec diamond of size n, then the output (6.11) is the Schur process corresponding to the weights (6.2)
for domino tilings of the Aztec diamond of size n+ 1.

Proof. We analyze the procedure stage by stage. In Stage 1, the addition of empty partitions does not
change anything, because a subdiagram of ∅ is necessarily ∅ again. Stages 2 and 3 are based on the
observation that for the Schur process of Theorem 6.3, the distribution of the n–tuple of partitions λ(1),
λ(2), . . . , λ(n) is the same as the distribution of the n-tuple of partitions µ̃(1), µ̃(2), . . . , µ̃(n). The latter fact
is proven by comparing the sums defining these distributions as marginals of the full Schur processes,
and noting that these sums are the same by the skew Cauchy identity in the form (6.6).

In Stage 4 we already know that µ̃(m), 1 ≤ m ≤ n, have the desired distribution of a marginal of the
Schur process. Conditional on them, the definition of the Schur process readily implies the formula for
the conditional distributions of λ̃(m), 1 ≤ m ≤ n+ 1.

The four stage procedure outlined above can be performed for any Schur process: one takes a rank n
Schur process and outputs a rank n+ 1 Schur process. For the algorithmic implementation, the hardest
stage is sampling from the distribution (6.12). This can be a convoluted procedure for general special-
izations. However, for the particular one-variable specializations in (6.12), this stage reduces to flipping
several (biased) independent coins.

Proposition 6.7. Choose two Young diagrams µ, ν such that the sum over κ̃ in (6.14) below is non-empty.
Then sampling λ from the distribution

sλ/µ(0;β; 0)sλ/ν(α; 0; 0)∑︁
κ̂∈Y sκ̂/µ(0;β; 0)sκ̂/ν(α; 0; 0)

(6.14)

amounts to three cases for each i = 1, 2, . . . :

1. If νi−1 = µi, then set λi = µi;

2. If νi = µi + 1, then set λi = µi + 1;

3. Otherwise, flip a coin: with probability αβ
1+αβ set λi = µi+1, and with probability 1

1+αβ set λi = µi.

Proof. Due to factor sλ/µ(0;β; 0) in (6.14), λi − µi ∈ {0, 1}, in order for the probability to be non-zero.
In the first two cases, λi − µi is forced to have one of the two values, in order for sκ/ν(α; 0; 0) to be
non-zero. In the remaining case both options are possible, and their weights differ by the factor of αβ.
Since the choices for each i are independent, so are the coin flips.
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Figure 6.4: Green particles for domino tiling. x(1)1 , x(2)1 ,. . . , x(6)1 have the largest coordinates in the corre-
sponding rows 1, 2, . . . , 6 and x(1)1 , x(2)2 ,. . . , x(6)6 have the smallest ones.

6.2.2 Push-block dynamics

The four stage procedure together with Proposition 6.7 have two visually different interpretations, de-
pending on whether we deal with particles or with dominos. Let us present both. We will keep track
of only green particles on gray squares, as in Figure 6.4. This is sufficient for reconstructing tilings,
since in Stage 2 the orange particles are directly obtained from the green particles at the previous
time step. We slightly adjust the notations compared to λ(1), . . . , λ(n) of Figure 6.1: we do not per-
form shifts λ(m)

i ↦→ λ
(m)
i − i + n − m + 2 anymore and replace (m) with (n + 1 − m). Hence, the

upper-right-most gray layer now has one green particle encoded by x(1)1 ∈ {1, 2, . . . , n + 1}. The sec-
ond upper-right-most layer has two green particles encoded by x(2)1 > x

(2)
2 ∈ {1, 2, . . . , n + 1}, etc.

The bottom-left-most gray layer inside the Aztec diamond of size n has n green particles encoded by
x
(n)
1 > x

(n)
2 > · · · > x

(n)
n ∈ {1, 2, . . . , n + 1}. We will also need a deterministic particle configuration

x(n+1) = (n+ 1 > n > n− 1 > · · · > 1).
The particles x(m)

i , 1 ≤ i ≤ m ≤ n + 1, satisfy the following combination of strict and weak
inequalities for all meaningful indices:

x
(m)
i < x

(m)
i−1, x

(m−1)
i ≤ x(m)

i ≤ x(m−1)
i−1 . (6.15)

In the literature such configurations are sometimes called monotone triangles.

Proposition 6.8. In terms of the monotone triangle
{︁
x
(m)
i [n]

}︁
1≤i≤n+1

the four stage time step procedure

n ↦→ n+ 1 is recast as follows. We set p = αβ
1+αβ and construct x(m)[n+ 1],m = 1, 2, . . . n+ 1, by doing

the following for each 1 ≤ i ≤ m independently:

1. Blocking: If x(m)
i [n] = x

(m−1)
i−1 [n], then set x(m)

i [n+ 1] = x
(m)
i [n];

2. Pushing: If x(m)
i [n] = x

(m−1)
i [n], then set x(m)

i [n+ 1] = x
(m)
i [n] + 1;

3. Bernoulli move: If x(m−1)
i−1 > x

(m)
i > x

(m−1)
i , then with probability p set x(m)

i [n+1] = x
(m)
i [n]+1

and with probability 1− p set x(m)
i [n+ 1] = x

(m)
i [n].
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Figure 6.5: Jump probabilities for different particles and projections to first and last particles.

Once allm ≤ n+ 1 have been updated, we set x(n+2)[n+ 1] = (n+ 2 > n+ 1 > · · · > 1).

In words, each particle at levelm and time n checks whether it is blocked by a particle at the previous
levelm− 1 (then necessarily do nothing) or pushed by a particle at the previous level (then necessarily
jump forward). If neither, then the particle either stays or moves one step forward according to a p–
biased coin flip, see Figure 6.5 for an illustration. The description of the dynamics in Proposition 6.8 is
equivalent to that of [Nor10].

Proof of Proposition 6.8. These three cases are a rewording of the three cases in Proposition 6.7.

There are a few projections of this Markov chain which are still Markov chains. Observe that the
solo particle in the first row, x(1)1 [n] evolves as a Bernoulli random walk with probability of jump p and
initial condition x(1)1 [0] = 1.

Remarkably, the evolution of the last (smallest) particles decouples. If we set ym = x
(m)
m − m, so

that y1 > y2 > y3 > . . . , then the particles y1, y2, . . . , evolve by the discrete time TASEP with parallel
update (or Bernoulli TASEP). At time zero ym[0] = 1−m for allm = 1, 2, . . . . At time n each particle ym
independently and in parallel checks whether it is blocked by a particle in front (i.e., ym[n] = ym−1[n]−1)
in which case it does nothing. Otherwise, it jumps one step forward with probability p. If we identify
particle configurations with Young diagrams, as in Figure 5.14, then the evolution of {ym}m≥1 can be
linked to the last passage percolation by the same mechanism as in Section 1.4. The weights wij , as in
(1.5), are again i.i.d. geometric random variables, but this time supported on Z≥1, i.e., P(wi,j = k) =
p(1− p)k−1, k = 1, 2, . . . .

Evolution of the first (largest) particles also decouples, leading to a discrete time push-dynamics
(Bernoulli Push-TASEP), in which more than one particle can occupy a lattice spot. If we set zm = x

(m)
1 ,

so that z1 ≤ z2 ≤ z3 ≤ . . . , then at time 0, we have zm = m for all m = 1, 2, . . . . At time n, only the
particles with m ≤ n + 1 are allowed to move. Such a particle zm, checks if it is pushed by a particle
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in the back (i.e., zm[n] = zm−1[n]), in which case it necessarily jumps one step forward. Otherwise, it
jumps one step forward with probability p.

One can further simplify the dynamics by taking a continuous time limit, similar to the one we saw
in Bernoulli to Poisson limit of Lemma 4.5:

p→ 0, np→ t. (6.16)

As the result, the Bernoulli TASEP evolution for ym becomes the classical continuous time totally asym-
metric simple exclusion process (or simply TASEP), in which each particle has an independent exponen-
tial clock. When the clock rings, the particle checks whether there is a free spot directly in front of it.
If so, then the particle moves one step forwards. The study of such processes goes back to the work of
Spitzer [Spi70] in 1970, see also [MGP68] for biology motivations and [Lig85, Lig99] for overviews. The
integrability of TASEP and its Tracy-Widom fluctuations were discovered in [Sch97] and [Joh00].

Simultaneously, the Bernoulli Push-TASEP becomes a continuous time Push-TASEP, in which each
particle has an independent exponential clock. When the clock rings, the particle moves one step forward
and pushes any group of particles directly in front of it, in order to preserve the condition of at most one
particle per lattice spot. Here we see a simplification: while the discrete time version allowed several
particles to occupy the same lattice spot, this no longer happens in the continuous time. The interest to
PushTASEP as a particular case of the Toom model goes back to [DLSS91]. Its integrability and Tracy-
Widom limits were discovered in [AKK99] and [BF08], see also [BFLS14].

The full 2d-dynamics of the array of green particles in the Aztec diamond converges under (6.16) to
the multilevel TASEP, which combines block and push interactions, see [BF09, BF14, GS15, Ton18] for
its various aspects. Closely related variations of these processes were discussed in [War07, DW08]. For
further developments of these techniques see [Bor11b, BO12, BC14, BP14, BP16, Cue18, Ass18, Ass20].

6.2.3 Shuffling of dominos

Alternatively, one can restate the growth of the Aztec diamond in the language of dominos, avoiding
the mention of any particles. This is the form in which the dynamics first appeared in the literature in
[EKLP92, Pro03] under the name “shuffling algorithm”.

The procedure starts from drawing an arrow on each domino, pointing to the right for East dominos,
to the left for West dominos, upward for North dominos and downward for South dominos. Then the
procedure for obtaining a domino tiling of size n+1 Aztec diamond from a domino tiling of size n Aztec
diamond proceeds in three steps, see Figure 6.6 for an illustration:

1. Each pair of adjacent dominos with arrows pointing towards each other (either East-West or South-
North) is declared a “bad box” and removed. The empty 2× 2 square stays in place.

2. All other dominos move distance 1 at the direction of their arrows.

3. The complement of the resulting collection of dominos inside the Aztec diamond of size n + 1 is
uniquely represented as a disjoint union of 2× 2 boxes; we call each a “box to fill”. Independently,
we fill each box by two vertical dominos with probability p = αβ

1+αβ and by two horizontal dominos
with probability 1− p.

Note that the Aztec diamond itself grows by 1 in all directions under this operation and, therefore, the
checkerboard coloring convention changes: it is no longer true that the bottommost part of the diamond
is white-gray . We need to invert the checkerboard coloring at the end of the procedure in order to
restore the conventions.
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bad
box

bad
box

Figure 6.6: One step of the shuffling algorithm, size changes 5→ 6.

Proposition 6.9. The just described shuffling algorithm is the same as the Schur process dynamics of The-
orem 6.6 and the push-block dynamics of Proposition 6.8.

Proof. In order to see the correspondence with the algorithms of the previous sections, we reconstruct
the green and orange particles on dominos, as shown in Figure 6.7.

We first look at bad boxes and notice that those necessarily have a green particle in the top-right
corner, while the orange particle can be either in bottom-right or top-left.

Next, we analyze sliding. Observe that the slide is always possible, i.e., leads to no overlaps of domi-
nos: for instance, if we are looking at a south domino moving down, then the obstacles to its move could
have been a pair East-South directly below or a North domino directly below; however, both of these
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bad
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Figure 6.7: One step of the shuffling algorithm, with green and orange particles shown.

cases would have led to a removal of these dominos in bad boxes and therefore do not happen.
Furthermore, South dominos moving down correspond to the green particles blocking each other,

i.e., the case x(m)
i [n] = x

(m−1)
i−1 [n] in Proposition 6.8 (otherwise, there would have been a North domino

or a East-South pair right below, corresponding to the absence of the particle). The moving green particle
itself corresponds to x(m−1)

i−1 [n] turning into x(m)
i [n+ 1].

Similarly, West dominos moving left correspond to the green particles pushing each other, i.e., the
case x(m)

i [n] = x
(m−1)
i [n] in Proposition 6.8. The moving green particle itself corresponds to x(m−1)

i [n]

turning into x(m)
i [n+ 1] with coordinate increasing by 1.

All the remaining particle (neither blocked, nor pushed) correspond to the Bernoulli move case in
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Proposition 6.8 and to the 2 × 2 boxes to fill in the third step of the shuffling algorithm. Note that the
number of dominos in the Aztec diamond grows by 2 · (n+ 1) and therefore the total number of 2 × 2
boxes to fill is n+ 1 plus the number of bad boxes at the first step. Since each bad box corresponds to a
green particle not causing blocks or pushes, we conclude that the number of Bernoulli coin flips matches
between the description in Proposition 6.8 and the one in the current section.

In order to convince ourselves that these flips correspond to exactly the same jumps between two
descriptions, it is helpful to keep track of green particles in the Aztec diamond of size n and orange parti-
cles in the Aztec diamond of size n+1. We know from the description in Theorem 6.6 (equivalent to the
one in Proposition 6.8) that green particles should be turning into orange particles, and in addition n+1
new orange particles are appearing along the bottom-left boundary. Let us do this recoloring/adding op-
eration in the description of the present section and convince ourselves that this matches the South/West
moves and creation of dominos in the shuffling algorithm description. (East and North dominos do not
carry particles. Hence, because we already know that particles uniquely determine the tiling, we do not
have to directly track the moves of East and North dominos.)

A West domino moving to the left corresponds to two orange particles: one is at the bottom of the
domino after the move and another one is at the old position of the green particle (equivalently, to the
right from the green particle after the move); these correspond precisely to x(m)

i [n] = x
(m−1)
i−1 [n]. In this

way, the move of the West domino is just a reflection of the fact that this situation necessarily leads to
the green particle landing at top-left position with regard to these two orange particles.

Similarly, a South domino moving down corresponds to two orange particles: one is at the left of the
domino after the move and another one is at the old position of the green particle (equivalently, above
the green particle after the move); these correspond precisely to x(m)

i [n] = x
(m−1)
i [n]. In this way, the

move of the South domino is just a reflection of the fact that this situation necessarily leads to the green
particle landing at the bottom-right position with regard to these two orange particles.

After the move was done, some orange particles are not yet covered by dominos; those become
bottom-left corners of boxes to fill. The new green particle adjacent to them is not subject to a block or
push, and therefore can be chosen freely between two options, reflecting the choice between two vertical
and two horizontal dominos covering the box.

Figure 6.8 shows two samples for n = 200 Aztec diamond obtained by running the shuffling algo-
rithm. One intriguing feature of the pictures is the appearance of the Arctic circle on the left and Arctic
ellipse on the right, separating the pictures into five separates regions: in the four frozen regions only one
type of dominos survive asymptotically; in the fifth liquid (or rough) region all four types are present.
The possibility of coexistence of different phases in a single domain is a prominent feature of random
tilings, cf. [Ken09, Gor21]. We come back to the asymptotics of tilings in the next several sections.

Introduction of the shuffling algorithm into the study of random domino tilings has two conceptual
consequences. First, we now have a direct probabilistic bridge between 2d statistical mechanics (rep-
resented by tilings) and interface growth models (represented by the interacting particle system with
push/block interactions). Hence, we can import tools from one area into another one (e.g., [JPS26] used
hydrodynamics of TASEP in order to find the shape of the Arctic curves visible in Figure 6.8). Second,
a complicated measure on domino tilings got split into elementary building blocks (coin flips) — this
powerful idea will be further explored in the context of the six-vertex model and Yang-Baxter equation
in Chapters 7 and 8.
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Figure 6.8: Random tilings of n = 200 Aztec diamond: αβ = 1 on the left and αβ = 5 on the right.

6.3 Observables through operators

Our next goal is asymptotic analysis of the domino tilings of theAztec diamond. We build onCorollary 6.5
linking us to the Schur processes. In principle, we can use here all the machinery of the determinantal
point processes and contour integrals, as developed in the previous chapter — this approach will be
postponed till the exercises at the end of this chapter. Instead, we describe and apply another influential
method of integrable probability: the use of differential and difference operators for the extraction of the
asymptotic information.

The idea underlying the method has roots in classical probability. Suppose that one would like to
compute the moments of a random variable ξ, Eξn, but what one knows is its characteristic function,
χ(s) = E exp(isξ). Then one can extract the moments by differentiation:

Eξn =
1

in
∂n

∂sn
χ(s)

⃓⃓⃓
s=0

.

For Schur measures, the evaluation of analogues of characteristics functions is delivered by the Cauchy
summation identity, while ∂

∂s is replaced by more complicated operators which we now introduce.

We deal with operators acting on functions f(x1, . . . , xN ) in N variables. The q–shift operator T q
i

multiplies xi by q: [︁
T q
i f
]︁
(x1, . . . , xN ) = f

(︁
x1, . . . , xi−1, qxi, xi+1, . . . , xN

)︁
.

The following operator Dq is the q = t version of the celebrated Macdonald (first order) operator2:

Dq =

N∑︂
i=1

⎡⎣∏︂
j ̸=i

qxi − xj
xi − xj

⎤⎦ T q
i . (6.17)

2For higher order and q ̸= t cases important for the study of Macdonald symmetric polynomials, see [Mac95, Section VI.3].
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Theorem 6.10. The operatorDq : ΛN → ΛN maps symmetric polynomials to themselves and preserves de-
grees. OperatorsDq with different values of q commute. Schur polynomials are their common eigenfunctions:
for any λ = (λ1, . . . , λN )

Dqsλ =

(︄
N∑︂
i=1

qλi+N−i

)︄
sλ. (6.18)

Proof. Definition (6.17) implies that Dq can be represented as a conjugation of
∑︁N

i=1 T
q
i by the operator

of multiplication with
∏︁

i<j(xi − xj):

Dqf =
1∏︁

1≤i<j≤N

(xi − xj)

(︄
N∑︂
i=1

T q
i

)︄⎡⎣ ∏︂
1≤i<j≤N

(xi − xj) · f

⎤⎦ . (6.19)

Multiplication by
∏︁

i<j(xi − xj) maps a degree n symmetric polynomials to a degree n+N(N − 1)/2

skew-symmetric polynomial; action by
∑︁N

i=1 T
q
i preserves skew-symmetry, polynomiality, and degree;

division by
∏︁

i<j(xi − xj) maps a degree n + N(N − 1)/2 skew-symmetric polynomial to a degree n
symmetric polynomial. Hence, Dq maps Λn

N to Λn
N . For the eigenrelation we combine (6.19) with the

definition of Schur polynomials via (1.6), (2.14):

Dqsλ =
1∏︁

1≤i<j≤N

(xi − xj)

(︄
N∑︂
i=1

T q
i

)︄
Altλ+δN (x1, . . . , xN )

=
1∏︁

1≤i<j≤N

(xi − xj)

(︄
N∑︂
i=1

qλi+N−i

)︄
Altλ+δN (x1, . . . , xN ) =

(︄
N∑︂
i=1

qλi+N−i

)︄
sλ. (6.20)

Finally, commutativity of the operators holds either from (6.19) or because they share an eigenbasis.

The relevance of the operators to the study of Schur measures is based on the following observation.

Theorem 6.11. Fix any complex numbers q1, . . . , qK , and a Schur measure with one pure-α specialization
ρ1 = (α1, . . . , αN ; 0; 0) and an arbitrary specialization ρ2 = ρ, i.e.,

P(λ) =
N∏︂
i=1

1

H(ρ; αi)
sλ(α1, . . . , αN )sλ(ρ), λ ∈ Y.

Then, assuming the series defining the expectation is absolutely convergent, we have

E

[︄
K∏︂
k=1

N∑︂
i=1

qλi+N−i
k

]︄
=

N∏︂
i=1

1

H(ρ; αi)

[︄
K∏︂
k=1

Dqk

N∏︂
i=1

H(ρ; xi)

]︄
x1=α1, ..., xN=αN

. (6.21)

Proof. We start from K = 1 case. Specializing the second set of variables into ρ in the Cauchy identity
of Theorem 2.9, we have ∑︂

λ

sλ(x1, . . . , xN )sλ(ρ) =
N∏︂
i=1

H(ρ; xi).

Acting by Dq and using (6.18), we get

∑︂
λ

(︄
N∑︂
i=1

qλi+N−i

)︄
sλ(x1, . . . , xN )sλ(ρ) = Dq

N∏︂
i=1

H(ρ; xi).



CHAPTER 6. DOMINO TILINGS OF THE AZTEC DIAMOND 136

Specializing (x1, . . . , xN ) = (α1, . . . , αN ) and then dividing by
∏︁N

i=1H(ρ; αi) yields (6.21) for K = 1
and q1 = q.

The caseK > 1 is obtained in the same way by applying
∏︁K

k=1Dqk instead of a singleDq . Note that
the order of the operators does not matter because they commute.

The following lemma helps us to rewrite (6.21) in a form suitable for asymptotic analysis. The key
feature is that while it is tricky to plug x1 = · · · = xN into (6.17), this becomes straightforward in the
integral representation.

Lemma 6.12. Choose an open set A ⊂ C and let f(z) be a function such that f(qz)
f(z) is holomorphic in

z ∈ A. Then for any x1, . . . , xN ∈ A

Dq

N∏︂
i=1

f(xi) =
1

2πi(q − 1)

N∏︂
i=1

f(xi)

˛
{xi}

N∏︂
i=1

qz − xi
z − xi

· f(qz)
f(z)

dz

z
, (6.22)

where the integration goes over a positively-oriented contour enclosing all xi, 1 ≤ i ≤ N , but not 0. The
contour and its interior are required to be inside A.

Proof. Since both sides of (6.22) are continuous in xi, it is sufficient to prove the identity for the case of
all distinct xi. Then the integral in the right-hand side of (6.22) is computed as the sum of N residues at
points x1, . . . , xN :

1

2πi

˛
{xi}

N∏︂
i=1

qz − xi
z − xi

· f(qz)
f(z)

dz

z
=

N∑︂
i=1

∏︂
j ̸=i

qxi − xj
xi − xj

· f(qxi)
f(xi)

· (q − 1)xi
xi

.

Multiplying by 1
q−1

∏︁N
i=1 f(xi) and comparing with (6.17), we obtain the desired formula.

Theorem 6.13. Fix any complex numbers q1, . . . , qK , and a Schur measure with one pure-α specialization
ρ1 = (α1, . . . , αN ; 0; 0) and an arbitrary specialization ρ2 = ρ, i.e.,

P(λ) =
N∏︂
i=1

1

H(ρ; αi)
sλ(α1, . . . , αN )sλ(ρ), λ ∈ Y.

Then, assuming the series defining the expectation is absolutely convergent, we have

E

[︄
K∏︂
k=1

N∑︂
i=1

qλi+N−i
k

]︄
=

‹ ∏︂
1≤k<l≤K

(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

×
K∏︂
k=1

[︄
N∏︂
i=1

qkzk − αi

zk − αi
· H(ρ; qkzk)

H(ρ; zk)
· dzk
2πi(qk − 1)zk

]︄
, (6.23)

where z1, . . .zK are integrated over positively-oriented contours such that:

• Each zk contour, 1 ≤ k ≤ K , encloses the points {α1, . . . , αN}, but not 0. The contour is inside the
disk around the origin in which the series

∞∑︁
n=1

pk(ρ)
znk
n and

∞∑︁
n=1

pk(ρ)
(qkzk)

n

n are convergent.

• For each pair k < l, the zl contour does not enclose points {qkzk, q−1
l zk}.
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Remark 6.14. In the theorem we silently assume that the desired contours exist, cf. Figure 6.9. Once the
theorem is proven for this particular choice of the contours, one can further deform them into various
other arrangements without changing the value of the integral. Generalizations of (6.23) exist both for
the case when ρ1 specialization is arbitrary and for the joint distribution of several Young diagrams in
the Schur process, see [BCGS16]. Contour integrals (6.23) can be related to the contour integrals for the
correlation functions of the Schur measure in Theorems 4.20 and 4.21, see [Agg15].

Proof of Theorem 6.13. Throughout the proof we assume that all qk, 1 ≤ k ≤ K , are sufficiently close
to 1, which guarantees the existence of the contours satisfying the stated conditions. The theorem can
be extended to other qk by either repeating the argument and paying more attention to contours, or by
analytic continuation in qk.

We use (6.21) and apply the operators in the following order: first Dq1 , then Dq2 , etc. Applying the
first operator via Lemma 6.12 we have

Dq1

N∏︂
i=1

H(ρ; xi) =

N∏︂
i=1

H(ρ; xi)

˛
{xi}

N∏︂
i=1

q1z1 − xi
z1 − xi

· H(ρ; q1z1)

H(ρ; z1)
· dz1
2πi(q1 − 1)z1

, (6.24)

where the contour should be chosen inside the disk around the origin where H(ρ; z1) =

exp

(︃ ∞∑︁
n=1

pk(ρ)
znk
n

)︃
and H(ρ; q1z1) are converging. We will apply the next operator Dq2 under the

integral sign in (6.24); note that this requires fixing the same contour for all the choices of xi in the next
steps.3 Omitting the factors not depending on xi, the function to which we are applying Dq2 becomes∏︁N

i=1 f(xi) with

f(z) =
q1z1 − z
z1 − z

·H(ρ; z),
f(q2z)

f(z)
=

(q1z1 − q2z)(z1 − z)
(z1 − q2z)(q1z1 − z)

· H(ρ; q2z)

H(ρ; z)
.

Hence, using Lemma 6.12, renaming z = z2 and noting the restriction on the contours needed to ensure
that f(q2z2)

f(z2)
is holomorphic, we get

Dq2Dq1

N∏︂
i=1

H(ρ; xi) =
N∏︂
i=1

H(ρ; xi)

×
‹

(q1z1 − q2z2)(z1 − z2)
(z1 − q2z)(q1z1 − z2)

2∏︂
k=1

[︄
N∏︂
i=1

qkzk − xi
zk − xi

· H(ρ; qkzk)

H(ρ; zk)
· dzk
2πi(qk − 1)zk

]︄
.

Applying further operators Dq3 , . . . ,DqK , setting (x1, . . . , xN ) = (α1, . . . , αN ), and dividing by∏︁N
i=1H(ρ; αi), we arrive at (6.23).

Let us now specialize to the measures relevant for the Aztec diamond.

Corollary 6.15. Consider the Schur measure of Corollary 6.5:

P(λ(m) = λ) = (1 + αβ)−m(n+1−m)sλ′
(︁
βm
)︁
sλ
(︁
αn+1−m

)︁
. (6.25)

3Since we further apply various T q
i operators, this is where it is convenient to assume that q’s are close to 1.
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0

z3

z2

α−β−1

z1

Figure 6.9: Contours in Corollary 6.15 forK = 3 and q1, q2, q3 close to 1.

Then, for any complex numbers q1, . . . , qK we have

E

[︄
K∏︂
k=1

n+1−m∑︂
i=1

q
λ
(m)
i +n+1−m−i

k

]︄
=

‹ ∏︂
1≤k<l≤K

(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

×
K∏︂
k=1

[︃
(qkzk − α)n+1−m

(zk − α)n+1−m
· (1 + βqkzk)

m

(1 + βzk)m
· dzk
2πi(qk − 1)zk

]︃
, (6.26)

where z1, . . .zK are integrated over positively-oriented loops around α (each of them encloses α, but neither
0, nor −β−1), which are nested, as in Figure 6.9: for each pair k < l, the zl contour does not enclose points
{qkzk, q−1

l zk}.

Proof. For small α, β and qk close to 1 we directly apply Theorem 6.13. As contours we can choose
concentric circles around α, which become smaller with growing k. Note that the measure (6.25) has
finite support, hence, we do not have to check convergence of the expectations. Also the condition on
convergence of

∞∑︁
n=1

pk(ρ)
znk
n and

∞∑︁
n=1

pk(ρ)
(qkzk)

n

n is automatically true. For other values of α, β, and qk
we use an analytic continuation argument, as in the proof of Proposition 5.21.

6.4 Law of large numbers and the Arctic ellipse

We introduce an encoding of green particles in domino tilings via the height function h(x,m), m =
1, 2, . . . , n, x = 0, 1, 2, . . . , n + 1, defined on the gray squares of the grid and counting the number of
particles at (x,m) or below it in the South–East direction along the gray layerm, as in Figure 6.10. Using
the bijection with partitions of Proposition 6.1, we have the following.

Definition 6.16. In the coordinate system, in which x grows North-West andm grows North-East, we define

h(x,m) =

⃓⃓⃓⃓
(−∞, x]

⋂︂{︂
λ
(m)
i − i+ n−m+ 2

}︂n+1−m

i=1

⃓⃓⃓⃓
, 1 ≤ m ≤ n, 0 ≤ x ≤ n+ 1. (6.27)
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Figure 6.10: Height function encoding green particles.

Clearly, h(0,m) = 0, h(n+ 1,m) = n+ 1−m, and

h(x,m)− h(x− 1,m) =

{︄
1, there is a green particle at (x,m),

0, otherwise.
(6.28)

We remark that there are several equivalent definitions of the height function in the literature, cf.
[Thu90, Ken00, BK18]. All of them differ by explicit deterministic (i.e., not depending on a particular
tiling) transformations. The height function contains most (but not all) information about the tiling,
as we can reconstruct only green but not orange particles out of it. As n → ∞, the height function
concentrates around a deterministic limit.

Theorem 6.17. Let hn(·, ·) be the height function of (αβ)-weighted random domino tilings of the Aztec
diamond of size n, as in (6.2). Then there exists a deterministic 1–Lipshitz function h(x,m), 0 ≤ x,m ≤ 1,
such that, in probability,

lim
n→∞

sup
1≤m≤n

0≤x≤n+1

⃓⃓⃓⃓
1

n
hn(x,m)− h

(︂x
n
,
m

n

)︂⃓⃓⃓⃓
= 0. (6.29)

The function h(x,m) is called the limit shape for the random tilings. It is smooth inside a particular
ellipse inscribed in the diamond and linear outside. Let us introduce the ellipse

(x+m− 1)2

p
+

(x−m)2

1− p
= 1, p =

αβ

1 + αβ
. (6.30)

The center of the ellipse is (12 ,
1
2) and it is inscribed into the (scaling limit of the) Aztec diamond repre-

sented as a unit square with vertices (0, 0), (0, 1), (1, 0), (1, 1). Inside the ellipse, we define the density
function 0 < ρ < 1 (see Figures 6.11 and 6.12) through
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Figure 6.11: Density of green particles for αβ = 1: (6.31) and n = 1000 simulation.
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Figure 6.12: Density of green particles for αβ = 5: (6.31) and n = 1000 simulation.

ρ(x,m) =
1

π
arccot

⎛⎝ m+ x− 1 + αβ(m− x)√︂
4αβ x(1− x)−

[︁
m+ x− 1 + αβ(m− x)

]︁2
⎞⎠ , (6.31)

where arccot is the inverse cotangent taking values in [0, π).

Theorem 6.18. The limit shape h(x,m) of Theorem 6.17 is explicitly determined by boundary conditions
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h(0,m) = 0, h(1,m) = 1−m, and its derivative

∂

∂x
h(x,m) =

⎧⎪⎨⎪⎩
ρ(x,m) inside the ellipse (6.30),
0 near North and East corners outside the ellipse,
1 near South and West corners outside the ellipse.

(6.32)

The reader might be wondering why we even need to introduce the height function, if eventually
all the answers are stated in terms of its x–derivative, which is the density of the green particles. One
reason is topological: in terms of the height functions we can have uniform convergence, as in (6.29). In
contrast, the discrete x–derivative of hn(x,m) takes two values {0, 1}, and, therefore, can not converge
in probability to a non-trivial limit4. When we study fluctuations in the next section, height functions
also lead to more transparent asymptotic statements.

We are going to deduce Theorems 6.17 and 6.18 from the expectations delivered by Corollary 6.15
and whose asymptotics is summarized in the following two statements.

Proposition 6.19. For any 0 <m < 1 and s ∈ R, we have

lim
m,n→∞
m/n→m

E

[︄
1

n

n+1−m∑︂
i=1

exp

(︃
s · 1
n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃]︄

=
1

2πis

˛
exp

(︃
s ·
(︃
(1−m)z

z − α
+

βmz

1 + βz

)︃)︃
dz

z

=
1

2πi

˛ (︃
α(1−m)

(z − α)2
− βm

(1 + βz)2

)︃
exp

(︃
s ·
(︃
(1−m)z

z − α
+

βmz

1 + βz

)︃)︃
ln(z)dz, (6.33)

where the integration goes over a positively oriented small loop around α.

Proof. Using Corollary 6.15, we study

E

[︄
n+1−m∑︂

i=1

qλ
(m)
i +n+1−m−i

]︄
=

˛
(qz − α)n+1−m

(z − α)n+1−m
· (1 + βqz)m

(1 + βz)m
· dz

2πi(q − 1)z
.

We plug in q = exp( sn) and simplify the integral as n→∞:
˛ (︃

1 +
s
nz

z − α
+O

(︃
1

n2

)︃)︃n+1−m

·
(︃
1 +

β s
nz

1 + βz
+O

(︃
1

n2

)︃)︃m

· dz

2πi
(︁
s
n +O

(︁
1
n2

)︁)︁
z
. (6.34)

Directly taking the n → ∞ limit of the integrand, we arrive at the second line of (6.33). Note that s
n in

the last denominator of (6.34) results in 1
n normalization in the left-hand side of (6.33). The third line is

obtained from the second line via integration by parts.

Proposition 6.20. For any 0 <m < 1 and s ∈ R, we have

lim
m,n→∞
m/n→m

Variance

[︄
1

n

n+1−m∑︂
i=1

exp

(︃
s · 1
n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃]︄
= 0.

4The expectation of the discrete x-derivative, which is the density function of the associated point process, does converge
to (6.32), as can be deduced from Proposition 6.19.
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Proof. Using Corollary 6.15, we have

E

⎡⎣(︄n+1−m∑︂
i=1

qλ
(m)
i +n+1−m−i

)︄2
⎤⎦ =

‹
(qz1 − qz2)(z1 − z2)
(z1 − qz2)(qz1 − z2)

×
2∏︂

k=1

[︃
(qzk − α)n+1−m

(zk − α)n+1−m
· (1 + βqzk)

m

(1 + βzk)m
· dzk
2πi(q − 1)zk

]︃
. (6.35)

As q = exp( sn)→ 1 the fraction in the first line of (6.35) goes to 1, and two integration variables z1 and
z2 decouple. Therefore, the double integral approximates the square of the single integral computed in
Proposition 6.19, which implies asymptotic vanishing of the variance.

The next step is to explain how (6.33) is equivalent to (6.32). For that we rewrite the prelimit expec-
tations in (6.33) in terms of the prelimit height function (6.28):

n+1−m∑︂
i=1

qλ
(m)
i +n+1−m−i =

n+1∑︂
x=1

qx
[︁
h(x,m)− h(x− 1,m)

]︁
. (6.36)

Taking the limit as n→∞ using (6.33), and omitting a justification for now (it is given at the end of the
section), (6.36) becomes

1

2πi

˛ (︃
α(1−m)

(z − α)2
− βm

(1 + βz)2

)︃
exp

(︃
s ·
(︃
(1−m)z

z − α
+

βmz

1 + βz

)︃)︃
ln(z)dz

=

ˆ 1

0
exp(sx)

∂

∂x
h(x,m)dx. (6.37)

Hence, the left-hand side of (6.37) is a Laplace transform of the function ∂
∂xh(x,m). In order to recon-

struct the function itself, we need to invert the Laplace transform. One way to do it is by using the
Stieltjes transform, which can be obtained from the Laplace transform by integration:

G(u) :=

ˆ 1

0

1

u− x

∂

∂x
h(x,m) dx =

ˆ 1

0

[︃ˆ ∞

0
exp(s(x− u))ds

]︃
∂

∂x
h(x,m) dx. (6.38)

In the last identity, we should assume Re(u) > 1 in order to have convergence. However, since G(u) is
a holomorphic function of u ∈ C \ [0, 1], once we find a formula for this function for Re(u) > 1, we can
extend to other z by uniqueness of analytic continuation.

Lemma 6.21. Assuming (6.37), we have for u ∈ C \ [0, 1]

G(u) = ln

⎡⎣m+ u− 1 + αβ(m− u)−
√︂[︁

m+ u− 1 + αβ(m− u)
]︁2 − 4αβ u(1− u)

2αβ(1− u)

⎤⎦ , (6.39)

where we choose the branches of
√
· and ln(·) mapping large positive numbers to large positive numbers.

Proof. Changing the order of integration in (6.38) and using (6.37), we get an integral formula for G(u):

1

2πi

˛ [︃ˆ ∞

0

(︃
α(1−m)

(z − α)2
− βm

(1 + βz)2

)︃
exp

(︃
s ·
(︃
(1−m)z

z − α
+

βmz

1 + βz
− u
)︃)︃

ds

]︃
ln(z)dz

=
1

2πi

˛ −α(1−m)
(z−α)2

+ βm
(1+βz)2

(1−m)z
z−α + βmz

1+βz − u
ln(z)dz. (6.40)
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Let us explain the proper choice of the integration contour, which makes the last formula valid. If we
choose the contour to be a very small loop around α, as in (6.33), then Re

(︂
(1−m)z
z−α + βmz

1+βz − u
)︂
would

have different signs on different parts of the contour, and the integral
´∞
0 in (6.40) would be divergent.

Instead, we choose some small 0 < ε < α and let the contour be a vertical line Re(z) = ε, oriented from
top to bottom — we make transformations (6.40) on this contour. The formula in the last line of (6.33) is
still valid on such a contour, because the integrand decays when z → ∞ as ln |z|

|z|2 and therefore has no
residue at z =∞. On this new contour, as long as Re(u) is large enough, we would have

Re

(︃
(1−m)z

z − α
+

βmz

1 + βz
− u
)︃
< 0,

and therefore the evaluation in (6.40) is valid. The contour integral in (6.40) then evaluates as the sum of
the residues at two simple poles: at z = α and at z solving the equation

(1−m)z

z − α
+

βmz

1 + βz
− u = 0. (6.41)

Note that this is a quadratic equation. For large u the equation has two solutions, one is close to− 1
β and

the other one is close to α. We need the latter one. Denoting this solution

z(u) :=
m+ u− 1 + αβ(m− u)−

√︂[︁
m+ u− 1 + αβ(m− u)

]︁2 − 4αβ u(1− u)
2β(1− u)

,

the final answer is
G(u) = − ln(α) + ln(z(u)).

As a consistency check, note that G(u)→ 0 as u→∞, as it should from the definition (6.38).

The Stieltjes transform can be used to reconstruct the underlying density by a direct limit.

Lemma 6.22. Let 0 ≤ µ(x) ≤ 1 be a density of a finite measure µ on the interval x ∈ [0, 1] and letGµ(u)
be its Stieltjes transform:

Gµ(u) =

ˆ 1

0

µ(x)

u− x
dx. (6.42)

Define, for each ε > 0, a measure µε on R with density

µε(x) = −
1

π
Im
(︁
Gµ(x+ iε)

)︁
, x ∈ R. (6.43)

Then as ε→ 0 the measures µε weakly converge to µ.

Remark 6.23. When all the densities are continuous functions of x, we have µ(x) = lim
ε→0+

µε(x).

Proof of Lemma 6.22. Rescaling the measure, if necessary, we can assume that
´ 1
0 µ(x)dx = 1, i.e., µ is a

probability measure. Directly from definition, we have

− 1

π
Im
(︁
G(x+ iε)

)︁
=

ˆ 1

0

1

π
· ε

ε2 + (x− y)2
µ(y)dy. (6.44)

Let ξ be a Cauchy–distributed random variable (i.e., of density 1
π(1+x2)

dx), and let η be µ–distributed.
Then the right-hand side of (6.44) can be interpreted as the convolution of η and εξ, i.e., the density of
the sum of independent η + εξ. Hence, the statement becomes a straightforward limε→0(η + εξ) = η.

Alternatively, note that the function y ↦→ 1
π ·

ε
ε2+(x−y)2

is sharply concentrated near y = x and
integrates to 1. Hence, at each pointx of continuity ofµ(·), (6.44) converges towardsµ(x) as ε→ 0+.
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Corollary 6.24. If G(u) is given by (6.38), (6.39), then the corresponding ∂
∂xh(x,m) is given by (6.32).

Proof. By Lemma 6.22, we need to compute − 1
π limε→0+ Im

(︁
G(x + iε)

)︁
. This boils down to plugging

into (6.39) the real value of u = x leading to three cases:

• If the argument of ln[·] is non-real, then the imaginary part of the logarithm is the complex argu-
ment, computed via cotangent in (6.31).

• If the argument of ln[·] is real positive, then the imaginary part vanishes.

• If the argument of ln[·] is real negative, then the imaginary part is −π.

These are precisely the three cases in (6.32).

Proof of Theorems 6.17 and 6.18. For a fixedm, we let ν(m) denote the empirical measure of green parti-
cles at layerm, shifted by 1 and rescaled by n:

ν(m) =
1

n

n+1−m∑︂
i=1

δ 1
n
[λ

(m)
i +n+1−m−i]

The height function can be identified with the distribution function of ν(m) shifted by 1
n :

1

n
hn(x,m) = ν(m)

(︃(︃
−∞, x− 1

n

]︃)︃
. (6.45)

On the other hand, the random variables in Proposition 6.19 and 6.20 are integrals against thesemeasures:

1

n

n+1−m∑︂
i=1

exp

(︃
s · 1
n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
=

ˆ 1

0
exp(sx) ν(m)(dx). (6.46)

By Propositions 6.19 and 6.20, all expectations (6.46) converge to deterministic limits. Hence (e.g., because
the functions x → exp(sx) are dense in the space of all continuous function on [0, 1]), the random
empirical measures ν(mn) converge as n → ∞ (weakly, in probability) to deterministic limits ν̃(m).
Since ν(m) satisfy

ν(m)([a, b]) ≤ b− a+ 1

n
,

the limits ν̃(m) are non-negative measures absolutely continuous with respect to the Lebesgue measure
and of density at most 1. The Laplace transform of the limiting measure is computed by (6.37), and
therefore Corollary 6.24 identifies the density of ν̃(m) with ∂

∂xh(x,m) computed by (6.32).
Since convergence of measures implies convergence of their distribution functions (at the points of

continuity of the limiting functions but in our case the limit is differentiable and therefore continuous),
we conclude that, in probability,

lim
n→∞

1

n
hn (⌊nx⌋, ⌊nm⌋) = h(x,m). (6.47)

Because the right-hand side is deterministic, (6.47) also holds jointly over finitely many pairs (x,m). In
order to get (6.29), we need to upgrade to joint convergence over all (x,m) ∈ [0, 1]2. For this, we observe
that h(x,m) is a Lipshitz function, in the sense that⃓⃓⃓⃓

1

n
hn(x,m)− 1

n
hn(x′,m′)

⃓⃓⃓⃓
≤
⃓⃓⃓⃓
x

n
− x′

n

⃓⃓⃓⃓
+

⃓⃓⃓⃓
m

n
− m′

n

⃓⃓⃓⃓
.

Hence, covering [0, 1]2 by a finite net of arbitrary small mesh-size, (6.47) implies (6.29).
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Figure 6.13: Field of height fluctuations for n = 200 Aztec diamond for αβ = 1 and αβ = 5. Red and
blue colors indicate positive and negative values, respectively.

6.5 Field of fluctuations for the height function

Theorem 6.17 tells us that the height functions 1
nh(x,m) concentrate near a deterministic limit as

n → ∞, and therefore the fluctuations of h(x,m) are o(n). In fact, these fluctuations are much
smaller — they are essentially finite. Figure 6.13 is an approximation of the field of fluctuations
h (xn,mn) − Eh (xn,mn), (x,m) ∈ [0, 1]2, obtained by sampling two independent copies h, h′ of
the height function and drawing 1√

2
(h (xn,mn)− h′ (xn,mn)). The subtraction achieves cancelling

of the (large) expectation term, while division by
√
2 guarantees that the covariance structure of the

difference is the same as for the individual fields.
It is clear from the simulation that the field of fluctuations is non-trivial only in the liquid region

inside the inscribed ellipse (6.30). In the frozen regions outside the ellipse fluctuations vanish. The field
of asymptotic fluctuations is known as the two-dimensional Gaussian free field (GFF) — a remarkable
conformally invariant object. GFF is a generalized field: its covariance function has ln(z − w)–type
singularity on the diagonal z = w, and the values of GFF at individual points are not well-defined.
Instead, a proper object of study is integrals of GFF against sufficiently smooth test-measures: such
integrals for the field h (xn,mn)−Eh (xn,mn) are asympotically Gaussian and converge in distribution
towards similar integrals for GFF. In contrast, the individual values of h (xn,mn)−Eh (xn,mn) can be
shown to grow as

√︁
ln(n) and become asymptotically Gaussian and independent (over distinct values

of (x,m)) upon proper rescaling, see [BF14] for a similar theorem and [CL95, Sos00b] for a general CLT
often used for proving such results.

We first provide one partial result about the convergence towards the Gaussian free field, which
captures the marginal of the field for fixed m. In the next two sections we discuss what GFF is and
upgrade this result to a convergence statement for the full 2d field.

Theorem 6.25. Under the measure (6.2), and using the bijection of Proposition 6.1, consider the partition
λ(m) encoding the green particles in the mth gray layer. For any 0 < m < 1 and s1, . . . , sK ∈ R, the
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random variables

n+1−m∑︂
i=1

exp

(︃
sk ·

1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
− E

n+1−m∑︂
i=1

exp

(︃
sk ·

1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
,

(6.48)
converge (in joint distribution over 1 ≤ k ≤ K and in the sense of moments) as m,n → ∞ in such a way
that m

n →m, to a mean 0 Gaussian vector with covariance of the kth and lth coordinates given by

1

(2πi)2

‹
exp

(︃
sk

(︃
(1−m)zk
zk − α

+
βmzk
1 + βzk

)︃)︃
exp

(︃
sl

(︃
(1−m)zl
zl − α

+
βmzl
1 + βzl

)︃)︃
dzkdzl

(zk − zl)2
,

(6.49)
where both contours are small positively oriented loops around α, with one being inside another one.

Using (6.36) or (6.45), (6.46) we can rewrite (6.48) as integrals against an x-derivative (or its difference
version) of the height function h(x,m). Integration by parts then converts (6.48) into an integral of
h (x,m)−Eh (x,m) against a test-measure, which is supported on the line of fixedm and has exponential
density inx–direction. Hence, Theorem 6.25 can be interpreted as convergence of pairings of the centered
height function with such specific test-measures.

Integrating (6.48) over sk with various weights, one can see that Theorem 6.25 implies asymptotic
Gaussianity and formulas for the covariance for a wide class of centered linear statistics

n+1−m∑︂
i=1

f

(︃
1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
− E

n+1−m∑︂
i=1

f

(︃
1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
for smooth test-functions f(x).

Similar asymptotic phenomenology can be found for other stochastic systems considered in this book.
For instance, the distance between the broken line describing the boundary of Plancherel-random Young
diagrams and Vershik-Kerov-Logan-Schepp limit shape can also be described (in the bulk, cf. Figure 5.2)
by a generalized Gaussian field, see [Ker93, IO02]. The full two-dimensional Gaussian free field can be
seen by considering the Plancherel growth process (5.51), see [Rap25] for further details.

Proof of Theorem 6.25. We start by analyzing the covariance. Using Corollary 6.15, we have

E

[︄
n+1−m∑︂

i=1

q
λ
(m)
i +n+1−m−i

k

n+1−m∑︂
i=1

q
λ
(m)
i +n+1−m−i

l

]︄
=

‹
(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

× (qkzk − α)n+1−m

(zk − α)n+1−m
· (1 + βqkzk)

m

(1 + βzk)m
· (qlzl − α)

n+1−m

(zl − α)n+1−m
· (1 + βqlzl)

m

(1 + βzl)m
· dzk
2πi(qk − 1)zk

· dzl
2πi(ql − 1)zl

.

(6.50)

We plug in ql = exp
(︁
sk
n

)︁
, ql = exp

(︁
sl
n

)︁
and notice that

(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

= 1 +
zkzl(1− qk)(1− ql)
(zk − qlzl)(qkzk − zl)

= 1 +
sksl
n2
· zkzl
(zk − zl)2

+O

(︃
1

n3

)︃
. (6.51)

Hence, subtracting the product of two applications of Corollary 6.15 with K = 1 and using the same
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asymptotic expansion as in (6.34), we get, as n→∞,

Cov

[︄
n+1−m∑︂

i=1

q
λ
(m)
i +n+1−m−i

k ,
n+1−m∑︂

i=1

q
λ
(m)
i +n+1−m−i

l

]︄
→ Ck,l

=
1

(2πi)2

‹
exp

(︃
sk

(︃
(1−m)zk
zk − α

+
βmzk
1 + βzk

)︃)︃
exp

(︃
sl

(︃
(1−m)zl
zl − α

+
βmzl
1 + βzl

)︃)︃
dzkdzl

(zk − zl)2
.

(6.52)

For the asymptotic Gaussianity, we compute higher moments of centered random variables (6.48). We
take some s1, . . . , sK , which are allowed to coincide with each other, and let qk = exp

(︁
sk
n

)︁
, 1 ≤ k ≤ K .

Using Corollary 6.15 for each of 2K terms in the expansion of the product,

E
K∏︂
k=1

[︄
n+1−m∑︂

i=1

[︃
exp

(︃
sk ·

1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃
− E exp

(︃
sk ·

1

n

(︂
λ
(m)
i + n+ 1−m− i

)︂)︃]︃]︄

=

˛
. . .

˛ ∑︂
A⊂{1,2,...,K}

(−1)K−|A|
∏︂

k<l: k,l∈A

(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

×
K∏︂
k=1

[︃
(qkzk − α)n+1−m

(zk − α)n+1−m
· (1 + βqkzk)

m

(1 + βzk)m
· dzk
2πi(qk − 1)zk

]︃
, (6.53)

where the subsetA corresponds to the indices in the product in the first line for which we choose the first
rather than the second term in the factor, and therefore only for the indices in A we have the crossterm∏︁

k<l:k,l∈A. Using the first equality in (6.51), the sum in the second line of (6.53) further becomes

∑︂
A⊂{1,2,...,K}

∑︂
B⊂A(2)

(−1)K−|A|
∏︂

(k,l)∈B

zkzl(1− qk)(1− ql)
(zk − qlzl)(qkzk − zl)

, (6.54)

where A(2) is the set of ordered pairs of elements of A: A(2) = {(i, j) | i < j, i, j ∈ A}. We change
the order of summation in (6.54) — sum over A for a fixed B and then send n → ∞. We claim that the
only surviving terms are those where |B| = K/2 and B is a perfect matching of A, i.e., a set partition
representing it as a disjoint union of two element sets; in particular, for odd K the limit is 0. In order
to see that, we denote by B(1) ⊂ {1, . . . ,K} the subset of all elements which appear as either first or
second coordinates in pairs of B and observe:

• If |B(1)| < K then, after factoring out common terms, the sum over A becomes a sum of ±1 over
all B(1) ⊂ A ⊂ {1, . . . ,K}, which evaluates, via the binomial theorem, to (1− 1)K−|B(1)| = 0.

• If |B| < K
2 , then necessarily |B(1)| < K and the corresponding term vanishes.

• If |B| > K
2 , then

∏︁
in the corresponding (6.54) term is o(n−K) because of the (1−qj) factors. Since

the third line of (6.53) is O(nK) because of the (qk − 1) denominators, the overall contribution
vanishes as n→∞.

• If |B| = K
2 and |B(1)| = K , then K has to be even, B must be a perfect matching, hence, A =

{1, 2, . . . ,K}.
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When B is a perfect matching, the K–dimensional integral in (6.53) splits into a product of K/2
two-dimensional integrals of the form (6.52). Therefore, the n→∞ limit of (6.53) evaluates as∑︂

B is a perfect matching
of {1,2,...,K}

∏︂
(k,l)∈B

Ck,l.

We arrive at the expression for the higher moments of mean zero Gaussian random variables in terms
of their covariance known as Isserlis theorem or Wick’s formula, see [Iss18, Wic50, MS17]. Hence, the
random variables (6.48) converge in the sense of moments to Gaussian random variables. Convergence
of moments also implies convergence in distribution, since Gaussians are uniquely determined by their
moments, see, e.g., [Bil12, Section 30].

6.6 Multilevel observables

The goal of this and the next section is prove the convergence of the centered height function to the
Gaussian free field by generalizing Theorem 6.25 to joint fluctuations for severalm and interpreting the
result in terms of GFF.

Note that up to now we have never dealt with joint fluctuations of more than one Young diagram:
we could analyze Schur measures of Definition 3.4, but not Schur processes of Definition 3.5. In fact,
many of our tools can be generalized in this direction. For instance, if we combine all partitions of the
Schur process into a point process in the plane (or, rather, in Z×Z), it is going to be determinantal with
a correlation kernel given by a double contour integral, see [OR03, BR05] and Problem 8 in Section 4.6.
Same is true for the expectations of observables in Theorem 6.13. We demonstrate this on the example
of the Schur process corresponding to the Aztec diamond and refer to [BCGS16] for the most general
Schur processes.

Theorem 6.26. Consider the (αβ)-weighted measure on domino tilings (6.2) corresponding to the Schur
process as in Theorem 6.3:

∅ ≺′ λ(1) ≻ µ(1) ≺′ λ(2) ≻ · · · ≻ µ(n−1) ≺′ λ(n) ≻ ∅. (6.55)

Then, for any 1 ≤ m1 ≤ m2 ≤ · · · ≤ mK ≤ n and complex numbers q1, . . . , qK we have

E

[︄
K∏︂
k=1

n+1−mk∑︂
i=1

q
λ
(mk)

i +n+1−mk−i
k

]︄
=

˛
. . .

˛ ∏︂
1≤k<l≤K

(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

×
K∏︂
k=1

[︃
(qkzk − α)n+1−mk

(zk − α)n+1−mk
· (1 + βqkzk)

mk

(1 + βzk)mk
· dzk
2πi(qk − 1)zk

]︃
, (6.56)

where z1, . . . , zK are integrated over positively-oriented loops around α (each of them encloses α, but neither
0, nor −β−1), which are nested: for each pair k < l, the zl contour does not enclose points {qkzk, q−1

l zk}.

Compared to Corollary 6.15, each m got replaced by mk, but we emphasize the ordering of mk: in
the proof we apply operators in different collections of variables; these operators do not commute and
the exact sequence of applications matters.

Proof of Theorem 6.26. We need a generalization of the expectation identity (6.21) based on operators act-
ing in varying numbers of variables. We introduce anN–variable version of (6.17), with only x1, . . . , xN
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variables involved in the formula, but allowing this operator to act on functions in a greater number of
variables:

DN
q =

N∑︂
i=1

⎡⎢⎢⎣ ∏︂
j∈{1,...,N}

j ̸=i

qxi − xj
xi − xj

⎤⎥⎥⎦ T q
i . (6.57)

Then the key identity is that for ordered 1 ≤ m1 ≤ m2 ≤ · · · ≤ mK ≤ n,

E

[︄
K∏︂
k=1

n+1−mk∑︂
i=1

q
λ
(mk)

i +n+1−mk−i
k

]︄
=

[︄
Dn+1−mK

qK

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃mK−mK−1

Dn+1−mK−1
qK−1 · · ·

· · · Dn+1−m2
q2

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m2−m1

Dn+1−m1
q1

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m1
]︄
x1=···=xn=α

. (6.58)

Once (6.58) is proven, (6.56) is obtained from it by recursive applications of Lemma 6.12 in exactly the
same way as in the proof of Theorem 6.13. Hence, in the rest of the proof we only explain (6.58). The idea
is that in the up-down chain encoding the Schur process (6.55), in the language of symmetric functions
the ≺′ steps get encoded by multiplication with

∏︁
i

(︂
1+βxi

1+αβ

)︂
, while ≻ steps get encoded by plugging in

one variable equal to α. The argument is the same for any K > 1, and we detail it for K = 2, i.e., we
show

E

[︄
n+1−m2∑︂

i=1

q
λ
(m2)
i +n2+1−m−i

2

n+1−m1∑︂
i=1

q
λ
(m1)
i +n+1−m1−i

1

]︄

=

[︄
Dn+1−m2

q2

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m2−m1

Dn+1−m1
q1

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m1
]︄
x1=···=xn=α

. (6.59)

We start by using the Cauchy identity (2.17) in x1, . . . , xn+1−m1 and with y–variables specialized using
ρ = (0;βm1 ; 0):

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m1

=
n∏︂

i=n+2−m1

(︃
1 + βxi
1 + αβ

)︃m1

× (1 + αβ)−m1(n+1−m1)

⎡⎣∑︂
λ(m1)

sλ(m1)(x1, . . . , xn+1−m1)sλ(m1)(0;β
m1 ; 0)

⎤⎦ .
None of the operators will act on the variables in

∏︁n
i=n+2−m1

, this factor will disappear when we plug
in xi = α, and we can ignore it. Hence, using the eigenrelation (6.18), we have

Dn+1−m1
q1

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m1

=
n∏︂

i=n+2−m1

(︃
1 + βxi
1 + αβ

)︃m1

×(1+αβ)−m1(n+1−m1)

⎡⎣∑︂
λ(m1)

(︄
n+1−m1∑︂

i=1

q
λ
(m1)
i +n+1−m1−i

1

)︄
sλ(m1)(x1, . . . , xn+1−m1)sλ(m1)(0;β

m1 ; 0)

⎤⎦ .
(6.60)
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We proceed by using the definition of the skew Schur functions (2.28) and skew Cauchy identity (2.34)
with y–variables specialized using ρ = (0;βm2−m1 ; 0) in the form:

sλ(m1)(x1, . . . , xn+1−m1) =
∑︂
µ

sµ(x1, . . . , xn+1−m2)sλ(m1)/µ(xn+2−m2 , . . . , xn+1−m1),

n+1−m2∏︂
i=1

(1 + βxi)
m2−m1sµ(x1, . . . , xn+1−m2) =

∑︂
λ(m2)

sλ(m2)(x1, . . . , xn+1−m2)sλ(m2)/µ(0;β
m2−m1 ; 0).

We plug these two identities into the right-hand side of (6.60), apply Dn+1−m2
q2 using the eigenrelation

(6.18), and set all xi equal to α to get:[︄
Dn+1−m2

q2

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m2−m1

Dn+1−m1
q1

n∏︂
i=1

(︃
1 + βxi
1 + αβ

)︃m1
]︄
x1=···=xn=α

=
∑︂

λ(m2), µ, λ(m1)

[︄
n+1−m2∑︂

i=1

q
λ
(m2)
i +n+1−m2−i

2

n+1−m1∑︂
i=1

q
λ
(m1)
i +n+1−m1−i

1

]︄

×
sλ(m1)(0;β

m1 ; 0)sλ(m1)/µ(α
m2−m1 ; 0; 0)sλ(m2)/µ(0;β

m2−m1 ; 0)sλ(m2)(α
n+1−m2 ; 0; 0)

(1 + αβ)m1(n+1−m1)+(m2−m1)(n+1−m2)
.

Comparing with (3.22) from the exercises in Chapter 3, we recognize the expectation from the left-hand
side of (6.59).

We can now prove a multilevel version of Theorem 6.25.

Theorem 6.27. Under the measure (6.2) and using the bijection of Proposition 6.1, consider the partition
λ(m) encoding the green particles in the mth gray layer. For any 0 < m1 ≤ m2 ≤ · · · ≤ mK < 1 and
s1, . . . , sK ∈ R, the random variables

n+1−mk∑︂
i=1

exp

(︃
sk ·

1

n

(︂
λ
(mk)
i + n+ 1−mk − i

)︂)︃
−E

n+1−mk∑︂
i=1

exp

(︃
sk ·

1

n

(︂
λ
(mk)
i + n+ 1−mk − i

)︂)︃
(6.61)

converge (in joint distribution over 1 ≤ k ≤ K and in the sense of moments) as m1, . . . ,mK , n → ∞ in
such a way that mk

n → mk, 1 ≤ k ≤ K , to a mean 0 Gaussian vector with covariance of the kth and lth
coordinates given for k < l by

1

(2πi)2

‹
exp

(︃
sk

(︃
(1−mk)zk
zk − α

+
βmkzk
1 + βzk

)︃)︃
exp

(︃
sl

(︃
(1−ml)zl
zl − α

+
βmlzl
1 + βzl

)︃)︃
dzkdzl

(zk − zl)2
,

(6.62)
where both contours are small positively oriented loops around α, with zl contour inside zk contour.

Proof. The argument in exactly the same as in Theorem 6.25, and we only verify the formula for the
asymptotic covariance. Using Theorem 6.26, we have

E

[︄
n+1−mk∑︂

i=1

q
λ
(mk)

i +n+1−mk−i
k

n+1−ml∑︂
i=1

q
λ
(ml)

i +n+1−ml−i
l

]︄
=

‹
(qkzk − qlzl)(zk − zl)
(zk − qlzl)(qkzk − zl)

(qkzk − α)n+1−mk

(zk − α)n+1−mk
· (1 + βqkzk)

mk

(1 + βzk)mk
· (qlzl − α)

n+1−ml

(zl − α)n+1−ml
·
(1 + βqlzl)

m
l

(1 + βzl)
m
l

· dzk
2πi(qk − 1)zk

· dzl
2πi(ql − 1)zl

,

(6.63)
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where both integration contours are small loops around α and zk contour is slightly larger. We plug
in ql = exp

(︁
sk
n

)︁
, ql = exp

(︁
sl
n

)︁
and use (6.51). Hence, subtracting the product of two applications of

Corollary 6.15 withK = 1 and using the same asymptotic expansion as in (6.34), we get (6.62) as n→∞
limit of the covariance. The nesting of the final contours comes from the nesting of the contours in (6.63),
while in Theorem 6.25 the nesting was arbitrary since we could apply Dq operators in any order.

6.7 The Gaussian free field

In this section we interpret Theorem 6.27 as convergence of the fluctuations of the height function of
domino tilings to the Gaussian free field.

6.7.1 Definition of GFF

We start our discussion of convergence towards the Gaussian free field by defining this object. Generally
speaking, the definition uses two pieces of data: a two-dimensional domain (more generally, a two-
dimensional surface with boundary) and a complex structure on this domain. On the first step we define
the (two-dimensional) Gaussian free field in a domain V ⊂ C in the standard complex structure of C.

Take the Laplace operator on V

△ =
∂2

∂x2
+

∂2

∂y2

⃓⃓⃓⃓
x+iy∈V

.

We consider the inverse operator (−△−1) taken with Dirichlet, i.e., identical zero, boundary conditions
on the boundary ∂V. △−1 is an integral operator with respect to the Lebesgue measure on V, and its
kernel is known as the Green’s function, given by the following definition.

Definition 6.28. The Green’s function GV(z, z′) on V with Dirichlet boundary condition is a function
G : V× V→ R of two complex arguments z = x+ iy, z′ = x′ + iy′, such that

△GV(z, z′) = −δ(z − z′),

where δ(z − z′) is the Delta-function5,△ can be applied either in z or in z′ variables, and

lim
z→z0

GV(z, z′) = lim
z′→z0

GV(z, z′) = 0, for any z0 ∈ ∂V.

We remark without proof that (for non-pathological V) the Green’s function exists, is unique and
symmetric, i.e., GV(z, z′) = GV(z′, z). When V is unbounded, one should add an at most logarithmic
growth condition at ∞ to the definition of the Green’s function. An important property of GV is its
conformal invariance: if we map V ⊂ C to another domain V′ ⊂ C by a conformal bijection6 ϕ, then
the Green’s functions of the domains are related by a simple composition with ϕ. In particular, if we
conformally map V to itself, then GV is kept unchanged; this is restated as the conformal-invariance
property (6.68) below.

By the Riemann uniformization theorem, all simply-connected domains in C which do not coincide
with C itself, can be conformally mapped to each other. Hence, it suffices to understand the Green’s
function in a single model domain, and we use the upper halfplane U = {z ∈ C | Im(z) > 0} for that.

5Equivalently, this means that for every smooth test-function f(z), supported in a compact subset of the interior of
V, the double integral

˜
V △GV(z, z

′)f(z)dxdy with z = x + iy, which should be computed via integration by parts as˜
V GV(z, z

′)△f(z)dxdy, evaluates to −f(z′).
6A map ϕ : V → V′ is called conformal if it is holomorphic, bijective and its inverse is also holomorphic.
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Lemma 6.29. The Green’s function on the upper halfplane U is defined by

GU(z, z′) = −
1

2π
ln

⃓⃓⃓⃓
z − z′

z − z̄′

⃓⃓⃓⃓
, Im(z), Im(z′) > 0. (6.64)

We leave it as an exercise to check that (6.64) agrees with Definition 6.28. The conformal invariance
property can be directly verified for (6.64): the conformal bijections of U are Moebius transformations

z ↦→ az + b

cz + d
, a, b, c, d ∈ R,

and one readily checks that the formula (6.64) is unchanged under such transformations.
For general domains, there is often no explicit formula for the Green’s function, but locally such

function always grows like a logarithm of the distance:

GV(z, z′) ∼ −
1

2π
ln |z − z′| for z ≈ z′. (6.65)

Informally, the Gaussian free field is a Gaussian field with covariance given by the Green’s function.

Definition 6.30. The Gaussian free field on V is a random Gaussian function GFFV : V→ R such that

E
[︁
GFFV(z)

]︁
= 0, and E

[︁
GFFV(z)GFFV(z

′)
]︁
= GV(z, z′), z, z′ ∈ V.

Making the above definition mathematically precise requires some care. Indeed, if z = z′, then
GV(z, z′) = +∞, hence, the values ofGFFV at individual points have infinite variance and are not well-
defined as random variables. Therefore, GFFV is not a function, but a generalized function: we cannot
ask about the values of this random function at a point, but we can compute its integrals (or pairings)
with reasonably smooth test measures. Omitting the description of the required smoothness of measures,
we record this property in the following two special cases for V = U that we present without proofs.

Lemma 6.31. Let µ be an absolutely continuous (with respect to the Lebesgue measure) measure onUwhose
density is a smooth function g(z) with compact support. Then

ˆ
U
GFFUdµ =

ˆ
U
GFFU(u)g(u) dRe(u) dIm(u)

is a well-defined centered Gaussian random variable. Moreover, if we have two such measures µ1, µ2 with
densities g1, g2, then

E
[︃(︂ ˆ

U
GFFU(u)g1(u) dRe(u) dIm(u)

)︂
·
(︂ˆ

U
GFFUg2(u) dRe(u) dIm(u)

)︂]︃
=

ˆ
U2

g1(z)

(︃
− 1

2π
ln

⃓⃓⃓⃓
z − w
z − w

⃓⃓⃓⃓)︃
g2(w) dRe(z) dIm(z) dRe(w) dIm(w). (6.66)

Lemma 6.32. Let µ be a measure on U whose support is a smooth curve γ and whose density with respect
to the natural arc-length measure on γ is given by a smooth function g(z) such that

ˆ ˆ
γ×γ

g(z)

(︃
− 1

2π
ln

⃓⃓⃓⃓
z − w
z − w

⃓⃓⃓⃓)︃
g(w) |dz| |dw| <∞, (6.67)

where |dz| indicates the integral with respect to the arc-length measure. Then
ˆ
U
GFFUdµ =

ˆ
γ
GFFU(u)g(u) |du|
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is a well-defined Gaussian centered random variable of variance given by (6.67). Moreover, if we have two
such measures µ1, µ2 (with two curves γ1, γ2 and two densities g1, g2), then

E
[︃(︂ ˆ

γ1

GFFU(u)g1(u)|du|
)︂
·
(︂ˆ

γ2

GFFU(u)g2(u) |du|
)︂]︃

=

ˆ ˆ
γ1×γ2

g1(z)

(︃
− 1

2π
ln

⃓⃓⃓⃓
z − w
z − w

⃓⃓⃓⃓)︃
g2(w) |dz| |dw|.

In principle, the above two lemmas can be taken as an alternative definition of the Gaussian free field
as a random functional on smooth enough measures. By invoking the Kolmogorov consistency theorem,
GFFV would be well-defined as a stochastic process, if we show that the joint distributions appearing in
this definition are consistent. Since they are all mean 0 Gaussians, it suffices to check that the covariance
is positive-definite. We make this check only in the context of Lemma 6.31 and leave a similar check
involving Lemma 6.32 as an exercise.

Lemma 6.33. The covariance of
´
GFFUdµ given by (6.66) is positive-definite.

Proof. We need to check that the operator with kernel GU is positive-definite, which is equivalent to−△
being positive definite. The latter can be checked via integration by parts to reduce to the norm of the
gradient:

⟨−△g, g⟩ =
¨

U

(︁
−△g(x+ iy)

)︁
g(x+ iy) dxdy =

¨
U

⃦⃦
∇g(x+ iy)

⃦⃦2
L2 dx dy ≥ 0.

A better alternative to using Lemmas 6.31 and 6.32 as a definition would be to define a functional
space (like the space of continuous functions in the definition of the Brownian motion) to which the field
GFFU belongs. We refer to [She07, WP21] for more details on the definition of the Gaussian free field.

If we extend the definition ofGFF fromU to general domainsV ⊂ C, then the conformal invariance
of the Green’s function leads to the conformal invariance of the resulting fields: if ϕ is a conformal
bijection of V ⊂ C with V′ ⊂ C, then

{GFFV′(ϕ(z))}z∈V′
d
= {GFFV(z)}z∈V. (6.68)

Here is another informal definition of the Gaussian free field in a domain V. According to it, GFFV
is a probability measure on functions f on V with 0 boundary conditions with density

ρ(f) ∼ exp

(︃
− 1

2

ˆ
V
||∇f ||2 dx dy

)︃
. (6.69)

The formula (6.69) is based on the well-known computation for the finite-dimensional Gaussian vectors:
for a Gaussian vector v ∈ RN with probability density

ρ(v) =

√
detB√︁
(2π)N

exp

(︃
−1

2
⟨v,Bv⟩

)︃
,

the covariance matrix E[vvT ] is equal to B−1. Since the covariance for the GFFV is given by the mi-
nus inverse Laplace operator, the matrix B appearing in its density should be identified with −△, and
integration by parts leads to (6.69). The precise mathematical meaning of (6.69) is even trickier than Def-
inition 6.30: it is unclear with respect to which underlying measure the density is computed, and also the
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Figure 6.14: The bijection of Proposition 6.34 for α = β = 1.

symbol ||∇f ||2L2 is not well-defined for non-smooth f , while we already know that GFF is not smooth,
even its values at points are not properly defined.

Finally, one can construct the Gaussian free field from a sequence of i.i.d. Gaussian random variables,
by using the decomposition

GFFV(z) =
∞∑︂
k=1

ξk
ϕk(z)√
λk

, ξk ∼ i.i.d. N (0, 1), (6.70)

where 0 < λ1 < λ2 < . . . are eigenvalues of minus the Laplace operator, −△, in V with corresponding
L2–orthonormal eigenvectors ϕ1, ϕ2, . . . , vanishing on ∂V. The convergence of the series (6.70) is deli-
cate: the sum diverges for a fixed z ∈ V, but its term-wise integrals against test-measures (as in Lemmas
6.31 and 6.32) converge.

6.7.2 Complex structure and pullback for GFF

The next step towards describing the height fluctuations of the domino tilings is to identify the liquid
region (interior of the inscribed ellipse in the Aztec diamond) with the upper half-plane U, appropriate
for the GFFU. The bijective map that we are about to introduce is not conformal; in other words, the
desired Gaussian free field comes not from the standard complex structure of the plane on which the
(scaled) Aztec diamond is drawn, but through more involved definitions.

Proposition 6.34. For any 0 ≤ x,m ≤ 1, the equation

(1−m)z

z − α
+

βmz

1 + βz
− x = 0, z ∈ C, Im(z) > 0, (6.71)
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has at most one root z in the upper halfplane U = {z ∈ C | Im(z) > 0}. It has such a root if and only if
(x,m) is inside the ellipse inscribed in the Aztec diamond and given by

(x+m− 1)2

p
+

(x−m)2

1− p
= 1, p =

αβ

1 + αβ
. (6.72)

The map (x,m) ↦→ z is a bijection between the interior of the ellipse and U.

Proof. The equation (6.71) has already appeared before in the proof of Lemma 6.21, see (6.41). This is a
quadratic equation in z, which has a pair of complex conjugate roots inside the ellipse (6.72) and two real
roots outside the ellipse. Hence, the map (x,m) ↦→ z is well-defined inside the ellipse. For the bijectivity,
we study the inverse map by interpreting the real and imaginary parts of (6.71) as two linear equations
on (x,m). The imaginary part gives:

0 = Im

[︃
(1−m)

(︃
1 +

α

z − α

)︃
+m

(︃
1− 1

1 + βz

)︃]︃
= (1−m)α

−Im(z)

|z − α|2
+mβ

Im(z)

|1 + βz|2
,

which has solution
m =

1

1 + β
α

|z−α|2
|1+βz|2

∈ (0, 1).

Plugging back into the equation, we get

x = 1 +

(︃
(1−m)α

z − α
− m

1 + βz

)︃
= 1 +

1

|1 + βz|2 + β
α |z − α|2

·
(︃
β
|z − α|2

z − α
− |1 + βz|2

1 + βz

)︃
= 1− 1 + αβ

|1 + βz|2 + β
α |z − α|2

= 1− 1

1 + β
α |z|2

∈ (0, 1). (6.73)

Figures 6.14 and 6.15 illustrate the correspondence z ↔ (x,m): the lines of constant x in the ellipse
are mapped to half-circles centered at 0 in U, while the lines of constant m are mapped to half-circles
separating α from −1/β (and to a vertical ray form = p).

We use the map (x,m) ↦→ z to pullback GFF on U into the interior of the ellipse by using the
following definition.

Definition 6.35. Given a domain V and a map Ω : V → U, the pullback GFFU ◦ Ω is a generalized
centered Gaussian Field on V with covariance

E
[︁
GFFU(Ω(z))GFFU(Ω(w))

]︁
= − 1

2π
ln

⃓⃓⃓⃓
Ω(z)− Ω(w)

Ω(z)− Ω(w)

⃓⃓⃓⃓
, z, w ∈ V.

Integrals of GFFU ◦ Ω with respect to measures are computed through
ˆ
V
(GFFU ◦ Ω) dµ =

ˆ
U
GFFU d(Ω∗µ),

where d(Ω∗µ) stands for the pushforward of measure µ.

Remark 6.36. The difference from (6.68) is that Ω is not conformal (e.g., in Figure 6.14 and 6.15 the angles
between gray and blue lines are not preserved under the map), in contrast with ϕ.

The above definition implies the following analogue of Lemma 6.32, and there is a similar analogue
of Lemma 6.31.
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Figure 6.15: The bijection of Proposition 6.34 for α = 2.5, β = 2.

Lemma 6.37. In the notation of Definition 6.35, let µ be a measure on V supported on a smooth curve γ
and whose density with respect to the natural length measure on γ is given by a smooth function g(z) such
that ˆ ˆ

γ×γ
g(z)

(︃
− 1

2π
ln

⃓⃓⃓⃓
Ω(z)− Ω(w)

Ω(z)− Ω(w)

⃓⃓⃓⃓)︃
g(w) |dz||dw| <∞. (6.74)

Then ˆ
V
(GFFU ◦ Ω) dµ =

ˆ
γ
GFFU(Ω(u))g(u)|du|

is a well-defined Gaussian centered random variable of variance given by (6.74). Moreover, if we have two
such measures µ1, µ2 (with two curves γ1, γ2 and two functions g1, g2), then

E
[︃(︂ ˆ

γ1

GFFU(Ω(u))g1(u)|du|
)︂
·
(︂ˆ

γ2

GFFU(Ω(u))g2(u) |du|
)︂]︃

=

ˆ ˆ
γ1×γ2

g1(z)

(︃
− 1

2π
ln

⃓⃓⃓⃓
Ω(z)− Ω(w)

Ω(z)− Ω(w)

⃓⃓⃓⃓)︃
g2(w) |dz| |dw|. (6.75)

6.7.3 Matching the Aztec fluctuations with GFF

We recall Definition 6.16 for the height function and extend it from integer arguments to a piece-wise
constant, right-continuous function of real arguments. Using ⌊m⌋ for the largest integer not greater than
m, we introduce the following definition of the extended height function.
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Definition 6.38. With x growing towards North-West and m towards growing North-East, we define the
extended height function:

hn(x,m) =

⃓⃓⃓⃓
(−∞, x]

⋂︂{︂
λ
(⌊m⌋)
i − i+ n− ⌊m⌋+ 2

}︂n+1−⌊m⌋

i=1

⃓⃓⃓⃓
. (6.76)

We have hn(0,m) = 0, hn(n+ 1,m) = n+ 1− ⌊m⌋, and

hn(x,m)− lim
ε→0+

hn(x− ε,m) =

{︄
1, there is a green particle at (x,m),

0, otherwise.
(6.77)

Theorem 6.39. Let hn(·, ·) be the extended height function of Definition 6.38 for (αβ)-weighted random
domino tilings of the Aztec diamond of size n, as in (6.2). Then

lim
n→∞

√
π
[︂
hn(nx, nm)− Ehn(nx, nm)

]︂
= Θ(x,m), 0 ≤ x,m ≤ 1, (6.78)

where Θ(·, ·) is a generalized Gaussian field, which is identically zero outside the ellipse (6.72), and is the
pullback of the Gaussian free field GFFU with respect to the map (x,m) ↦→ z of Proposition 6.34 inside
the ellipse. The convergence in (6.78) is in joint moments for integrals of the two-dimensional field along the
fixedm lines and with density exp(sx) in the x direction.

Our proof of Theorem 6.39 is a direct verification: we are going to check that the result of Theorem
6.27 matches the covariance of a pullback of GFF. Other proofs can be found in [CJY15, Section 6], [BG18,
Section 3.6], [BK18], [CR24], [BNR24]. A conceptual reason for the appearance of the Gaussian free field
in this problem can be seen through the informal definition of GFF in (6.69). As proven in [CKP01],
for random domino tilings one can approximate the logarithm of the probability of seeing a particular
realization of the height function h as a double integral of a certain functional (“surface tension”) of
the gradient of h. The Law of Large Numbers in Theorem 6.17 can be achieved by maximizing this
integral, and the fluctuations are governed by an expansion of the functional near its maximum. After a
proper change of the coordinate system, this expansion leads to the integral of the squared gradient, as in
(6.69). In the related case of random lozenge tilings, this heuristics is explained in more detail in [Gor21,
Lectures 11, 12, and 23]. The same heuristics predicts universal appearance of GFF in many other models
of random two-dimensional surfaces in three-dimensional space. Making it mathematically rigorous for
domino tilings of general domains is beyond the currently existing methods, and one needs to use other
approaches to prove the convergence to the Gaussian free field.

Proof of Theorem 6.39. For a fixed 0 <m < 1 and s ∈ R, we analyze the integral of the left-hand side of
(6.78) against exp(sx). The goal is to show that

lim
n→∞

ˆ
R

√
π
[︂
hn(nx, nm)− Ehn(nx, nm)

]︂
exp(sx)dx =

ˆ
R
Θ(x,m) exp(sx)dx, (6.79)

where the convergence is in joint moments over finite collections of pairs (m, s). The right-hand side is
an integral of a pullback ofGFFU and its covariance is given by (6.75). For the left-hand side we integrate
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by parts using Definition 6.38 and that hn(nx, nm)−Ehn(nx, nm) = 0 whenever x < 0 or x > 1+ 1
n :ˆ

R

[︂
hn(nx, nm)−Ehn(nx, nm)

]︂
exp(sx)dx = −1

s

ˆ
R

∂

∂x

[︂
hn(nx, nm)−Ehn(nx, nm)

]︂
exp(sx)dx

= −1

s

[︄
n+1−⌊nm⌋∑︂

i=1

exp
(︂ s
n

(︂
λ
(⌊nm⌋)
i − i+ n− ⌊nm⌋+ 2

)︂)︂

− E
n+1−⌊nm⌋∑︂

i=1

exp
(︂ s
n

(︂
λ
(⌊nm⌋)
i − i+ n− ⌊nm⌋+ 2

)︂)︂]︄
. (6.80)

We recognize the expressions analyzed in Theorem 6.27, up to multiplication by exp
(︁
s
n

)︁
, which does not

change the conclusion of the theorem. Applying it, we conclude that the limit in the left-hand side of
(6.79) is Gaussian and mean 0, with covariance between (m, s) = (mk, sk) and (m, s) = (ml, sl) cases
given by (6.62), i.e.:

π

(2πi)2sksl

‹
exp

(︃
sk

(︃
(1−mk)zk
zk − α

+
βmkzk
1 + βzk

)︃)︃
exp

(︃
sl

(︃
(1−ml)zl
zl − α

+
βmlzl
1 + βzl

)︃)︃
dzkdzl

(zk − zl)2
.

(6.81)
What remains is to match this expression with the covariance of the integrals in the right-hand side of
(6.79). We assume without loss of generality that mk ̸= ml; the case of equal parameters is achieved
by a limit transition. We deform the integration contours in (6.81): the zl–contour is deformed to the
circle, whose upper half-plane part is the image of the m = ml section of the interior of the ellipse
under (x,m) ↦→ z map of Proposition 6.34, and the zk–contour is deformed to the circle whose upper
half-plane part is the image of them = mk section of the interior of the ellipse. Note that on the original
contours in Theorem 6.27, the orderingmk ≤ml implies that zk–contour is outside the zl–contour, with
both contours being small loops around α. The ordering of the images of the constantm sections of the
ellipse (cf. Figures 6.14 and 6.15) and the fact that integral has no residue at z = ∞, allows the desired
deformation of the contours without picking up any additional residues.

On the new contours, we split the double integral into four parts corresponding to upper and lower
halves of the circles. Parameterizing the U–parts as the z–images of m = mk and m = ml sections of
the ellipse, we convert (6.81) into

π

(2πi)2sksl

¨
exp (skxk) exp (slxl) dxkdxl

[︄ ∂z(mk,xk)
∂xk

∂z(ml,xl)
∂xl

(z(mk,xk)− z(ml,xl))2

−
∂z̄(mk,xk)

∂xk

∂z(ml,xl)
∂xl

(z̄(mk,xk)− z(ml,xl))2
−

∂z(mk,xk)
∂xk

∂z̄(ml,xl)
∂xl

(z(mk,xk)− z̄(ml,xl))2
+

∂z̄(mk,xk)
∂xk

∂z̄(ml,xl)
∂xl

(z̄(mk,xk)− z̄(ml,xl))2

]︄
.

We further integrate by parts in xk and xl, noting that the boundary terms cancel because z(m,x) is
real on the ellipse, which corresponds to the end-points of the integration segment. We obtain

π

(2πi)2

¨
exp (skxk) exp (slxl) dxkdxl

[︄
ln
(︁
z(mk,xk)− z(ml,xl)

)︁
− ln

(︁
z̄(mk,xk)− z(ml,xl)

)︁
− ln

(︁
z(mk,xk)− z̄(ml,xl)

)︁
+ ln

(︁
z̄(mk,xk)− z̄(ml,xl)

)︁]︄

=

¨
exp (skxk) exp (slxl)

[︃
− 1

2π
ln

⃓⃓⃓⃓
z(mk,xk)− z(ml,xl)

z(mk,xk)− z̄(ml,xl)

⃓⃓⃓⃓]︃
dxkdxl.
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The last expression matches (6.75) with Ω-map being the z-map and γ–contours being the fixed m sec-
tions of the interior of the ellipse (6.72) inscribed into the Aztec diamond.

6.8 Exercises

Problem 1. Compare (6.32) with the result of Problem 2 in Section 5.11. Explain the similarities.

Problem 2. Continuing the connection of Problem 1 and developing the exact tail bounds as in Sec-
tion 5.5, show that the random domino tiling is completely frozen outside the frozen ellipse: for each
ε > 0, with probability tending to 1 as n → ∞, all the dominos in the South/West/North/East corners
of the diamond, outside the ε–neighborhood of the ellipse (6.30), are of South/West/North/East types,
respectively.

Problem 3. By taking q → 1 as n → ∞ in Corollary 6.15 with K = 1, develop the edge limit version
of Proposition 6.19, in which the asymptotic behavior is determined by the first rows of λ and the limit
relates to the Airy point process. Compare the result with (5.87).

Problem 4. Repeating the limit of Problem 3 for the multilevel observables of Theorem 6.26, and as-
suming mk+1 −mk = n2/3∆k, find the multilevel joint edge limit for the domino tilings. The limiting
object is a random collection of continuous curves known as the Airy2 line ensemble; the top-most curve
(describing the boundary of the frozen region for random domino tilings) is called the Airy2 process. The
subscript 2 is sometimes omitted from the names.

Problem 5. Given three interlacing partitions λ, τ, µ with λ ≻ τ ≺ µ (i.e., λ/τ and µ/τ are horizontal
strips), and a nonnegative integerW = 0, 1, 2, . . . , we define another partition κ through

κi =

{︄
max(λ1, µ1) +W, i = 1,

max(λi, µi) + min(λi−1, µi−1)− τi−1, i > 1.
(6.82)

A. Prove that |λ|+ |µ|+W = |τ |+ |κ|.
B. Prove that for fixed λ and µ, (6.82) is a bijection between the sets:

{(τ,W ) ∈ Y× Z≥0 | λ ≻ τ ≺ µ} and {κ ∈ Y | λ ≺ κ ≻ µ}.

C. Apply this bijection to prove the one-variable version of the skew Cauchy identity:∑︂
κ∈Y

sκ/λ(x)sκ/µ(y) =
1

1− xy
∑︂
τ∈Y

sλ/τ (y)sµ/τ (x).

(You can use the vanishing property of skew Schur functions, which implies λ ≻ τ ≺ µ and λ ≺ κ ≻ µ
in the sums.)

Problem 6. Given an array of nonnegative integersW (i, j), i, j = 1, 2, . . . , the bijection (6.82) can be
used to create an array of partitions λ(i, j), i, j = 0, 1, 2, . . . , in the following way:

• We postulate λ(i, 0) = λ(0, j) = ∅ for all i and j.

• The array satisfies λ(i− 1, j) ≺ λ(i, j) and λ(i, j − 1) ≺ λ(i, j) for all i, j = 1, 2, . . . .

• Given λ(i− 1, j) and λ(i, j − 1), we construct λ(i, j) as κ in (6.82) based on τ = λ(i− 1, j − 1)
andW =W (i, j).
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For each t = 1, 2, . . . , we consider a sequence of partitions along right-down path from (0, t) to (t, 0):

∅ = λ(0, t) ≺ λ(1, t) ≻ λ(1, t− 1) ≺ λ(2, t− 1) ≻ · · · ≻ λ(t− 1, 1) ≺ λ(t, 1) ≻ λ(t, 0) = ∅.

We view t as time, so that we get time evolving sequence of partitions.

A.What choice of randomW (i, j) (other than just allW (i, j) = 0) will turn this sequence (t is fixed)
into a Schur process?
Hint. Start with t = 1, then argue inductively in t. You do not need to find all possibleW (i, j)— at least
one non-trivial example would be sufficient.

B. Prove that one can chooseW (i, j) to be random variables in a particular way (how?), so that the
evolution (in time t) of the first rows of the partitions in this sequence is the same as the discrete PNG
of Section 3.1.

Problem 7. In the framework of Problem 6, choose n = 1, 2, . . . and suppose that arrayW (i, j) has ex-
actly n elements equal to 1 and all others are equal to 0. The positions of 1s are encoded by a permutation
σ ∈ Sn viaW (i, σ(i)) = 1.

A. Show that the sequence

λ(1, n) ≺ λ(2, n) ≺ · · · ≺ λ(n− 1, n) ≺ λ(n, n) ≻ λ(n, n− 1) ≻ · · · ≻ λ(n, 2) ≻ λ(n, 1)

can be identified with a pair of Standard Young Tableaux of the same shape λ(n, n) with |λ(n, n)| = n.
B. Prove that the correspondence between σ and the above pairs of SYT is a bijection. Therefore, we

arrive at a bijective proof of the Burnside identity
∑︁

|λ|=n dim
2 λ = n!.

C. Read about the row insertions and Robinson-Schensted correspondence in [Ful97, Sag01] or in
Wikipedia. Prove that this is the same correspondence as in part B.

Problem 8. Read about Robinson-Schensted-Knuth (RSK) correspondence between integer matrices and
pairs of semistandard Young tableaux (e.g., in [Ful97, Sag01] or https://www.symmetricfunctions.
com/rsk.htm). Prove that in the framework of Problem 7 this is the same as the correspondence between
W (i, j), 1 ≤ i ≤ N , 1 ≤ j ≤ K and sequences

λ(1,K) ≺ λ(2,K) ≺ · · · ≺ λ(N − 1,K) ≺ λ(N,K) ≻ λ(N,K − 1) ≻ · · · ≻ λ(N, 2) ≻ λ(N, 1).

Compare with Problem 6 in Section 3.7.

Problem 9. Our goal is to study more complicated measures on tilings than (6.2). We introduce a graph,
whose vertices are 2n(n + 1) squares of the Aztec diamond with edges connecting squares sharing a
side. Domino tilings are in bijection with perfect matchings or dimer configurations on this graph.

A. Check that the graph has 4n2 edges.
B. Take n = 2 and introduce 16 variables corresponding to the 16 edges. Call variables corresponding

to left-most and right-most vertical edges vL and vR. Call variables corresponding to top-most and
bottom-most horizontal edges hT and hB . Assign to a perfect matching the weight equal to the product
of variables of matched edges. Compute the sum Z2 over all 8 matchings and prove its factorization:

Z2 = vLvR ·A ·B + hThB · C ·D, for degree 2 polynomials A,B,C,D.

Compare with Corollary 6.4.
C.We introduce the urban renewal or the spider move graphically as shown below:

https://www.symmetricfunctions.com/rsk.htm
https://www.symmetricfunctions.com/rsk.htm
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This drawing is an identity of 24 = 16 pairs of partition functions, i.e., sums of products of weights
of edges over all perfect matchings of a graph. The weights of edges are shown in the left picture. In
each identity, some of the exterior four vertices are present in the graph, while other are removed. Prove
that in all 16 cases (one case is shown on the right) the partition functions differ by the same factor:

Zleft picture = W · Zright picture.

D. For each nwe take 2n2 variables on edges of the graph corresponding to the Aztec diamond and let
Zn be the corresponding partition function, i.e., sum over all perfect matchings of products of variables
of the matched edges. Using part C prove the recurrence:

Zn = (??) · Zn−1. (6.83)

Find what the (??) factor is and how the variables for Zn are related to the variables for Zn−1.
Hint. For n = 2 you need the following sequence of transformations of graphs and four urban renewals.

1

1

1

1

1

1

1

1

1

1

1

1 1

1

1

1

1

1

1

1

1

1

1

1

1

1

1 1

1

1

11

E. Prove that the following recursive algorithm samples perfect matchings from the distribution

P(matching σ) = 1

Zn

∏︂
e∈σ

variable(e).

Step 1: given target weights (variables) for size n Aztec diamond, compute the corresponding variables
for size n−1 diamond entering (6.83). Assume that a perfect matching for size n−1 (and corresponding
weights) has already been sampled.
Step 2: Interpret the urban renewal identity of part C as a random mapping from right to left: forget
about the particular perfect matching on the right; for each of the 16 cases on the left one has either one
possible matching, or two. In the former case output that matching; in the latter case, flip an independent
coin to ouput one of the two matchings with probabilities proportional to their weights.
Step 3: Interpret the transformation of the graphs in partD as a randommapping from perfect matchings
of size n− 1 diamond to perfect matchings of size n diamond.

F. Show that if all variables of edges corresponding to East dominos are set to α, all variables of edges
corresponding to West dominos are set to β, and all variables of horizontal edges are set to 1, then the
algorithm of part E is the same as the shuffling algorithm of Section 6.2.
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Problem 10. Check that GU(z, z′) given by (6.64) satisfies Definition 6.28. In more detail, you need to
check that for each fixed z′ ∈ U, GU(z, z′) tends to 0 as z becomes real or goes to infinity. Also you need
to check that for any smooth f(z) whose support is a compact subset of U, and any z′ ∈ U, we have:

¨
U
f(z)△GU(z, z′)dxdy =

¨
U
△f(z)GU(z, z′)dxdy = −f(z′), z = x+ iy. (6.84)

Remark. These properties uniquely determine a continuous outside {z = z′} function given by (6.64).

Problem 11. Verify the conformal-invariance of GFF given by (6.68).

Problem 12. Consider the standard Brownian bridge: B : [0, 1] → R, B(0) = B(1) = 0, which can be
defined as the Brownian motion conditioned to be at 0 at time 1, or as a centered Gaussian process with
covariance function

EBsBt = C(s, t) = min(t, s)(1−max(t, s)), 0 ≤ t, s ≤ 1. (6.85)

Prove that the function C(s, t) is the kernel of the minus inverse Laplace operator7 on the interval [0, 1]
with Dirichlet boundary conditions at 0 and 1. Hence, the Brownian bridge is the one-dimensional
version of the Gaussian free field.

Literature. We used the following sources for composing problems and refer to them for more infor-
mation, references, and connections: [Fom99], [Sag01], [Pro03], [Joh05], [CJY15], [Ahn22], [GN25], and
[WP21].

7The one dimensional Laplace operator is ∂2

∂x2 .



Chapter 7

Six-vertex model with domain wall
boundary conditions

7.1 Definition of the six-vertex model in a planar domain

Our next stop is the six-vertex or square-ice model. It has several equivalent combinatorial interpre-
tations, with the most convenient one for developing mathematical theory being a representation as a
collection of lattice paths.

A configuration of the six-vertex model in a finite domain Ω ⊂ Z2 is an assignment to the vertices of
this domain of one of the six types of configurations of the top panel Figure 7.1 in a consistent way, i.e., so
that the outcome is a collection of lattice paths which travel in the up-right direction along the edges of
the grid. The paths are allowed to touch each other but not to cross (see vertex of Type (2) in Figure 7.1),
and connect points on the boundary of Ω. Let ∂Ω be the collection of all edges of the grid connecting
Ω to its complement Z2 \ Ω. By a boundary condition we mean a choice of a {0, 1}-sequence of length
|∂Ω|, where each 1 indicates that the corresponding edge of Ω is occupied by a path and 0 indicates that
the edge is not occupied. A configuration is consistent with boundary conditions if the paths leave/enter
domain Ω through the edges of ∂Ω labeled with 1’s and only through them.

As a simple example, takeΩ to be theN×N square,Ω = {1, . . . , N}×{1, . . . , N}, with |∂Ω| = 4N
and the boundary condition such that all the edges along the left and top boundaries are occupied and
all the edges along the bottom and right boundaries are not occupied, see Figure 7.2. This situation is
usually called the “Domain Wall Boundary Condition”. A more complicated example of a domain Ω is
shown in Figure 7.3.

We introduce a weight wi > 0 for each vertex type i = 1, 2, . . . , 6 and define the probability of a
configuration σ of the six-vertex model in domain Ω as

P(σ) =
1

Z

6∏︂
i=1

w
Ni(σ)
i , (7.1)

where Ni(σ) is the number of vertices of Type i in the configuration σ. The normalization Z in (7.1) is
chosen so that the sum over all σ inΩ is 1, and this Z is referred to as the partition function. The measure
itself is sometimes called a Boltzmann distribution and sometimes a Gibbs distribution. It is convenient
to split the six vertices into three pairs, such that the two configurations in a pair are complementary to
each other, i.e., differ by paths-no-paths involution. The pairs will be referred to as Type a vertices (Type
(1) and Type (2) in Figure 7.1), Type b vertices (Type (3) and Type (4)), Type c vertices (Type (5) and

163
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a1 a2 b1 b2 c1 c2

(1) (2) (3) (4) (5) (6)

O OO H HH H OO H OH

H

H H

H H

H

XOR with

Figure 7.1: The six types of vertices and their weights.

Type (6)); their weights are denoted a1, a2; b1, b2; c1, c2, respectively. Hence, the partition function Z is
a function of these weights and domain Ω: Z = Z(a1, a2, b1, b2, c1, c2; Ω).

The six-vertexmodel is also known as square ice, due to the bijection between the local configurations
of paths and configurations of H2O molecules on the grid, shown in Figure 7.1. The bijection can be
described by placing O in the middle, connecting O to H to the left if a path enters the vertex from the
left, connecting toH to the right, if a path does not leave the vertex to the right, connecting toH downward
if a path enters from the bottom, and connecting toH in upward direction if a path does not leave through
the top. Puting it otherwise, H2O connectivity is obtained by XOR-ing the paths’ connectivity with up
and right directions. The result of applying the bijection to configurations in a 5× 5 square is shown in
Figure 7.2.

Equivalently, the definition of the square ice model on the lattice Z2 begins with the placement
of atoms “O" at the vertices and atoms “H" at the edges connecting adjacent vertices of the grid. A
configuration of the model is a matching of these atoms into molecules of water, H2O, such that each
atom is matched and each O is matched to two neighboring H’s out of four. Note that there are

(︁
4
2

)︁
= 6

ways to choose two neighbors out of the four, hence, there are six possible local configurations of a
molecule at a vertex, leading to the name “six-vertex model”.

In this way we arrive at a model of statistical mechanics introduced by Pauling in 1935 [Pau35] with
the goal of computing numeric characteristics (e.g., the residual entropy) of the real-world ice; the six-
vertex model can be seen as a model for “two-dimensional ice” because its state space can be defined
as allowed configurations of water molecules arranged in a finite piece of the square lattice. There are
thousands of papers in mathematical and theoretical physics literature devoted to the study of the six-
vertex model. The early influential results concerned the computation of the partition function Z for the
model on the torus going back to the seminal work of Lieb in 1967 [Lie67a]; see also the extensive survey
of Lieb and Wu [LW72]. Many other developments in the study of the six-vertex model are covered in
the classical 1982 textbook by Baxter [Bax07], and we also refer to [Res10] for a more recent review.
There were attempts to observe planar six-vertex model experimentally, although with mixed success,
see [ASLW+15], discussion in [ZYW+15], and another setting in [JB25].

From the probabilistic point of view, we are interested in the properties of the probability distribution
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Figure 7.2: N×N squarewithDomainWall Boundary Conditions forN = 5, two possible configurations
of paths with Type c vertices highlighted, and the same configurations in H2O representation

(7.1). It turns out that it depends on two, rather than six parameters a1, a2, b1, b2, c1, c2.

Proposition 7.1. For any finite domain Ω ⊂ Z2, equipped with boundary conditions for the six-vertex
model along ∂Ω and six weights (w1, . . . , w6) = (a1, a2, b1, b2, c1, c2) (which are the same for all ver-
tices (i, j)), the Gibbs measure (7.1) only depends on the two parameters b1b2

a1a2
and c1c2

a1a2
.

Proof. Given a configuration σ, we denote by Ni(σ) the number of vertices Type i, accorging to Figure
7.1. Each linear combination of the Ni’s whose value is independent of the configuration, leads to a
one parameter family of transformations of the weights that preserve the Gibbs measure. We have the
following conserved quantities and corresponding transformations:

1. Since the number of vertices in the domain equals
6∑︁

i=1
Ni and does not depend on the configuration,

multiplying all six weighs by a constant preserves the measure (7.1).

2. Since all paths have fixed entry and exit points, the number of times a particular path turns up
minus the number of times it turns right is prescribed by the boundary conditions to be one of the
three numbers {−1, 0, 1}. This implies that N5 −N6 does not depend on a configuration. Hence,
(c1, c2)→ (αc1,

1
αc2) preserves the measure (7.1).

3. The total number of edges occupied by a path is determined by the boundary conditions (i.e., its
entrance and exit points along ∂Ω), which implies that 2N2 + N3 + N4 + N5 + N6 does not
depend on the configuration. Together with the first conserved quantity, this implies a fixed value
of N1 −N2. Thus, (a1, a2)→ (αa1,

1
αa2) preserves the measure (7.1).
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Figure 7.3: A domain with 24 vertices and a possible configuration of the six vertex model.

4. The total number of edges occupied by a path can be split into vertical and horizontal ones, and both
are determined by the boundary conditions. The horizontal edges give fixedN2+N3+

1
2N5+

1
2N6.

Subtracting 1
2 of the previous conserved quantity, we get that N3 − N4 does not depend on a

configurtion. So (b1, b2)→ (αb1,
1
αb2) preserves the measure (7.1).

Using these four transformation we can get any six-tuple a1, a2, b1, b2, c1, c2 from any other six-tuple
with the same values of b1b2

a1a2
and c1c2

a1a2
.

7.2 Domain Wall Boundary Conditions

For the rest of this chapter we focus on Ω being anN ×N square equipped with domain wall boundary
conditions, as in Figure 7.2. This situation has fruitful combinatorics connecting us to the alternating
sign matrices and the domino tilings of the Aztec diamond.

Let us record the positions of c1 and c2 vertices in a configuration as 1’s and−1’s in anN×N matrix,
with all other matrix elements being zeros. In this way, the configurations in Figure 7.2 become 6 × 6
matrices: ⎛⎜⎜⎜⎜⎝

0 0 1 0 0
0 1 −1 1 0
1 −1 0 0 1
0 1 0 0 0
0 0 1 0 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0
0 0 1 0 0

⎞⎟⎟⎟⎟⎠ (7.2)

Proposition 7.2. The matrices encoding the positions of 1’s and−1’s are alternating sign matrices (ASM):
the 1’s and −1’s in each row alternate; the 1’s and −1’s in each column alternate; the sum in each row is
1; the sum in each column is 1. The correspondence between the configurations of the six-vertex model with
domain wall boundary conditions and ASMs is a bijection.

Proof. Let us change the meaning of a Type (2), i.e., a2 vertex from paths touching each other to paths
crossing, as shown in Figure 7.4. Then the paths only turn at Type c vertices: as we follow them in
up-right direction, the horizontal-to-vertical turns happen at Type (5), i.e., c1 vertices and vertical-to-
horizontal turns happen at Type (6), i.e., c2 vertices. In this way, each c1 vertex corresponds to two rays
going up and left from it, until reaching a c2 vertex or exiting the domain. Each c2 vertex correspond
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a2

Figure 7.4: The change of meaning of Type (2) vertices.

to two rays going right and down from it until reaching a c1 vertex (since no paths exit/enter through
the right or bottom boundaries, exiting the domain is impossible for these paths). Together with the fact
that rays must exit at every grid line on the left and at the top, this implies that each c2 vertex must be
between two c1 vertices both in horizontal and in vertical directions. In addition, the first and last Type c
vertex in each row and column is necessarily of Type c1 (again, otherwise a path would have to enter/exit
through bottom/right boundary or there would be no path somewhere along left/top boundary). Hence,
positions of 1s and −1s alternate and the row/column sums in the matrix are equal to 1.

Once we fixed the positions of all c1 and c2 vertices according to an ASM, all paths are uniquely
determined by drawing the above rays. If we know the paths, then we know the vertex types for the rest
of the configuration. This proves the bijectivity.

Note that each permutation σ ∈ SN gives rise to an ASM with 1’s at positions (i, σ(i)), 1 ≤ i ≤ N ,
and no −1’s. The ASM on the right in (7.2) is like that. This implies that the total number of ASMs is at
least N !. In fact, there are many more, as first conjectured in [MRR83], and proven in [Zei96, Kup96].

Theorem 7.3. The total number of N ×N alternating sign matrices is

#{N ×N ASMs} =
N−1∏︂
i=0

(3i+ 1)!

(N + i)!
. (7.3)

These numbers are 1, 2, 7, 42, 429, 7436, 218348,. . . . For instance, here are seven ASMs for N = 3:⎛⎝1 0 0
0 1 0
0 0 1

⎞⎠ ,

⎛⎝1 0 0
0 0 1
0 1 0

⎞⎠ ,

⎛⎝0 1 0
1 0 0
0 0 1

⎞⎠ ,

⎛⎝0 0 1
0 1 0
1 0 0

⎞⎠ ,

⎛⎝0 1 0
0 0 1
1 0 0

⎞⎠ ,

⎛⎝0 0 1
1 0 0
0 1 0

⎞⎠ ,

⎛⎝0 1 0
1 −1 1
0 1 0

⎞⎠ .

We deduce Theorem 7.3 in Section 7.5 from the evaluation of the Izergin-Korepin determinant, which we
are soon to introduce. The formula (7.3) is complicated, but a simpler answer exists for a weighted count:

Theorem 7.4. The total number of N ×N alternating sign matrices weighted as 2#{−1} is∑︂
σ is anN×N ASM

2#{−1 in σ} = 2N(N−1)/2. (7.4)

We again deduce Theorem 7.4 in Section 7.5 from the evaluation of the Izergin-Korepin determinant.
Comparing (7.4) to the enumeration of domino tilings in Corollary 6.4, one suspects a connection

between tilings of n×n Aztec diamond and 2–weightedN ×N ASMs if we setN = n+1. Beyond the
partition functions, this connection manifests as a non-bijective correspondence which we now describe,
see Figure 7.5.

1. Given a domino tiling of the size n Aztec diamond, construct the corresponding set of green par-
ticles at gray squares of West and South dominos, as in Section 6.1.
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Figure 7.5: The mapping from domino tilings to ASMs.

2. Rotate the particle configuration by 3π
4 clockwise, and represent the configuration as an (n+1)×

(n+1)matrix of 1’s and 0’s, where 1’s encode the green particles. The matrix has k 1’s in the kth
row from below.

3. Compute the differences of the kth and (k−1)st rows from below for k = 1, 2, . . . , n+1, assuming
the 0th row to be filled with 0’s.

Theorem 7.5. The output of this procedure is an (n + 1) × (n + 1) ASM. The preimage of an ASM with
m ≥ 0 entries equal to −1 consists of 2m different domino tilings.

Proof. The properties of partitions in Proposition 6.1 are recast as inequalities for the green particle
positions:

n+ 1 ≥ x(m)
1 > x

(m)
2 > · · · > x(m)

m ≥ 1, x
(m+1)
i ≥ x(m)

i ≥ x(m+1)
i+1 . (7.5)

When we subtract the row (k− 1) from the row k, we are subtracting two 0/1 arrays, and therefore are
getting 0/1/ − 1 array. Because of the inequalities (7.5), the 1’s and −1’s interlace along the resulting
row. Because the sums of the differences of rows are non-negative, the 1’s and −1’s also interlace along
each column. We conclude that the output is indeed an ASM.

In order to construct the preimage, note that the ASM uniquely determines positions of green parti-
cles: the particles in themth layer are 1’s in the sum of them bottom rows of the ASM. Using Proposition
6.1, in order to reconstruct the tiling we need to also determine the positions of yellow particles. Those
are always adjacent to the green particles (they are covered by the same domino), and for each green
particle there is either a unique choice of the yellow one adjacent to it, or there are two options. The
second case corresponds to a green particle x(m)

i such that strict inequalities x(m+1)
i > x

(m)
i > x

(m+1)
i+1

hold, and the first case arises when x(m)
i is equal to either x(m+1)

i or x(m+1)
i+1 . Hence, in the second case

we have a green particle in row m with no particle at the same position in row m + 1, which leads to
the appearance of the −1 in rowm+ 1 (from the bottom) in the ASM. We conclude that each −1 in the
ASM creates a choice between two cases for the preimage, and all choices are independent.

7.3 The Yang-Baxter equation

Theorems 7.3 and 7.4 are computations of the partition functionZ for the six-vertex model in a particular
domain, as in (7.1). Many other such computations are important building blocks for the investigations
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Figure 7.6: The six stochastic weights parameterized by q and u.

of the asymptotics of the model. In turn, the evaluations of the partition functions are often based on
modifications of the domain Ω. The simplest of such modifications operates with a domain containing
three vertices and is the celebrated Yang-Baxter equation.

We parameterize a vertex through two inputs denoted i1, j1 ∈ {0, 1} and two outputs i2, j2 ∈ {0, 1},
subject to the condition i1 + j1 = i2 + j2. The indices are arranged in i1, j1, i2, j2 order in clockwise
direction, starting from the bottom. Hence, i1 = 1 means that there is an edge entering in the vertex
from below, while i2 = 1 means that there is an edge exiting the vertex at the top. In the Yang-Baxter
equation the six possible weights are not the same for the three vertices, but vary in a particular way. The
weights we use are based on two parameters, rather than six, which can be motivated by Proposition 7.1.
They depend on the quantization parameter q and spectral parameter u through the following formulas,
also shown in Figure 7.6:

wu(0, 0→ 0, 0) = a1 = 1, wu(1, 1→ 1, 1) = a2 = 1, (7.6)

wu(0, 1→ 0, 1) = b1 =
1− u
1− qu

, wu(1, 0→ 1, 0) = b2 = q
1− u
1− qu

,

wu(0, 1→ 1, 0) = c1 =
u(1− q)
1− qu

, wu(1, 0→ 0, 1) = c2 =
1− q
1− qu

.

These weights are called stochastic, because of the a1 = a2 = b1+ c1 = b2+ c2 = 1 relations, which
will get a probabilistic meaning in the next chapter. For all our domains Ω, the parameter q is going to
be fixed (and therefore we omit it from the notations), while u might be varying from vertex to vertex
(and therefore kept in the notation). It is convenient to extend the definition also to (i1, j1, i2, j2) not
satisfying i1 + j1 = i2 + j2, by setting the remaining weights to 0:

wu(0, 0→ 0, 1) = wu(0, 0→ 1, 0) = wu(0, 0→ 1, 1) = wu(1, 0→ 0, 0) = wu(1, 0→ 1, 1) = 0,

wu(0, 1→ 0, 0) = wu(0, 1→ 1, 1) = wu(1, 1→ 0, 0) = wu(1, 1→ 1, 0) = wu(1, 1→ 0, 1) = 0.
(7.7)

In this way, wu can be treated as a 4× 4matrix with rows parameterized by (i1, j1) and columns param-
eterized by (i2, j2). This is usually called the R–matrix, and we use (0, 0), (0, 1), (1, 0), (1, 1) ordering
for its rows and columns:

R(u) =

⎛⎜⎜⎜⎝
1 0 0 0

0 1−u
1−qu u 1−q

1−qu 0

0 1−q
1−qu q 1−u

1−qu 0

0 0 0 1

⎞⎟⎟⎟⎠ . (7.8)

The stochasticity of the weights means that the R–matrix is stochastic: the sum along each row is 1.
Note, however, that at this point q and u are arbitrary complex numbers, and therefore we do not claim
any positivity of the weights.
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Figure 7.7: The Yang-Baxter equation as a move of the cross.

Theorem 7.6 (Yang–Baxter Equation). For each i1, j1, k1, i2, j2, k2 ∈ {0, 1}, the following identity of
rational functions of u, v, and q holds:∑︂

l,m,n∈{0,1}

wu/v(j1, k1 → m, l)wu(i1, l→ n, k2)wv(n,m→ i2, j2)

=
∑︂

l′,m′,n′∈{0,1}

wv(i1, j1 → n′, l′)wu(n
′, k1 → i2,m

′)wu/v(l
′,m′ → j2, k2). (7.9)

Graphically, Theorem 7.6 is an identity between partition functions of the six-vertex model in two
three–vertex domains with two different assignments of the spectral parameters and matching bound-
ary conditions, with incoming paths encoded as (i1, j1, k1) ∈ {0, 1}3 and exiting paths encoded by
(i2, j2, k2) ∈ {0, 1}3, as in Figure 7.7. The summation variables l,m, n and l′,m′, n′ encode the types of
three vertices in the domains, and the sums are partition functions. A delicate point is that these domains
are not in Z2. Instead, we connect the inputs and outputs of each vertex in such a way that three vertices
form a triangle, so that the u and v vertices are exactly as they were in Figure 7.6, while the u/v vertex is
rotated by π

4 in clockwise direction so that paths flow from left to right, as in Figure 7.8. We are going to
refer to such a rotated vertex as a cross. In this way, (7.9) is an identity allowing to move a cross through
a vertical line connecting two vertices at the expense of swapping the spectral parameters u and v of
these vertices. The hidden rule for assigning the spectral parameters to the vertices is as follows: there
are three braids/threads/lines in the picture (which intersect at the vertices) with assigned rapidities u
(k1− k2 braid), v (j1− j2 braid), and 1 (i1− i2 braid), as in Figure 7.7; the spectral parameter at a vertex
is the ratio of the rapidities of the two meeting braids1.

An alternative representation of Theorem 7.6 is shown in Figure 7.9. Now the inputs (i1, j1, k1) are
on the left, the outputs (i2, j2, k2) are on the right, and all vertices are crosses. In this way, reading
presence/absence of paths in the vertical coordinate system from top to bottom, (7.9) becomes an iden-
tity between two chains of transformations: (k1, j1, i1) → (m, l, i1) → (m,n, k2) → (i2, j2, k2) and
(k1, j1, i1) → (k1, n

′, l′) → (i2,m
′, l′) → (i2, j2, k2). Alternatively, if we read the presence/absence

of paths along the i-braid, j-braid, and k–braid (treating the gray lines in Figure 7.9 as three braids
intersecting at the crosses), (7.9) becomes an identity between two related chains of transformations:
(i1, j1, k1) → (i1,m, l) → (n,m, k2) → (i2, j2, k2) and (i1, j1, k2) → (n′, l′, k2) → (i2, l

′,m′) →
(i2, j2, k2). Figure 7.10 illustrates these two different points of view.

1If rapidity 1 were replaced by w, then the spectral parameters of the vertices would had a more symmetric form u
v
, v
w
, u
w
.
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Figure 7.8: A rotated vertex (cross) with spectral parameter u
v .

k1 k1

j1

i1

j1

i1

i2 i2

j2

k2k2

j2
l

m

n

l′

m′n′

u
v v

u
u
vv

u

i1 k2

m k1 i2

l′

u

v

1

1

v

u

Figure 7.9: The Yang-Baxter equation as a braid relation.

We can also represent a transformation of a length three 0− 1 vector as a 23× 23 = 8× 8 transition
matrix. This matrix is constructed from the R–matrix (7.8). The latter is acting on length two 0 − 1
vectors and can be represented as a 8× 8 matrix acting on length three vectors in different ways. Using
the vertical coordinate system, (7.9) turns into an identity of 8× 8 matrices

Ř12

(︁
u
v

)︁
Ř23

(︁
u
)︁
Ř12

(︁
v
)︁
= Ř23

(︁
v
)︁
Ř12

(︁
u
)︁
Ř23

(︁
u
v

)︁
, (7.10)

known as the braided Yang-Baxter relation. On the other hand, in the coordinate system relative to i, j,
and k braids, (7.9) turns into a different identity of 8× 8 matrices

Rjk

(︁
u
v

)︁
Rik

(︁
u
)︁
Rij

(︁
v
)︁
= Rij

(︁
v
)︁
Rik

(︁
u
)︁
Rjk

(︁
u
v

)︁
. (7.11)

The difference between (7.10) and (7.11) is in the way the 4 × 4 R–matrix (7.8) is represented as an
8 × 8 matrix in the factors. In (7.11), we identify rows/columns of the matrix with length three 0 − 1
vectors with coordinates named i, j, and k corresponding to the three braids. Rij , Rik, Rjk act as
(7.8) on the corresponding two coordinates and as the identity on the remaining coordinate. Hence,
the (i1, j1, k1) → (i2, j2, k2) matrix element for Rij(u) is 1k1=k2wu(i1, j1 → i2, j2), for Rik(u) is
1j1=j2wu(i1, k1 → i2, k2), and for Rjk(u) is 1i1=i2wu(j1, k1 → j2, k2). In contrast, in (7.10), the
row/columns of the matrix are identified with length three vectors with coordinates named 1, 2, 3, cor-
responding to the vertical coordinate in Figure 7.10. Hence, (x1, x2, x3) → (y1, y2, y3) matrix element
for Ř12(u) is 1x3=y3wu(x

2, x1 → y1, y2), for Ř13(u) is 1x2=y2wu(x
3, x1 → y1, y3), and for Ř23(u)

is 1x1=y1wu(x
3, x2 → y2, y3). If we identify i, j, k with 3, 2, 1 (as they are in the left-most column of

Figure 7.9), then Ř matrices differ from R matrices by multiplication with the transposition matrices.
In particular, in the classical limit q = 1, u = v = u/v = 0, R(u) = R(v) = R(u/v) = Id, and

(7.11) becomes a trivial equality of the products of three identity matrices. However, Ř matrices turn
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(1, 1, 0) → (1, 1, 0) → (1, 0, 1) → (0, 1, 1)

Coordinate system relative to braids:

(0, 1, 1) → (0, 1, 1) → (0, 1, 1) → (0, 1, 1)

Figure 7.10: One configuration of three vertices encoded in two different coordinate systems.

into transpositions and (7.10) becomes the braid or Coxeter relation for transpositions in S3:

(1, 2)(2, 3)(1, 2) = (2, 3)(1, 2)(2, 3). (7.12)

The name “Yang–Baxter equation” originates from a 1967 paper of Yang [Yan67] (who studied quan-
tum many-body systems, see also McGuire [McG64], Brezin–Zinn-Justin [BZJ66]), and a 1972 paper of
Baxter [Bax72] (who studied lattice models and used the name “star-triangle relation” — terminology
going back to the 1944 work of Onsager [Ons44] on the Ising model).

An exploration of families of the R-matrices, which can satisfy the equations (7.10) or (7.11), and
formalization of a procedure for construction of new solutions from existing ones, led to the introduction
and study of quantum groups. Another connection is to the study of Young operators in the group algebra
of symmetric group initiated by Jucys in 1966 in [Juc66]. The surveys and books [Jim94, GRAS96, Bax07,
Res10, Lam15] give a more detailed account of quantum integrability and the Yang–Baxter equation.

Proof of Theorem 7.6. This is a direct check for all 64 = 26 cases. In principle, any modern mathematical
software can directly verify the required 8 × 8 matrix identity in either of the forms (7.10) or (7.11).
Nevertheless, let us break it down into simpler ingredients, in order to see the structure of the identity.

We first note that if i1 + j1 + k1 ̸= i2 + j2 + k2, then both sides of (7.9) vanish — there are no
configurations satisfying such boundary conditions. Next, notice that simultaneous inversion of q and u
swaps the pairs of the weights a1 ↔ a2, b1 ↔ b2, c1 ↔ c2. Hence, by paths/no paths involution, (7.9)
for (i1, j1, k1, i2, j2, k2) is equivalent to the identity for (1− i1, 1− j1, 1− k1, 1− i2, 1− j2, 1− k2), and
we may check only one identity from each pair. For (0, 0, 0, 0, 0, 0) there is only one non-zero term in
each of the sides of (7.9), and it is equal to 1. Nine cases remain: each of (i1, j1, k1) and (i2, j2, k2) can
be equal to (1, 0, 0), or (0, 1, 0), or (0, 0, 1); the configurations for such boundary conditions consist of a
single path.

We verify the 3 × 3 block of the identity (7.10) for Ř corresponding to these nine cases. Hence, we
trace the single path from the left boundary to the right boundary. In the following matrices the three
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rows correspond to (1, 0, 0), (0, 1, 0), (0, 0, 1), in the top to bottom order. Then we need to check⎛⎜⎜⎝
u
v ·

1−q
1−q u

v

1−u
v

1−q u
v

0

q
1−u

v
1−q u

v

1−q
1−q u

v
0

0 0 1

⎞⎟⎟⎠
⎛⎜⎝1 0 0

0 u 1−q
1−qu

1−u
1−qu

0 q 1−u
1−qu

1−q
1−qu

⎞⎟⎠
⎛⎜⎝v

1−q
1−qv

1−v
1−qv 0

q 1−v
1−qv

1−q
1−qv 0

0 0 1

⎞⎟⎠
?
=

⎛⎜⎝1 0 0

0 v 1−q
1−qv

1−v
1−qv

0 q 1−v
1−qv

1−q
1−qv

⎞⎟⎠
⎛⎜⎝u

1−q
1−qu

1−u
1−qu 0

q 1−u
1−qu

1−q
1−qu 0

0 0 1

⎞⎟⎠
⎛⎜⎜⎝
1 0 0

0 u
v ·

1−q
1−q u

v

1−u
v

1−q u
v

0 q
1−u

v
1−q u

v

1−q
1−q u

v

⎞⎟⎟⎠ . (7.13)

At q = 1, u = v = u/v = 0, all matrices become permutations, and we are back to (7.12). The q–version
of (7.13) is a direct verification: there is no further shortcut here and one needs to compare all matrix
elements on both sides. The (1, 1) matrix element match is the identity:

u

v
· 1− q
1− q uv

· v 1− q
1− qv

+
1− u

v

1− q uv
· u 1− q

1− qu
· q 1− v

1− qv
?
= u

1− q
1− qu

, (7.14)

which becomes, after clearing the denominators, a basic polynomial identity

v(1− q)(1− qu) + q(v − u)(1− v) = (v − qu)(1− qv). (7.15)

The (2, 2) matrix element match is the identity:

1− q
1− q uv

·u 1− q
1− qu

· 1− q
1− qv

+q
1− u

v

1− q uv
· 1− v
1− qv

?
= v

1− q
1− qv

· 1− q
1− qu

·u
v
· 1− q
1− q uv

+
1− v
1− qv

·q
1− u

v

1− q uv
, (7.16)

which is trivially true by the matching of terms. The (1, 3) and (3, 1)matrix elements are trivially equal,
as there is the same single term on both sides. The match for each of the remaining five matrix elements
is a similar computation to (7.14), (7.15).

7.4 Izergin-Korepin determinant

Let us return to theN ×N square [1, N ]× [1, N ]∩Z2 equipped with domain wall boundary conditions:
paths entering at every site of the left boundary and exiting at every site of the top boundary, as in
Figure 7.2. We introduce inhomogeneous weights, which depend on the quantization parameter q and 2N
rapidities x1, . . . , xN , y1, . . . , yN .

We attach rapidities xi to column i and yj to row j, 1 ≤ i, j ≤ N , and assign the weight wt(i, j;σ)
of a vertex (i, j) in configuration σ by using the weight function wxiyj , i.e., we rely on (7.6) with spectral
parameter u = xiyj , as in Figure 7.11. We denote by ZN (x1, . . . , xN ; y1, . . . , yN ; q) the inhomogeneous
partition function for this model:

ZN (x1, . . . , xN ; y1, . . . , yN ; q) =
∑︂
σ

N∏︂
i=1

N∏︂
j=1

wt(i, j; σ). (7.17)

Theorem 7.7 (Izergin-Korepin Determinant, [Kor82], [Ize87]). The inhomogenous partition function for
domain wall boundary conditions is given by the determinant

ZN (x1, . . . , xN ; y1, . . . , yN ; q) =

∏︁N
i,j=1(1− xiyj)∏︁

i<j(xi − xj)(yi − yj)
det

[︃
(1− q)xiyj

(1− xiyj)(1− qxiyj)

]︃N
i,j=1

. (7.18)
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Figure 7.11: Assignment of inhomogeneous weights in N ×N square.

We are going to present a proof by verification, following historic developments. The purpose of
Korepin’s original paper [Kor82] was to compute norms of Bethe Ansatz eigenfunctions, and a recur-
rence inN for ZN (y1, . . . , yN ;x1, . . . , xN ; q)was introduced there. The recurrence was solved in terms
of a determinant by Izergin [Ize87]. It seems that [Ize87] was an educated guess inspired by frequent
appearances of the determinants in theoretical physics literature of that era. We are not aware of more
conceptual explanations of why the partition function for this instance of the six-vertex model should
be a determinant.

An important ingredient of the proof of Theorem 7.7 is the following symmetry lemma, which we
need to prove without relying on (7.18).

Lemma 7.8. The partition function ZN (x1, . . . , xN ; y1, . . . , yN ; q) of (7.17) is symmetric in x1, . . . , xN
and in y1, . . . , yN (separately in two groups of likewise rapidities).

Proof. We choose 1 ≤ i ≤ N − 1 and aim to prove that

ZN (x1, . . . , xN ; y1, . . . , yi, yi+1, . . . , yN ; q) = ZN (x1, . . . , xN ; y1, . . . , yi+1, yi, . . . , yN ; q).

We present a graphical argument based on the Yang-Baxter equation and schematically shown in Figure
7.12. Let us append a cross on the right to the N2 vertices of the domain, between the ith and (i+ 1)st
layers. The boundary condition is that no paths exit through the right ends of the cross, which implies
that the cross must be occupied by a Type (1) vertex whose weight is a1 = 1. The partition function of
the enlarged domain is the same and equals ZN (x1, . . . , xN ; y1, . . . , yN ; q). Next, we iterate Theorem
7.6 N times using the graphic representation of Figure 7.7. On each step the cross is moved to the left
by one, the spectral parameters next to it are swapped, but the partition function of the (N2+1)–vertex
domain stays the same. At the very end, the cross ends up at the leftmost possible position, and the
boundary condition is that paths are entering into both its left ends. Hence, in any configuration the
cross ends up being occupied by a Type (2) vertex whose weight is a2 = 1. Therefore, we can remove
the cross, and the final domain is again the N × N square with domain wall boundary conditions, but
with rapiditis yi and yi+1 swapped. The arguments for swapping xj and xj+1 is similar.
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Figure 7.12: Yang-Baxter transformations of the domain manifesting the yi ↔ yi+1 symmetry.

Proof of Theorem 7.7. We proceed by induction on N .
Base case. For N = 1, we directly check the equality. There is only one possible configuration, which
contains a single c1 vertex, and the partition function equals the weight of this vertex

c1 = x1y1
1− q

1− qx1y1
= (1− x1y1)

[︃
(1− q)x1y1

(1− x1y1)(1− qx1y1)

]︃
.

Inductive step. Denote x = (x1, . . . , xN ),y = (y1, . . . , yN ). First we argue that it suffices to
show that the left-hand and right-hand sides in (7.18), denoted ZN (x1, . . . , xN ; y1, . . . , yN ; q) and
RN (y1, . . . , yN ;x1, . . . , xN ; q), respectively, are rational functions satisfying the following properties:

(a) Symmetry in variables (x1, . . . , xN ), and in variables (y1, . . . , yN ).

(b) The functions ZN (x;y; q) ·
∏︁

i,j(1 − qxiyj) and RN (x;y; q) ·
∏︁

i,j(1 − qxiyj) are polynomials
in x1, . . . , xN , y1, . . . , yN , such that the degree in each variable is at most N .

(c) If xN = 1
yN

, then

ZN (x;y; q) = ZN−1(x1, . . . , xN−1; y1, . . . , yN−1; q) and
RN (x;y; q) = RN−1(x1, . . . , xN−1; y1, . . . , yN−1; q).

(d) If xi = 0 for some i, then ZN (x;y; q) = 0 and RN (x;y; q) = 0.
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If PN represents either ZN or RN and satisfies these four properties, then
xN ↦→

∏︁
i,j(1− qxiyj)PN (x1, . . . , xN ; y1, . . . , yN ; q) is a degree N polynomial in xN , and at the

N + 1 values of xN
0, 1/y1, 1/y2, . . . , 1/yN ,

its values are determined by properties (c) and (d) and by the induction assumption. A degree N poly-
nomial is uniquely determined by its values at N + 1 points, therefore, ZN ≡ RN .

It remains to prove that ZN and RN satisfy the four properties.
Proof that the right-hand side RN satisfies (a)-(d).

(a) We argue for symmetry in (x1, . . . , xN ), as the symmetry in y’s is similar. The prod-
uct

∏︁
i,j(1− xiyj) is clearly symmetric. The function

∏︁
i<j(xi − xj) is skew-symmetric in

(x1, . . . , xN ). In the determinant term, the swap xi ↔ xj interchanges rows i and j in the matrix,
and thus the determinant is also skew-symmetric. Therefore, RN is symmetric in the xi.

(b) The function⎛⎝ N∏︂
i,j=1

(1− xiyj)

⎞⎠⎛⎝ N∏︂
i,j=1

(1− qxiyj)

⎞⎠det

[︃
(1− q)xiyj

(1− xiyj)(1− qxiyj)

]︃N
i,j=1

is a polynomial which is skew-symmetric in (x1, . . . , xN ) and in (y1, . . . , yN ). Thus, it is divisible
by
∏︁

i<j(xi − xj)(yi − yj). It is easy to see that the degree of(︂∏︁N
i,j=1(1− xiyj)

)︂(︂∏︁N
i,j=1(1− qxiyj)

)︂
∏︁

i<j(xi − xj)(yi − yj)
det

[︃
(1− q)xiyj

(1− xiyj)(1− qxiyj)

]︃N
i,j=1

in any variable is equal to N — say, if we send x1 →∞, it grows proportionally to xN1 .

(c) Before sending xN ↦→ y−1
N , we multiply the bottom row of the determinant in RN by

(1 − xNyN ). Then when we set xN = y−1
N , the bottom row has a single nonzero en-

try, equal to 1, in the bottom right corner. Thus, the determinant reduces to the one cor-
responding to RN−1(x1, . . . , xN−1; y1, . . . , yN−1; q). The extra pre-factors containing xN and
yN in the numerator and denominator cancel out cleanly, so the entire expression evaluates to
RN−1(x1, . . . , xN−1; y1, . . . , yN−1; q).

(d) This follows from the fact that a row of the determinant becomes 0 if xi = 0.

Proof that the left-hand side ZN satisfies (a)-(d).

(a) Symmetry of the partition function ZN is Lemma 7.8.

(b) The function ZN (x;y; q) ·
∏︁N

i,j=1(1− qxiyj) is a polynomial because the factor
∏︁N

i,j(1− qxiyj)
clears the denominators of vertex weights (7.6). The degree in xi is at most N because
(1− qxiyj)wt(i, j;σ) has degree 1 in xi for any i, j = 1, . . . , N and any configuration σ.

(c) The vertex weights (7.6), shown in Figure 7.11 imply that if xN = y−1
N , leading to u = 1, then

the vertex at (N,N) must be of Type (5). Therefore, each vertex at (i,N) for i < N has to be
of Type (1), and each vertex (N, j) for j < N has to be of Type (2), as in Figure 7.13. Thus,
each configuration with nonzero weight is determined by the configuration of paths in the square
[1, N − 1]× [1, N − 1], and, furthermore, the weight of the configuration is equal to the weight of
the vertices in this smaller square.
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Figure 7.13: Vertex of Type (5) in the top-right corner uniquely fixes the top row and the leftmost column.

(d) By symmetry of part (a), it suffices to prove that ZN = 0 whenever xN = 0. This can be deduced
by observing that at least one vertex in the right-most column must have Type (5) and its weight
c1 vanishes in the right-most column if xN = 0, cf. Figure 7.11.

7.5 ASM count and 2-count

In this section we deduce the ASM counts in Theorems 7.3 and 7.4 from the Izergin-Korepin determinant.
For that we need to set all xi and yj equal to each other in Theorem 7.7, which requires care because the
determinant vanishes and so do the denominators xi − xj and yi − yj .

We start from Theorem 7.4, whose proof is based on a significant simplification of (7.18) at q = −1.

Theorem 7.9. The partition function (7.17) at q = −1 evaluates to:

ZN (x1, . . . , xN ; y1, . . . , yN ; −1) =
N∏︂
i=1

(2xiyi) ·

∏︁
i<j

(xi + xj)(yi + yj)

N∏︁
i,j=1

(1 + xiyj)

. (7.19)

Proof. At q = −1, the determinant in the right-hand side of (7.18) becomes the Cauchy determinant and
evaluates using Proposition 2.12:

det

[︃
(1− q)xiyj

(1− xiyj)(1− qxiyj)

]︃N
i,j=1

=

N∏︂
i=1

(2xiyi) · det

[︄
1

1− x2i y2j

]︄N
i,j=1

=

N∏︂
i=1

(2xiyi) ·

∏︁
1≤i<j≤N

(x2i − x2j )(y2i − y2j )

N∏︁
i,j=1

(1− x2i y2j )
.

Plugging into the result of Theorem 7.7, we are arrive at (7.19).
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Figure 7.14: A configuration with N vertices of Type (5), and no vertices of Types (3), (4), or (6).

Proof of Theorem 7.4. In order to obtain the desired sum
∑︁

σ is anN×N ASM 2#{−1 in σ}, we would like to
make the weights homogeneous by choosing all xi and yj to be the same in the Izergin-Korepin deter-
minant, so that xiyj = u. Since −1’s correspond to vertices of weight c2, we further want to choose
weights so that

(a1, a2, b1, b2, c1, c2) = (1, 1, 1, 1, 1, 2), (7.20)
while the available six-tuples of the weights (7.6) have the form:(︃

1, 1,
1− u
1− qu

, q
1− u
1− qu

,
u(1− q)
1− qu

,
1− q
1− qu

)︃
. (7.21)

If we naively try to choose q and u so that (7.20) is identified with (7.21), we quickly find this to be
impossible. The situation becomes much better if we recall Proposition 7.1, which says that the non-
trivial dependence of the weight of a configuration on parameters is based on two ratios b1b2

a1a2
and c1c2

a1a2
. In

other words, if we manage to match the ratios, then the partition functions would differ by multiplication
with explicit products of weights. Hence, we would like to match:

1 =
b1b2
a1a2

= q

[︃
1− u
1− qu

]︃2
, 2 =

c1c2
a1a2

= u

[︃
(1− q)
1− qu

]︃2
. (7.22)

A quick computation reveals that q = −1, u = i leads to (7.22) being true. For this choice of parameters
the six stochastic weights (7.21) become

(a1, a2, b1, b2, c1, c2) = (1, 1, −i, i, 1 + i, 1− i). (7.23)

From the proof of Proposition 7.1 (see item 2 and item 4 there), the differences N5 − N6 for the counts
of vertices of Type (5) and Type (6) and N3 − N4 for the counts of vertices of Type (3) and Type (4),
do not depend on the configuration. Looking at the configuration of Figure 7.14, we conclude that these
differences are N3 −N4 = 0 and N5 −N6 = N . Therefore,

ZN

(︁
1N ; iN ; −1

)︁
=
∑︂
σ

(−i)N3(i)N4(1+ i)N5(1− i)N6 =
∑︂
σ

(−i · i)N3(1+ i)N5−N6 [(1+ i)(1− i)]N6

= (1 + i)N
∑︂
σ

2N6 . (7.24)
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Figure 7.15: Two samples of six-vertex configurations in 100× 100 square with domain-wall boundary
conditions using vertex colors (blue, green, red, orange, light gray, dark gray) matching the domino
coloring in Figure 6.8. Left: weights (1, 1, 1, 1, 1, 2),∆ = 0. Right: weights (1, 1, 1, 1,

√
8,
√
8),∆ = −3.

On the other hand, (7.19) yields

ZN

(︁
1N ; iN ; −1

)︁
= (2i)N

(4i)N(N−1)/2

(1 + i)N2 = (1 + i)N2N
2
iN(N+1)/2[(1 + i)2]−N(N+1)/2

= (1 + i)N2N(N−1)/2. (7.25)

Comparing (7.24) with (7.25) and recalling that Type (6) vertices correspond to −1’s in ASMs, we con-
clude the proof.

The weights (7.6) of Figure 7.6 at q = −1 satisfy a special property:

∆ :=
a1a2 + b1b2 − c1c2

2
√
a1a2b1b2

=
1 + q

2
√
q

= 0. (7.26)

The parameter ∆ plays a central role in many studies of the six-vertex model, and the ∆ = 0 situation
is called the free fermion point. One reason is that in this situation a map to random domino tilings exists
(as in Theorem 7.5), and tilings can be studied using the determinantal point processes, Schur measures,
and non-interacting (free) fermions, see [Lie67b] for the latter. Generally speaking, the ∆ = 0 case is
considered to be simpler; much more is known about the asymptotic behavior of the six-vertex model in
this situation. The asymptotic phenomenology can be also richer for∆ ̸= 0, as can be seen by comparing
two panels in Figure 7.15.

We chose u = i in the proof of Theorem 7.4, but (at q = −1) any complex number u with |u| = 1,
u ̸= −1, will also give rise to a positive probability measure (7.1) on the configurations of the six-vertex
model via Proposition 7.1. We leave as an exercise to the reader to figure out the correspondence between
these measures and (αβ)-weighted domino tilings (6.2).

The choice q = −1 can be rephrased as q being a square root of unity. We saw in Section 7.3 that
q = 1 also leads to a dramatic simplification of the weights, cf. (7.12). The next case to try would be
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the cube root of unity, q = exp
(︁
2πi
3

)︁
, and, indeed, the Izergin-Korepin determinant again has special

properties. This is also the case which leads to the uniform weights a1 = a2 = b1 = b2 = c1 = c2 = 1.

Theorem 7.10. Let q = exp
(︁
2πi
3

)︁
and λ[N ] = (N − 1, N − 1, N − 2, N − 2, . . . , 1, 1, 0, 0). Then,

denoting yj = q/zj , the partition function (7.17) evaluates as

ZN

(︃
x1, . . . , xN ; y1, . . . , yN ; exp

(︃
2πi

3

)︃)︃
= (−1)N(N−1)/2(1− q)Nq−N(N−3)/2

∏︁N
i=1 xi∏︁N

i,j=1(zj − q2xi)
sλ[N ](x1, . . . , xN , z1, . . . , zN ), (7.27)

where sλ[N ] is the Schur polynomial.

The most striking feature of Theorem 7.10 is that a modification of the partition function is fully sym-
metric in all 2N parameters x1, . . . , xN , z1, . . . , zN . This symmetry was noticed by Stroganov [Str06],
see also [Oka06, FZJ08]. We present a proof based on a determinantal identity generalizing the Cauchy
determinant (2.20) and coming from [Oka98, Theorem 4.2], where it was developed in connection with
decompositions into irreducibles for certain natural representations of classical Lie groups.

Theorem 7.11. For any u1, . . . , uN , v1, . . . , vN , a1, . . . , aN , b1, . . . , bN , we have

det

[︃
ai − bj
ui − vj

]︃N
i,j=1

=
(−1)N(N+1)/2∏︁N
i,j=1(ui − vj)

det
[︁
V N,N (u, v; a, b)

]︁
, (7.28)

where V N,N (u, v; a, b) is a 2N × 2N matrix written in the 2× 2 block form as⎛⎜⎜⎜⎝
[︂
uj−1
i

]︂N
i,j=1

[︂
aiu

j−1
i

]︂N
i,j=1[︂

vj−1
i

]︂N
i,j=1

[︂
biv

j−1
i

]︂N
i,j=1

⎞⎟⎟⎟⎠ .

As a check, if a1 = · · · = aN = a and b1 = · · · = b1 = b, then the left-hand side, using (2.20), is

(a− b)N ·

∏︁
1≤i<j≤N

(ui − uj)(vj − vi)

N∏︁
i,j=1

(ui − vj)
.

In the matrix VN we can multiply the left 2N ×N block by a and subtract from the right 2N ×N block,
after which the determinant splits into the product of twoN ×N Vandermonde determinants (2.15) and
evaluates as (note the discrepancy of signs in (b− a) and (vi − vj))

(b− a)N
∏︂
i<j

(ui − uj)(vi − vj).

Proof of Theorem 7.11. The determinant in the left-hand side of (7.28) is a homogenous polynomial in
a1, . . . , aN , b1, . . . , bN of total degree N and with each variable having degree at most 1. We take
two sets I, J ⊂ {1, 2, . . . , N} such that |I| + |J | = N , and evaluate the coefficient of the monomial
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∏︁
i∈I ai

∏︁
j∈J bj . This coefficient is equal to the determinant of the N × N matrix whose (i, j)th ele-

ment is ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1

ui − vj
, if i ∈ I, j /∈ J,

− 1

ui − vj
, if i /∈ I, j ∈ J,

0, if i ∈ I, j ∈ J or i /∈ I, j /∈ J.
This is a block matrix whose determinant splits into the product of two determinants, each one of the
Cauchy type (2.20). Denoting I = {1, . . . , N} \ I and J = {1, . . . , N} \ J , the coefficient becomes

± det

[︃
1

ui − vj

]︃
i∈I, j∈J

det

[︃
1

ui − vj

]︃
i∈I, j∈J

= ±
∏︁

i<i′∈I(ui − ui′)
∏︁

i<i′∈I(ui − ui′)
∏︁

j<j′∈J(vj − vj′)
∏︁

j<j′∈J(vj − vj′)∏︁
i∈I
∏︁

j∈J(ui − vj)
∏︁

i∈I
∏︁

j∈J(ui − vj)
. (7.29)

On the other hand, the coefficient of the same monomial
∏︁

i∈I ai
∏︁

j∈J bj in det
[︁
V N,N (u, v; a, b)

]︁
is the

determinant of the 2N × 2N matrix whose ith row is⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, . . . , 0, 1, ui, u

2
i , . . . , u

N−1
i , if 1 ≤ i ≤ N, i ∈ I,

1, ui, u
2
i , . . . , u

N−1
i , 0, . . . , 0, if 1 ≤ i ≤ N, i ∈ I,

0, . . . , 0, 1, vi−N , v
2
i−N , . . . , v

N−1
i−N , if N + 1 ≤ i ≤ 2N, i−N ∈ J,

1, vi−N , v
2
i−N , . . . , v

N−1
i−N , 0, . . . , 0, if N + 1 ≤ i ≤ 2N, i−N ∈ J.

This determinant splits into the product of two Vandermonde determinants (2.15), corresponding to non-
zero rows in the 2N ×N submatrices formed by the first and last N columns. Hence, it is equal to

±
∏︂

i<i′∈I
(ui−ui′)

∏︂
i<i′∈I

(ui−ui′)
∏︂

j<j′∈J
(vj−vj′)

∏︂
j<j′∈J

(vj−vj′)
∏︂
i∈I

∏︂
j∈J

(ui−vj)
∏︂
i∈I

∏︂
j∈J

(ui−vj). (7.30)

Dividing by
∏︁N

i=1

∏︁N
j=1(ui − vj) we arrive at (7.29), and it only remains to show that the signs match.

Keeping track of all the steps, in the right-hand side of (7.29), the power of (−1) is∑︂
i∈I

i+
∑︂
j∈J

j + |I|+ |I|(|I| − 1)

2
+
|J |(|J | − 1)

2
. (7.31)

In (7.30) the power of (−1) is ∑︂
i∈I

i+
∑︂
j∈J

j +N |J |+ N(N + 1)

2
. (7.32)

In addition, we have (−1) to the powerN(N +1)/2 in (7.28) that we are proving. Adding all the powers
together, dropping the terms which are obviously even, and recalling that |I| = |J | = N−|I| = N−|J |,
we need to show that the following number is even:

N∑︂
i=1

i+ (N − |I|) + |I|(|I| − 1)

2
+

(N − |I|)(N − |I| − 1)

2
+N |I|.

We leave this straightforward verification to the reader.
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The following corollary of Theorem 7.11 is used to prove Theorem7.10 below.

Corollary 7.12. Let λ[N ] = (N − 1, N − 1, N − 2, N − 2, . . . , 1, 1, 0, 0). Then we have

det

[︄
zj − xi
z3j − x3i

]︄N
i,j=1

= det

[︄
1

z2j + zjxi + x2i

]︄N
i,j=1

=

∏︁
i<j(xi − xj)(zi − zj)∏︁N
i,j=1(x

2
i + xizj + z2j )

sλ[N ](x1, . . . , xN , z1, . . . , zN ). (7.33)

Proof. We apply (7.28) with ui = x3i , vj = z3j , ai = xi, bj = zj and observe that the matrix V N,N

becomes ⎛⎜⎜⎝
[︂
x3j−3
i

]︂ [︂
x3j−2
i

]︂
[︂
z3j−3
i

]︂ [︂
z3j−2
i

]︂
⎞⎟⎟⎠ , i, j = 1, . . . , N.

The top and bottom halves have the same forms as the matrix appearing in the definition of the Schur
function sλ(N) via ratio of determinants (2.14), i.e.,

[︁
x
λj+2N−j
i

]︁
, 1 ≤ j ≤ 2N , up to permutation of

the columns. The permutation of the columns in determinant introduces the sign (−1)N(N+1), which
cancels out the sign in (7.28). In order to recognize the right-hand side of (7.33), it remains to note that

zj − xi
z3j − x3i

=
1

x2i + xizj + z2j
.

Proof of Theorem 7.10. At q = exp
(︁
2πi
3

)︁
, we have

1

(zj − qxi)(zj − q2xi)
=
zj − xi
z3j − x3i

=
1

z2j + zjxi + x2i
.

Hence, denoting zi = q/yi we transform (7.18) as∏︁N
i,j=1(1− xiyj)∏︁

i<j(xi − xj)(yi − yj)
det

[︃
(1− q)xiyj

(1− xiyj)(1− qxiyj)

]︃N
i,j=1

= (1− q)NqN−N(N−1)/2

∏︁N
i,j=1(zj − qxi)

∏︁N
i=1 xi∏︁

i<j(xi − xj)(zj − zi)
det

[︄
1

z2j + zjxi + x2i

]︄N
i,j=1

. (7.34)

For the last determinant, we apply Corollary 7.12 and note that the sign (−1)N(N−1)/2 arises from the
transformation (zi − zj) ↦→ (zj − zi).

Choosing in Theorem 7.11 all variables equal to each other, we compute the total number of ASMs.

Proof of Theorem 7.3. In order to obtain the total number of ASMs we would like to make the six weights
homogeneous by choosing all xi and yj to be the same in the Izergin-Korepin determinant, so that xiyj =
u, and further choose u and q in such a way as to make the six weights equivalent (in the sense of
Proposition 7.1) to the uniform weights (1, 1, 1, 1, 1, 1). The available six-tuples of the weights (7.6) have
the form: (︃

1, 1,
1− u
1− qu

, q
1− u
1− qu

,
u(1− q)
1− qu

,
1− q
1− qu

)︃
, (7.35)
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and therefore we would like to have u and q such that

b1b2
a1a2

= q

[︃
1− u
1− qu

]︃2
= 1,

c1c2
a1a2

= u

[︃
1− q
1− qu

]︃2
= 1.

This is achieved by choosing q = u = exp
(︁
2πi
3

)︁
. Therefore, by Proposition 7.1, we obtain

ZN

(︄
1N ;

[︃
exp

(︃
2πi

3

)︃]︃N
; exp

(︃
2πi

3

)︃)︄
=

[︄
exp

(︁
2πi
3

)︁
− exp

(︁
4πi
3

)︁
1− exp

(︁
4πi
3

)︁ ]︄N
·#{N ×N ASMs},

where the prefactor is the weight of the configuration in Figure 7.14 (and, hence, also of every other
configuration). Using Theorem 7.10, we conclude

#{N×N ASMs} =
(−1)N(N−1)/2

(︁
1− exp

(︁
2πi
3

)︁)︁N(︁
1− exp

(︁
4πi
3

)︁)︁N2 (︁
exp

(︁
2πi
3

)︁)︁N(N−3)/2

[︄
1− exp

(︁
4πi
3

)︁
exp

(︁
2πi
3

)︁
− exp

(︁
4πi
3

)︁]︄N sλ[N ](1
2N )

=

[︄
−1[︁

exp
(︁
2πi
3

)︁
− exp

(︁−2πi
3

)︁]︁2
]︄N(N−1)/2

sλ[N ](1
2N ) = 3−N(N−1)/2 · sλ[N ](1

2N ).

Recalling λ[N ] = (N − 1, N − 1, . . . , 1, 1, 0, 0) and using (2.51), we transform this expression into

3−N(N−1)/2 ·
2N−1∏︂
i=1

1

i!

N−1∏︂
i=1

(︂
[1 ·4 ·7 · · · (3i+1)] · [3 ·6 ·9 · · · (3i)]2 · [2 ·5 · · · (3i−1)]

)︂
=

N−1∏︂
i=1

(3i+ 1)!

(N + i)!
.

The cube root of unity choice of q in Theorems 7.3 and 7.10 again leads to the special value of the∆
parameter, namely

∆ =
a1a2 + b1b2 − c1c2

2
√
a1a2b1b2

=
1 + q

2
√
q

=
1

2
.

This is usually referred to as the combinatorial point precisely because of the connection to combinatorial
enumeration of ASMs.

Various enumerations of the ASMs go beyond Theorems 7.3 and 7.4. One direction is to count the
ASMs with symmetries, another one is to introduce more advanced weights beyond uniform and 2#{−1};
the latter direction, in particular, involves taking q to be other roots of unity. For instance, [Kup02] and
[Oka06] have many such enumerations.

7.6 Gaussian and GUE limits at the boundary

The inhomogeneous partition function ZN (x1, . . . , xN ; y1, . . . , yN ; q) contains much more information
about the six-vertex model than only the total count of configurations, yet extracting this information
may be delicate. We demonstrate how to compute the asymptotics of the random ASMs (equivalently,
uniformly random domino tilings of the Aztec diamond) near the boundary of the domain.
Theorem 7.13. Consider a random N ×N alternating sign matrix σ sampled from the distribution

P(σ) =
2#{−1 in σ}

2N(N−1)/2
. (7.36)

Let ξ[N ] ∈ {1, 2, . . . , N} be the position of the (unique) 1 in the bottom row of σ. Then centered and scaled
ξ[N ] has a Gaussian limit in distribution:

lim
N→∞

ξ[N ]− N
2

1
2

√
N

d
= N (0, 1). (7.37)
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The idea of the proof is to interpret inhomogeneous partition function ZN as an expectation of an
observable involving ξN with respect to the measure (7.36), based on the following computation.

Lemma 7.14. Consider the six-vertex model in the N ×N square with domain-wall boundary conditions
and six weights

(︂
1, 1, 1−u

1−qu , q
1−u
1−qu ,

u(1−q)
1−qu ,

1−q
1−qu

)︂
. Let ξ[N ] be the position of the Type (5) vertex in the

bottom row (=position of 1 in the bottom row of the corresponding ASM) in the random configuration (7.1).
Then

E

[︄(︃
1− uz
1− u

· 1− qu
1− quz

)︃ξ[N ]−1
]︄
=
z − quz
1− quz

· ZN (uN ; z, 1N−1; q)

ZN (uN ; 1N ; q)
. (7.38)

Proof. Let σ be a configuration in theN×N square and letw(σ; x1, . . . , xN ; y1; . . . , yN ; q) be its weight
with respect to the inhomogeneous vertex weights, as in (7.17) and Figure 7.11. Then

ZN (uN ; z, 1N−1; q)

ZN (uN ; 1N ; q)
=

∑︁
σ w(σ; u

N ; z, 1N−1; q)∑︁
σ w(σ; u

N ; 1N ; q)
=

∑︁
σ

w(σ;uN ;z,1N−1; q)
w(σ;uN ;1N ; q)

w(σ; uN ; 1N ; q)∑︁
σ w(σ; u

N ; 1N ; q)

= E
[︃
w(σ; uN ; z, 1N−1; q)

w(σ; uN ; 1N ; q)

]︃
. (7.39)

Note thatw(σ; uN ; z, 1N−1; q) differs fromw(σ; uN ; 1N ; q) by the weight of the vertices in the bottom.
In this row there are ξ[N ] − 1 vertices of Type (3), of weight b1, one vertex of Type (5), of weight c1,
and N − ξ[N ]− 1 vertices of Type (1), of weight a1. Computing the ratios of the weights, we arrive at
(7.38).

Proof of Theorem 7.13. We deduce convergence of (7.37) from convergence of the Laplace transform of
the rescaled ξ[N ]. Denote

η[N ] =
ξ[N ]− N

2
1
2

√
N

, ξ[N ] =
N

2
+

1

2
η[N ]

√
N.

Recalling from the proof of Theorem 7.4 that we need to set q = −1 and u = i, for the left-hand side of
(7.38) we obtain (︃

1− iz

1− i
· 1 + i

1 + iz

)︃N
2
−1

E

[︄(︃
1− iz

1− i
· 1 + i

1 + iz

)︃ 1
2
η[N ]

√
N
]︄
. (7.40)

We would like to choose z in such a way that the expression under expectation turns into the Laplace
transform as N →∞. For that z should be close to 1 and we set

z = exp

(︃
i
2s√
N

)︃
, s ∈ R. (7.41)

In principle, any other choice of z of the form 1+O
(︂

1√
N

)︂
would also work, but choosing z on the unit

circle leads to a positive expression under the expectation in (7.40), which makes justification of the limit
transition more straightforward. The factor of 2 in front of s was chosen to simplify later formulas. We
have

1− iz

1− i
· 1 + i

1 + iz
= exp

(︃
2s√
N

+O
(︂
N−3/2

)︂)︃
, (7.42)

where the remainder is real. In particular, the N−1 term in the asymptotic expansion vanishes. For the
ratio in the right-hand side of (7.38) we recall Theorem 7.9, which gives

ZN (iN ; z, 1N−1; −1)
ZN (iN ; 1N ; −1)

= z
(1 + z)N−1(1 + i)N

2N−1(1 + iz)N
.
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We plug (7.41) in and Taylor expand to get

ZN (iN ; z, 1N−1; −1)
ZN (iN ; 1N ; −1)

= exp

(︃√
Ns+

s2

2
+O

(︂
N−1/2

)︂)︃
. (7.43)

Combining (7.40), (7.41), and (7.42), we conclude that (7.38) becomes, as N →∞,

exp
(︂√

Ns+O
(︂
N−1/2

)︂)︂
E
[︁
exp

(︁
s · η[N ] +O

(︁
N−1

)︁)︁]︁
= exp

(︃√
Ns+

s2

2
+O

(︂
N−1/2

)︂)︃
.

We conclude that
lim

N→∞
E
[︂
exp

(︁
s · η[N ] +O

(︁
N−1

)︁)︁]︂
= exp

(︃
s2

2

)︃
. (7.44)

In order to deduce the distributional convergence, we note that (7.44) with s = 1 and s = −1 imply
tightness of random variables η[N ] as N → ∞: by the Markov inequality applied to exp(±η[N ]), the
tail probability P(|η[N ]| > L) tends to 0 as L → ∞, uniformly in N . This is the step which would
have been slightly more complicated if the O(N−1) remainder were not real. Tightness implies that
random variables η[N ] have subsequential distributional limits as N → ∞. Every such limit η satisfies
E(exp(sη)) = exp

(︂
s2

2

)︂
, which uniquely determines η to be the standard Gaussian N (0, 1).

Theorem 7.13 has an extension capturing the kth from the bottom row in the ASM.

Theorem 7.15. Consider a random N ×N alternating sign matrix σ sampled from the distribution

P(σ) =
2#{−1 in σ}

2N(N−1)/2
. (7.45)

Let
(︁
ξ1[N ] > ξ2[N ] > · · · > ξk[N ]

)︁
be the positions of the 1’s in the kth bottom row of σ. Then this

random vector has a GUE limit in distribution:

lim
N→∞

(︄
ξi[N ]− N

2
1
2

√
N

)︄k

i=1

d
=
(︁
xk1, x

k
2, . . . , x

k
k

)︁
, (7.46)

where the right-hand side is the GUE distribution of (5.54), i.e., the eigenvalues ofM = 1
2(Y + Y ∗), where

Y is a k × k matrix of i.i.d. N (0, 1) + iN (0, 1). In particular, (7.46) means that the probability to have
exactly k elements 1 in the kth row of ASM tends to 1 as N →∞.

One can develop a proof of Theorem 7.15 along the lines of Theorem 7.13 using the Izergin-Korepin
determinant. We outline a part of the argument in the exercises and refer to [GN25] for further details.
Instead, we present here another argument emphasizing the link to the Aztec diamond and Schur mea-
sures. This argument and its modifications work only for ∆ = 0, while the ultimate statement (7.46) is
valid for any six-vertex weights satisfying ∆ < 1, with the only weight-dependent part being the con-
stant 1

2 in the denominator. Such a more general statement can be still proven using the Izergin-Korepin
determinant, but the asymptotic analysis becomes more delicate, because the factorization of Theorem
7.9 is no longer available, and one has to study the N × N determinant as N → ∞. This was done
in [GL25], and the same article showed the limits of GUE-universality: for ∆ > 1, the limit of ASMs is
instead described by the stochastic six-vertex model, which we explore in the next chapter.
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Proof of Theorem 7.15. We recall the mapping of Theorem 7.5. Under that correspondence, the uniform
measure on the tilings of the (N − 1)× (N − 1) Aztec diamond becomes the 2–weighted measure (7.45)
on the N ×N ASMs. The k green particles in the (N − k)th gray layer of the tiling are identified with
positions of 1’s in the sum of the bottom k rows of the ASM.

By Proposition 6.1 and Corollary 6.5, these k particles are
{︁
λ
(k)
i − i + 1 + k

}︁k
i=1

, where λ(k) is the
Schur measure with weights

P(λ(k) = λ) = 2−k(N−k)sλ′
(︁
1N−k

)︁
sλ
(︁
1k
)︁
.

This measure wasmademore explicit in Proposition 5.21; it is given by (5.56) with (N,M) in that formula
replaced by present (k,N − k), that is:

P(λ(k) = λ) =
1

Z

∏︂
1≤i<j≤N

(︁
λi − i− λj + j

)︁2 k∏︂
i=1

(︃
N − 1

λi + k − i

)︃
,

where Z is a normalization constant. Using the Local CLT in the form of Proposition 5.2, we compute
the limit of the last formula as N →∞, concluding that

lim
N→∞

(︄
λ
(k)
i −

N
2

1
2

√
N

)︄k

i=1

d
=
(︁
xk1, x

k
2, . . . , x

k
k

)︁
, (7.47)

where the right-hand side is the vector of GUE eigenvalues of density

1

(2π)k/2
∏︁k−1

j=1 j!

∏︂
1≤i<j≤k

(︂
xki − xkj

)︂2 k∏︂
i=1

exp

(︃
−1

2
(xki )

2

)︃
. (7.48)

In particular, the scaling limit is absolutely continuous, the probability of taking any particular values
vanishes asymptotically, and, therefore, the individual distances between green particles tend to infinity
asN →∞. Since this is true for each k, the probability of green particles in the first k levels having any
coinciding coordinates tends to 0 asN →∞ (one way to see that is by looking at the distribution of the
first k − 1 levels of green particles, conditional on the kth level). Since the 1’s in the ASM encode the
difference between green particles in adjacent rows (treated as 0− 1 vectors), it follows that asN →∞,
the 1’s in the kth row of ASMs are the same as the green particles, whose asymptotics is given by (7.47).
Hence, (7.46) follows from (7.47).

An intriguing open question (at the time when this book is being written) is to learn how to extract
more asymptotic information from the Izergin-Korepin determinant. The authors of [CP10, CS16, Agg20]
explain how the frozen boundary can be found from it, i.e., an analogue of the Arctic ellipse of Section
6.4 (which is recast as the same ellipse in terms of random ASMs with∆ = 0) for∆ ̸= 0, cf. Figure 1.13.
In contrast to the dominos case, for general values of∆ the boundary is no longer an algebraic curve, it
is only piecewise analytic. In Section 6.4 we saw how inhomogeneous partition functions can be used to
extract asymptotic densities and limit shapes for dominos through the action of operators. It is unknown
how to mimic such an approach for∆ ̸= 0. For the asymptotic density of 1’s in the ASM, Tracy-Widom
fluctuations of the frozen boundary, or GFF fluctuations of the heights, we are just starting to understand
what is happening outside of ∆ = 0, cf. [ACJ23, CP26, Li26, Lia26, BO26, Buf26, ADCH+26].
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7.7 Exercises

Problem 1. Write down the 8× 8 matrices involved in the Yang-Baxter equation and use mathematical
software to directly verify that both (7.10) and (7.11) hold.

Problem 2. Extending Theorem 7.5, show that the∆ = 0 case of the six-vertex model with domain wall
boundary conditions leads to (αβ)-weighted domino tilings (6.2). How is αβ related to the six weights?

Problem 3. Find a version of the Gaussian limit of Theorem 7.13 for the setting of Problem 2.

Problem 4. ChooseK ≥ 1 andK real numbers s1, . . . , sK . Compute the limit

lim
N→∞

[︄
ZN (iN ; z1, . . . , zK , 1

N−k; −1)
ZN (iN ; 1N ; −1)

exp

(︄
−
√
N

2

K∑︂
k=1

sk

)︄]︄
, zk = exp

(︃
i
sk√
N

)︃
, 1 ≤ k ≤ K.

As in the proof of Theorem 7.13, deduce convergence of certainK random variables describing a random
2–weighted ASMs.

Problem 5. The GUE-corners process of rankK is the joint distribution ofK(K−1)/2 random variables
describing the eigenvalues of the top-left k×k corners (1 ≤ k ≤ K) ofM = 1

2(Y+Y ∗), whereY is a k×k
matrix of i.i.d.N (0, 1)+iN (0, 1). From either of Problem 4 or Theorem 7.15 one can deduce convergence
of the positions of 1’s in the bottom K rows of a 2–weighted ASM towards the GUE-corners process.
Figure out the exact statement and explain how Problem 4 matches Theorem 7.15 in this statement.
Remark. In order to prove it, one uses a certain Gibbs property and unitary invariance of GUE, see
[GN25] and references therein.

Problem 5. By row-expanding the definition of Schur polynomial as a determinant (divided by Vander-
monde determinant) along the last row, and using the explicit formula for sλ(1M ), prove that

sλ(x, 1
M−1)

sλ(1M )
=

(M − 1)!

(x− 1)M−1

1

2πi

˛
xz∏︁M

i=1

(︁
z − (λi +M − i)

)︁dz, λ = (λ1 ≥ λ2 ≥ · · · ≥ λM ),

with integration around all poles of the integrand. Use the steepest descent method to deduce the asymp-
totic behavior asN →∞ for x = exp(s/

√
N) and λ[N ] = (N − 1, N − 1, N − 2, N − 2, . . . , 1, 1, 0, 0).

Here M = 2N . Conclude that for the uniformly random N × N ASMs, the position of the 1 in the
bottom row satisfies

lim
N→∞

ξ[N ]− N
2

c
√
N

d
= N (0, 1).

How does c change compared to (7.37)?

Problem 6. Consider the five-vertex model obtained by specializing the weights of Figure 7.1 as follows:
a1 = a2 = 1, b1 = x, b2 = 0, c1 = c2 = 1. In other words, we prohibit Type (4) vertices and
assign weight x to each Type (3) vertex. Consider the model in the domain Z≥0 × {1, 2, . . . , N} with
the following boundary conditions: paths enter at every single position on the left and exit at positions
ℓ1 > ℓ2 > · · · > ℓN ≥ 0 on top. Assume that the weight x depends on the row and equals x1, x2,. . . ,
xN . Let Z(x1, . . . , xN ; ℓ1, . . . , ℓN ) denote the partition function of the resulting vertex model. Here is
one possible configuration:
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1 2 3 4 50

x1

x2

x3

x4

x5

ℓ5 ℓ4 ℓ3 ℓ2 ℓ1

6

A. Using an appropriate version of the Yang-Baxter equation as in Lemma 7.8, show that
Z(x1, . . . , xN ; ℓ1, . . . , ℓN ) is symmetric in x1, . . . , xN .

B. Comparing with (2.50), prove that

Z(x1, . . . , xN ;λ1 +N − 1, λ2 +N − 2, . . . , λN ) = sλ(x1, . . . , xN ),

where sλ is the Schur polynomial.

Problem 7. The goal of this problem is to connect the urban renewal of Problem 9 in Section 6.8 with the
Yang-Baxter equation for∆ = 0. We consider (partial) dimer configurations on the four-legged graph of
Problem 9 such that all four vertices of the internal graph are covered. There are seven of them:

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

x

y

z

w

1 1

1 1

a1 a2 b1 b2 c1 c2

Weequip each configurationwith product of theweights of covered edges, where the central square edges
have weights x, y, z, w, and the four legs have weight 1. We further map the seven dimer configurations
into the vertices (rotated, as in Figure 7.8) of the six-vertex model by forgetting the edges in the middle
square and inverting the types of the two bottom legs. The dimer weights are mapped to the six-vertex
weights: (a1, a2, b1, b2, c1, c2) = (y, w, z, x, 1, xz + yw).

A. Prove that the resulting six-vertex weights satisfy a1a2 + b1b2 = c1c2, and any six weights
(a1, a2, b1, b2, c1, c2) satisfying a1a2 + b1b2 = c1c2 and c1 = 1 can be obtained from some x, y, z, w.

B.We glue three vertices together in two different ways, as in the setup of the Yang-Baxter equation:
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x(u
v

)

1

w(u
v

)

z(u
v

)

y(u
v

)

1

x(v)

y(v)

z(v)

w(v)

x(u)

y(u)

z(u)

w(u)1 1

1

1

1 1

1

x(u
v

)

w(u
v

)

z(u
v

)

y(u
v

)

x(v)

y(v)

z(v)

w(v)

x(u)

y(u)

z(u)

w(u)

11

1

1

1 1

11 1

1

1

1

1

?
1 1

Note that we added one vertex in the middle of each diagonal edges, but not on the horizontal edges. The
boundary condition on these pictures is a choice for each boundary vertex of the graph, whether it is
present or absent. There are 26 boundary conditions. Verify that for each boundary condition: either the
dimer configurations are mapped to the valid six-vertex configurations entering Theorem 7.6; or neither
dimer covers nor six-vertex configurations exist.

C. For each boundary condition in part B define the partition function as the sum over all perfect
matchings of the graph of products of weights of covered edges. Specialize the six-vertex weights of
Figure 7.8 to ∆ = 0, divide all six weights by c1, and determine how x(u), y(u), z(u), w(u) should
depend on the spectral parameter u under the correspondence with dimers. Show that the equality of
the two dimer partition functions is then exactly Theorem 7.6 at ∆ = 0.

D. Do not use Theorem 7.6. Deduce the identity of part C by local transformations of the graphs
which change the partition functions in a controlled way: urban renewal of Problem 9 in Section 6.8 and
vertex splitting, which adds/removes two vertices and two edges of weight 1 to the graph.

x

y

z

w

1 1

1 1

W = xz + yw z
W

x
W

y
W

w
W

1 1

Hint. You need to apply six urban renewals together with a few vertex splittings.

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [FS06], [JN06], [ZJ08], [GP15], [KP16], and [GN25].



Chapter 8

Stochastic six-vertex model in the
quadrant

8.1 Model in the quadrant and link to ASEP

In this chapter we continue studying the six-vertex model with stochastic weights of (7.6) and Figure 7.6,
which satisfy a1 = a2 = b1+ c1 = b2+ c2 = 1. In contrast to the previous chapter, we now use different
u and q and different boundary conditions. Previously, we were focusing on u and q being roots of unity,
and here we instead look at the case when they are both positive: either 0 < u, q < 1 or u, q > 1. In
both situations, the weights become bona fide stochastic: they are given by positive numbers smaller than
1, cf. Figure 8.1. We still look at the model in an N ×N square, and the boundary conditions along the
left and bottom boundaries are the same domain wall case: paths enter from the left and nothing enters
from the bottom. However, on the right and top boundary we now consider free boundary conditions,
i.e., we do not fix the end-points of the paths, and each of the N paths can exit the square either to the
right or upward, cf. Figure 8.2. Note that in this setting Proposition 7.1 no longer applies, and the model
depends on five rather then two parameters: the only surviving conserved quantity is the total number
of vertices in the domain. Due to the stochastic weights, the measure is consistent when increasing the
size N and one can see it also as a model on the quadrant, see Proposition 8.1 below.

This new boundary condition can be obtained as N →∞ limit of the domain wall boundary condi-
tions of the previous chapter. However, in contrast to enumerations and asymptotic theorems developed
in Chapter 7 or Figure 1.13 in Section 1.6, the parameter ∆ is in a different range for the stochastic
six-vertex model:

∆ =
a1a2 + b1b2 − c1c2

2
√
a1a2b1b2

=
1 + q

2
√
q
> 1.

Proposition 8.1. Consider the six-vertex model in the N × N square with domain wall boundary condi-
tions on the left and bottom boundaries, and free boundary conditions on the top and right boundaries, and
stochastic weights of Figure 8.1. Then

• The partition function of the Gibbs measures (7.1) is equal to 1.

• For any N > M , the restriction of the model in the N × N square onto the bottom-left M ×M
subsquare is the same model in the M × M square. Taking N = ∞, we obtain a model in the
quadrant Z>0 × Z>0.

• The model can be sampled sequentially for the vertices (i, j) in the order of growing i + j, by forced
choices of vertices of Type (1) or Type (2) and by independent biased coin flips to choose between Type

190
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1 1 1−u
1−qu q 1−u

1−qu u 1−q
1−qu

1−q
1−qu

0 < b1 < 1 0 < b2 < 1 0 < 1− b1 < 1 0 < 1− b2 < 1

Figure 8.1: The six stochastic weights for 0 < u, q < 1 or u, q > 1.
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Figure 8.2: Free boundary conditions and one possible configuration.

(3), of weight b1 and Type (5), of weight c1 = 1 − b1, or between Type (4), of weight b2, and Type
(6), of weight c2 = 1− b2.

Note that the statement does not require the weights b1 and b2 to be fixed, they can depend on the
vertex (i, j) in an arbitrary way, i.e., b1 = b1(i, j), b2 = b2(i, j).

Proof of Proposition 8.1. Let us provide more details on the sequential stochastic sampling procedure. We
sample the vertices at (i, j) in the order of growing i+ j. When we sample a vertex at (i, j), we already
know whether a path is entering into it from below, and whether a path is entering from the left. Hence,
there are four cases:

• If no paths are entering from both directions, then the vertex at (i, j) must have Type (1).

• If paths are entering from both directions, then the vertex at (j, j) must have Type (2).

• If a path is only entering from the left, then we set the vertex to be of Type (3) with probability b1
and of Type (5) with probability 1− b1.

• If a path is only entering from below, then we set the vertex to be of Type (4) with probability b2
and of Type (6) with probability 1− b2.

After running the procedure for all (i, j) in the quadrant, be get a probability measure on the configura-
tions of the six-vertex model in the quadrant Z>0×Z>0. For anyN , when we restrict the configuration
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Figure 8.3: Stochastic six-vertex model as an interacting particle system.

to any bottom-left {1, . . . , N} × {1, . . . , N} square, we get a probability measure on the configurations
in this square with probability of each configuration equal (rather than proportional) to the product of
weights of the vertices in the square. The claims follow.

The stochastic six-vertex model can be viewed in two dual ways. On one side, this is a model of
2d statistical mechanics, a relative of the square ice in finite domain and ASMs in Chapter 7, to domino
tilings in Chapter 6, to collections of non-intersecting paths in Figures 3.4 and 6.2, to Schur processes in
Section 3.4. On the other side, the configurations of the model are trajectories of an interacting particle
system, as shown in Figure 8.3, in which we keep track of vertical segments of the paths, and interpret the
vertical coordinate as time. Then the sampling rules of the stochastic six-vertex model can be restated as
the following Markov evolution (for simplicity, we assume b1(i, j) ≡ b1 and b2(i, j) ≡ b2 are constant):

• At time t = 0, 1, 2, . . . , the system has t particles, with new particles arriving from the left.

• The particle coordinates xt(t) < xt−1(t) < · · · < x2(t) < x1(t) satisfy the interlacements:

xi(t) ≤ xi(t+ 1) ≤ xi−1(t). (8.1)

• The configuration
(︁
xi(t+ 1)

)︁t+1

i=1
is constructed from left to right, i.e., from i = t+ 1 to i = 1.

• First, the new particle enters the system at position xt+1(t+ 1) ∈ {1, 2, . . . , xt(t)} distributed as
a truncated geometric distribution:

P
(︁
xt+1(t+ 1) = k

)︁
=

{︄
bk−1
1 (1− b1), 1 ≤ k < xt(t),

bk1, k = xt(t).
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• For 1 ≤ i ≤ t, if xi+1(t + 1) = xi(t), then the ith particle must jump to the right. Otherwise,
it decides whether to jump by flipping a coin. With probability b2 it will not jump, and we set
xi(t+1) = xi(t). If the particle decided to jump, then the length of jump is a truncated geometric
distribution on the interval {1, 2, . . . , xi−1(t)− xi(t)}:

P
(︁
xi(t+ 1)− xi(t) = k | particle is jumping

)︁
=

{︄
bk−1
1 (1− b1), 1 ≤ k < xi−1(t)− xi(t),
bk1, k = xi−1(t)− xi(t).

For the first particle with i = 1 there is no truncation and the jump length is unrestricted geometric.

Note that the trajectory of the ith particle, xi(i) ≤ xi(i + 1) ≤ xi(i + 2) ≤ . . . , encodes the ith path
from the right in the six-vertex configuration.

An alternative point of view on the resulting interacting particle system is delivered by looking at
shifted locations xi(t)− t. Because (xi(t+ 1)− (t+ 1))− (xi(t)− t) ∈ {−1, 0, 1, 2, . . . }, each shifted
particle either jumps to the left by 1, or jumps to the right by some distance. The interlacements (8.1) are
then turned into blocking conditions. The nature of the dynamics is further simplified by considering
the joint limit (see [Agg17] for a rigorous justification):

b1 = εr, b2 = εl, t = ε−1τ, yi(τ) = lim
ε→0

[︁
xi(ε

−1τ)− ε−1τ
]︁
.

Then yi(τ), τ ≥ 0, i = 1, 2, . . . is a continuous time Markov process on infinite particle configurations
in Z, known as the asymmetric simple exclusion process (ASEP) with step initial condition. The rules of
this interacting particle system are:

• At time 0, yi(0) = 1− i, i = 1, 2, . . . .

• Each particle has two exponential clocks: a right clock and a left clock. The times when the clocks
ring are independent Poisson processes of rates r and l, respectively.

• When the right clock of yi rings at time τ , the particle checks whether the position to the right
is empty (yi−1(τ−) > yi(τ−) + 1). If so, then it jumps there by setting yi(τ) = yi(τ−) + 1.
Otherwise, the particle is blocked and does nothing.

• When the left clock of yi rings at time τ , the particle checks whether the position to the left is empty
(yi+1(τ−) < yi(τ−)− 1). If so, then it jumps there by setting yi(τ) = yi(τ−)− 1. Otherwise, the
particle is blocked and does nothing.

An equivalent point of view is to swap a particle with a particle or hole on its right, when the right
clock rings, and with a particle or hole on its left when the left clock rings. In this way we do not need
to explicitly spell out any blockages, because swapping positions of two adjacent particles is equivalent
to doing nothing.

If we further identity the particle configuration at time t with a Young diagram λ in the same way as
we did in Section 4.3:

{yi(τ)}∞i=1 = Y (λ) =
{︁
λi − i+ 1

}︁∞
i=1
⊂ Z,

then the boxes are added at internal corners at rate r and removed from external corners at rate l, see
Figure 8.4 for an illustration. In contrast to the last passage percolation (see Section 1.4 and Figure 1.4),
both growth and decay of Young diagrams are now happening concurrently, which makes this interface
evolution much more complicated.
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Figure 8.4: A possible finite time state of the asymmetric simple exclusion process with step initical
condition.

8.2 A generalization of the Izergin-Korepin determinant

Our analysis of the stochastic six-vertex model is based on a generalization of the Izergin-Korepin deter-
minant of Theorem 7.7. The setting is as in that theorem: the weights of the vertices depend on rapidities
x1, x2, . . . , y1, y2, . . . and quantization parameter q. For the vertex at (i, j)we use the spectral parameter
u = xiyj and the weight of Figure 8.1.

We also need a notion of the height function, which is very similar to Definition 6.16.

Definition 8.2. Let σ be a configuration of the stochastic six-vertex model in the quadrant. For eachX,Y ∈
1, 2, . . . , we define the height function H[X,Y ] = H[X,Y ](σ) as the number of paths which leave the
bottom-left X × Y rectangle in the horizontal direction ( i.e., through its right border).

For example, in Figure 8.2, we have H[5, 5] = H[5, 4] = 2, H[5, 3] = 1, H[5, 2] = H[5, 1] = 0.

Theorem 8.3. Consider the stochastic six-vertex model in the quadrant (equivalently, fix N and consider
the N × N square with free boundary conditions along the top and right boundaries) with paths entering
from the left through every row. Suppose that the weights are as in Figure 8.1 with u = xiyj for the vertex
(i, j). Then for each w ∈ C, we have

E
[︂(︁
1− w

)︁(︁
1− wq

)︁
· · ·
(︁
1− wqH[N,N ]−1

)︁]︂
=

∏︁N
i,j=1(1− xiyj)∏︁

i<j(xi − xj)(yi − yj)
det

[︃
1− w − (q − w)xiyj
(1− xiyj)(1− qxiyj)

]︃N
i,j=1

. (8.2)

For w = 1, the right-hand side matches the Izergin-Korepin determinant (7.18). The left-hand side
turns into P(H[N,N ] = 0), which is precisely the partition function ZN (x1, . . . , xN ; y1, . . . , yN ; q).
The generalization (8.2) is 30 years younger than the original (7.18). Our proof is from [ABW23, Propo-
sition C.3], with other closely related identities obtained by other methods in [Bor18, BCG16].

Before proving Theorem 8.3, we connect the right-hand side of (8.2) to a Schur measure.
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Proposition 8.4. Let λ = (λ1, . . . , λN ) be distributed according to the Schur measure

P(λ) =
N∏︂

i,j=1

(1− xiyj)sλ(x1, . . . , xN )sλ(y1, . . . , yN ).

Suppose that 0 < xiyj < 1 for all i, j and |q| < 1. Then

E

[︄
N∏︂
i=1

(︂
1− wqλi+N−i

)︂]︄
=

∏︁N
i,j=1(1− xiyj)∏︁

i<j(xi − xj)(yi − yj)
det

[︃
1− w − (q − w)xiyj
(1− xiyj)(1− qxiyj)

]︃N
i,j=1

. (8.3)

Proof. Using the Cauchy-Binet formula of Proposition 2.10, we have

det

[︃
1− w − (q − w)xiyj
(1− xiyj)(1− txiyj)

]︃N
i,j=1

= det

[︃
1

1− xiyj
− w

1− qxiyj

]︃

= det

[︄ ∞∑︂
a=0

(1− wqa)(xiyj)a
]︄

=
∑︂

0≤aN<···<a1

(︄
N∏︂
i=1

(1− wqai)

)︄
det
[︁
x
aj
i

]︁N
i,j=1

det
[︁
y
aj
i

]︁N
i,j=1

.

Multiplying both sides by
∏︁

i,j(1−xiyj)∏︁
i<j(xi−xj)(yi−yj)

, identifying strictly decreasing sequences a1 > · · · > aN ≥
0 with partitions λ1 ≥ λ2 · · · ≥ λN ≥ 0 via ai = λi + N − i, and then observing that det[xaji ] is the
numerator in the definition of the Schur polynomial (2.14), we convert the right hand side of (8.3) into
the left-hand side.

Proof of Theorem 8.3. We denote x = (x1, . . . , xN ),y = (y1, . . . , yN ) and follow the same strategy as in
the proof of Theorem 7.7. We claim that the following four properties are satisfied by both sides of (8.2)
denoted RN (x;y; q, w):

(a) Symmetry in the variables (x1, . . . , xN ) and in the variables (y1, . . . , yN ).

(b) The function RN (x;y; q, w) ·
∏︁

i,j(1− qxiyj) is a polynomial in x1, . . . xN and y1, . . . , yN , such
that the degree of each variable is at most N .

(c) If xN = y−1
N , then

RN (x;y; q, w) = RN−1(x1, . . . , xN−1; y1, . . . , yN−1; q, w).

(d) If xi = 0 for all i, then RN (0, . . . , 0;y; q, w) = (1− w)(1− wq) · · · (1− wqN−1).

The check that the right-hand side of (8.2) satisfies the properties (a), (b), and (c) is the same as in Theorem
7.7. The property (d) follows from (8.3): all xi = 0 leads to the Schur measure being supported on the
empty Young diagram with λ1 = · · · = λN = 0, and the expectation becomes (1−w) · · · (1−wqN−1).

Let us check that the expectation in the left-hand side of (8.3) satisfies the four properties. For the
property (a) we use the Yang-Baxter procedure, similar to the one we used in Figure 7.12, but in the
reverse order. We first add cross at the very left position, between rows i and i + 1. Paths are entering
from the left, and the cross is forced to have Type (2) vertex. Then we move the cross to the right. The
Yang-Baxter equation of Theorem 7.6 and preservation of the heightH[N,N ] under the transfomations
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implies that the expectation is unchanged. Once the cross moved N steps to the right, we can remove
it due to the stochasticity of the model: in the sequential sampling procedure the type of vertex of the
cross would be sampled after all the vertices of theN ×N square, and the type of the vertex of the cross
does not affect the value of the random variable H[N,N ]. The result of this procedure is the swap of
variables yi and yi+1 without changing the value of the expectation.

For the property (b) we note that multiplication of the weight of the vertex at (i, j) by (1 − qxiyj)
makes this weight a polynomial. For the property (c), setting xN = y−1

N prohibits vertices of Type (3),
by b1 = 0, and Type (4), by b2 = 0, in the top-right corner of the domain. Hence, any path which
exited the bottom-left (N − 1) × (N − 1) square to the right, must also exit the N × N square to the
right. Therefore,H[N,N ] = H[N − 1, N − 1], and the expectations are also the same. For the property
(d) we observe that setting all xi = 0 prohibits Type (5) vertices by c1 = 0 and forces all vertices to
be of Type (3), i.e., the paths deterministically go right, and H[N,N ] = N . This implies the value
(1− w)(1− wq) · · · (1− wqN−1) for the expectation.

Now we argue by induction that the four properties (a)-(d) imply the equality (8.3).
Base Case. In the base case N = 1, the model has two possible configurations (either Type (3) vertex
of weight b1 or Type (5) vertex of weight c1) and we check the equality by direct calculation using the
vertex weights and the definition of the observable. Both sides are equal to

1− w − (q − w)x1y1
1− qx1y1

= 1− w 1− x1y1
1− qx1y1

.

Induction Step. By the property (c) and symmetry, the value ofRN (x;y; q, w)·
∏︁

i,j(1−qxiyj), viewed
as a polynomial in xN , is uniquely determined at N points xN = 1/yi. Therefore, if ZN (x;y; q, w) is
another rational function satisfying the same properties, then ZN −RN vanishes at 1

y1
, · · · , 1

yN
, so that

∏︂
i,j

(1− qxiyj) (ZN (x;y; q, w)−RN (x;y; q, w)) = (· · · )
N∏︂
i=1

(︃
xN −

1

yi

)︃
,

where (· · · ) is a polynomial independent of xN , which we see by considering property (b) and the degree.
By symmetry the same is true with xN replaced by xj for any j = 1, . . . , N − 1. Therefore, we have

∏︂
i,j

(1− qxiyj) (ZN (x;y; q, w)−RN (x;y; q, w)) = (· · · )′
N∏︂

i,j=1

(︃
xj −

1

yi

)︃

where (· · · )′ must be independent of (x1, . . . , xN ) by degree considerations. Setting xi = 0, 1 ≤ i ≤ N ,
we see that this polynomial must be 0 by property (d).

Remark 8.5. The properties (a), (b), and (c) for E
[︁(︁
1−w

)︁(︁
1−wq

)︁
· · ·
(︁
1−wqH[N,N ]−1

)︁]︁
do not depend

on the exact form of the observable and hold also for any expectation of the form E
[︁
f(H[N,N ])

]︁
. In

contrast, property (d) relies on the form of the observable and uniquely determines the function f(·)
under expectation: f(L) = RL(0, . . . , 0;y; q, w) = (1− w)(1− wq) · · · (1− wqL−1).

8.3 Match with Schur measures and limit regimes

Combining Theorem 8.3 with Proposition 8.4, we arrive at an important match between the height func-
tion in the six-vertex model and columns in the Schur measure.
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Corollary 8.6. Consider the stochastic six-vertex model in the quadrant with all paths entering from the
left. Suppose that the weights are as in Figure 8.1 with u = xiyj for each vertex (i, j). Assume |xiyj | < 1
for all i, j, |q| < 1, and chooseM,N ∈ Z>0, treated as horizontal and vertical coordinates, respectively. In
addition, let λ be distributed according to the Schur measure

P(λ) =
M∏︂
i=1

N∏︂
j=1

(1− xiyj)sλ(x1, . . . , xM )sλ(y1, . . . , yN ).

Then for each w ∈ C \
{︁
−qi
}︁
i∈Z, we have

E6v

[︄ ∞∏︂
i=1

1

1 + wqH[M,N ]−N+i

]︄
= ESchur

[︄ ∞∏︂
j=1

1

1 + wqj−λ′
j

]︄
. (8.4)

Proof. We start fromM = N case, where we combine (8.2) with (8.3) to obtain

E6v

[︂(︁
1− w

)︁(︁
1− wq

)︁
· · ·
(︁
1− wqH[N,N ]−1

)︁]︂
= ESchur

[︄
N∏︂
i=1

(︂
1− wqλi+N−i

)︂]︄
. (8.5)

We divide both sides by (1 − w)(1 − qw)(1 − q2w) · · · and recall from the particle-hole involution in
(5.60), (5.84) and Figure 5.14 that{︁

λi +N − i
}︁N
i=1

⨆︂{︁
−λ′j + j +N − 1

}︁∞
j=1

= {0, 1, 2, . . . }. (8.6)

We get

E6v

[︄ ∞∏︂
i=1

1

1− wqH[N,N ]+i−1

]︄
= ESchur

[︄ ∞∏︂
j=1

1

1− wq−λ′
j+j+N−1

]︄
.

Finally, we replace w ↦→ −wq1−N to reach (8.4).
For theM ̸= N case, we have two subcases. First, theM < N case can be obtained fromM = N

by setting to 0 N − M variables: xM+1 = xM+2 = · · · = xN = 0. Due to stability of the Schur
polynomials in Lemma 2.7, in the right-hand side we get precisely ESchur withM variables x1, . . . , xM .
In the left-hand side, looking back at Figure 8.1 we see that setting xi = 0 prohibits Type (5) vertex by
c1 = 0, and therefore forces all paths to go horizontally in the column i. Hence, H[M,N ] = H[N,N ]
and the left-hand of (8.4) gets converted to the desired form.

The case M > N is obtained from M = N by setting to 0 M − N variables: yN+1 = yN+2 =
· · · = yM = 0. Again, for the right-hand side of (8.4) we use stability of the Schur polynomials. In the
left-hand side yi = 0 forces all vertices in the ith row from the bottom to be Type (3), by b1 = 0, i.e., the
ith path becomes completely horizontal. Hence, H[M,M ] = H[M,N ] + (M −N) and the expression
under E6v transforms as desired.

The match of expectations (8.4) allows us to use all the tools developed for the Schur measures (deter-
minantal point process, contour integrals, steepest descent) in order to extract the asymptotic information
about the height function of the stochastic six-vertex model. We set x1 = x2 = . . . , y1 = y2 = . . . ,
so that all xiyj are equal to the same constant u, and the model is homogenous. A variety of different
asymptotic regimes is possible:1

1Recall that we assumed q < 1 and, therefore, b1 > b2.
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(a) b1 = 0.9999, b2 = 0.5 (b) b1 = 0.99, b2 = 0.5

(c) b1 = 0.8, b2 = 0.5 (d) b1 = 0.52, b2 = 0.5

Figure 8.5: Simulations of 500× 500 vertices in the stochastic six-vertex model with b2 = 0.5.

1. Figure 8.5c: if both 0 < q < 1 and 0 < u < 1 are fixed (i.e., 0 < b1 < 1, 0 < b2 < 1 are fixed),
whileN,M →∞ in such a way thatN/M stays finite, then 1

NH[N,M ] has a deterministic limit,
with fluctuations given by the Tracy-Widom distribution, as stated in Theorem 1.7. The right-hand
side of (8.4) is governed by the first column in the Schur measure, which itself has Tracy-Widom
fluctuations, see Section 8.4 below and [BCG16].

2. Figure 8.5a: if 0 ≤ q < 1 is fixed, u = ε2, andN andM are proportional to ε−1 as ε→ 0, then the
stochastic six-vertex model turns into a q-deformation of the PNG growth process, see Problem
1 in Section 8.6 (at q = 0 we are back to h(x, t) of the continuous PNG model of Section 3.5).
The right-hand side of (8.4) turns into an expectation with respect to the Poissonized Plancherel
measure, thus generalizing the ℓ = 1 case of Theorem 3.11 at q = 0.
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(a) b1 = 0.99, b2 = 0.96 (b) b1 = 0.95, b2 = 0.9

Figure 8.6: 500× 500 vertices: b1, b2 → 1 leading to Telegraph and KPZ regimes.

(a) b1 = 0.3, b2 = 0.5. (b) b1 = 0.15, b2 = 0.1

Figure 8.7: Stationary regime for b1 < b2 and convergence to ASEP as b1, b2 → 0.

3. Figure 8.5d: if q = exp(−
√
ε) and u = exp(−υ

√
ε) (i.e., b2/b1 → 1 and b1 → b ∈ (0, 1)), then√

εH[ε−2t, ε−1x+ε−2t] after proper recentering converges as ε→ 0 to the (Hopf-Cole, with nar-
row wedge initial condition) solution h(x, t) of the KPZ stochastic partial differential equation, see
[CGST20]. In this limit, the left-hand side of (8.4) becomes the Laplace transform of exp(h(x, t)),
while the right-hand side becomes an expectation of a multiplicative functional (cf. Theorem 4.25)
of the Airy point process. The latter arises as the scaling limit for the first columns in the Schur
measure. The KPZ limit also arises if 0 < u < 1 is fixed, as in Figure 8.6b, see Section 8.5.



CHAPTER 8. STOCHASTIC SIX-VERTEX MODEL IN THE QUADRANT 200

4. Figure 8.6a: if q → 1 and u stays strictly inside (0, 1), in such a way that b1 = exp(−εβ1),
b2 = exp(−εβ2), then εH[ε−1x, ε−1y] has a deterministic ε → 0 limit solving the Telegraph
equation (which is a second order hyperbolic PDE), withGaussian fluctuations given by a stochastic
version of the same equation, see [BG19]. In this situation, rather than using (8.4) directly, it is
convenient to consider the coefficients ofwk, k = 1, 2, . . . , in (8.5). On the left-hand side they give
moments of qH[N,M ], while on the right-hand side their asymptotics is closely related to the limit
shape and Gaussian fluctuations for the height function encoding the Young diagram distributed
as a Schur measure, similarly as in Sections 6.4 and 6.5. In other words, rather than only the first
columns, now the entire Young diagram contributes to the limit.

5. Figure 8.7b: if 0 < q < 1 is fixed, while u→ 1 (i.e., b1, b2 → 0), then the stochastic six-vertexmodel
turns into the ASEP, as at the end of Section 8.1 and in [Agg17]. The left-hand side of identity (8.4)
keeps the same form, withH[N,M ] replaced by the height function of ASEP, counting the number
of points to the right of a given point. The right-hand side becomes an expectation of the same
type with respect to a determinantal point process on Z, obtained as a limit of Schur measures.

In the rest of this chapter, we focus only on the first and third regimes, leading to the Tracy-Widom
distribution and KPZ equation, respectively, and precise the asymptotic theorems for these cases. We
discuss other limit transitions from the above list, and also introduce two more asymptotic regimes sug-
gested by Figures 8.5b and 8.7a in the exercises.

8.4 Tracy-Widom limit for the height function

In this section we fix 1 > b1 > b2 > 0 or, equivalently, 0 < q, u < 1 and consider the homogeneous
model with vertex weights of Figure 8.1. We analyze the asymptotics of the height function H[N,N ]
along the diagonal in Figure 8.5c; same ideas can be used to compute the asymptotics ofH[M,N ], leading
to Theorem 1.7 stated earlier.
Theorem 8.7. Consider the stochastic six-vertex model in the quadrant, with all paths entering from the
left and weights of Figure 8.1 with 0 < q, u < 1. Let H[N,N ] be the number of paths which leave the
bottom-left N ×N square to the right. Then

lim
N→∞

N−1/3

(︄
H[N,N ]−N 1− u1/2

1 + u1/2

)︄
d
= −a1 · u1/6

(1− u1/2)1/3

1 + u1/2
, (8.7)

where a1 is the first point of the Airy point process (GUE Tracy–Widom distribution).

The idea of the proof is to show that the match of expectations (8.4) implies the same N → ∞
asymptotic behavior for the random variables H[N,N ] − N and −λ′1, where we emphasize the minus
sign, which eventually leads to −a1 in the right-hand side of (8.4). For the asymptotics of λ′1, we choose
x1 = · · · = xN = y1 = · · · = yN =

√
u in the Schur measure and recall the result of Theorem 5.27

obtained by the steepest descent analysis, and in which we need to replace q by u:
Corollary 8.8. For N = 1, 2, . . . , let λ ∈ Y be distributed as the Schur measure

P(λ) = (1− u)N2 · s2λ
(︃[︂
u1/2

]︂N)︃
.

Then the length of the first column of λ converges the Tracy-Widom distribution:

lim
N→∞

N−1/3

(︄
λ′1 −

2u1/2

1 + u1/2
N

)︄
d
= a1 · u

1
6

(︁
1− u1/2

)︁ 1
3

1 + u1/2
. (8.8)
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Hence, if we take the asymptotic match for granted, we get

H[N,N ] ≈ N − λ′1 ≈ N

(︄
1− 2u1/2

1 + u1/2

)︄
−N1/3a1 · u

1
6

(︁
1− u1/2

)︁ 1
3

1 + u1/2
,

which is the desired (8.7).

Proof of Theorem 8.7. In view of (8.8), we only need to justify H[N,N ] − N ≈ −λ′1. To that end, we
choose s ∈ R and let

w = qmN−N1/3s, m =
2u1/2

1 + u1/2

in (8.4), leading to

E6v

[︄ ∞∏︂
i=1

1

1 + qH[N,N ]−N+mN−sN1/3+i

]︄
= ESchur

[︄ ∞∏︂
j=1

1

1 + qj−λ′
j+mN−sN1/3

]︄
. (8.9)

We claim that expressions under expectation in both sides of the last identity are smoothed versions of
the indicator function. In other words, up to small error, (8.9) is

P6v

[︄
H[N,N ]−N +mN − sN1/3 ≥ 0

]︄
≈ PSchur

[︄
−λ′1 +mN − sN1/3 ≥ 0

]︄
.

In order to make this more precise, we choose a small ε > 0 and start from the right-hand side of (8.9).
Notice that the expression under expectation is always between 0 and 1. If−λ′1+mN−sN1/3 > εN1/3,
then the expression tends to 1 asN →∞. If −λ′1 +mN − sN1/3 < −εN1/3, then the expression tends
to 0 as N →∞. Hence,

lim
N→∞

PSchur

(︃
−λ′1 +mN

N1/3
> s+ ε

)︃
≤ lim inf

N→∞
ESchur

[︄ ∞∏︂
j=1

1

1 + qj−λ′
j+mN−sN1/3

]︄

≤ lim sup
N→∞

ESchur

[︄ ∞∏︂
j=1

1

1 + qj−λ′
j+mN−sN1/3

]︄
≤ lim

N→∞
PSchur

(︃
−λ′1 +mN

N1/3
> s− ε

)︃
.

By (8.8), both limits exist and continuously depend on ε ≥ 0. Sending ε→ 0, we conclude

lim
N→∞

ESchur

[︄ ∞∏︂
j=1

1

1 + qj−λ′
j+mN−sN1/3

]︄
= lim

N→∞
PSchur

(︃
−λ′1 +mN

N1/3
> s

)︃
. (8.10)

For the left-hand side of (8.9) we notice that the expression under expectation is again between 0 and 1,
tends to 1 ifH[N,N ]−N+mN−sN1/3 > εN1/3, and tends to 0 ifH[N,N ]−N+mN−sN1/3 < εN1/3.
Therefore,

lim
N→∞

E6v

[︄ ∞∏︂
i=1

1

1 + qH[N,N ]−N+mN−(s+ε)N1/3+i

]︄
≤ lim inf

N→∞
P6v

(︃
H[N,N ]−N +mN

N1/3
> s

)︃

≤ lim sup
N→∞

P6v

(︃
H[N,N ]−N +mN

N1/3
> s

)︃
≤ lim

N→∞
E6v

[︄ ∞∏︂
i=1

1

1 + qH[N,N ]−N+mN−(s−ε)N1/3+i

]︄
.

Transforming both limits using (8.9), (8.10) and sending ε→ 0, we conclude

lim
N→∞

P6v

(︃
H[N,N ]−N +mN

N1/3
> s

)︃
= lim

N→∞
PSchur

(︃
−λ′1 +mN

N1/3
> s

)︃
.
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8.5 Weak asymmetry and KPZ limit

In this section we consider a weak asymmetry regime in which b1 and b2 both tend to 1 in such a way
that q = b2/b1 → 1, while u = 1−b1

1−b2
stays fixed inside (0, 1), as in Figure 8.6b. If we choose all the scales

carefully, then we see a new interesting limit. We only produce the asymptotics on the diagonal, but the
same method works equally well away from the diagonal.

Theorem 8.9. Consider the stochastic six-vertex model in the quadrant, with all paths entering from the
left and weights of Figure 8.1 with 0 < q, u < 1. Suppose that q → 1 and N → ∞ in such a way that
q = exp (−ε) and ε3N → τ > 0, while 0 < u < 1 stays fixed. Then

lim
ε→0, N→∞

ε

(︄
H[N,N ]−N 1− u1/2

1 + u1/2
+

ln(ε)

ε

)︄
d
= H, (8.11)

where H is a random variable such that the Laplace transform of its exponential is computed via the points
of the Airy point process as

E
[︂
exp (−v exp (−H))

]︂
= EAiry

[︄ ∞∏︂
i=1

1

1 + v exp (Cai)

]︄
, v ≥ 0, (8.12)

with

C = τ1/3u1/6
(1− u1/2)1/3

(1 + u1/2)
.

The expectation in the right-hand side can be computed as a Fredholm determinant involving the
Airy kernel by using Theorem 4.25. This can be used to identify H with the distribution of the solution
at position x = 0 and time t = 2C3 (so that t depends on τ linearly) to the Kardar-Parisi-Zhang SPDE
(1.4) with the narrow wedge initial condition, see [BG16] or [ACQ11, CLDR10, Dot10, SS10]. In more
detail, Z = exp(−H− t/24) is a solution at time t and position 0, i.e., Z = Z(0, t), of the stochastic heat
equation with δ–function initial condition and space-time white noise ξ(x, t):

∂

∂t
Z =

1

2

∂2

∂t2
Z− Zξ, Z(X, 0) = δ(X), (8.13)

The stochastic heat equation is obtained from the KPZ equation (1.4) by a formal change of variables
Z = exp(−h), which is known as Cole-Hopf transformation.

A more conceptual way to identification with the KPZ equation is to directly pass to the limit in the
evolution equations for the stochastic six-vertex model and recognize the appearance of (1.4). This is
being complicated by the delicate meaning of the KPZ equation: it is ill-posed as a classical SPDE and the
usual approach is to instead consider a better behaved SPDE (8.13), see [BG97, ACQ11, CT17, CGST20]
and [Qua11, Section 2.15] for related results.

Nevertheless, let us give a heuristic argument explaining why we should expect ASEP of Figure 8.4
to converge in a weak asymmetry limit towards the KPZ equation; since ASEP itself is a limit of the
stochastic six-vertex model, this predicts a similar convergence for the latter. For ASEP with step initial
condition, let h(x, t) denote the height function at time t, which is a broken line of slopes±1 as in Figure
8.4. The ASEP evolution rules can be restated as follows: for x ∈ Z+ 1

2 , the height h(t, x) increases by
2 at rate r if h(x, t) − h(x − 1, t) = −1 and h(x + 1, t) − h(x, t) = 1; h(t, x) decreases by 2 at rate l
if h(x, t) − h(x − 1, t) = 1 and h(x + 1, t) − h(x, t) = −1. Since the only possible slopes are ±1, we
further note that

h(x− 1, t)− h(x, t) + 1

2
=

{︄
1, if h(x, t)− h(x− 1, t) = −1,
0, otherwise.
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Using this and three other similar indicator identities, we rewrite the time evolution rule of ASEP as

dh(x, t) = r
(h(x− 1, t)− h(x, t) + 1)(h(x+ 1, t)− h(x, t) + 1)

2
dt

− l
(h(x, t)− h(x− 1, t) + 1)(h(x, t)− h(x+ 1, t) + 1)

2
dt+ ξ(x, t),

where ξ is a Martingale (i.e., of conditional mean 0) random term, which is what remains from random
evolution after all deterministic drift terms are removed. Transforming the dt terms, we get

dh(x, t) =
r+ l

2

[︁
h(x− 1, t)− 2h(x, t) + h(x+ 1, t)

]︁
dt

+
l− r

2

[︁
h(x, t)− h(x− 1, t)

]︁[︁
h(x+ 1, t)− h(x, t)

]︁
dt+

r− l

2
dt+ ξ(x, t). (8.14)

If all the rescalings are chosen appropriately, one can hope that then the first term in the right-hand side
of (8.14) approximates the second derivative, the second term approximates the squared first derivative,
the third term leads to a deterministic linear in time drift, and the noise in the fourth term becomes
asymptotically Gaussian by an appropriate CLT. Hence, after subtracting the drift we see the appearance
of the KPZ stochastic partial differential equation:

∂h

∂t
(x, t) =

1

2

∂2h

∂x2
(x, t)− 1

2

(︃
∂h

∂x
(x, t)

)︃2

+ ξ(x, t). (8.15)

Proof of Theorem 8.9. We choose u > 0 and set

w = vqmN , m =
2u1/2

1 + u1/2

in (8.4), leading to

E6v

[︄ ∞∏︂
i=1

1

1 + vqH[N,N ]−N+mN+i

]︄
= ESchur

[︄ ∞∏︂
j=1

1

1 + vqj−λ′
j+mN

]︄
. (8.16)

We are going to prove that two sides of this identity converge to the two sides of (8.12). We start
from the right-hand side, in which we choose x1 = · · · = xN = y1 = · · · = yN =

√
u in the Schur

measure and use the result of Theorem 5.27:

lim
N→∞

N−1/3
(︁
λ′j −mN

)︁ d
= τ−1/3Caj , i = 1, 2, . . . . (8.17)

Hence, jointly in distribution over finite collections of j = 1, 2, 3, . . . , we have

lim
N→∞

1

1 + vqj−λ′
j+mN

=
1

1 + v exp (Caj)
.

We would like to upgrade this to distributional convergence of the infinite products:

lim
N→∞

∞∏︂
j=1

1

1 + vqj−λ′
j+mN

?
=

∞∏︂
j=1

1

1 + v exp (Caj)
, in distribution. (8.18)
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Since individual factors have the desired limits, to prove (8.18) we need to produce a uniform tail bound.
Note that the convergence of

∏︁
j(1 + xj) is equivalent to convergence of

∑︁
j xj for positive xj . Hence,

we would like to show

lim
J→∞

∞∑︂
j=J

qj−λ′
j+mN = lim

J→∞

∞∑︂
j=J

exp (Caj) = 0, in probability, uniformly in N. (8.19)

Using Markov inequality, (8.19) follows from the fact that the following expectation is finite for each
κ > 0:

lim
N→∞

ESchur

⎡⎣ ∞∑︂
j=1

qκ(j−λ′
j+mN)

⎤⎦ ?
= E

⎡⎣ ∞∑︂
j=1

exp (κCaj)

⎤⎦ <∞. (8.20)

The limN→∞ limit in the left-hand side of (8.20) can be computed by using the contour integral expres-
sion that we developed in Theorem 6.13. The expectation in the right-hand admits an explicit formula
(5.87). The details of checking (8.20) are left to the reader (this is one of the exercises at the end of this
chapter).

Since the random variables in (8.18) are between 0 and 1, taking the expectations commutes with
taking the limits, and we conclude:

lim
N→∞

ESchur

[︄ ∞∏︂
j=1

1

1 + vqj−λ′
j+mN

]︄
= EAiry

[︄ ∞∏︂
i=1

1

1 + v exp (Cai)

]︄
, u ≥ 0. (8.21)

Turning to the left-hand side of (8.16), we denote

ηN = ε

(︄
H[N,N ]−N 1− u1/2

1 + u1/2
+

ln(ε)

ε

)︄

and notice the q–exponential approximating an exponential as q = exp(−ε)→ 1:

ln

[︄ ∞∏︂
i=1

1

1 + vqH[N,N ]−N+mN+i

]︄
= ln

[︄ ∞∏︂
i=1

1

1 + εv exp(−ηN ) exp(−εi)

]︄

= −
∞∑︂
i=1

ln (1 + εv exp(−ηN ) exp(−εi))

= −
∞∑︂
i=1

(︁
εv exp(−ηN ) exp(−εi) +O

(︁
ε2v2 exp(−2ηN ) exp(−2εi)

)︁)︁
→ −v exp(−ηN ). (8.22)

Since the expression under expectation is between 0 and 1, we conclude

E6v

[︄ ∞∏︂
i=1

1

1 + vqH[N,N ]−N+mN+i

]︄
= E6v

[︄
exp
(︁
−v exp(−ηN )

)︁]︄
+ o(1), ε→ 0, N →∞.

(8.23)
Combining (8.16) with (8.21), (8.23) and noting that convergence of Laplace transforms implies conver-
gence in distribution (by the same argument as at the end of the proof of Theorem 7.13), we arrive at
(8.11).
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8.6 Exercises

Problem 1. In the q–PNG the evolution rules are exactly the same as for the continuous PNG of Section
3.5, except that when two islands merge at point x, with probability q a new island is added at x. Explain
how the second limit in Section 8.3 and Figure 8.5a lead to the limit from the stochastic six-vertex model
to this object. Use Corollary 8.6 to show that the large-time limit of q–PNG is governed by the Tracy-
Widom distribution. How do scaling constants change, relative to the q = 0 case in Theorem 5.19?

Problem 2. Figure 8.5b hints at the existence of another limit as b1 → 0, while b2 is fixed, different from
the q–PNG. Find such a limit, leading to a continuous time, discrete space interacting particle system.

Problem 3. Take the limit to ASEP, described in Section 8.1, in the identity of Corollary 8.6. Further ap-
plying steepest descent analysis to the correlation functions of the determinantal point process replacing
the Schur measure, compute the large time limit of the height function h(t, x) (which counts the number
of particles in ASEP at time t to the right of a given point x). One should get a deterministic law of large
numbers and Tracy-Widom fluctuations of size t1/3. Compare with (5.85).

Problem 4. Make a computer simulation of ASEP to verify numerically your result in Problem 3.

Problem 5. Comparing the coefficients of w and w2 in Theorem 8.3 vs Proposition 8.4, and using Theo-
rem 6.13, obtain explicit formulas for the first two q–moments of the stochastic six-vertex height function
H[N,M ]. (One should be getting a contour integral for EqH and a double contour integral for Eq2H .

Problem 6. Setting b1 = exp(−εβ1), b2 = exp(−εβ2) and sending ε → 0 in the result of Problem 5,
show that εH[ε−1x, ε−1y] has a deterministic limit h(x, y). Transforming the resulting contour integral,
find a second order partial differential equation for h, which is especially simple in terms of exp(h).

Problem 7. Analytically continuing of the result of Problem 5, extend the contour integral expressions
for EqH and Eq2H to the case q > 1. Using the particle system representation for the stochastic six-
vertex model x1(t) > x2(t) > . . . , as in Section 8.1, conclude by taking the limit of the contour integral
that for fixed 1 > b2 > b1 > 0, the random variable x1(t) − t is tight as t → ∞. This explains the
configuration being frozen outside a small neighborhood of the diagonal in Figure 8.7a.

Problem 8. Using (8.12), show that the random variableH after proper centering and rescaling converges
to the Tracy-Widom distribution as τ → ∞. Thus, the solution of the KPZ equation has Tracy-Widom
distributed large time fluctuations.

Problem 9. Using Theorem 6.13, write a contour integral expression for the expectation in the left-hand
side of (8.20). Sending n→∞ and using (5.87), prove (8.20).

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [TW09], [SS10], [ACQ11], [BG16], [BO17b], [BG19], and [ABW23].
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