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Abstract

This book introduces integrable probability through a selection of models whose asymptotic behavior
can be analyzed using exact formulas for expectations of observables. The main examples come from
interacting particle systems, interface growth, last passage percolation, random tilings, random matrices,
and the six-vertex model. We prove limit theorems in which universal objects such as the Tracy-Widom
distributions and the Gaussian free field arise. The methods draw on symmetric functions, determinantal
point processes, steepest descent, and the Yang—Baxter equation.

Integrable probability is a large and growing field. Our aim is a rigorous, self-contained introduction
to selected foundational results. The prerequisites are linear and abstract algebra, probability theory, and
complex analysis at the advanced undergraduate level.
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Chapter 1

What is integrable probability?

In this chapter we make a journey, meeting along the way a number of stochastic systems analyzed in
this book and two key players in integrable probability: Schur symmetric polynomials and Tracy-Widom
distribution.

1.1 Gaussian universality class

The term “integrable probability” has two parts, and we start discussion from the second one. The Central
Limit Theorem is, perhaps, the most celebrated result of classical probability theory.

Consider a sample (i.e,, a collection of data) obtained by a large number of observations that are
randomly and independently generated, and compute the average of the observed values. Repeating
the computation many times, one will notice that the computed averages are distributed according to a
normal distribution: this is the content of the Central Limit Theorem.

Theorem 1.1. Let X1, Xo, ... be a sequence of independent, identically distributed (i.i.d.) random variables
with mean yu and variance 0? < co. Let S, := > j_; X. Then

Sy — pun s efx2/2
lim P —2——<s| = ) 1.1
g p (2 <o)< [ S o

This means that, despite the model dependent features such as the mean and the variance, any sum of
i.i.d random variables with finite variance will show the same limiting behavior, described by the normal
1/2 Physical and mathematical systems
accurately described in terms of Gaussian statistics are said to be in the Gaussian universality class.

Theorem [1.1] illustrates well the universal and the non-universal quantities. The model-dependent
and thus non-universal quantities are ;1 and o2, while the 1/2 exponent in the normalization as well as
the normal distribution are universal, i.e., they do not depend on other features of the distribution of X;
beyond the mean and variance.

Theorem [1.1]is also a good illustration of the setting, which distinguishes “integrable probability”
from other parts of probability theory. The first proof of the theorem goes back to the famous work of
de Moivre [[dM67] in the 18th century who studied the case when X; are Benoulli random variables:
P(X;=1)=p, P(X; =0)=1—pwith0 < p < 1, so that u = pand 02 = p(1 — p). In this situation
the probability distribution of .S), is fully explicit:

distribution, and fluctuations around the mean value of order n

_ n!
P(S, = k) =p"(1—p)" km> 0<k<n. (1.2)

4
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Figure 1.1: Illustration and simulation of the random deposition model.

The asymptotics of this formula can be directly analyze to yield (1.1): this amounts to using Stirling’s
formula n! ~ /27mn (%)n for approximating the factorials; the basic form of the latter was also first
developed by de Moivre.

In the early 19th century Laplace [Lap20] extended the analysis of de Moivre and made the first steps
towards universality by proving the convergence for a class of random variables, going beyond
the Bernoulli case. The method which Laplace used is reminiscent of the modern “steepest descent
method”, which will also play a role in our book, see Chapter[5] The next wave of discoveries in the early
20th century created the modern central limit theorems with essentially optimal conditions, through
the developments by Chebyshev, Markov, Lindeberg and Lyapunov, see [Lya01, [Lin22]] and [Uly24]; this
included both general distribution of X; and relaxation of the i.i.d. condition in Theorem

The original treatment of de Moivre is what we call the “exactly—solvable” or “integrable” case: here
the exact formula is available, but it does not extend to general X;. Similarly, in this book we will be
dealing with very special situations where interesting stochastic systems can be analyzed by the means
of exact formulas. As in Theorem|I.1] one can expect that the results obtained in this way are universal,
i.e., they extend to much greater generality. However, for most of the systems we discuss there is no
rigorous proof of it.

1.2 Random deposition

One of our main themes is models related to stochastically growing interfaces. Let us starts with two
simple models, which, however, show very different limiting behaviors.

In the random deposition model, unit blocks fall down independently and in parallel onto Z after an
exponentially distributed waiting time of parameter 1, see Figure([1.1] Due to the memoryless property of
the exponential distribution, this model is a Markov process. Each column evolves independently and is
a Poisson process. Denote by h(z,t) the height function that gives the value of the height of the column
on the site z at time ¢. By the Law of Large Numbers and the Central Limit Theorem, for any = € Z,

lim M0

t—00 t

h(z,t) —t q
T:N\/(O,l).

The model shows linear growth speed and lack of spatial correlations — the limits in (1.3) for different
are independent. The fluctuations belong to the Gaussian universality class.

(1.3)

!See Section |5.2| for precise asymptotics obtained using contour integrals and the method of steepest descent.
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Figure 1.2: Illustration and simulation of the ballistic deposition model.

e

1.3 Ballistic deposition and KPZ universality class

It suffices to slightly modify the rules of the growth of the interface to lose the Gaussian behavior of the
previous section. Consider the same model, but now, instead of landing on the ground or the interface,
the blocks are sticky so that they also get stuck to the boxes of adjacent columns. Each falling block sticks
to the first edge it meets as in Figure[1.2} this is known as the ballistic deposition model, introduced by Vold
in 1959, see [Vol63]]. This change in the evolution rules leads to large-time effects: the interface grows
faster than in the random deposition model (the value of the velocity is still unknown), and simulations,
as in Figure and [BS95]], show that the height function has smaller fluctuations, on the scale 1/ 3 and
nontrivial correlations on the transversal scale of t%/3. Moreover, the rescaled height does not converge
to the Gaussian distribution anymore.

The ballistic deposition model is believed to belong to the Kardar-Parisi-Zhang (KPZ) universality
class. The key features of the models in this class are:

« Random local growth rules: the evolution of the height function depends only the local (in space
and time) configuration of the interface and is being driven by random noise, which quickly decor-
relates in space and time.

« Smoothing: there is a smoothing mechanism implying that deep holes are rapidly filled to smooth
the interface. .

« Non-linearity of the speed of growth: the vertical effective growth rate should depend non-
linearly on the local slope of the interface.

Simulations, such as the one in Figure|1.3| make one believe that the ballistic deposition model should
indeed have these features. Mathematically rigorous results are limited, see introduction in [GRSZ25]
for the most recent developments.

The KPZ universality class was introduced in the context of studying the motion of growing interfaces
in 1986 in a paper of Kardar, Parisi and Zhang [KPZ86|, where they studied a continuous stochastically
growing height function h(x,t) given in term of a stochastic PDE, known as the KPZ equation:

oh 19%h 1 [/dh 2
E(ﬂ%t) = 5@(1‘»15) 3 <ax(l‘7t)> +&(m, ), (1.4)

where {(z,t) is Gaussian space-time white noise. Special efforts are required to make sense of this
equation, since squaring white noise is an a priori ill-defined procedure; see e.g., [BG97,|[ACQ11] Hai13|
GP17] for different rigorous approaches. The equation contains the key features of random growth: local
randomness (the noise ¢), the smoothing (from the Laplacian), the non-linearity (from the square of the
gradient).

One of the major open questions is to produce an analogue of Theorem |1.1|and which would
cover generic models in the KPZ class, including ballistic deposition and many others.
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Figure 1.3: Ballistic deposition started from a stack of 30 boxes at the origin. The picture shows the
configuration after ~ 6666 depositions in the observation window.

1.4 Last passage percolation: an integrable member of the KPZ class

Let us now introduce an integrable growth, which plays a role for the KPZ class that is similar to the one
played by de Moivre’s Bernoulli case for Theorem|[L.1]

Consider an interface modeled by a height function h(z,t), x € Z, t € Z>o, with h(z £ 1,t) —
h(z,t) € {—1,1}. At time O the function is initialized as a wedge h(x,0) = |z|. The height func-
tion then evolves in discrete time according to the following dynamics: each local minimum turns into
a local maximum after a geometrically distributed waiting time with parameter g, i.e., of distribution
P =k)=(1-¢q)¢" k = 0,1,2,..., see Figure Note that £ = 0 with positive probability, and
therefore many boxes can be added simultaneously.

An alternative description of the dynamics is obtained by starting with an array w; j, 7,5 = 1,2,...,
of i.i.d. geometrically distributed waiting times for the local valley at (4, j) to become a local maximum.
We further define the absorbtion times #; ; through the recurrence

ti; = max(ti_1 j,tij—1) + wij,

which is solved by iterating

ti; = max Z Wi [, (1.5)

1(1,1)—(4,5) (kD)o

where the summation is over paths 7 made out of consecutive elementary steps of (1,0) or (0,1). For
eacht =0,1,2,..., we can further define the set of all boxes absorbed by this time as {(7,j) | t; ; < t}.
Rotating this set by 7 /4, rescaling by v/2, and reading the top border, we arrive at the graph of h(z,t) asa
function of z, see the right panel of Figure|1.4/and a simulation in Figure The evolution of h(z, t) can
be also viewed as a discrete time version of the Totally Asymmetric Simple Exclusion process (TASEP)
— in the latter the waiting times w; ; are exponential rather than geometric random variables.

The representation identifies ¢; ; with the last passage time and the model in this form is called
the last passage percolation (LPP) with geometric weights. The name originates from the following inter-
pretation: a group of people enters into the site (1, 1) and then travels from (1, 1) to (4, j) by all possible
monotone paths. It takes time wj; ; in order to enter the site (4, j) from one of its neighbors. Then t; ; is
the time when the last person arrives at (4, j) (where we agree to include the waiting time w; ; in the
total time).
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Figure 1.4: Integrable evolution of the height function.
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Figure 1.5: Simulation of h(z, t) for geometric LPP model with ¢ = 0.8, ¢ = 1000 and ¢ = 5000.

The geometric LPP model is believed to belong to the same KPZ class as the ballistic deposition
of the previous section. Former, in contrast to the latter, is very well understood by now with plenty of
asymptotic results available. The solvability of the model is based on Schur symmetric polynomials which
we now introduce.

Definition 1.2. The Schur polynomial sy (z1,...,xy) is a symmetric Laurent polynomial in N variables

Z1,...,xN parametrized by N —tuple of integers A\ > Ay > - -+ > Ay (called signatures) and defined by
de t[ v ]L<‘ <N

sx(z1,...,xn) = =hI= (1.6)

H1§i<j§N(fL‘i —zj)

The first appearance of the ratio in the right-hand side of dates more than 200 years back to the
work of Cauchy [[Caul5], see [Sta99, Notes at the end of Chapter 7] for the historic overview. A century
later Schur realized the relevance of sy to the representation theory of symmetric, general linear, and
unitary groups. In particular, [Sch01] matched the Schur polynomials with the characters of irreducible
representations?] of the unitary group U(N) (or general linear group GL(N; C)). In other words, each
s corresponds to an irreducible representation T\ over C, i.e., to a homomorphism to the group of linear
automorphisms of a linear space V'

T\ : U(N) — GL(V;C).

2Although representation theory sits in the background and underlies integrability of many of the stochastic systems of
our interest, we will not use it directly for the asymptotic analysis, and the representation-theoretic paragraphs can be skipped
without loss of understanding.
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A= (5,2,1,1) N=(4,2,1,1,1)
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Figure 1.6: The Young diagram A = (5, 2, 1, 1) in English notation, its transpose, and its Russian notation.

The Weyl’s character formula identifies

I 0
sx(z1,...,xn) = Trace | Ty 0

0 TN

Throughout the book we will only use non-negative signatures, i.e., such that Ay > 0. In this situation,
they are also called partitions.

Definition 1.3. A partition of n is a sequence of non-negative integers \ = (A1 > Ao > --- > 0) such
that > .2, A\; = n. The numbers \; are called parts of \, the number n is the size of X denoted as ||, and
the number of non-zero parts in X is called the length of A and is denoted as ((\).

The difference between partitions and non-negative signatures is that the latter have prescribed num-
ber of parts, IV, while the former do not keep track of this parameter. Partitions that differ by zero parts
only are usually considered the same.

We identify each partition of n with a corresponding Young diagram of size n, which is a collection
of n unit boxes in the plane with ith row having \; boxes. For this reason the \;’s are sometimes called
the row lengths of \. There are different ways to draw Young diagrams; we adopt two of them known as
the traditional “English notation” and the “Russian notation” (after the works of Vershik and Kerov). The
former is shown in the left panel of Figure in that drawing the index ¢ grows from top to bottom and
the Young diagram has \; boxes in the ith row counting from the top. If we flip the Young diagram A
drawn in English notation with respect to the main diagonal ¢ = j, then we obtain a transposed diagram
X, as shown in the center panel of Figure The row lengths of A’ are the column lengths of \. In
other words, for each 4, \; is equal to the number of j such that A; > 4. Rotating the drawing of X' by
135° counter—clockwise we obtain the Russian notation for the Young diagram, which is shown in the
right panel of Figure the set {(7,7) | t;; < t} for LPP also forms a Young diagram in the Russian
notation in the right panel of Figure As is common, we will use partitions and Young diagrams
interchangeably.

An important result for the Schur polynomials is the Cauchy summation identity:

N

1 o
Z sx(z1, ..., xn)sa(y, -« yN) = H Tz |ziy;| < 1foralli,j. (1.7)
A>A2> - >AN >0 ij=1 iY;j

In representation-theoretic language, (1.7) can be interpreted as decomposition of the linear space of

polynomials in N? variables ("Uz‘,j)%':p treated as a representation of U(N) ® U(N), with two copies

of the unitary group acting on the left and on the right on the matrix N' x N matrix (v;, j)f’vj:y A direct
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computation shows that the right-hand side of is the character of this representation and isa
manifestation of its multiplicity-free decomposition into @, (7\ ® T). In Chapter [2 we present a direct
elementary verification of not using any representation theory.

The Cauchy identity motivated Okounkov [OkoOla] to define a Schur measure as the probability
distribution on N-tuples Ay > A2 > --- > Ay > 0 with weights:

N
P(\) = H (1 —zy5) - sx(x1, .-, xn)sa(y1,-- - UN)- (1.8)
1,7=1

The relevance of the Schur measures for the LPP problems was realized by Johansso in [JohOO]] by
using the Robinson-Schensted-Knuth correspondence and eventually proving the following result:

Theorem 1.4. Let t; ; be as in (1.5) with i.i.d. geometric w; ;. Let \y > --- > Ay be distributed as (1.8)
witho)y = =xN =y1 = =YyN = /q. Theforconstants c1,c9 > 0, we have:

1. In distribution, ty N 4 A1.

2. With F5 denoting the distribution function of the GUE Tracy-Widom distribution,

: inn —aN
< = . .
lim P < QNI = s) Fs(s) (1.9)

It is instructive to compare with (L.1): the first order linear growth ¢V is similar in both formulas;
the size of fluctuations is much smaller in — N''/3 rather than N'/2; the Tracy-Widom distribution
F; replaces the Gaussian limit. It is believed that a similar result to (with model-dependent constants)
should exist universally, for any “good” choice of the distribution of i.i.d. random variables w; ;. However,
rigorous results at this moment are limited to very few particular cases.

We discuss the Tracy-Widom distribution in Section It was originally discovered in the context
of random matrix theory and the following result can be found in [TW94]].

Theorem 1.5. Let H  denote a random N x N complex Hermitian matrix, whose diagonal matrix elements
are i.i.d. N'(0,1) and the elements above the diagonal are i.i.d. N'(0, ) +iN(0, %), and let \YY denote the
largest eigenvalue of H . Then

AN —aN1/2
A}gn P ( Nois S s Fy(s). (1.10)

Two remarks are in order. First, the index 2 in the F5 notation corresponds to our use of complex
matrices; if we used real symmetric matrices instead, then an analogue of would lead to another,
GOE Tracy-Widom distribution F insteacﬂ Second, scaling exponents are different between and
only because of our choice of the normalization of Hy, and they would be the same, if we multiplied
Hy and \Y by N 1/2_ The latter rescaling is natural, because asymptotically it puts N eigenvalues into
an interval of width proportional to V.

Similarly, just as Theorem([l.1]implied the asymptotics of random deposition model (1.3), Theorem|[1.4]
can be used to achieve the law of large numbers and scaling limit of fluctuations for the height function
h(0,t) as t — oo. The recentered and rescaled one-point limit will be given by the distribution F5. In
contrast to (1.3), the limits of h(z,t) for varying values of = with shifts of order N 2/3 are now going to
be highly dependent: the random curve governing the spatial limit is called the Airys process. We will
not study it in any detail, only introducing the proper rescalings in the exercises for Chapter [6]

*The work of Johhanson is independent from [Oko01al] and he uses different notational conventions.
‘See Corollaryfor the values of ¢ and cs.
>One also finds F7 in the study of LPP, when dealing with point-to-line, rather than point-to-point passage times, see [FS11]).
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Figure 1.7: A domino tiling of the Aztec diamond of size n = 5 and corresponding particle system.

1.5 Domino tilings

The same algebraic structure of Schur polynomials and Schur measures underlies many other integrable
stochastic systems.

We start the discussion of domino tilings on the square grid, where each domino is eithera 2 x 1 or
1 X 2 rectangle. A general setup is to draw a large finite domain on the grid and study one of its tilings,
chosen uniformly at random among all possibilities. One can tile various domains, but we concentrate
on a particular one known as the Aztec diamond, mostly due to its fruitful combinatorics.

The Aztec diamond of size n is roughly a 45° rotated square with diagonal length 2n traced on the
square grid, as shown in Figure Interestingly, the total number of domino tilings of the diamond
admits a very simple formula — it is 27("*1)/2 a5 we will prove in Chapter

It is convenient to distinguish not two (vertical and horizontal), but four types of dominos. For that
we color the grid in a checkerboard pattern, in such a way that the bottom (i.e., the Southernmost)
left-right squares of the diamond are white-black, cf. the right panel of Figure We call a horizontal
domino South if its left square is white and it is called North otherwise. A vertical domino is West if its
top square is black and it is called East otherwise. The origin of these names is readily seen on the sample
of uniformly random tiling of a large Aztec diamond in Figure in a typical tiling, the bottom part of
the diamond is occupied by South dominos; the top, left and right parts are occupied by North, West and
East dominos, respectively.

Once we distinguished the four types, a larger simulation in the right panel of Figure reveals
intriguing asymptotic phenomenology for the uniformly random domino tilings. We will study it in
detail in Chapter [6| revealing the appearances of the Arctic circle, Tracy-Widom distributions, and the
Gaussian free field.

The domino tilings also enjoy a connection to Schur polynomials. One combinatorial way to see it
is through the interlacing particle configurations. Choose one out of two horizontal types of lozenges
and one out of two vertical types. For the sake of concreteness, we choose South and West dominos. We
put a particle at the black squares of such dominos and arrive at an interlacing particle configuration,

SThis was first proved by Elkies, Kuperberg, Larsen, and Propp [EKLP92]] in 1992.
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Figure 1.8: Left panel: a uniformly random tiling of an Aztec diamond of size N = 10. The North
dominoes are blue, the South are green, the East are red, and finally the West dominoes are yellow. Right
panel: N = 50.

as shown in the right panel of Figure If we rotate the picture by 135° clockwise and encode each
particle by 1 and the absence of a particle by 0, then we obtain a n X (n + 1) matrix. It is also convenient
to supplement the matrix by the row of all 1’s at the top, thus arriving at a (n + 1) x (n 4 1) matrix. In
terms of the particle configuration, as in the right panel of Figure [1.7] we added six particles at positions
123456 (for n = 5) outside the diamond along its bottom-left border. The left panel of Figure 1.9/ shows
the matrix corresponding to the tiling of Figure
We further encode the positions of all particles (or positions of 1’s in the matrix) by an array of
numbers. The k particles of row k are encoded by a k—tuple of decreasing integers; each integer is at
least 1 and at most n 4 1. Figure [1.9] (right panel) shows the coordinates of the particle configuration
corresponding to the tiling of Figure[1.7] Note that the coordinates of the particles satisfy the constraints
G > >
7 = M = M+l
G & &
N T N T
I 3 (1.11)

In addition, the numbers in each row are distinct, i.e, strictly ordered. Such arrays of numbers are
sometimes called strict Gelfand-Tsetlin patterns, with other used name being monotonone triangles.

It turns out that the & particles in the kth row are again distributed by a variant of the Schur measure,
given by:

A B
1
P =111 1+ 2y, sx(@1, .o @a)sn (YL, - yB), (1.12)
i=1j=1

where we emphasize the appearance of the transposed partition \” in the formula.
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111111

11011 1 6 5 4 3 2 1
101110 6 5 4 2 1
100110 5 4 3 1
010010 5 4 1
010000 522

Figure 1.9: Particle configuration encoded in a matrix (left panel) and the strict Gelfand-Tsetlin pattern
corresponding to the tiling of Figure The numbers in the pattern correspond to the coordinates of
1’s in the matrix.

The exact connection is delivered by the following theorem, as well as the consequent asymptotic
theorem proved by [Joh05].

Theorem 1.6. Consider a uniformly random domino tiling of the n x n Aztec diamond and encode the kth
row in the corresponding strict Gelfand-Tsetlin pattern via ((§ > 0§ > -+ > (%) = (A + k, Ao + k —
..., + 1). Then:

1. A1 has the same distribution as (1.12) with A = k, B = n — k, and all z; and y; variables set to 1.

2. Foreach0 < k < 1 with k # 1/2, there exist two constants c¢1(k) and ca(k) such that

lim P <W < s) = Fy(s). (1.13)

Explicit formulas for the centering and scaling constants c;(x), c2(k) can be extracted from the
Johanasson’s work on the Aztec diamond [Joh05].

1.6 Alternating sign matrices and the six-vertex model

The Aztec diamond with checkerboard coloring possesses two reflection symmetries, one of which was
lost when we passed to the particles and Gelfand-Tsetlin patterns. It can be reconstructed by consider-
ing the alternating sign matrices, which are differences of consecutive rows of the matrix in Figure
Namely, we subtract the second row from the first, subtract the third row from the second, etc. The last
row is kept unchanged. We arrive at a matrix filled with Os, 1s and —1s, cf. Figure[1.10] The sum of the
matrix elements in each row or column of such matrix is 1, and 1s interlace with —1s in each row and
column, hence the name alternating sign matrix, or ASM, for short. It is important to note that the above
constructed map from the domino tilings of the size n Aztec diamond to (n+1) X (n+ 1) alternating sign
matrices is not bijective — each ASM corresponds to 2°-1 tilings, where k_1 is the total number of —1’s
in this ASM. One way to see that is by observing that each particle in the configuration (as in the right
panel in Figure corresponding to —1 is a top corner of a 2 x 2 square covered with two dominos.
These two dominos can either be oriented horizontally or vertically without changing the corresponding
particle configuration. The total number of (n + 1) x (n + 1) alternating sign matrices is also much
smaller than the total number of domino tilings of the Aztec Diamond of size n. The former is given by
the following elegant formula, first conjectured in [MRR83], and proven in [Zei96, Kup96]; we give our
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H H—0 H—O—H O—H O—H O—H
H i H H H
0 0 1 000 H—0 H—0—H O H—O0 H—0 H—O—H
0O 1 -1 001 H H H H H H
0 O 1 0 0 0 H—0 H—0 H—O—H O—H O—H O—H
1 -1 0 1 00 H H H H H
0 0 0O 01 0 H—O—H O H-O H—O—H O—H O—H
0 1 0O 0 00 H H H H H H
H—0 H—0 H—O0 H—O H—O—H O—H
H i H H i
H H—O—H H O—H O—H H

Figure 1.10: Left Panel: the alternating sign matrix corresponding to the tiling of Figure [1.7|and particle
configuration of Figure Right panel: the corresponding configuration of the square ice model with
domain wall boundary conditions.

proof in Chapter

n

#{(n+1) x (n+1) AsMs} = [ |

=0

(3i 4 1)!

The alternating sign matrices sit at a crossroads where many well-studied 2d systems from combi-
natorics and statistical mechanics meet. The ASMs first appeared in the enumeration of terms in Dodg-
son’s condensation algorithm for recursive evaluation of the determinant of a square matrix; they are
also related to the notion of A—determinant, see [RR86, [DF13]. The right-hand side of also counts
the Totally Symmetric Self-Complementary Plane Partitions (TSSCPP), see [MRR83| [MRR86]]: this is an
equicount without a bijective proof and combinatorialists have been trying to make sense of it for the
last 30 years.

In another direction, the ASMs are in bijection with configurations of a square ice model (first intro-
duced in [Lie67al] as a simplification of a 3d model of [Pau35]]), which we now describe. Consider a square
grid with atoms O of oxygen located at the vertices and atoms H of hydrogen positioned at midpoints of
edges. A configuration of the model is a perfect matching of these atoms into molecules of water H3O,
cf. the right panel of Figure Another name for the square ice is the six—vertex model because there
are precisely six ways to link an oxygen to two out of the surrounding four hydrogens, as in Figure

For a precise mathematical definition, one typically considers a finite subdomain of the grid and
matchings of the atoms inside this domain into molecules. The domain related to the (n + 1) x (n + 1)
ASMs is the (n+1) x (n+ 1) square with hydrogens along the right and left boundaries and alternating
hydrogens with oxygens along top and bottom boundaries, as in the right panel of Figure Since
1980s this is known in the statistical mechanics literature as the domain wall boundary conditions. One
readily sees that there are (n + 1)? oxygens and 2(n + 1)? hydrogens, and there are plenty of perfect
matchings into the molecules of water; one of such matchings is shown in Figure The bijection
between the configurations of the molecules in the (n + 1) x (n + 1) square and ASMs is very simple:
one replaces each O with either 0, 1 or —1 by the following rule. Every O in a horizontal HoO molecule
corresponds to 1, every O in a vertical H2O corresponds to —1, and the remaining O’s turn into 0’s.

Although being clearly two—-dimensional and flat, the square ice still mimics the structure of the real
world ice; for instance, in the latter each oxygen is also surrounded by four hydrogens, cf. Figure[1.11]
Similarities go further, as the computation of the leading order asymptotics for the partition function (i.e.,
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Figure 1.11: Structure of the real world ice [From Wikipedia]

H H H
O—H H—0 H—O O—H H—O—H O
H H H

aj a9 by bo cl c

Figure 1.12: Weights of six types of vertices

the total number of the configurations) on the torus [Lie67al] closely matched the experimentally found
residual entropy of the ice. Much more recent experimental work tried to force the real world ice to indeed
form the square lattice in extreme conditions, such as when a very thin layer is squeezed between two
sheets of the graphene; the results of these experiments were mixed, see [ASLW"15] and [ZYW " 15].

When speaking about random configurations of the six-vertex model, one typically chooses six
weights a1, as, b1, ba, ¢1, o corresponding to the vertex types, for example, as in Figure [1.12] Then,
probability of a configuration is defined in terms of the counts of vertex types as

afﬁ(al)aQ#(a’Q)bfé(bl)bjﬁ(bﬂc?ﬁ(cl)cf&(@) (1.15)
Z((Il,(lQ,bl,bQ,Cl,CQ) ’ ’

where #(a1) is the number of the vertices of the first type in the configuration, etc., and
Z(a1,a2,by1, by, c1, o) is the partition function, i.e., the normalization constant ensuring that the weights
sum up to 1. One can show (cf. [GN25| Section 2]) that the distribution depends only on two rather
than six parameters: multiplying all weights by the same constant clearly leaves the ratio unchanged,
and there are three more similar conservation laws. Here are some special choices of the parameters:

o If ay = a9 = b; = by =1 =1 and c3 = 2, then the measure (1.15) is a projection of the uniform
measure on domino tilings by the map described above.
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Figure 1.13: Simulations of the six-vertex model in 200 x 200 square with domain wall boundary con-
ditions. The vertices of a, b, and ¢ weights shown in light blue, light gray, dark blue, respectively. Left:

a1:a1:bl:bgzcl:02:1.Right:a1:agzé,b1:b2:1,01:02:2.

« More generally, ajas + b1by = cjcg is called the free fermion condition, and in this situation the
measure can be obtained by projecting a biased measure on dominos, which favors horizon-
tal over vertical dominos (or other way round). This situation is typically simpler than the most
general case, because additional algebraic structures are available.

e If a1 = as = by = by = ¢ = co, then (1.15) turns into the uniform measure. This is known as
“combinatorial” or “ice” point.

Figure[1.13|shows simulations of the model — many features of these pictures remain unexplained at
the time of writing this book. For instance, an analogue of Theorems|1.4and[1.6] including the appearance
of F3, is believed to be true, but has been proven only for the special values of the weights. The island
clearly visible in the center of the right-panel of Figure is also poorly understood. But a few things
are known, as we discuss in Chapter

1.7 Stochastic six-vertex model in the quadrant

Let us now turn to another variation of the square ice, known as the stochastic six-vertex model. For
this version, it is convenient to use a different representation of the six-vertex model as a collection of
lattice paths, which are allowed to touch each other in the corners, but never intersect or share an edge.
This is achieved by a bijection of vertices, shown in Figure In addition, we set the six weights to
1,1,b1,b2,1 — b1, 1 — ba. The model is defined in the quadrant Z~g X Z~o with n = oo version of
the domain wall boundary conditions: paths enter from every single position from the left and nothing
enters from below.

The vertex types are sampled recursively: we first define the type of the vertex at (1, 1), then types
at (1,2) and (2, 1), then types at (1, 3), (2,2), and (3, 1), etc. When we need to sample a vertex at (z, y),
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5
Type 1 Type 2 Type 3 Type 4 Type 5 Type 6
H H H 4
H H—O H—O O—H H—0-—H (0]
3 —
H H H

1 1 by b9 1—b; 1—10 0 1 P) 3 4 5

Figure 1.14: Stochastic six-vertex model in paths representation.

we already know whether a path is entering into it from below, and whether a path is entering from the
left. Hence, there are four cases:

« If no paths are entering from either direction, then the vertex at (x, y) must have Type 1.
« If paths are entering from both directions, then the vertex at (x, y) must have Type 2.

« If a path is only entering from the left, then we flip an independent biased coin and set the vertex
to be of Type 3 with probability b; and of Type 5 with probability 1 — b;.

« If a path is only entering from below, then we flip an independent biased coin and set the vertex
to be of Type 4 with probability b2 and of Type 6 with probability 1 — bs.

The stochastic six-vertex model on the torus first appeared in [GS92]], and the version in the quadrant
used here originates from [BCG16]], see Figure The latter paper proved the following asymptotics.

Theorem 1.7. Assume that 0 < by < by < 1 and let H(x,y) be the number of paths below (x,y) in the
stochastic six-vertex model in the quadrant. For any x,y such that %:2; < % < b

15, we have
_02($7y)L1/3

The exact values of ¢1 (z,y) and ca(x, y) can be found in [BCG16, Theorems 1.1, 1.2], but note = <> y
flip between our notations here and that paper. Theorem [1.7)is a harder and more recent result than the
previous theorems of this chapter. In Chapter [8| we will prove it by again exploiting a connection to the
Schur measures, which becomes more delicate in this situation. The following statement is an example
of this connection.

= F5(s).

L—o0

Theorem 1.8. Let H(N, N) be the number of paths below (N + £, N + 1) in the stochastic six-vertex

model in the quadrant with by = 11:22 and by = tllj—gi, O<u<l1 LetA; >---> Ay > 0 bedistributed

as the Schur measure with parameters chosen so thatxy = --- = xNy = y; = -+ = yny = \/u. Then,
foreach N =1,2,... and eachw € C, we have
N
o ((1 —w)(1—wt) - (1- th(N,N)_1)> — Eeonr [ (1 = wt* 7).
i=1

The notation means that in the left-hand side we take expectation with respect to the six-vertex
model, while in the right-hand side it is over the Schur measure (1.8).
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Figure 1.15: Simulation of the stochastic six-vertex model in 300 x 300 corner of the quadrant with
by = % by = % Right panel is a colored version, as detailed in [BW22].

1.8 Simpler models obtained by degenerations

A number of other interesting and popular stochastic systems can be obtained through limit transitions
from the settings of this chapter. We will discuss some of them in more detail later:

« Asymmetric Simple Exclusion Process (ASEP), Totally Asymmetric Simple Exclusion Process, and
KPZ equation can all be obtained as limits of the stochastic six-vertex model, see Chapter [g]

+ Totally Asymmetric Simple Exclusion Process can be also reached from the geometric LPP model
as ¢ — 1 and from (biased) domino tilings of the Aztec diamond, see Section

« Another ¢ — 1 limit from the geometric LPP model leads to a continuum polynuclear growth
(PNG) model, and marginals of the latter give rise to the Plancherel measure (on partitions) for
the symmetric group and lengths of the longest increasing subsequences in the uniformly random
permutations, see Chapter



Chapter 2

Symmetric functions

In this chapter we introduce the algebras of symmetric polynomials and symmetric functions, their main
bases and generators. They will be used in the next chapter for the key definitions of these book — the
Schur measure and the Schur process, which are central to the asymptotic analysis of various stochastic
systems from Chapter [1] More thorough treatments of the theory of symmetric functions are available
in the classical textbooks [Mac95] and [Sta99, Chapter 7].

2.1 Algebra of symmetric functions and its generators

Let Ay = Clxy,... ,xN]SN be the space of polynomials with complex coefficients in variables
Z1,...,xN which are symmetric with respect to permutations of the variables x;’s. Ay is a graded
algebra: polynomials can be multiplied and A can be decomposed as

Ay = P A%, (2.1)
n>0

where AR; consists of homogeneous symmetric polynomials of degree n (together with the zero polyno-
mial). In particular, the Oth graded component A is the one-dimensional linear space of all constants.
For a = (au,...,ay) € ZY,, we set

o 01 Q2 aN
Y =zt wy?

We recall Definition[1.3] and further denote

(o)
Y, = {partitions of n}, Y = {all partitions}, Y = U Yo, (2.2)
n=0
where Y contains a single empty partition 0 > 0 > .... For a partition A with £(\) < N, i.e, with

An+1 = 0, we define the monomial symmetric polynomials as
my = my(x1,...,xN) = Z <.

o are distinct permutations of (A1,...,An)

In particular, omitting Os from the notations, so that (1) is the same as (1, 0) and (1,0, 0), we have

m)y =1+ T2+ -+ TN, M) :x%—&-x%—l—---—i-x?v, m(171):me]’:%wz—i—mm—&-...,
i<j

19
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where the last sum has N(N — 1)/2 terms. Clearly, polynomials my with A € Y and ¢/(\) < N form a
linear basis in A . If we additionally fix |A\| = A\; + - - + Ax = n, then m), form a basis of A’.
Symmetric functions appear when we allow the number of variables to be infinite. Consider the

homomorphism 741 : Clz1,...,2ny11] = Clz1,...,zN], which sends 21 to zero and other z;’s to
themselves. Note that 7y 1 maps elements of A’y ; to elements of A% for eachn = 0,1, ..., and acts
on m,) as:
ma(z1,...,zN), A1 =0
AN1mA(T1, -, TNLL) = Y T ’ (2.3)
0, if )\N+1 > 0.

The graded projective limit of Ay, N — o0, is called the algebra of symmetric functions and denoted by
A. Formally,

A" =Tm AR = {(f1, f2. f3, .- ) | [ € A}, w3 f5 = fia)

N
A:@A".

n>0
The monomial symmetric function m is the limit of my(x1,...,2x) as N — oo or, more formally, a
sequence
my = (0,0,... ,O,m)\(a:l,... ,l’N),m)\(.%'l,. . ,a;NH),...),

where N = /(). Equation (2.3) implies that my € A. In fact, {m)} ey is a linear basis of A.
Equivalently, one can think of elements of A as formal power series in infinitely many variables
1,2, ... of bounded degree which are invariant under permutations of the z;’s.

Example 2.1. Here are a few examples.
« > xi=x1+x2+ ... belongsto A;
« [, +2) =1 +21)(1 +22)... doesnot belong to A, because it has infinite degree;
. Zi<j Tixj = 1T2 + X123 + ... + Tax3 + ... belongs to A;
« 1 belongs to A;
« 71+ 2%+ 23 + 23 + ... does not belong to A, because it is not symmetric.
Three simplest families of symmetric functions play an important role when working with A:

Definition 2.2. Forn > 1, the nth elementary symmetric function e,, is defined by
en = Z Tiy *+* Ti, - (2.4)
1 <ig<-+<ip

We use the convention ey = 1.
Forn > 1, the nth complete homogeneous function h,, is defined by

hn= > @iy eTi, (2.5)
11 <ig<--<ip

We use the convention hg = 1.
Forn > 1, the nth power sum p,, is defined by

pn=Y i (2.6)

i>1
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Relations between these three families are best understood via their generating functions.

Definition 2.3. We define the generating functions:

H(z)= Z hy2", E(z) = Z erzt, P(z) = Z pk]:k. (2.7)

k>0 k>0 k>1

Lemma 2.4. The following identities hold:

H(z) = H 1 —1x~z’ E(z) = H(l + zi2), P(z)=— Zln(l — %), (2.8)
i>1 ¢ i>1 i>1

H' E'

H(z)BE(-2) =1, H(z)=exp(P(2)), Pl(z)= H((;) Pl(—z) = E((;)
Proof. We only prove (2.8), as is an immediate corollary. For F(z) we open the parentheses:
H(l—i—xiz) =14+z12) (1 +222) -+ = 1—1—22% + 22 Z T+ = 1+szek = E(z).

i>1 i>1 1<i<j E>1

(2.9)

For H(z) we use the geometric series formula and open the parentheses:

1
Hl x‘z:H(l+x12+w%22+...)(1—|—x2z—|—aﬁ%z+...)-~:1+zh1+z2hg+-~:H(z).
i>1 - i>1

For P(z) we use the Taylor expansion of the logarithm:

(wiz)Q (l’iz)3 pez?  p32®
—;111(1_%2):;(%” y T T )TmEt T A= P O

Products of e, hy,, p,, also have a special notation. For a partition A € Y, we set
ex=]exn,  ma=][m  »a=]]pr- (2.10)

For the empty partition of 0, we set ey = hg = pp = 1.

Theorem 2.5. Each system {e,}, {hn}, {pn} consists of algebraically independent generators of A, i.e.,

A =Cle,ea,...| =Clhy, hg,...] = C[p1,p2,...|. Equivalently, each of {ex}rev, {hA}rey, {Pr}rey
is a linear basis of A.

Proof. For e\ Theorem [2.5/follows from triangularity of the e, <> m,, transition:
ex =my+ Y dimy, (2.11)
n<A

where )\ is the transpose partition, a)y are certain real coefficients, and < is the lexicographic ordering,
so that
(1,1,1,1,1) < (2,1,1,1) < (2,2,1) < (3,1,1) < (3,2) < (4,1) < (5).

In order to see (2.11), notice that

ey = 6?17)06327)\3 cee — (‘,Ei\lf)\Q + .. ) . (($1$2)>\2_)‘3 + . ) . (($1$2$3)A3_>\4 + .. ) ceey
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where the product clearly has the leading term 2*. Since {m)} ey is a basis and transformation (2.11)
is triangular, {e) } ¢y is also a basis.
For h) we argue in a different fashion by introducing an algebra homomorphism of A:

w:A—A, w(en) = hy, n=0,1,2,.... (2.12)

The relationship implies

n

Z(—l)rerhnﬂq =0, n=12,.... (2.13)
r=0
Since these relations express {eq,...,en} <> {ho,...,h,} and are symmetric with respect to €’s and

h’s, we conclude that w? = Id, i.e., w is an involution. This implies Theoremfor {hr}.
For p), we rewrite (2.9) as Newton formulas:

n

nén = Z(_l)rilpren—r'

r=1

This identity allows to express {e,, } through {p,,} in an invertible (and triangular) way, leading to The-

orem|2.5/for {py}. O

2.2 Schur functions

One more linear basis of A is the most important for our book — the Schur symmetric functions.
We first define the alternant, which is a skew-symmetric version of m:

Alt(z1,...,2N) = Z (—1)Ux?(11)x2‘?2) . ':U?EVN)’ a=(aq,...,ayN),
ceSN
where (—1)7 is the sign of the permutation o of N letters. We also denote dy = (N —1, N—2,...,1,0).

Theorem 2.6. The Schur symmetric polynomial of (1.6), defined for A = (A > --- > Ay > 0) as

det [:c;\7 TN ]

Alt T1,...,% i
ix(an,... o) = o (21 N _ 1SN (2.14)
Alts (z1,...,2N) det [xN*]}
b i<igsN
is a homogeneous symmetric polynomial in (x1,...,xN) of degree |\|. As X varies over Y with £(\) < N,
polynomials sy form a linear basis of A .
Proof. In order to match (1.6) with (2.14), we use the Vandermonde determinant:
N

x; —xj) = det [ac ‘7} : 2.15
H ( ? ]) 7 1<ij<N ( )

1<i<j<N

In order to prove (2.15), note that the right-hand side is skew-symmetric: it changes its sign under z; <>
xj and vanishes when z; = z;. Hence, the right-hand side is divisible by each (x; — z;) and thus by the
left-hand side. Both sides have degree N (/N — 1)/2, and therefore they have to agree up to a constant
factor. Comparing the coefficient of the highest (or any other) monomial, we conclude that the constant
is 1.
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The same argument shows that is a polynomial: Alty,s, is skew-symmetric and therefore
divisible by the Vandermonde determinant. Since both numerator and denominator in are skew-
symmetric, their ratio s is symmetric. Computing the degrees of numerator and denominator, we con-
clude that the degree of s) is |A|.

Finally, s) form a basis in the space of symmetric polynomials, because alternants form a linear basis
of the space of skew-symmetric polynomials, and multiplication by Vandermonde is an isomorphism
between these two spaces. O

An important property of Schur polynomials is their stability under projections 7.

Lemma 2.7. Foreach A € Y with{(\) < N + 1,

8)\(.%'1 x]v) if/\N—i-l =0
TNt1SA(T1, .. eNy1) = sa(x1, ... 2N, 0) = Y T ’ (2.16)
O> lf)\N+1 > 0.
Proof. If Any41 = 0, then s)(z1,...,2N,0) becomes
x1\1+N $1\N+1 1
;U)\1+N71 ZL'/\N
: 1 : 1
det : ) : : ) ) .
NN et g det : S R TSR,
0 0 1 putN-L AN
N 1 = N N_1 N :S,\({L‘l,...,x]\[).
ry ... oz 1 ] |
det S det | = . G| -mimpecaN
N DY N xN
0 0 1
If A\y41 > 0, then each term in Alty, s, , vanishes at zy 1 = 0 and so does s. ]

Definition 2.8. For A\ € Y, the Schur symmetric function s is a sequence
(0, ..., 0, 8)\(]]1, ceey .’L'g()\)), 3)\(.%'1, e 7x€(A)+1)a .. ) e A.
An important role in our exposition is played by the Cauchy identity for the Schur functions.

Theorem 2.9. Taking two copies of A in two sets of variables (x1,...), (y1, ... ), the following identity of
formal power series holds:

H(z; y) := ZS)\(xl,:z:g,...)s,\(yl,yg,...) = H #

1 — 2y,
AeY ij>1 iYj

— exp Zpk(xlal'%”-ka(y17927--~) @17)
k>1

Each term in ) 5 of is an element of the tensor product A ® A, and the sum is a series of
homogeneous elements of the tensor product of growing degrees. Expanding the exponent in the right-
hand side using exp(z) =1+ z + "“2'—? + ..., we get the same series.

The last equality in is obtained by taking z = y; in H(z) = exp (P(z)) of and multiplying
over j. In order to prove the middle equality we need two auxiliary determinant evaluations.

The first one is the Cauchy-Binet formula, which is a generalization of the well-known identity
det(AB) = det Adet B.
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Proposition 2.10. Choose K > N and let A = [A(i,j)] and B = [B(i, j)| be two matrices of N x K
format. Then, with T denoting matrix transposition, we have

K K
1 . .
det (ABT) = <5 >+ 3 det[A(i, )]}, det[BG. 4],
l1=1 In=1
- 3 det[A(i, 4;)] jvjzl det[B(i, £;)] jvjzl. (2.18)

K>0>0>->0n>1

Remark 2.11. One can take K = co or assume the second index of A and B to be continuous, replacing
the sums over ¢; with integrals. In all such settings, as long as all sides of (2.18) make sense and are
absolutely convergent, an analogue of the identity would hold with a similar proof.

Proof of Proposition[2.1G First, note that if some ¢; coincide, then the corresponding term in
> g INREEDY ZI _; in (2.18) vanishes. Together with skew-symmetry of the determinants with respect
to the swaps of columns, this implies the second equality in (2.18). For the first equality, we write

K K

N
= > (=) J][AB"](c(4),7(j)) = N'det[ABT]. O

o, TESN 7j=1

The second ingredient is the Cauchy determinant evaluation.

Proposition 2.12. Foreach N =1,2,... andx1,...,ZN, Y1,- .., YN, we have
Ly - ‘<N(xi = 2;) (4 — vj)
det { ] = =Y . (2.19)
L=iy; 15 -1 N
’ IT (1 = ziy;)
ij=1
Proof. Change the variables y; = 1/2; and divide both sides by (—1)"z; - - - z)y to convert the desired
identity into
N g H<N(f'3z‘ —x;) (2 — z)
b i
det [ ] = == : (2.20)
Ti— 25,
Al I (=i — %)

which is equivalent to

N N )
] [[@i-z)= II @-=z)(-2) (2.21)

t,j=14 j=1 1<i<j<N

det [

.TUZ'—Zj

The left-hand side is a homogenous polynomial of degree N (NN — 1), which vanishes whenever z; = x;
or z; = z; for some 7 < j. Hence, the left-hand side is divisible by the right-hand side and the ratio is a
constant. Computing the coeflicient of some monomial, we conclude that this constant is 1. O
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Proof of Theorem As with most identities in A, it is sufficient to prove (2.17) for finite sets of variables

(z1,...,zn) and (y1,...,yN), i.e., we would like to show that
) oy 1
Z S)\(m‘l,...,:L'N)S)\(yl,...,y]v)i H —_—. (2.22)
A=(\ >>Ay >0) i1 LY
12 Z2ANZ »J
By Proposition and Definition[2.14] this is equivalent to
) N
> Altyysy (21, 28)Albxgsy (U1, - - -, yn) = det [} . (2.23)
A=(A1>>AN>0 1= ziyil -1
—(A > >AN>0) :

1731%3/]. = 1+(z;y;)+(wiy;)*+(ziy;)3+. . ., treating this expression as

the matrix element of ABT, where A is N x oo matrix Afi, k] = (z;)*,k =0,1,2,...,and Bis N x 0o
matrix B[j,k] = (y;)*, k = 0,1,2,..., using Proposition and identifying (/1 > --- > Iy) =
M+ N—=1,2+N—2,...,\y), we arrive at (2.23). O

Expanding inside the determinant

Theorem 2.13. The Schur functions {s)}cy form a linear basis of A. Their relations with the generators
hy, and e, are given by the Jacobi-Trudi and Nagelbach—Kostka formulas, respectively:

sx = det [ —itjli < ja = det [eAQ—HJ’] 1<ij<M (224)
where by definition hy, = e, = 0, for k < 0. Here N is an arbitrary integer satisfying N > ¢()\), and M is
an arbitrary integer satisfying M > £(N') = A1.

Proof. The Schur functions form a linear basis of A as a corollary of the same statement for finite NV in
Theorem 2.6

Let us prove the first identity in (2.24). First notice that for N > ¢()) the expression is stable, i.e.
remains unchanged under N' = N + 1. If Ay41 = 0, then the (IV + 1)st row of [, —i+;],<; ;< v, has
the form (0,0, ...,1) and the determinant of (N + 1) x (NN + 1) matrix reduces to the determinant of
its top-left NV x N corner.

Hence, it is sufficient to prove the identity in N variables (y1, ..., yn). For this we claim that for any
power series f(y) = fo + fiy + foy? + ..., we have

N

fw)f(y2) - flyn) = > det[fxi—its]; sy S W1 YN)- (2.25)

A=(A12>AN2>0)

We multiply (2.25) by [, ;(vi — y;) to get an equivalent skew-symmetric identity:

F) fy2) - Fun) [ i —vs) = > det [fAi—i+j]fj:1AltA+5N(y17 . YN). (2.26)

1<j A=(A122AN20)

The latter identity is obtained by collecting the coefficient of yfly? e yf\]}’ for ¢4 > --- > [ in the

left-hand side of (2.25), i.e., in

Z fm(yz)m Z (_1)0yi\7*0(1) .. .y;(N).

m>0 ceSN

N
=1
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N‘:1’ which matches the coefficient of yfly? e yf\f,\” in the right-hand

This coefficient is det [ fo,— N+j] Iy
side of under identification (¢1,...,4n) = (A + N —1,..., An).

The proof of the first identity in is finished by applying with

N

F) = 3 b, ocony™ = [

1— a2y’
m>0 i=1 iy

where the second equality is (2.8), to the Cauchy summation identity in the form (2.22).

The proof of the second identity det [h)\i—i+j]1§i,j§N = det [Q;—Hj} Lcijenr can be found in
[Mac95, Chapter 1, Section 2, (2.9°)]. Here is a sketch. Define matrices H = [h;—;]o<ij<k and
E =[(-1)"Ye;_jlo<ij<k, with K = N + M — 1. Using (2.13), one obtains HE = 1 and det[E] =
det[H] = 1. Then det [hy,—i4;], <ij<n is the determinant of a submatrix of I/, which is equal to the de-
terminant of the complementary cofactor of ET (see e.g., [Pra94, Section 2.5.2] for this generalization of

the Cramer’s rule). A straightforward computation identifies the latter with det [e N—i ﬂ} v O
‘ 1<4,5<

Comparing (2.24) with (2.12), we conclude that the involution w acts nicely on Schur functions.

Corollary 2.14. Foreach A € Y, we have w(sy) = sy.

2.3 Skew Schur functions

Schur functions give rise to Schur measures, which we saw being relevant to the integrable probability
models in the previous chapter. In order to encode the full two-dimensional systems (e.g., particle config-
urations in the Aztec diamond in the right panel of Figure[1.7), we need an extension of Schur functions
parameterized by two rather than one Young diagrams. These are called skew Schur functions, and they
naturally connect to transitions between different sections of the Aztec diamond.

Consider two sets of variables x = (z1,x2,...),y = (y1,¥2, ... ) and let (x, y) be the union of these
sets. Consider a function f(z,y) symmetric with respect to all permutations of the combined set of all
variables x; and y;. Since f(x,y) is also symmetric separately and finie degree in the x;’s and separately
in the y;’s, it is always possible to express it in the form of a finite sum f(x,y) = Y . fn(x)gn(y), for
some symmetric functions fy, g, For instance, if one takes for f(z,y) the power sum (2.6), then

pr(x,y) =Y af + > yf = pir(e) +pr(y). (2.27)

i>1 i>1
We want to understand how the Schur function sy (z, y) decomposes.
Definition 2.15. Take A\ € Y and decompose sy (x,y) into a linear combination of s,,(y), i € Y:
sx(@,y) = Z $x/u(@)su(y).- (2.28)
HeY
The cofficients of the decomposition are symmetric functions in x, called skew Schur functions s/, (z).
Let us consider some properties of the skew Schur functions.

Proposition 2.16 (Branching or consistency relation). Let x,y be two sets of variables. Then for any
ApeyY

S)\/#(LL‘,y) = ZSA/V(x)SV/u(y)' (2.29)

veY
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Proof. Consider three sets of variables x, y, z. Then, by definition

xyv ZS)\/MIZ‘QS,LL )

HeEY
but also
:I: 'Yy, % ZSA/V Sl/ ya = Z ZS)\/V V//L ) (Z)
veY pneY veY
Comparison of the coefficient of s, (z) yields (2.29). O

The skew Schur functions can be expressed in terms of the complete homogeneous functions (2.5):

Proposition 2.17. Set hy, = 0 for k < 0. Then for any N > max{{¢(\), ()}

N
$x/p = det [h&'—ﬂj—iﬂ']i,j:r (2.30)

This is an extenstion of the Jacobi-Trudi formula of Theorem and we refer to [Mac95, Chapter I,
Section 5, (5.4)] for the proof; see also Problem 7 at the end of this chapter. The formula (2.30) identifies
$)/u With minors of an infinite triangular Toeplitz (i.e., constant along the diagonals) matrix:

1 hi ho hy hy

0 1 hy hy hs

0 0 1 hy he . (2.31)
0 0 0 1 n

0o 0 0 0 1

Toeplitz matrices are studied through their symbols, cf. [BS99, BS06]], which are generating functions of
matrix elements. In our case the symbol is

Then Propositions and can be viewed together as an evaluation of minors of a product of two
Toeplitz matrices. Indeed, such a product is again an infinite Toeplitz matrix with a symbol given by the
product of the symbols.

We summarize without proofs several other important properties of the skew Schur functions. Many
of them can be obtained from the Jacobi-Trudi formula, and we refer to the classical treatments in [Mac95),
Chapter 1] and [Sta99, Chapter 7] for further details.

Theorem 2.18. Properties of the skew Schur functions:

1 ifv=0

0 otherwise.

L syp(x) = sx(x) and sy, (x) = {

2. sx/u = O0unlessp C A ie, i < A; foralli > 1.
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H1 A\ H1 A1
2 Ay 2 Ao
H3l \g H3 A3
Ha A\

Figure 2.1: Left panel: a horizontal strip A/u, shown with gray hatching. Right panel: a skew diagram
with three connected components, shown with gray hatching.

3. Ifu C A let @ = \/p, viewed as a skew diagram, defined as the set-theoretical difference of Young
diagrams corresponding to A and p. Suppose that 0 is a disjoint union of (finitely many) connected
components 0°. Then

S\/p = Hsei. (2.32)

In particular, sy, depends only on the shape of the skew-diagram \/u, but not on its positioning
(e.g., increasing all rows of A and i by 1 keeps sy, unchanged).

4. Set g = x3 = --- = 0 by considering the one-variable coordinate in the definition of a symmetric
function and let o denote the remaining variable x1. Then sy, = 0, unless A/ is a horizontal strip,
i.e., a diagram with at most one box per column, cf. Figure[2.1 This is also equivalent to interlacing
inequalities:

M > 1> > g > A3, (2.33)

denoted j1 < \. In the latter case, sy, () = M=kl of Section

5. The involution w of (2.12) transposes both diagrams: w(sy/,) = Sy /-

Let us give an example to illustrate the third property in Theorem Consider A = (9,5,3,2),
uw = (4,4,2,1), as in the right panel of Figure The skew diagram is given by 6! = (5,1), 6% = (1),
3 = (1). The table of indices \; — p1; — i + j inside the matrix (2.30) is

. Tl1l2(3]4
1
1 5 9 | 11
2 0 4 6
3 310-2 01 3
4 S|1-4]|-1]1
and s, /, is given by
hs he hg hn
N 1 h1 h4 h6 h5 h6 2
Sx/u = det 0 0 hy hs|” det [1 hl] hi
0 0 0 m
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K

>
=

T

Figure 2.2: Flipping the arrows in the skew Cauchy identity.

We recall that sy = det [h)\i—i+j]1<ij<£()\)'

hs h
So sg1 = det [15 hf

], Sg2 = Sg3 = hy and we have

8)\/“ = Sg1 * Sg2 - Sp3.

The following generalization of the Cauchy identity will play an important role in identification of
stochastic models with Schur measures, and threfore we include a proof.

Theorem 2.19 (Skew Cauchy identity). Forany A, ;i € Y and two sets of variables v = (x1,x2,...) and
y = (Y1, Y2, ... ), we have (see Figure[2.2 for a visual representation)

1
Z Si/A(T) Sk (y) = H F— Z $x/(Y) 8/ (). (2.34)
KEY ij>1 Y rey
The proof relies on another relation.

Lemma 2.20. Let Littlewood—-Richardson coefficients cf;l, be defined through the expansion

sy/ulr) = Z cf;ys,,(a:), ApeY. (2.35)
veyY
Then we also have
su(x)s,(x) = Z CQVSA(QS), vey. (2.36)
A€Y
In particular, this implies c;\w = c{}u, forany \,p,v €Y.

Proof. Define df;,j as the coefficients in the expansion s,(2)s,(2) = > y\cy dﬁys)\(z). We set H(z;y) =

11 1_;_y_ and use the Cauchy identity (2.17) for the sets of variables x, y, z:
igz1-

H(x;2)H(y;z) = H(x,y;2) = Z sx(z,y)sa(z) = Z Sx/u(®)su(y)sa(2)

AEY A\ pEY

- Z s (@)5,(y)sa(2)-

A p,veY
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But also

w,reY A p,veY
Hence, df;l, = cﬁy. O
Proof of Theorem[2.194 We again start with H(z;y) = [] 1_91”/_ . Applying the Cauchy identity (2.17),
hj=1 o
we get
H(x;y) H (w;u) H(z;y) H(z;u) = H(w, z39,u) = > s, 2)s5(y, u)
KEY

= D sen(@)sa(2)seu@)su(u). (2:37)

KA UEY

On the other hand, applying the Cauchy identity three times, the same expression is also equal to

H(z;y) ZY So ()50 (u)su(y)su(2)sr(2)sr(u) = H(z;y) ZY 50(l')su(y)chsu(u)Ci\r‘SA(z)
U, TE UAJ:;Z-GEY

:H(xay) Z S;L/T(:U)SA/T(y)SM(U)S)\(Z)7 (2'38)
T, UEY

where we used (2.36) in the first equality and (2.35) in the second one. Comparing the coefficient of
su(u)sa(2) in (2.37) and (2.38), we arrive at (2.34). O

2.4 Specializations

Schur functions and identities concerning them involve elements of an abstract algebra A of symmetric
functions. In contrast, stochastic models involve real numbers, which also should be positive in order to
define probabilities. A bridge between these viewpoints is provided by the notion of a specialization.

Definition 2.21. An algebra homomorphism p : A — C, f — f(p), is called a specialization. In other
words, p must satisfy the following properties:

(f +9)(p) = f(p) +9(p), (f9)(p) = f(p)g(p), (cf)(p) =cf(p), ceC.

Take any sequence of complex numbers w1, us, ... satisfying » . |u;| < oco. Then the substitution
map A — C, z; — u; is a specialization. More generally, any specialization is uniquely determined by
its values on any set of generators of A. Furthermore, if the generators are algebraically independent,
then these values can be chosen arbitrarily. What this means is that defining p is equivalent to specifying
the set of numbers pi(p), p2(p),..., or the set of numbers e;1(p), e2(p),..., or the set of numbers hi(p),

ha(p)s.... In particular, if p is the substitution of complex numbers u;, then
[e.e]
pr = pr(p) = D (ui). (2.39)
=1

Note that the condition ) _, |u;| < co implies that the series in (2.39) converges for every k& > 1.
In order to use specializations to define probabilities, it is important to know which ones are positive
in a certain sense.
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Definition 2.22. We call a specialization p Schur—positive if for every Young diagram A\ € Y we have

sx(p) = 0.

There is an explicit classification for Schur—positive specializations.

Theorem 2.23. The Schur—positive specializations are parameterized by pairs of sequences of non-negative
realsa = (g > ag > --- > 0)and f = (1 > P2 > -+ > 0) satisfying >_,(c; + B;) < oo and an
additional parameter -y > 0. The specialization with parameters («; ;) can be described by its values on
power sums

pre pi(es Bi7) = v+ Y (i + Bi), (2.40)

Pr = prlas B5) = Y (of + (1) '8F),  k>2

i

or, equivalently, via the generating function

L] — oz
E>1 i>1

o . 3. k .
S (o B 7)# = exp Zm(avi”ﬁz i (2.41)
k=0

If p is a Schur-positive specialization, then also s/, (p) > 0 for every A, i € Y.

Theorem|[2.23|has a number of equivalent reformulations, in particular, it is equivalent to the descrip-
tion of all characters of the infinite symmetric group S(c0) and to the classification of totally positive
triangular Toeplitz matrices, as can be seen from and (2.31). The first proofs of Theorem[2.23| were
obtained independently by Thoma [Tho64] and Edrei [Edr53]. A proof by a different method can be
found in [VK81| Ker03, KOO98] — this approach also gives an interpretation for ; and 3; as normalized
row and column lengths of growing Young diagrams, so that the corresponding (normalized) characters
of finite symmetric groups approximate the («; 3;y)-character of S(oc0). Its detailed exposition can be
found in [BO17a]]. Two other proofs are in [Oko99]] and [BG15]].

Partial proof of Theorem|[2.23 The hardest part of the argument is to show that the list is exhaustive, i.e.,
that there are no further specializations beyond (2.40), (2.41). We do not give this proof, and only explain
that each specialization from the list satisfies s/, (p) > 0 forall \, u € Y.

We start with a specialization with a single a: a; = o« > 0 and all other parameters are 0. In this

oo
case pi(p) = aF,and 3 hi(p)z* = (1 — az)~!, and this specialization is simply a substitution z1 = a,
k=0

x2 = --- = 0 in a symmetric function of (z1,x2,...). The fourth property in Theorem implies

Sx/ u(p) > 0.
Next, consider a specialization p with a single 8: 81 = 8 > 0 and all other parameters are 0. In

o o0
this case, p(p) = (=1)*718*¥ and > hi(p)z¥ = 1 4 Bz. Note that 1 4 Bz isalso Y ex(p')2*, where
k=0 k=0
p' is the specialization with a; = [ and all other parameters 0. Therefore, comparing with (2.12), we
conclude that

p(f) = p'(w(f)). (2.42)

Hence, s5/,(p) > 0 follows from sy//,/(p’) > 0 and the fifth property in Theorem
In order to reach the general case from the two basic ones, we use the following operation:
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HEIE) 2] |1
3 2
\1|2|3|4\ 12|3\ 12|4\ 13|4\ 12\ 1
4 3 2 3 2
o o o 4| 4 |
1]2 3 o o

3 2

Figure 2.3: Top row: all SYT of shapes A with |A\| = 1, 2, 3. Bottom two rows: || = 4.

Definition 2.24. Given two specializations p1, p2, their union (p1, p2) is defined through its values on the
power sums py:

pr(p1, p2) = pr(p1) + pr(p2). (2.43)

We claim that if p1 and py are such that sy/,(p1) > 0 and sy/,(p2) > 0 for all A,z € Y, then also
sx/u(p1, p2) > 0. Indeed, and imply that

Sa/u(P102) =D Sasw(p1)s,/u(p2) = 0.
veY

Using the unions, starting from a single o and a single (3, we reach any finite collections of non-zero «;
and j3; parameters. Next, notice that all s/, are polynomials in py, and therefore, s/, (p) continuously
depend on {py(p)}x>1. Therefore, we can pass to the limits and reach arbitrary infinite collection of
parameters o and 3; subject to ) . (a; + ;) < oo.

For the y—parameter, we notice

pr(0:0:9) = Tim pp (Foos 30,00, k=12, (2.44)
where the used specialization has non-zero parameters a; = ay = --- = ay = % Hence, the -
specialization can also be obtained by a limit transition from positive specializations and, therefore, is
Schur-positive. Finally, we combine v with a’s and 5’s by another union. O

The specialization with non-zero v and all other parameters set to 0 is called the Plancherel special-
ization. It is the most famous one, and we discuss it in more detail.

Definition 2.25. Given a Young diagram \ € Y with |\| = n, a Standard Young Tableau (SYT) of shape
A, is a filling of boxes of A with numbers 1,2,... n, in such a way that entries grow along the rows and
columns. The total number of SYT of a fixed shape X\ is called the dimension of A and denote dim A.

All Standard Young Tableaux of shapes A with || < 4 are shown in Figure

! Algebraic combinatorics literature typically uses f* for the same quantity. Our dim A notation emphasizes that this is the
dimension of the irreducible representation of the symmetric group S,, indexed by A, cf. Theorem below.
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Proposition 2.26. The Plancherel specialization (0; 0; ) in Theorem|[2.23 leads to
Al
5x(0;0;7) = A dim A, AreY. (2.45)

Proof. Recall the Cauchy identity in the form

_ pr(@)pk(y)
Yo sa@)saly) =exp [ Y %

AEY E>1

and apply in variables (y) the specialization with a fixed v and all other parameters set to 0. We obtain

o0

ZS)\ x)sx(0;0;7) = exp p1 Z . (2.46)

€Y =

Noting that 53(0;0;7) = +sy(0;0;1) from homogeneity of Schur polynomials, we conclude that
5x(0;0;9)|Aly~ is equal to the coefficient of sy () in the decomposition of [p1(x)]" in the basis
of Schur functions; here n = |\|. In order to compute this coefficient, we note the recurrence on Schur

polynomials:
s@p@) = Y s,
pu=x+0

where the summation goes over all 1t obtained from X by adding one box. This recurrence is proven
directly from the definition (2.14), and we leave it as an exercise for Section[2.5] Iterating the recurrence,

we arrive at
Z dim \ - sy ().
A |A|l=n

Picking the coefficient of s (z), we conclude that s (0; 0;7)||!y 1} = dim ), as desired. O
Let us study the numbers dim A more carefully. From Figure it is clear that:
« For |\| = 1 the only dimension is 1;
« For |A| = 2 the dimensions are 1 and 1;
« For |\| = 3 the dimensions are 1, and 2, and 1;
« For |A| = 4 the dimensions are 1, and 3, and 3, and 2, and 1.

Let us sum the squares of these numbers, getting 1,1+1=2,14+441=6,and 1 +9+9+4+1 = 24.
One can see the pattern here, which generalizes to the Burnside identity.

Theorem 2.27. Foreachn =1,2,..., we have Z dim? X = nl.
Ar|A|l=n

This identity has a representation-theoretic meaning. The irreducible representations of the sym-
metric group S, are parameterized by partitions of n, with the representation corresponding to A having
dimension precisely dim ), see, e.g., [Mac95, Section 1.7] or [Sag01]. On the other hand, n! is the dimen-
sion of the regular representation of S, in the linear space C[Sy]. Hence, the Burnside identity can be
obtained by evaluating dimensions in the statement “each irreducible representation of a finite group
enters into the decomposition of the regular representation of the same group with multiplicity equal to
its dimension”, see e.g., [Ser77, Section 2.4].
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Figure 2.4: Plancherel-random partition of n = 1000 and Vershik-Kerov-Logan-Shepp limit shape.

Proof of Theorem[2.2], We again start from the Cauchy identity

_ P (2)pk(y)
Y sa@)sa(y) =exp | Y %

AEY E>1

Let us apply the y—specialization in (x)-variables and the v = 1 specialization in (y) variables. Taking
into account Proposition [2.26, we obtain

dim? \ L Am
Z 'YlMW = exp(y) = R
AeY ’ n=0
Comparing the coefficient of 4™ in both sides, we arrive at the desired identity. O

Theorem [2.27implies that the formula
~ dim® A

n!

P(\) (2.47)

defines a probability distribution on the set of all partitions of n. This distribution is known as the
Plancherel measure and it has been extensively studied in the literature, see, for example, [VK77, [LS77,
[Rap25]]. We will return to this measure in future sections, and for now
refer to the teaser in Figure|2.4] where a large Plancherel-random Young diagram and the corresponding
limit shape are shown.

Let us explain the origin of the name of the Plancherel measure. The classical Plancherel theorem
Pla10]] is a statement on preservation of the norm of a function under the Fourier transform:

/ (@) 2da = / TG T /R f(a)e 2o da, (2.48)

This theorem has a non-commutative analogue, valid for all finite groups and beyond. We state it for
the symmetric group S,,, whose irreducible representations are parameterized by partitions of n. For
A € Y,,, let x* be the normalized trace of the representation T):

_ Trace(T)\(g))

A A —
X*(g T gE€S,, x'(Id) =1L
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Consider the space of all central functions F' : S,, — C, i.e, such that F'(ab) = F'(ba) for any a,b € Sy,
and equip it with the scalar product

(F,H)=">_ F(g)H(9).

gESN

An analogue of the Fourier transform then becomes

~

F(\) = (F,x"), A€ Y,.

Orthogonality relations for the characters (see, e.g., [Ser77, Section 2.3]) imply the identity:

. 9 R
(FFy=Y" dlr;l' A )F(A)‘Q (2.49)
XY N )

In contrast to the Plancherel theorem (2.48), where both sides of the identity involved integration against
dim? A
n!

the Lebesgue measure, in the right-hand side of we see a non-uniform measure with weights
— this is precisely the Plancherel measure for the symmetric group S,,.

The identity can be also given a representation theoretic meaning by looking at the additive
group R and interpreting exponents - — e~2™1%¢ a5 characters of all possible one-dimensional represen-
tations parameterized by £. Formulas and admit a common generalization covering locally
compact topological groups, see, e.g., [Dix77, Section 18.8].

2.5 Exercises

Problem 1. Take A € Y, and consider the expansion of ey = [[, ey, in the basis of monomial symmetric

functions in A:
e\ = Z Mi‘m#.
HEY,

Prove that the coefficient M}’ is equal to the number of matrices A = [a;;] which are large enough (e.g.,
of size n x n), and which satisfy:

aij € {0,1}, Zaij = A, Zaij = -
] i

Problem 2. Show thatin A

el 1 0 0

o

)

Py, = det 3es es el 1
ne, €én—-1 €en—2 €npn_-3 ... €1

Problem 3. Working directly with the definition of s)(z1,...,2y) and sending N — oo, prove that

S\P1 = Z Sp-

p=x+0
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Figure 2.5: Hook at (2, 2) with the hook length h(2,2) = 4.

Extend the argument to compute the expansion in s, of the product syej, for any £ > 1.

Problem 4. Working directly with the definition of s)(x1,...,xy), prove that

sx(z1,...,xn_1, ) = Z Qi M2 Fis (x1,...,oNn=1), (2.50)
p=A

where p < A means the interlacement condition (compare with property 4 in Theorem [2.18):

M 2> > A > > N1 > AN

Problem 5.

A. Working directly with the definition and using the Vandermonde determinant, evaluate
S)\(17q7' "7qN_1) for A = (>\1 Z Z )\N)

B. Sending ¢ — 1, prove that
Ai—i—Xj+7J
1,...,1) = L 2.51
st = I o (251)
1<i<j<N
This is the dimension of the irreducible representation of the unitary group U (N) with highest weight
A. In this interpretation, is the Weyl dimension formula.

C. Recall from Proposition that dim A\ can be expressed through the Plancherel specialization
and the limits of specializations in N equal variables:

R LR L g g

dim \ = W.SA(O,O,’V) = —— lim s, <N’ ,...,N) .

7\A| N—oo

=[=

Use this and the result of part B to get some formula for dim A
D. Prove that your formula from part C is equivalent to the hook length formula
IAI!
[iigex (i g)”

where for a box (i, ) inside the Young diagram A, its hook length h (4, j) is A; + A} —i — j + 1, illustrated
graphically as the number of boxes in the gray hook area in Figure

dim\ =
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Problem 6. Let N and M be two natural numbers and let M” be the rectangular Young diagram with
N rows of length M. For A € M", denote A= (5\1, . ,S\N) =M - ANy, M — An_1,..., M — \).
A. Use Jacobi-Trudi formula to prove that sy~ /) = s5.
B. Prove that foranyn =0,1,2...,NM,

Z dim \ - dim \ = dim M7,
ACMN: | N=n

Hint. Apply the specialization (0;0;y1 + 72) to s/~

Problem 7. Consider up-right monotone lattice paths on Z2, which follow the lattice edges and connect
(1,0) with (N, K'). We encode a path 7 as a non-decreasing sequence of integers

v =[1,7(0)) = (1,7(1)) = (2,7(1)) = (2,7(2)) = - = (N, (V)]

Choose positive parameters o, . . ., oy and assign to a path v the weight

N
(1) = (i-1)
w(y) = H o] .
1=1
A. Using complete homogeneous symmetric functions, prove that

Z w(y) = hi(ai,az,...,an).
~:(1,0)—(N,K)

B. Consider pairs of paths 1 : (1, J1) = (N, K1), 72 : (1, J2) = (N, K2) which do not intersect:

Non-intersecting Intersecting Intersecting
IS o seed 1
PNV NP ——0-0 — -0

RaA —o-¢ —o-¢

Prove by direct count that the sum of w(7;)w(~2) over such pairs of non-intersecting paths is equal to
hi,—g(at,...;an)hik,— g (a1, ...;an) — hg— g (01, ..., an)hig,— g (a1, ..., an).

Hint. The two terms being subtracted correspond to all paths and paths with intersections.
C. Extend the argument of part B to m—tuples of non-intersecting paths and prove

Z w(y)w(ye) - - w(ym) = det | g, g, (a1, ... aOlN)]
71:(1,J1)—)(N7K1),

Ym: (1, Jm) = (N, Km),
Y1,---,Ym do not intersect

a,b:l.
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D. Use part C to prove Proposition|2.17| by verifying that the right-hand side of (2.30) satisfies (2.28).

E. A generalization of part C is known as Lindstrom-Gessel-Viennot (LGV) lemma, which we now
present. Consider a finitef| directed acyclic graph and denote by V' and F the sets of its vertices and
edges. Let w : E — C be an arbitrary weight function. For any path « denote by w(+y) the product of
weights over the edges in the path: w(7) = [[ ., w(e). We say that two paths 71 and 7> do not intersect
(notation v, N 2 = @) if they have no common vertices.

For any u,v € V, let T (u, v) be the set of all (directed) paths from u to v. Set

Tu,v)= Y w). (2.52)
€Y (u,v)
Let (u1,...,up) and (v1,...,vn) be two m-tuples of vertices of our graph, and assume that for any

nonidentical permutation o € S,,,

Prove that
2. wn) - w(ym) = det[T(ui, v)]7 .

Y1 GT(UI7”1)7~~~77m6T(umyvm)
Vil =9, 1<i<j<m

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Mac95]], [[ZJ08]], and [BO17al.

®The assumption of finiteness is not necessary as long as the sums in (2.52) converge.



Chapter 3

Schur measures, PNG, and increasing
subsequences

In this chapter, we first introduce another interface growth model in the KPZ universality class that is
closely related to lattice models of 2d statistical mechanics. Then we connect this model to Schur mea-
sures and Schur processes (which are also introduced here). A degeneration of the constuction provides a
link to the Plancherel measure, last passage percolation, and longest increasing subsequences of random
permutations.

3.1 The discrete PNG

The discrete polynuclear growth model (PNG) is a growth model with discrete space, x € Z, and discrete
time, ¢ € Z>(. The height function A is integer-valued, h(x,t) € Z for any « € Z,t € Z>(. We consider
the PNG model in the droplet geometry, which corresponds to the initial condition h(x,0) = 0, for any
x € Z, and the dynamics

h(z,t+ 1) = max{h(z — 1,t), h(x,t), h(x + 1,t)} + w(z,t + 1), (3.1)
where the noise w(z, t) is defined using auxiliary i.i.d. random geometric weights w; j, i, j € Z>1 with

P (wi; = k) = (1 —ab;)(aib))*, k>0,

and a;, b; are parameters satisfying 0 < a;b; < 1forall¢,j = 1,2,.... We have
0, ift — zis even or || > t,
Wietet1 t—a+1, ift— xisoddand |z| <t.
2 ’ 2

Equivalently, w(i—j,i+j —1) = w; j, 1, j € Z>1, and all other w(x, t) are 0, see Figure We use the
set of parameters {a;, b; } in order to observe more clearly the algebraic structure underlying the model;
later, when we study large time asymptotics, we fix a; = b; = \/q € (0, 1), so that the parameter in the
geometric distribution is always g.

The procedure for evolving h(z,t) into h(z,t 4 1) can be described by the three rules shown
in Figure For a better graphical visualization we view the function h(-,¢) as a continuous interface:
instead of a single point at position (z, h(x,t)), we draw a horizontal segment of size 1 centered at x
at the vertical position h(x,t), and join the ends of the horizontal segments by vertical ones. Then the
rules are:

The droplet geometry corresponds to w(x, t) vanishing outside the cone, || > ¢; the droplet itself is visible in Figurem

39
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T

Figure 3.1: Setting for the discrete PNG model. w(x,t) are independent geometric random variables at
black dots and zeros everywhere else.

T w(x, t+1)
-4 -

l l = R
r—1 €T z+1 z—1 T z+1
1. Creation 2. Growth

- - -

|
P o : :L)\'(‘I'l;\[)\
|
|
|

3. Island merging

Figure 3.2: Rules in discrete PNG.

1. The weight w(z,t + 1) leads to creation of an island of width 1, spanning [z — %7 T+ %], and of

height w(z, ¢t + 1), placed on top of h(x,t).
2. The existing islands grow by 1 both in negative and in positive x—directions.

3. When two islands merge, they both continue growing, but their overlap becomes invisible and is
removed from the picture.

Let us consider an explicit example of Figure [3.3|for times ¢t = 1,2, 3. At time ¢ = 0 we have a flat
interface. At time ¢ = 1 an island of width 1 and height 2 appears because of w1 ; random variable taking
the value 2. At time ¢ = 2, this island grows to width 3, and two new islands are appended on top of it,
of heights 1 and 3, corresponding to values of wy » and wo 1. At time 3, the islands centered at —1 and 1
merge together, with the overlap removed, and then three more islands are appended on top.

It is clear from the example that for times ¢ = 1,2 we can recover from the graph of the height
function the values of the w; ; used so far (i.e, for i + j — 1 < t): h(:,1) contains full information on
w1 ,1; h(+,2) contains full information on wy 1, w2, wa,1. However this is no longer possible for times
t > 3, and the mapping from {w; ;,i+j — 1 <t} to {h(z,t), |x| < t} is not a bijection anymore: in our
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J
b
3 : : : : : : : t=20
-3 -2 -1 0 1 2 3
bo (b)
b1
R 2 3
=9 5 2 1 0 1 2 3 t=1
t=2
(©)
t=1
(a) o
|
| [ ]
3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
(e)
d) t=2 t=3

Figure 3.3: Example of the volution of the PNG model. In figure (a) the values of the random variables
w are represented on the plane (7, ). From (b) to (e) are the graphs of the height function at times
t=0,1,2,3. Att = 3 two islands meet and we have the formation of an overlap (in gray), which is
removed with no trace.

example, given h(-, 3), it is impossible to distinguish the two cases
(w11, w12, we1) =(2,1,3) or (w1, wi2,w21)=(1,2,4).

Due to this loss of information, even a nice measure on the array w; ; does not translate to a simple
measure on {h(z,t), |x| < t}, which complicates the analysis.

In order to maintain a bijection between the growth model and the underlying random variables w; ;,
we need to extend the model. This extension is know as the multilayer PNG model.

3.2 The multilayer PNG

The multilayer PNG is an evolution of the family of height functions {hs, ¢ > 1}, where hy(z, t) is the ¢th
line of the model at time ¢, and h; is the PNG height function from the previous section. By construction,
the lines are non-intersecting, i.e., h1(z,t) > ho(x,t) > hs(z,t) > ... for each z and ¢. At time O the
evolution is initialized by horizontal lines hy(z,0) = 1 — ¢, foreach ¢ = 1,2, . ...

The evolution is defined as follows: first of all, hy(x,t) := h(x,t) (this is the function we actually
want to study). For the other lines, the dynamics of hy, £ > 1, is given by the following recursion:

hﬂ(l'at + 1) = max{hg(w - 17t)7 hg(l‘,t), hf(l‘ + 17t)} + wf(x7t + 1)7 (33)
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.

h1 ($, 3)

hg(x, 3)
hg(l', 3)
h4($, 3)

Figure 3.4: The multilayer PNG for the example in Figure [3.3|at time ¢t = 3.

where for ¢ = 1 the noise wy(x,t + 1) is the same as w(z, t + 1) in (3.1)), while for £ > 2, wy(z,t + 1) is
given by the new overlap on the site x at level £ — 1 when updating hy_1(-,t) — hg—1(-,t + 1). Let us
spell out the meaning of the overlap more formally. For ¢t — x odd and ¢ = 1,2... we define the jumps,

(3.4)

Geometrically, nzt are the lengths of the vertical segments in the interface hy to the left (at x — %) and to
the right (at z + %) of x. The parity is chosen so that both of these segments go down from the horizontal
segments at height hy(z,t), and consequently 7,1~ > 0. In terms of nét, the new overlap at the site
is computed for £ = 2,3, ... as

(3.5)

we(x, t) = {min {ni(z+1t-1)n_ (z—1,t-1)} ift—aisodd,

if t — x is even.

Due to the shift of indices, n;_l(x + 1,¢ — 1) are the lengths of the vertical segments going up from
the horizontal segment at height hy_(z, t). Hence, when updating from time ¢ — 1 to time ¢, these two
segments collide, leading to island merging and readily matching w;(x,t) with the previous intuitive
definition of the overlap and the last panel in Figure

We leave as an exercise to the reader to check that the evolution rules (3.3), imply that the
interfaces corresponding to hy, £ = 1,2, ..., remain non-intersecting (and do not share corners) at each
timet =0,1,2,..., see [Joh03| Claim 3.7] for further details. In the example of Figure[3.3] the interfaces
he, £ > 1, stay constant at times ¢ = 1 and ¢ = 2, and the first growth is at time ¢ = 3, leading to the
interfaces of Figure

In contrast to the top interface hi(-,t) = h(-,t), the joint law of the family {%,(-,t)},>1 turns out to
be explicit at each time ¢ = 0,1, 2, ..., as recorded in the following theorem.

Theorem 3.1. Suppose that hy evolve according to (3.3)—(3.5), with initial condition hy(x,0) = —¢+1 and
the driving noises wi = w given by (3.2). Then at time t, the interfaces {hy(-,t)}s>1 almost surely satisfy
the following:

1. hy(z,t) = 1 — £ whenever |x| > t (droplet geometry);

2. The interfaces {hy(-,t) }¢>1 do not intersect and do not share corners;
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az by

az by

a1 b1 a1 [b; a2 b1

ai ) b1 a1 bl

-3 -2 -1 0 1 2 3 a1 by

(1 — albl) . (a1b1)2

t = (1 — albl)(l — albg)(l — a2b1) . (albl)2(albg)1(agbl)3
t=2
ax b3 as b1
ay b3 a2 |b2 as b1
a by a2 by
a1 by a2 b1
o ] :
al by
‘al ) ) ‘ ) ) bl‘
t t xa2| |b2x t t

I1 4(1 — a;bj) - (a1b1)?(a1b2)' (azb1)*(a1b3)* (azb2)" (azb1)?
i+5<
=3

Figure 3.5: Illustration of Theorem for the example in Figure

3. The jumps 772'E of (3.4) are all non-negative.

The probability {h}¢>1 of a family satisfying the above three conditions is

- nft) o ()
H (1 — aibj) H H [a(f+x+1)/2 : b(fx+1)/2] : (3.6)

i+ <t+1 (=1 x:t—=x is odd

Proof. An illustration for the theorem is given in Figure The three properties satisfied by the in-
terfaces were all discussed in the construction. Note that the law of {h(-,t)}¢>1 depends only on w; ;
with ¢ 4+ j < ¢+ 1. In fact, the algorithm for constructing {%(-,t) },>1 implies that the possible families
{he(-,)}¢>1 are in bijection with Z!+1)/2 realized as values of w; j, i + j < t + 1. This is because all
these values are encoded as heights of the islands in the interfaces — the bijectivity was precisely the
reason to introduce hy for £ > 1, and we refer to [Joh03| Section 3] for more details.

In the rest of the argument we prove the formula by induction in ¢ and analyze the change of
the weight of the collection of interfaces as t grows. As we transition from ¢ to ¢ + 1, the random growth
of hi(-,t + 1) is governed by ¢ + 1 random variables w; j with i + j =t 4 2.

When an island is created at point x at time ¢ + 1 as in the first rule of Figure the value of
W(t4+14+a41)/2,(t+1—a+1)/2 overns this creation. If we assume this value (height of the created island) to
be k, then we collect the weight of geometric distribution

(L= A 1rat1)/2be1-at1)/2) " Uorrasnyz  Vor1—asn) 2 (3.7)
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On the other hand, both nli (x,t+1) grow by k from the island creation, leading to multiplication by the
same factor in (3.6).

All the remaining rules in ¢ — ¢ 4+ 1 multilayer PNG evolution are deterministic, and we only need
to check that they keep the value of unchanged. For the growth of an island in the second rule of
Figure 3.2| (and similar rule for hy with ¢ > 1), note that the a-parameters correspond to the left vertical
borders of islands. These borders move to the left, so that « decreases by 1 as ¢ increases by 1. Hence, the
(t+x+1)/2 index in a-parameter in corresponding to a given vertical border remains unchanged.
The b—parameters correspond to the right borders of islands, which move to the right with z increasing
by 1 as t increases by 1. Hence, the (t — x + 1)/2 index in b-parameter in is also unchanged.

For the island merging in the third rule of Figure [3.2| and similar rule for hy with £ > 1, note that
nét decrease by the overlap wy1 (cf. (3.5)), compared to if there were no overlap. But simultaneously
the island of the height wy; is created in hy4; leading to the increase of 7725_1 by the same amount.
Hence, the overlap leads to transfer of factors between ¢ and ¢ + 1 parts of (3.6), with overall product
unchanged. O

3.3 From PNG to skew Schur functions

Our next task is to connect the PNG to Schur symmetric functions. We look at the fixed time distribu-
tion of the multilayer PNG and encode the interfaces {h(-,t)}¢>1 as a sequence of Young diagrams or
partitions. For fixed ¢, we have 2t — 1 diagrams split into two groups AV, ..., A\®) and p@), ... =1,
One group corresponds to even positions x and the other one to odd positions:

o (AWM 1) hi(—t — 1+ 2m, 1)) m=1,2,... .t

i>1 ( i>1
o (WM 1 - D)o = (hi(—t+2m,1)) o, m=12...t-1

The correspondence for ¢ = 3 is illustrated in Figure There the configuration of Figure [3.4] is
matched to a sequence of Young diagrams () < (6) > (3) < (5,1) > (4) < (6) > (), where we recall the
interlacement condition (2.33).

Proposition 3.2. The interfaces {h(-,t)}¢>1 of the multilayer PNG at timet are in one-to-one correspon-
dence with sequences of interlacing Young diagrams:

@< AW w0 X @ o D NG (3.8)

The distribution of {h¢(-,t) }¢>1 induced by the PNG is recast in terms of Young diagrams as

IT (0 =aiby)| - s (1) - sy 5,0 (Br) - Sy pu (a2) -+ 530 e (@) - sy (b)), (3.9)
i+j<t+1

Proof. Recall that the interlacement condition ;t < A reads
AL p1 = A > g >

Hence, interlacement in (3.1) is a restatement of the second and third points in Theorem The first
point in the same theorem implies that the sequence in (3.8) starts and ends with @. In view of the
evaluation of the skew Schur functions in one variable presented in the fourth point of Theorem [2.18|

() aZizl()\i*M)’ = A,
s Q) =
M 0, otherwise,

the weight is the same as the PNG weight computed in (3.6). O
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AD A2 A3
p u?

a1 b3 as b1

ay by a2 by a3 b1

ay by a2 b1

ai by G2 b1

ay b1

ay b1
a1 b1 A —0
% 1 1 a2| % o 1 1 % 1
-3 -2 -1 0 1 2 3 Az — 2

(IITTTT] [ | | [] (LITTTT]
A _ A3
0 ,U«(l) M(2)
(111 (ITTT]

sam (a1) = sy 7,0 (b3) - sx@ /0 (a2) = sy@ @ (b2) - Sye) /@ (as) - sye (br)
Figure 3.6: From interfaces to Young diagrams in multilayer PNG.

3.4 Schur measures and Schur processes

Inspired by Proposition we present a generalization of a probability distribution on Young diagrams
(3.9). The resulting Schur measure and Schur process were first introduced in [Oko0O1a, (OR03].

Definition 3.3. We call two specializations p1 and ps (as in Section[2.4) admissible if they are both Schur-

positive, and the series y_p- W is absolutely convergent. In this situation we denote
S Pr(p1)Pr(p2)
k\P1)PE\L2
i e (5 1)
k=1

Definition 3.4. Given two admissible specializations p1, pa2, the Schur measure is a probability measure on

Y with weights

sx(p1)s(p2)
H(p1; p2)

The Schur-positivity of p; and po implies that P(A) > 0 for any A € Y. Applying p; and p2 in
variables () and (y), respectively, to the Cauchy identity of Theorem 2.9and justifying the convergence

P()) = AEY. (3.11)
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A2 A

A
V \[); V K /)V p;v
H(Z)

0 p
Figure 3.7: Diagram of a Schur process.

by using the absolute convergence of > /2, W, we get >, P(A\) = 1. Hence, indeed
defines a probability measure on Y.

Definition 3.5. Given N = 1,2,... and 2N specializations par, pf, el p}fl, P1>Pg -+ PN> SUch that
for eachi < j, the pair (p;"; pj_) is admissible, the Schur process (of rank N ) is a probability measure on
sequences of Young diagram A(l),u(l), A2 ,u(Q), .. ,M(Nfl), AN with weights

p<Auxﬁgn,Amxﬁgmvn_MAN—n,Auw>
1

[ Hpsp;
0<i<j<N

R (P5) - 530 /0 (P1) * 83@ 1,0 (PT) =+ 830 =1 (PR _1) - 830 (P)-

(3.12)

An illustration of the Schur process with a diagram is in Figure Several remarks are in order:
» Due to the second property in Theorem [2.18] almost surely

AD 5 40 cA@ 55 (V1) c (0,

« For N = ¢, pf being one-« specialization with a;11,0 < i <t — 1, and p, being one-« special-
ization with byy1_;, 1 < ¢ < t, we return to the multilayer PNG measure of Proposition

« By choosing some specialization to be empty (0; 0; 0), we can enforce neighboring Young diagrams
to coincide. For instance, p; = (0;0;0) implies A() = (1) almost surely, because
L, A=u,

$x/u(0;0;0) = {0 Nt

« For N = 1, the Schur process turns into a Schur measure.

For general NV, Schur measures can be obtained from a Schur process as its marginals.

Theorem 3.6. The distribution of \\¥), obtained by summing (3.12) over all Young diagrams other than
M%) coincides with the Schur measure (3.11) with specializations p; = (pg, pf, e ,px_l) and py =

(P Prsts - PN)-

Remark 3.7. Since we already know that the weights of the Schur measure sum up to 1, a corollary
is that (3.12) is a probability distribution, i.e., the total sum over all A1), ... AN) (1) 0y (N=1) jg 1,
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A A2 A2
V \p; V K /)gV K
0 o) FOREIEE 0 u®
PN A
Iy K o X
0 o) O > o) u®
\ﬂ; g I
T ]

Figure 3.8: Transformation of Schur process (top-left — bottom-left — bottom-right — top-right).

Proof of Theorem[3.4 The proof is induction in N. Let us show how to sum over AW and ™ to reduce
to the Schur process of rank N — 1. The argument is schematically shown in Figure We denote

S = 5,01/,@ (P3) 3@ 1,2 (P3) = 83w -1 (PN _1) - S0 (Py)-

This part is kept unchanged in the induction step. Applying two specializations to the skew Cauchy

identity (2.34), we get

> w0 swulor) = Hpds00) Y 5oy (01502 (p3). (3.13)
keEY T€Y

Hence, choosing A = @, u = ,u(l), x = A1), we have

1 _
> =5\ (P5) - 50,0 (1) - 3@ /0 (01) - 6
(1) ,,(1) H H(pz 5 P; )
AL g<ici<N

-y H(pg: 1)

< I Hpfipy)
TR 0<i<j<N

g/ (1) 8,00 /7(P0) - Sa@ 0 (p1) - 6. (3.14)

The presence of s/ (p; ) forces 7 = &, and this factors turns into 1. Summation over 1Y) can then be
done using the definition of the skew Schur functions (2.28). Therefore, (5.27) transforms into

H(p{; 1)

[T Hpf:p;)
0<i<j<N

sy (pg, 7)) - 6.

Cancelling H (par; py ) in the numerator and denominator, we recognize a rank (/N — 1) Schur process,
in which the p; specialization disappeared, and the left-most specialization became the union (g, pi‘)

A similar argument shows how to sum over A(") and p(N =Y Iterating both arguments N — 1 times
in total, we arrive at rank 1 Schur process, with specializations pa' , pi", ey pz;_l in the left half and
Pl s Prt1s - - - » Py in the right half. This is the desired Schur measure. O
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Remark 3.8. Exploiting the same argument based on the skew Cauchy identity as in the proof of Theorem
one can arrive at many more identities between marginals of Schur processes of different ranks NV
whose specializations are related by taking unions.

Corollary 3.9. Fixt € Z>y and v € Z, such thatt + x is odd and t — |x| > 1, and identify the
multilayer PNG configuration {h;(z,t)}¢>1 with {\1, A2 — 1, X3 — 2,...} for a partition X\. Then A
is distributed as a Schur measure with two a—specializations p1 = (al, as, .- -, a(t+x+1)/2) and
p2 = (b1, b2, .., bi—st1)/2)-

In the particular case when ¢ is odd, x = 0, and all a; and all b; parameters are equal to V4 the
resulting distribution is the same as in Theorem[l.4with ¢ = 2N — 1.

3.5 Continuous PNG

3.5.1 Poisson limit

The discrete PNG becomes a simpler (and arguably more attractive) model in the continuous limit, which
we now describe. The tradeoff is that the combinatorics and connections to Schur polynomials are harder
to spot and prove after this limit is taken.

Consider the discrete multilayer PNG model with all a; and b; parameters equal to ,/q so that w; j,
1,J € Z>1 are ii.d. with distribution

P(wij=k)=(1—-q4q", k>0 (3.15)

Let us consider its ¢ — 0 limit, simultaneously rescaling all the coordinates (i, j, , t) by /q. In this
regime, the vast majority of w; ; are equal to 0, some of them are equal to 1, and a negligible amount of
w;, j are larger than one. We keep track of (7, j) where w; ; = 1, call such (4, j) points or particles, and
discard the remaining information.

Theorem 3.10. In the limit ¢ — 0, the random set of points

{(iva,jv/4) wi; =1} (3.16)

converges to the Poisson point process of intensity 1 in the positive quadrant. Simultaneously, for each fixed
(A,B) e R,

lim # {(z\/a,j\/a) €[0,A] x[0,B] : w;; > 2} =0, in probability. (3.17)
q—0

If we instead use the (t,x) coordinate system, then we arrive at the Poisson point process of intensity % in
the rotated quadrant {(t,x) € R? | t > 0, |z| < t}.

Proof. We delay the detailed discussion of point process till the next chapter. For now, we only need
to know the fact that the Poisson point process of intensity g is characterized by joint distributions of
particle counts in (good enough) sets. For disjoint sets those are independent. For a set A, the number
of points in A is distributed as a Poisson random variable Poi(pArea(.A)):

P(Poi(pArea(A)) =m) = e_QArea(A)(QAre;('A)), m=0,1,2.... (3.18)

The independence is a direct corollary of the independence of the random variables wj ;. In order to see
(3:17), note that P(w; ; < 1) = 1 — ¢*. Hence, for a set with O(¢™!) elements, probability that w; j; < 1
for all (4, j) in this set is

(1-¢)%) =1+ 0(g).
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m

Figure 3.9: Height function of PNG model after the birth of 3 seeds.

Hence, probability of the complementary event is O(q) and tends to 0 as ¢ — 0. In view of (3.17),
counting the points belonging to a set A is (asymptotically) the same as summing w; ; over all
(i\/@ J \/(j) in A. In order to compute the distribution of this sum, we recall that if £, &»...., &, are i.i.d.
geometric random variables, as in , then & + - - - 4 &, is negative binomiaﬂ

m+r—1
P(£1++§T‘:m):(1q)rqm< m >a m:Oa152a"" (319)
Setting 7 = ¢! Area(.A) and sending ¢ — 0, turns into (3.18) with o = 1.

The statement in (z, t)—plane is obtained by a rotation, as in (3.2). O

3.5.2 Continuous PNG: singlelayer and multilayer versions

Let us spell out explicitly the process obtained in the limit ¢ — 0 from the constructions of Sections
and[3.2] This is a continuous-space, continuous-time polynuclear growth model, which combines nucle-
ation events with growth in all directions. The origins of the model in chemistry and physics can be traced
back to the Kolmogorov-Johnson-Mehl-Avrami (KJMA) framework [Kol37, JM39|[Avr39,[Avr40| [Avr41]],
which provides a statistical kinetic description of phase transformations based on random nucleation
events and subsequent isotropic growth. Later, the study of polymer crystal growth models led to for-
mulations closely related to the PNG model; see, for instance, [SD71|[Fra74,/Gol84]]. In modern theoretical
physics and mathematics, the PNG model and its exact solvability were brought into focus by [PS00]].

More precisely, we consider the following growth model, driven by a Poisson point process of in-
tensity 3 in the quadrant ¢ > 0, |z| < t of the (z,¢)-plane, and illustrated in Figure At time
t € R>, the height profile is given by an integer-valued random function h(z,t), x € R. At time zero,
h(z,0) = 0.

At any given time ¢ and any space point z, the left and right limits of the function h(z,t) differ by
at most 1; in other words, h(z,t) is almost surely a step function with steps of size +1 (an “up step”,
when reading the function from left to right) and —1 (a “down step”). If there is a point of the Poisson
process at (z,t), then a nucleation event occurs: at time ¢, a seed is born at position x = z, consisting
of an up step and a down step, that is, h(z,t) increases by 1. After that, the down step moves to the
right with speed 1, while the up step moves to the left with the same speed. When a subsequent seed is
born, another pair of up and down steps appears and also begins to expand. When up and down steps
(originating from different seeds) meet, they annihilate and both disappear.

For the multilayer continuous PNG, we call the above evolution h;(x,t), and more generally intro-
duce hy(z,t), £ > 2. The evolution rule for hy is exactly the same as for hy(x,t), expect for the origin of
the seeds: a seed on level ¢, £ > 2, is born at time ¢ and position = when the up and down steps collide
at level ¢ — 1 at the same (z, ¢) position. A simulation is provided in Figure [3.10}

Theorem 3.11. For a fixedt > 0, we identify the continuous multilayer PNG configuration {h(0,t)}¢>1
with {\1, A2 — 1, A3 — 2,...} for a partition \. Then X is distributed as a Schur measure with two

?A direct proof can be obtained by induction in 7.
®As in the discrete setup, placing the nucleations into the cone |x| < t corresponds to the droplet geometry, cf. Figurem
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Figure 3.10: Multilayer PNG simulations. Left panel: after 20 nucleation events. Right panel: after 400
nucleation events.

Plancherel specializations p1 = pa = (0;0,t/2). This is also known as the Poissonized Plancherel measure
of weight

6 dim? (A £
—‘)*(), 6=—. (3.20)
(IA11)? 4
Proof. We start from Corollaryfor odd ¢, x = 0,and all a; = b; = ,/q. We rescale t by /g, so that the

specializations p; and py become (—i= + 1) /2 tuples of ,/q. Taking the limit to Plancherel, as in (2.44), we

P(A\) =e

Va
get two specializations (0; 0; 3). The Schur measure with these specializations was identified with (3.20)
by Proposition [2.26] O

Note the difference between and the Plancherel measure of (2.47): in the latter the number of
boxes n = || was fixed, while in the former it fluctuates according to the Poisson distribution with pa-
rameter (mean) § = t2/4. An analogue of Theorem can be also obtained by a very similar argument
for the distribution of {h(x,t)},>; for any fixed (z,t).

3.5.3 From PNG to LPP

An alternative way to view the continuous time PNG is via a graphical construction involving Poisson
points. Take a realization of the Poisson point process of intensity % in the quadrant ¢ > 0, |z| < t of the
(z,t)-plane, and draw two rays from each nucleation event in the up direction of slopes +1 and —1. A
ray ends upon crossing another ray. The union of all parts of (pieces of) rays obtained in this way forms
a collection of broken lines, see Figure [3.11] The height 1 (z, t) is then the number of lines crossed along
the path from (z, 0) to (z, t). We leave it as an exercise to the reader to check that this construction leads
to exactly the same process as hi(x,t) in the previous sectionf_r]

As a consequence, we can interpret the PNG height as the last passage time in the Poissonian last

passage percolation model, cf. Section |1.4]and Figure

Proposition 3.12. Consider the points of the Poisson process from the definition of continuous PNG. The
value hy(z,t) is equal to the maximal number of points one can collect along a path (0,0) — (z,t), which

“Hint: the rays represent the space-time trajectories of up and down steps.
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(0,0)

Figure 3.11: Graphical construction of generating the interface height from the Poisson points, broken
lines and a monotone path collecting maximal number of points.

is monotone in the sense that x coordinate grows slower than t coordinate (i.e., the absolute value of the path
slope is larger than 1).

Proof. Note that each point on the monotone path necessarily belongs to a different broken line. Hence,
the maximal number of points on a monotone path is at most hy(x,t). For the opposite inequality, one
proves by induction in k that each (z, ) between the kth (from the bottom) and the (k + 1)st broken line
can be connected to (0,0) by a monotone path going through & points of the process. O

3.6 Longest increasing subsequences in a random permutation

Poissonian LPP naturally connects to a combinatorial question about permutations of {1,...,n}.

Definition 3.13. Leto = (0(1),...,0(n)) € S, be a permutation of {1,...,n}. We say that o has an
increasing subsequence of length k, (n1,...,n;) C (o(1),...,0(n)), ifl <ny <ng < --- < nk < n.

For example, (3,4, 5, 6) is an increasing subsequence of length 4 for the permutation
1234567
U‘<3 4175 2 6)' (3.21)

Definition 3.14. We denote by L(o) the length of the longest increasing subsequence (or one of them) for
the permutation o.

In order to connect to LPP, let us give a geometric interpretation of L(o). Represent a permutation o
as N points (k,0(k)), k = 1,2,.... Then L(0) is identified with the maximal number of points collected
along a top-right monotone (i.e., with both coordinates increasing) path joining (0, 0) with (n+1,n+1),
see Figure for an example with n = 6.

We see a clear analogy with the construction of Section [3.5.3 which can be formalized by introducing
two different random variables:

« Forn =1,2,3,..., welet L, be the length of the longest increasing subsequence in a uniformly
random permutation of 7 letters.
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1 2 3 4 5 6

Figure 3.12: Permutation (624315) with two longest increasing subsequences (2, 4,5) and (2, 3, 5).

« For § € R+( we let LY be obtained through a two-step sampling algorithm: first choose 7 to be
Poisson-distributed with parameter (mean) equal to #. Then set LY = L,,, where we agree that
Ly =0.

Theorem 3.15. The following distributional identities hold:

1. 94 h1(0,t), where hy(x,t) is the interface of the continuous PNG and 6 = %.

2. L9 £ \y, where \ € Y is sampled from the Poissonized Plancherel measure (3.20).

3. Ly < Xy, where A € Y, is sampled from the Plancherel measure (2.47).

Proof. We prove the equalities in the order they are listed. Using Proposition [3.12] and rotating by 7 /4,
we see that h(0, ) has the same law as the maximal number of points of the Poisson point process of
intensity % in the square [0, %] X [O, ﬁ] which can be collected among a monotone path connecting
(0,0) with (%, %) Let the total number of points in this square be n, and let their coordinates be

(u1,v1)s .., (tn,vy). Then we are looking for the maximal length of a sequence 1 < n; < ng < -+ <
ny < n such that

un1 Sungg"'gunga and Unlgvngg"'gvn[

Note two facts, which follow from the basic properties of the Poisson point process of intensity %, cf.
[Kin93| DVJ03]:

« The distribution of n is Poisson with mean equal to half the area of [0, %] X [0, %] i.e., with
mean %

« Conditional on the value of n, the points (u;, v;) are uniformly distributed in [0, %} X [0, %}
Hence, all their relative orders are equiprobable, and the maximal length of a monotone subse-

quence has the same distribution as L,,.

Comparing to the definition of LY with § = %, we obtain the first equality. The second identity follows
from the first one and Theorem [3.11]
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For the third equality note that distributions in the both sides of the second equality are convergent
power series in 6. Their coincidence for all § > 0 implies that the coefficients of these power series must
be the same. The coeflicient of 8" gives the desired equality. O

The problem of the asymptotic behavior of L,, as n — oo was formulated and promoted by Ulam in
the early 1960s [Ula61] in the context of Monte Carlo methods. The simulations (attributed by Ulam to
E. Neighbor) seemed to indicate L,, = O(y/n) and Gaussian fluctuations. Early mathematical progress
was made by Hammersley, who introduced a formulation through Poisson points on the plane and proved
a law of large numbers L,, ~ cy/n using subadditivity [Ham72]. The exact asymptotic constant was
predicted to be 2 based on simulations in [BB68|] and heuristics in [Ham72]]. Subsequently, Logan and
Shepp [LS77] showed ¢ > 2 and independently Vershik and Kerov [VK77] showed ¢ = 2. These papers
exploited the interplay between L,, and the limit shape of Young diagrams under Plancherel measure (cf.
Figure via the Robinson-Schensted correspondence, which is a variation of our approach here, but
without the detour through discrete PNG.

A central open question — the nature of the fluctuations — remained open until a breakthrough of
Baik, Deift, and Johansson [BDJ99], who showed that the asymptotic distribution of nl/6 (Lp — 24/n)
is Tracy-Widom distribution F3; thus, Gaussian predictions from [Ula61]] were wrong. Three influential
extensions of this result soon followed in [Joh01a, BOOO00, Oko00]. We will also arrive at this asymptotic
statement in the next chapter. The book [Rom15] gives a very nice introduction to the mathematics
surrounding the longest increasing subsequences.

The problem of determining the asymptotics of L,, admits two real life interpretations. In the airplane
boarding problem, one imagines passengers with numbered seats arriving in random order along a single
aisle. A passenger can proceed to their seat only if all smaller-numbered passengers ahead of them
are already seated; once this condition is met, seating takes one unit of time. In this interpretation, L,
represents the total time required to board the airplane. Further details on modeling the boarding process
can be found in [BBS™06].

Another popular viewpoint is provided by patience sorting, a solitaire card game whose greedy sorting
algorithm, introduced by Mallows [Mal73] and analyzed by Aldous and Diaconis [AD99]], decomposes a
permutation into decreasing subsequences (“piles”), with the number of piles equal to the length of the
longest increasing subsequence. The mathematical model studied in these works involves a single card
suit, corresponding to a permutation of distinct numbers; the actual card game uses four suits and is
substantially more complex and far less understood.

3.7 Exercises

Problem 1. Consider the Schur process of Definition [3.5and choose 1 < k < m < N. By generalizing
the proof of Theorem show that the joint distribution of A*) and A("™ is the same as the joint
distribution of two As in the rank 2 Schur process

with probability distribution

1
P )\(k)7u7)\(m) = — — S (k)(ﬁ+)8 @ 1, (T ) S x0m) (p+)8 o (53),
( ) H(pg; pr)H (b3 g VH (B3 5y ) N 0T Al X L 72 2(322)

B = st ) B = G Ba) BT = Greeabms)s 57 = (o)
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Problem 2. Consider the Schur process of Deﬁnition and choose 1 < k < N — 1. Prove that the
marginal distribution of () is a Schur measure. What are the specializations?

Problem 3. Let 0 be a permutation of n letters. Show that o necessarily either has an increasing subse-
quence of length \/n or a decreasing subsequence of length y/n. Recall that L,, is the length of the longest
increasing subsequence in a uniformly random permutation, and deduce the lower bound EL,, > %\/ﬁ

Problem 4. Consider the unit square [0, 1] x [0, 1], take n points in the lower triangle 0 < y < x < 1,
other n points which are mirror-images with respect to the diagonal x = y, and yet other m points on
the diagonal x = y. If we order the resulting 2n 4 m points by their first coordinates, then the order of
second coordinates encodes a permutation o. Assuming all x—coordinates and all y—coordinates to be
distinct, show that o is an involution, i.e., 02 = Id.

Problem 5. Our goal is to generalize the correspondence of Theoremto hi(x,t), Ak, Ar with k > 1.

A. The broken lines of Figure[3.11]have down-corners corresponding to the Poisson point process, and
up-corners corresponding to the new set of points. Erase all Poisson points and draw a new collection
of broken lines, by starting two new rays with slope £1 from each new point and ending them upon
crossing. Here is an example:

N W

Prove that the shifted height (ha(z,t) + 1) is equal to the number of new broken lines crossed along the
path from (z,0) to (z,t) and is also equal to the maximal number of new points one can collect along a
monotone path (0,0) — (z,1).
B. Extend the procedure of part A to a similar geometric way to compute hy(z,t), for each k > 1.
C*. Prove that for each k£ > 1, the sum hy(z,t) + (ho(z,t) + 1) + - - + (hg(x,t) + k — 1) equals the
maximal number of the points of the Poisson process of Section[3.5.3] which can be collected by & paths
(0,0) — (z,t), which are monotone in the sense that x coordinate grows slower than ¢ coordinate.

D. Prove Greene’s theorem: The distribution of A\ + - - - + Ag, for A € Y,, distributed according to

the Plancherel measure, is the same as the maximal total length of k disjoint increasing subsequences in
a uniformly random permutation in S,,.

Problem 6. A semistandard Young tableaux of shape A and rank N is a filling of a boxes of a Young
diagram A with integers between 1 and /N, in such a way that the entries are non-decreasing along the
rows and (strictly) increasing along the columns. Here are some examples for rank N = 5:

2|2\ 111|1\ 133|4\
304 2103 414
15
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Denote by M¢ ;, the set of matrices of size K x L with nonnegative integral entries, total sum of en-
tries equal to n. The Robinson-Schensted-Knuth correspondenc (RSK) establishes a bijection between
M ; and the set of ordered pairs of semistandard Young tableaux of the same shape with n boxes, the
ﬁrst7tableau of rank K, while the second of rank L.

A.Let 0 < ¢ < 1. Consider a random K x L matrix with nonnegative integral entries that are
independent identically distributed random variables with geometric distribution P(§ = m) = (1—¢)q™,
m = 0,1,.... Viathe RSK, this random matrix induces a probability distribution on Y; the random Young
diagram is the shape of the tableaux associated to the random matrix. Show that this distribution is a
Schur measure. What are the specializations?

B. Let W} denote the set of all words of length n in the alphabet {1,2,..., K'}. Each such word
can be identified with an element of M}}n in which each column j has exacly one non-zero element,
which is equal to 1. Denoting the row of this element by w(j) € {1,2...,n}, the matrix corresponds
to the word w(1)w(2) ... w(n). Hence, RSK restricts onto W}. Consider the following continuous time
Markov chain on the set of all words | > , W}, depending on K real parameters a1, ...,ax > 0: the
initial condition is the empty word of length 0; new letters are appended at the end of the word with
intensity ay, for appending k, 1 < k < K (equivalently, a new letter k is appended after independent
exponential waiting time of mean a,;l). Applying the RSK and keeping track of the shape of the Young
tableau, we get a stochastic process on Young diagrams \’, ¢ > 0. Prove that for each fixed ¢, the law of
Al is a Schur measure. What are the specializations?

Hint. You can use without proof that for the restriction of RSK onto W, the second Young tableau is
standard, while the entries (with multiplicities) of the first one are the letters of the word.

C. Each permutation o € ), can be represented as a word in W}, and therefore as a matrix in M};,,,
in which each row and each column have exactly one non-zero element equal to 1. Hence, we can apply
the RSK to permutations. Prove that the RSK pusforward of the uniform measure on &, is the Plancherel

measure.

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Rob38]], [Sch61l], [Knu70], [Vie77], [Gre74], [Sag01]], [BRO1], [PS02],
and [ORO03].

>You can use RSK a black box in this problem or read about it in [Ful97 [Sag01].



Chapter 4

Determinantal point processes

In the previous chapter we discussed a connection between growth models and combinatorics of Schur
polynomials. It is not yet clear how this is going to help us in investigating the asymptotic questions.
The answer originates in the determinantal structures. Many results in integrable probability rely on
manipulations with determinants in various ways. The definitions and properties of Schur functions
already involved determinants in (2.14), (2.12), (2.24), (2.30). In this chapter we will see how determinants
appear in the probabilistic context of random point processes.

We start from abstract point processes, then specialize to determinantal point processes, and finally
show how the Schur measures fit into this formalism.

4.1 Point processes and correlation functions

Consider a reasonable “state space” or “one particle space” X, say the real line R, or the Euclidean space
RY, or a discrete space such as the set Z of integers, or its subset. We assume that X is a topological
space, i.e., there are open sets, compact sets, convergence, etc. A point configuration X in X is a locally
finite (i.e., without accumulation points) collection of points of the space X. For our purposes it suffices
to assume that the points of X are always pairwise distinct. The set of all point configurations in X will
be denoted as Conf(X).

A compact subset A C X is called a window. For a window A and X € Conf(X), set N4(X) =
|AN X| (number of points of X in the window). Thus, N4 is a function on Conf(X). We equip Conf(X)
with the Borel structure generated by functions N4 for all windows A. In other words, we consider the
smallest o—algebra, which makes all functions N4 measurable.

Definition 4.1. A random point process on X is a probability measure on Conf(X).

We will often use the term particles for the elements of a random point configuration. Thus, we will
speak about particle conﬁguration&ﬂ

For the first example we take X to be the lattice Z of integers. A particle configuration on Z is simply
an arbitrary subset X C Z, the assumption of absence of accumulation points holds automatically.

Fix a real number p € (0, 1). The Bernoulli point process with parameter p on Z is constructed as
follows: for each integer ¢ € Z we put a particle at the node ¢ with probability p, independently of other
nodes. This procedure leads to a random particle configuration. Equivalently, the Bernoulli process is a
doubly infinite sequence &;, @ € Z, of binary independent random variables, such that each ¢; takes value

! Another point of view is to consider random point processes as random point measures, where the measure is the sum of
Dirac unit mass measures supported by the particle positions.

56
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1 or 0 with probability p or 1 — p, respectively. Then the random configuration X consists of those 4’s
for which & = 1.

Lemma 4.2. For the Bernoulli point process, for each finite A C Z with |A| = n, the random variable N 4
is distributed as a binomial random variable Bin(n, p):

P(Ny = k) = pF(1 — p)* (Z) 0<k<n.

For disjoint sets A1, ..., Ay, the random variables {NAj };”:1 are independent.

Proof. The proof follows by observing that N4 can be represented as a sum of n independent Bernoulli
random variables. Independence of N4, follows from the independence of &;. O

Our second example is the homogeneous Poisson process on R.

Definition 4.3. The Poisson point process on R of (constant) intensity o is determined by random vari-
ables N 4 for each compact set A of Lebesgue measure |A| having a Poisson distribution of mean g|A|, i.e.,
Poi(g|Al):

ANk
P(NA:/{):e_QXM, k=0,1,2,....
For disjoint sets Ay, ..., Ay, the random variables { N a; };”:1 are independent.

Remark 4.4. In the same way we can define the Poisson point process on R%, with the only difference
being that A is now a compact subset of R%. We stick to d = 1 throughout this section, but all the
constructions have direct analogues for d > 1.

The consistency of this definition follows from the fact that the sum of independent Poisson random
variables is again Poisson: Poi(a) + Poi(b) = Poi(a + b).

If one wishes to construct the Poisson point process from a collection of i.i.d. random variables, there
are several ways to do so. The most classical construction proceed through the observation that spacings
between adjacent particles are independent exponential random variables of mean ¢!, see, e.g., [Bil12,
Section 23]. Alternatively, one can take a limit from the Bernoulli point process:

Lemma 4.5. Take € > 0 and embed the integer lattice into R as Z. Then the Bernoulli point process of
parameter p = €p converges in distribution as € — 0 to the Poisson process of intensity o.

Proof. Let us start by decoding what “convergence in distribution” means. Since we defined the point
process through the random variables N4, we should also use them here. Hence, we say that point
processes converge in distribution whenever all finite-dimensional distributions of random variables N 4
(where A is a compact subset of X) converge.

Take an interval [u,v] C R and let m. denote the number of points of €Z belonging to the interval.
Clearly, em. — v—u = length([u, v]) ase — 0. Hence, by a straightforward computation, for A = [u, v]

(mg)! 1

. Bernoulli __ 1 ki _ me—k__\"""¢)°  ©
g P (NAT = k) =l | () (1 —e0)™ 0 g

_ k )
= e*@(lFU)M ) (Ngomson _ k:) '

k!

Hence, for A = [u,v] we have the desired convergence in distribution for N4. The same argument
also works for open intervals. Using independence for disjoint N4, which is true both for Bernoulli
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and Poisson cases, we extend the convergence to A being a union of intervals, and to joint distributions
over finite collections Aj, As, ... A;. Representing open sets as unions of disjoint open intervals, we can
further extend to an arbitrary open and bounded A and to finite collections of those.

For a general compact A, we can always choose r large enough, so that A C [—r, r]. Then [—r, 7]\ A
is open, and using the joint convergence for this set and for the segment [—r, ], we also get ¢ — 0
convergence for such N4. O

Here is a different construction of the Poisson process:

Lemma 4.6. Let M =1,2,3,.... Take the interval [—QMQ, 2—MQ} and place M particles in it, uniformly and

independently of each other. In the limit as M — oo, these collections converge in distribution to the Poisson
point process of intensity .

Proof. Take two disjoint intervals: [z, y], [u,v] C R. For large enough M, we have

PP(k particles in [,y] and [ particles in [u,v])

B M! y—x Frov—u\! 1Y% v-u M=kt
T k- \* M e SN VA Vi '

Sending M — oo, we get the probabilities corresponding to the Poisson point process of intensity o:

1
7 (ely = )" (e(v = w) exp(—ely — 2) — o(v — u).
The same argument works for any collection of disjoint intervals, and we arrive at Definition O

The limits of Lemmas [4.5|and [4.6] contain a few important ideas:

« First, the idea of a limit transition: starting from a discrete ensemble one can get a continuous
ensemble; starting from M —particle configurations one can get infinite particle configurations.

« Second, the limit transition may lead to a simplification. The structure of the joint distribution of
Na,,..., N4, simplifies in the limit of Lemma dependencies between particle counts disap-
pear as M — oo.

+ Third, we observe a hint of the universality: very different object are leading to exactly the same
scaling limit in both lemmas.

How to describe a point process that would be more complicated than Poisson? The problem here
comes from the fact that the space of particle configurations Conf(X) is, typically, infinite-dimensional
and, thus, there is no natural “Lebesgue measure” which could be used for writing densities. One solution
is to use correlation functions.

Let us temporarily restrict ourselves to point processes on a finite or countable discrete space X (for
instance, the reader may assume X = Z). Such a process is the same as a collection {{, } of binary random
variables, indexed by elements z € X, which indicate the presence of a particle at x. (They are often
called occupancy variables.) The Bernoulli process was a simple example. Now we no longer assume that
these variables are independent and identically distributed; they may have an arbitrary law. Their law
is simply an arbitrary probability measure [P on the space of all configurations. This is a large space, it
can be described as the infinite product space {0, 1}*. Thus, defining a point process on X amounts to
specifying a probability measure IP on {0, 1}*.
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Definition 4.7. Let A range over finite subsets of discrete X. The correlation function of a point process X
on X is the function p(A) defined by
p(A) =P(A C X).

If A has n points, A = {z1,...,z,}, then we also employ the alternative notation

p(A) = pp(z1,. .., 2p).

In this notation, the single function p splits into a sequence of functions p1, p2, . .., where p,, is a sym-
metric function in n distinct arguments from X, called the nth correlation function.
Equivalently, in terms of occupation random variables {&, }, we have

pn(xla“'7xn):]P)(£CC1 :"‘:gxn :1)- (4.1)
For example, for the Bernoulli process one easily sees that p(A) = plAl.
Lemma 4.8. A random point process on a discrete set X is uniquely determined by its correlation functions.

Proof. The law of a point process on X is determined by the probabilities of all cylindrical events, de-
scribing the positions of particles. Those can be encoded using the following sets:

UR ={X:XnB= A} c Conf(X)

where A C B is a pair of finite sets. The sets U% generate the same o-algebra on Conf(X) as functions
N 4. A probability measure P on {0, 1}* is uniquely determined by its values P(U%) on such sets. Thus,
it suffices to show that the correlation function determines these values. This follows from the formula

PUS) = >, (=1,
C:ACCCB

which is a direct corollary of the inclusion-exclusion principle. O

Let us now extend the definition of the correlation functions to arbitrary, not necessarily discrete
state spaces X. If the space is continuous, then the probabilities in Definition [4.7) might all be zeros, and
we need to adjust our point of view.

Definition 4.9. Given a random point process on X, we define a sequence { p,, } 52 |, where p,, is a symmet-
ric measure on X™ called the nth correlation measure. The correlation measures are characterized by the
following property: for anyn > 1 and a compactly supported bounded Borel function f on X", one has

. fdp, =E > f@ismi) | (4.2)

TiqyeeesTip €X

where E denotes averaging with respect to our point process, and the sum on the right is taken over all
n-tuples of pairwise distinct points of the random point configuration X.

In particular, for n = 1 we have
| H@n) 2 (Z f<x>) ,
x reX

and p; is often called the density measure or intensity measure of a point process.
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Proposition 4.10. If X is discrete, then Definitions[4.7 and[4.9 coincide.

Proof. Given correlation functions in the discrete setting as in (4.1)), we extend their definitions to possibly
coinciding x; by setting p(x1,...,2,) = 0 whenever z; = x;. Then p(x1,...,x,) can be treated as
weights of a measure on X”. Let us check that holds. Note that both sides are linear in f, and
therefore it is sufficient to choose some y1, ..., y, € X and verify the identity for

flzy,. .. 2n) = {1’ (15, 2n) = (Y1, -, Yn),

0, otherwise.

If y; = y;, for some ¢ # j, then both sides of (4.2) are zeros and, therefore, coincide. If all y; are distinct,
then the left-hand side is p,(y1,...,yn), while the right-hand side is the expectation of the indicator
function for the event {y; € X,...,y, € X}, i.e, it is the probability of that event. Comparing with

Definition [4.7] this is also pn (Y1, ..., Yn)- O

Definition 4.11. Suppose that for a measure p on X (called reference measure), all the correlation measures
have densities with respect tou®",n = 1,2, . ... Then the density of p,, is called the nth correlation function
and it is usually denoted by the same symbol p,,.

Often X = R and p is the Lebesgue measure, so that the definition becomes:
pn = pn(x1,...,2n)dxy - - - dy.

In this case the probabilistic meaning of the nth correlation function is that of the density of probability
to find a particle in each of the infinitesimal intervals around points x1, z2, ... xn:

pn(x1,x2,. .. xy)dxy - - - day, = P (there is a particle of X in each interval [z;, z; + dz;]).

As an exercise, the reader might check directly from Definition [4.9] that the nth correlation function
of intensity o Poisson point process (with respect to Lebesgue measure) is identically equal to o™:

pn=0", n>1.

Vaguely, correlation measures for the point processes play the same role as moments for the random
variables: under mild technical conditions they exist and uniquely determine the distribution. We refer to
[DV]08| Section 9.5] for further discussions. The analogy with the moments becomes more transparent
in the following statement.

Theorem 4.12. Let p,, be correlation measures for a point process X € X. For any compact set A C X, we
have

ENy = / p1(dz), (4.3)
A
and, more generally, for eachn > 1
E[NsA(Nga—1)---(Na—n+1)] = / pn(dzy, ..., dx,). (4.4)
An
Proof. We take f = 1la(z1)la(we)---1a(z,) in (@2). The left-hand side becomes

Jan Pn(d1, ..., day). The right-hand side is
E[#{distinct z;,, ..., z;, € X, such that they are all in A}].

The expression under expectation is precisely N4o(Ng — 1)--- (N4 —n + 1): we have N4 options for
choosing x;,, N4 — 1 options for choosing z;,, etc. t
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Similar formulas exist for joint distributions of /N4 with several different sets A. Comparing with the
classical moment problem (cf. [Akh65] or [Bil12, Section 30]), the conclusion is that as long as the cor-
relation functions do not grow too fast (e.g. pn (21, . .., Ty) < n?"C™ for some C' > 0 is sufficient), they
uniquely determine the joint distribution of V4 and therefore of the point process. [Len73]] contains the
exact necessary growth conditions. In all examples of our interest these conditions are straightforward
to check.

Here is one way to compute correlation functions when the total number of particles is fixed.

Proposition 4.13. For a random point process with a fixed number of particles N, described by a joint

probability distribution P(dx1,...,dxy), symmetric with respect to permutations of the arguments and
assigning probability 0 to the diagonals x; = x;, the correlation measures forn < N are given by
(d dz,,) v / P(d dx ) N (4.5)
pnldzy,...,dxy) = —— T1,y...,dTN), n < N. 4.5
" " (N - n)' Tn+1, 733N€x

Forn > N the correlation measures p,, vanish identically.

Proof. The statement for n > N is immediate from the definition. For n < N we have

E E flaig, .o @) / flxiy, ...,z )P(dzy, ..., dzN)
i1 Lip 117 3 Lip
pairwise distinct pairwise distinct
N P(d d
= — Tlyeoo, & x1,...,dx
(N—n)' fo( 1, ) n) ( 1, P N)7
where we used the symmetry of P(dx1,...,dzy) in the last equality. O

4.2 Determinantal point processes

We now proceed to defining an important class of random point processes.

Definition 4.14. A point process on X is said to be determinantal if there exists a function K (z,y) on X x X
such that the correlation functions (with respect to some reference measure) are given by the determinantal
formula

Pn(xla e afEn) = det[ ($1,$])]” 1

foralln =1,2,.... The function K is called the correlation kernel.

In particular, we have

pl(xl) :K($1,$1)7 pQ(g;lva) = det (x17x1; K(xl,xg)

K(xo,21) K(z2,22)
K(xl,xl) K(.’El,xg) K(l‘l,l‘g),

p3(1, 2, 73) = det | K(v2,71) K(z2,22) K(22,73)
K(Sﬂg,xl) K(.’Eg,{l}g) K(Sﬂg,l‘g)

Note that the values of determinants det[K (z;, ;)] do not depend on the ordering of the arguments
x; and vanish at x; = x;. Also the correlation kernel is not unique — gauge transformations of the form

K(e.y) o 2 k() (46)

f()
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with a non-vanishing f : X — C do not affect the correlation functions. Another freedom is in the
choice of the reference measure: if we simultaneously multiply the density of the reference measure by
a positive function f(z) and divide K (x,y) by the same function, then the correlation functions are
unchanged.

The main benefit of the determinantal structure is complexity reduction. The correlation kernel is a
single function of two variables while the correlation functions form an infinite sequence of functions
of growing number of variables. Thus, if a point process happens to be determinantal, it can be de-
scribed by a substantially reduced amount of data. This is parallel to Gaussian processes for which all
the information is encoded in a single covariance function.

Example 4.15. The Bernoulli point process is determinantal with respect to the counting measure on Z with

p, r=1Y,
K(z,y) = {0 vty

The Poisson point process of intensity o is determinantal with respect to the Lebesgue measure on R with

o, T=Y,
K(z,y) = {0 vy

Determinantal processes first appeared in the 1960s in the context of random matrix theory, with
the first examples going back to the work of Dyson [Dys62a, Dys62b, Dys62c]; see also the monograph
of Mehta [Meho04], first edition published in 1967, where the determinantal structure of eigenvalue cor-
relations became a standard tool. As a class, such processes were first distinguished in 1975 by Macchi
[Mac75], who considered the case when the correlation kernel is Hermitian (K (z,y) = K(y,x)) and
called them “Fermion processes”. In this case

pa(x,y) = p1(x)p1(y) — | K (z,y)* < pr(x)p1(y),

which, from a probabilistic point of view, means that particles repel.

The term “determinantal point process” first appeared in [BO0Ob], together with the first natural ex-
amples of such processes with non-Hermitian kernels. A systematic probabilistic study of determinantal
point processes, including general existence results and limit theorems, was carried out by Soshnikov
[Sos004]]. Today the term is widespread, and determinantal point processes play a central role in random
matrix theory and integrable probability; there is a Wikipedia article devoted to them. Other foundational
papers and influential reviews include [Lyo03] BR05, HKPV09, Bor11a| KT12].

An important class of determinantal random point processes is formed by biorthogonal ensembles.

Definition 4.16. Consider a state space X with a reference measure pi. An N —point biorthogonal ensemble
on X is a probability measure on X" of the form
N N
PN(dl'ly oo 7de) = cy - det [¢i($j)]i7j:1 det [wi(xj)}i7j:1 ' /L(dlL‘l) o M(de)
for a normalization constant cy > 0 and functions ¢1,1, ..., ¢N,¥n on X such that all integrals of the

form [ ¢i(x)ihj(x)u(dx) are finite.

Theorem 4.17. Mapping (v1,...,xx) € XN to a point configuration {x1,...,xx} C X, any biorthog-
onal ensemble gives rise to a determinantal point process. Its correlation kernel has the form

K(z,y) = Z ¢i(2)Y;(y) [G_TL“

" (4.7)

ij=1
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T

_ . N . .
where ~' means inverse transpose, and G = [Gij] _, is the Gram matrix defined by

Gy = /x b1(2); () p(d).

Remark 4.18. When the functions ¢;(z) and v;(y) are biorthogonal, the Gram matrix is diagonal and
can be easily inverted. This is the origin of the name “biorthogonal ensemble”.

Proof of Theorem[4.17 Applying the Cauchy-Binet formula (in the context of integrals it is also known
as the Andréief identity [And86]]) of Proposition [2.10]:

/3€N det [Qﬁi(xj)]f?;:l det [wi(ajj)]gjzl ~p(dxy) -+ p(dey) = Nldet G.

This implies that the normalization constant ¢y in the definition of the biorthogonal ensemble above is
equal to (N!det G)~!, and that the matrix G is invertible.

We need to prove that py,(z1, ..., 2,) = det [K (z;, xj)]?.zl for any n > 1. For n > N both sides
vanish: the right-hand side is zero because the matrix under determinant has rank no more than N due
to the explicit formula for K.

Assume n < N. By formula for the correlation functions,

Nle
pn(T1,- . Tn) = ﬁ /3€N_n det [‘bi(xi)]gjﬂ det [T/Ji(xj)]ﬁgzlu(dl'n_Fl) <o p(day).

Let A and B be two N x N matrices such that AGBT = Id. Due to invertibility of G' such two matrices
exist, but they are not unique. Set

N N
Op=> Awd,  Up=> B, k=1,...,N.
=1 =1

Then
(i, U)) 122 ) = [AGB i = Lizy.
On the other hand, for any 1, ..., 2y,
N N
det [q)i(xj)]m:l = det Adet [¢i(xj)]i,j:1’

N

det [\I/Z (LBJ)] 2;:1 = det B det [1/), (.73])] ij=1"

Also AGBT =1d implies det A det B det G = 1. Hence, the formula for the correlation functions can
be rewritten as

pn(xh ) fEn) = M /:{Nn det [(I)Z(IL‘J)] 2;:1 det [\Ifz(l‘])] 2;:1#((11‘”+1) s -,u(dl‘]\[).

Opening up the determinants and using the fact that ®;’s and W;’s are biorthogonal, we obtain

o,7TESN

1 N
Pn(”flv"wxn):(N_n)!/%N_n >, ()7 [il;[l‘l)a(i)(fvi)‘l’rm(wz‘) pdzpgr) - - p(dzy)
1

n

GEDE > (=17 [T @oo (@) ¥ri) (@)

o,r€SNyo(k)=7(k), k>n =1

— E det ®J1rIn det YL in
1<j1 < <jn<N
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__CUE: eigenvalue repulsion (N=50) __Uniform: random clumping (N = 50)
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Figure 4.1: Left panel: points from Circular Unitary Ensemble. Right panel: uniformly random points.

where ®71>Jn is the submatrix of ® := [®;(z4)]i=1,....,n formed by columns ji, ..., jn, and similarly for
. . j=1,...n
J1dn The Cauchy-Binet formula now yields py, (21, ..., 2,) = det ®¥T, and

N N
DU = > AuBrméi(w)dm(z;) = Y [ATBlimdi(@:)vm(x;).
k,l,m:l l7m:]_
The right-hand side is equal to K (z;, ;) because AGBT = Id is equivalentto ATB = G~ T. O

Important examples of biorthogonal ensembles come from the random matrix theory. One case is
the measure on N-particle configurations on the unit circle, |z| = 1, with density with respect to the
Lebesgue measure given by

1 ,
m H ’Zi—ZjIQ, |Z7j’:1, Z:1,2,...,N. (48)
1<i<j<N

It can be identified with the distribution of eigenvalues of the NV x N random unitary matrices sampled
from the uniform measure, see e.g., [Meh04, Chapters 10,11] or [For10, Chapter 2]. This N -point process
is known as the Circular Unitary Ensemble or CUE. The CUE eigenvalue density is the spectral represen-
tation of the Haar measure, formally expressed by the Weyl Integration Formula [Wey26, Wey39]. This
result provides the analytical form for the geometric structures discovered in Cartan’s classification of
Lie groups [[Car94], later adapted by Dyson [Dys62a]] to model quantum level statistics.

Figures[4.1|and [4.2|reveal striking differences between the behavior of points of CUE, as compared to
the uniformly random points on the unit circle. The eigenvalues exhibit much more rigidity, caused by
their repulsion expressed through |2; — z;| factors in (4.8).

Proposition 4.19. CUE (4.8) is a determinantal point process with correlation kernel with respect to the
Lebesgue measure on the unit circle (of total mass 27) given by

11— (zw)V
K(z,w) = o 1w 2] = |w| =1, (4.9)

where W denotes the complex conjugate of w.
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CUE: Gaudin-Mehta distribution

Uniform: exponential distribution
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Figure 4.2: Histrograms for adjacent spacings for points in Figure Red curves are theoretical asymp-
totic distributions for the spacings as N — 0o, which is the exponential distribution for the right panel
and is called the Gaudin-Mehta distribution for the left panel.

Proof. Using the Vandermonde determinant (2.15), we rewrite as

i—-11N Zi—17NV
@)V det[z; ],y det[z; ], ldz] - danl. (4.10)

J J
Hence, we are in the framework of Theorem [4.17| with the Gram matrix

o 1 o om, =7,
Gijz/ A1E Y dy| = 55 zwldz:{ o= (4.11)
|z]=1 1

0, otherwise.
around 0

Inverting G is straightforward, and (4.7) turns into

N — (zw)N
K(zw) = % S ()it = L BT

, 2T 1—zw
=1

Another case of a biorthogonal ensemble is the measure on N —particle configurations 1 > z3 >
-+ >z in R with density

1 1.2
g e - e o

T4
j=1 J* i<j

which is the distribution of eigenvalues of a random Hermitian matrix M from Gaussian Unitary En-
semble (GUE), i.e, M = 1(Y + Y*), where Y is a matrix of iid. N'(0,1) + iN(0, 1) elements, and Y*
its transpose-conjugate matrix, see e.g., [?, [For10, [AGZ10, [ABDF11]] for further details. The correlation
kernel of is often written down in terms of the Hermite orthogonal polynomials (see exercises),
making it one of the instances of an orthogonal polynomial ensemble. An alternative contour integral
expression for the correlation functions of will be presented in Section
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4.3 Correlation functions of the Schur measure

Our next goal is to show that any Schur measure is a determinantal point process. We will split the
discussion into two steps. In the first step, we deal with Schur measures with two specializations into
finitely many a—parameters. In other words, we consider the probability measure

N

P(\) = H (1 —zy5) - sa(x1, .-, xn)sa(y1,-- - UN). (4.13)
ij=1

Directly from Definition the Schur functions sy(x1,...,2y) are non-zero only if /(\) < N. We
encode such A through a finite point configuration

XN(A) = {)\] + N _j};\le C ZZO'

Theorem 4.20. Let \ be distributed as in (4.13), where x; and y; are non-negative real numbers, such that
|ziy;| < 1 foreachi,j =1,...,N. Then the point process Xy () is determinantal, with correlation kernel
(with respect to the counting measure) given by a double contour integral:

—41—-1,,,02

v—yg) (1l —wzg) v w
0, 09) . dvd 01,0 7 4.14
K(ly,42) = 27T #H 1_v$k w—g) w—v vdw, 1,02 € Z>y, (4.14)

-1

where the integration is over positively-oriented contours which enclose the singularities atv = (x)™" and

w = Yy, but leave out the singularities at v = w or v = 0. In particular, the contours do not intersect, cf.
Corollary[4.24 and Figure[4.4 below.

Proof. The definition of Schur functions and definition of P()\) in imply that

P()) = —det{ A+ J} det[yjﬁN*j]N . (4.15)

,5=1 1,j=1

We recognize a biorthogonal ensemble on Zx> in the right-hand side of (4.15). Therefore, we can use
Theorem [4.17] which yields that Xy () is a determinantal point process with correlation kernel

61,52 Z IﬁélyeQG T
i,j=1
where G;jT is the inverse-transpose matrix of the NV x N Gram matrix
Gij =) iy
T 1-wys Ty,
>0 J

The determinant of G was computed in Proposition [2.12}
N

det [GZ]]ijl — det |:1—:| _ H’L<]( - ]) Hl<] (y y]) ' (416)
’ LiYj 14 j=1 Hi,j:l(l — xiY;)

By Cramer’s rule, we have

1 (=D)Fdet[q; ]z;élcg#
(e =g, _
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Figure 4.3: Particle configuration X ().

Using the fact that submatrices of G;; are matrices of the same type, and their determinants can be
evaluated using (4.16)), we obtain

@), = om0 =700 —mige) (417)
kE (1 — xpye) Hb#k(l‘k’ — xp) Hc;ée(yé — Ye)
We claim that
(1= zyp)(1 —way) 28w’
E 05) 21 dzd 4.18
172 Zx Z—l'k w_yk) 1—szw7 ( )

1,j=1

with contours chosen so that they enclose the singularities at z = z;, and w = yy, but do not enclose
the singularity at zw = 1. Indeed, (4.18) is just the evaluation of the double integral as the sum of the
residues. Changing the variables z = 1 / v in ( we arrive at (4.14). O

For more general specializations in the Schur measure, the particle configuration X () no longer
works, and there is no N that makes \; + N — i non-negative for all <. Hence, we introduce infinite
particle configurations in Z instead. Given a Young diagram A, we associate to it a point configuration

AN ={X\—i+1}° CZ (4.19)

Note that X () is semi—infinite, ie., there are finitely many points to the right of the origin, and all but
finitely many points to the left of the origin belong to X (). The construction of X () is illustrated in

Figure

We recall the most general Schur measure of Definition [3.4/and introduce the notation

z) = th(P)Zk = exp (Zm(ﬂ)k> :
k=0 k=1

Theorem 4.21. Suppose that A\ € Y is distributed according to the Schur measure with two admissible

specializations p1, pa. Then X () is a determinantal point process on 7, with correlation kernel K ({1, (2)
defined by

H (p1;0)H (p2; w™t) v 121

(El, EQ dvdw, l1,05 € 7, (4.20)

2771 p27’U 1 (p17 ) v—w



CHAPTER 4. DETERMINANTAL POINT PROCESSES 68

with integration over two positively oriented circles around the origin |lw| = Ry, |v\ Ry such that Ry <
Rs and the functions Z pr(p1)% k , Z pr(p1)%— k , Z pr(p2)%- k , Z pr(p2) Y k , are holomorphic in the

annulus Ry —e < |u] < R2 +e. Inpartlcular lf]pk(pl)\ < CrF and \pk(pg | < Crk with some constants
C>0and0<r <1 thenanyr < Ry < Ry <r~ L are suztable

We included Schur positivity of p; and p2 in the conditions of the theorem, yet it is a purely algebraic
statement which holds more generally, as long as all the series arising in the statement are absolutely con-
vergent. An important example going beyond our admissible specializations is given by the z—measures
on partitions, for which s)(p1) and s(p2) do not have to be real numbers, but their product is real non-
negative, see [BO06, Theorem A, s = ¢ case] for a direct analogue of and references therein for the
earlier literature on the z-measures

Determinantal structure of Schur measures was discovered in [[Oko01al], following an earlier develop-
ments for z—measures in [[Oko01bl]; his approach through the Fock space is outlined in the exercises for
this chapter. Our proof through Theorem [4.20]is very different from that paper and is closer to [Joh01b].

Proof of Theorem We have to prove that for any finite set A = {a1,...,a,,} C Z we have

> B~ aalxton @an)
MACX (M) ’

Let us first prove the following identity of formal power series. Let x = (21,22, ...)andy = (y1, 42, ..)
be two infinite sets of variables; then

[[a-z) 3 sA(a:)s,\()—det[ (al,a])]m (4.22)

iy ij=1"
3,j=1 NACX(X)

where the kernel K is a power series defined through,

1 # (kiohk(x)vk> (kio hk(y)wk> LU,

K(t,6) = —— (4.23)
27i)? &, 5.0 1-
C (S o) (£ mtaer) 7
k=0 k=0
Here the integral should be understood in the following sense: we expand
e (4.29)
1—2 voow?2 o3 Y '

convert the integrand in into a (Laurent) power series in w and v, and collect the coefficient of
v~lw™L. In this way the integral becomes a power series in hy(z) and hy(y) with integer coefficients.
We choose some d = 0,1,2,... and consider the degree d (with respect to x and y) component of this
series — this is an element of A ® A.

The left-hand side of is also a power series in h(z) and hy(y) with integer coefficients. Again,
we can consider the degree d component of this series as an element of A ® A.

Hence, the meaning of is that for each d the corresponding elements of A ® A in both sides
coincide. In order to check that, we choose N and project onto finite sets of variables by setting x4+ =

2Generally speaking, such R;, R2 and the corresponding integration contours do not have to exist. However, in all inter-
esting examples we know of; either they exist, or contours can be deformed so that (4.20) still holds.
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TNi2=+--=0and yy11 = ynt+2 = --- = 0. Anidentity in A ® A turns into an identity in Ay ® Ap;
if we manage to prove it for each large enough N, then we would be done, because A = lim A .
For finite N, we start from the result of Theorem [4.20| and rewrite the kernel for X (\) as
1 _ 1 _ N—¥l1—1,, 4o—N
# H v yk ka) . Y v dvdw, by, 0o € Z>p.
27r1 (1 —vxk)(1 —wlyg) w—v =

We now specify z; and y; to be small positive numbers, choose the v—contour to be a negatively oriented
circle of radius 2 (we absorbed oo into the contour, which is allowed because of the decay of the integrand)
and w-contour to be a positively oriented circle of radius % both centered at the origin. In the next step
we will flip the orientation of the v—contour changing the sign of the integral simultaneously.

Note that X () differs from X () by shift by (N — 1) and addition of particles extending to —oc.
The latter does not matter, because for large enough N, the set A = {ay,...,a;,} of our interest does
not have any of these additional particles. Absorbing the shift and using the H -notations, the kernel for
X (\) becomes

1 # H(zy,...,¢on; ) H(yy, ..., yn; w™l) w0 Iylel dod e
~ vdw _N.
2mi)? 1, oN; wW)H (Y1, .., yn; v -2 ’ L2 >N

Because }%‘ < 1, we can use the expansion (4.24), and then compute the v—integral as the residue at
oo and w—-integral as the residue at 0. This gives the same meaning to the integral as in (4.23). Since x,
and yj, can take arbitrarily small values, and we deal with power series in these variables, the evaluation
of the correlation functions can be viewed as a power series identity in (z1,...,2x) and (y1,...,yn)-
This proves a finite IV version of (4.22). Sending N — oo, we get itself.

From we obtain by applying specializations p; and p2 and choosing the contours on
which all four H(py;v), H(p2; w™t), H(p2;v™1), H(p1;w) are given by converging series in terms of
the specialized hy. O

Let us specialize Theorems and to our running examples. The first one is the Schur measure
with a—specializations (4.13) withzy = 20 = --- = 2§y = y1 = y2 = - -+ = yn = /¢, which is relevant
to the last passage percolation (Theorem [1.4) and discrete PNG (Corollary 3.9).

Corollary 4.22. For0 < g < 1,let \ = (A\y > -+ > Ay > 0) be distributed according to (see (2.51) for
the equivalence of two forms)
2

POV = (1= )™ [sx(vd oo v@)]2 = 1=V | [ A=t

s ] —1
1<i<j<N

Then Xn(\) = {)\i + N — Z}z]\il C Z>g is a determinantal point process with kernel

_ 1 (0= Vo)l —wyg) ™ v h e
K(ly,0p) = (2r1)2 # [(1 —v/q)(w — \/a)} oy dvdw, €25, (425)
1

where the v—contour is a small positively oriented loop around N and w—contour is a small positively
oriented loop around /q, see the left panel of Figure[4.4

We remark that the integrand has no residue at v = oco. Hence, the v—contour can be modified into
a circle of radius 1 around the origin, at the expense of changing the sign of the integral. The integrand
also has no residue at w = 0, hence, this point can be included in the w-contour.
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U

Figure 4.4: Integration contours in Corollary on the left and Corollary on the right.

The second example is relevant to continuous PNG (Theorem [3.11) and longest increasing subse-
quences in random permutations (Theorem [3.15). In this situation we use the Plancherel specialization

p = (0;0;) of Proposition [2.26| with
H((0;0;7); 2) = exp(y2)
and apply Theoremwith v =0.
Corollary 4.23. For§ > 0, let A € Y be distributed according to the Poissonized Plancherel measure:

0P dim?(\)

P(\) = e [SA(O; 0; \/é)]2 =e (IA[D2

(4.26)

Then X () = {)\i +1- z}zoil C Z is a determinantal point process with kernel

—01,,,02—1
K(ﬂl,ﬁg) = 1#exp <\/§ (U - 1) - \/5 (w - 1>> : &dvdw, 51,62 e

(27i)? v w v—w
(4.27)

where the v— and w—contours are positively oriented loops around O; the w—contour is inside the v—contour,
as in the right panel of Figure[4.4

Note the sign differences: w—v in (4.25) vs v—w in (4.27) caused by different choices of the contours. If
we deform the v-contour in (4.25) trough the infinity to enclose the w-contour, then it becomes negatively
oriented. Changing the orientation and taking appropriate ¢ — 0, N — oo limits of (4.25) leads to (4.27).

4.4 Gap probabilities and Fredholm determinants

The correlation kernel contains a lot of information about a determinantal point process, and we need
to learn how to extract this information. We start from gap probabilities.

Theorem 4.24. Let X be a determinantal point process on X with correlation kernel K (x,y) with respect
to a reference measure v. For a measurable set A, we have

P(no points in A) = det(Id — K)LQ(A,V) = Z . det [K (x;, xj)]i,j:1y(d$1) —ev(dey),
n>0
(4.28)
assuming that the right-hand side is well-defined, i.e., that the series is absolutely convergent.
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The notation det (Id -K ) L2(Ap) is a Fredholm determinant for the trace-class integral operator with

kernel K (z,y) acting in L?(A, 11). The Y _°° | expression is the Fredholm expansion for this determinant,
which can be taken as a definition, see, e.g., [Lax02] or [Sim05bl]. An alternative definition could be
det(Id — K) = []22, (1 — X;), where ); are eigenvalues of K in L?(A, p).

For finite matrices the Fredholm determinant is the same as the usual determinant and matches other
definitions. In particular, expanding the determinant by multilinearity, for N x N matrix K,;, we have

N N (—1)" N
det [1“:b B Kab} ab=1 z_% n! Z det [K‘“’“J}

at,...,an=1

n
.. )
,j=1

where only the terms with all distinct a; are non-zero and correspond to various principal minors of the
matrix [K, ab]fz\j b1

Absolute convergence of the series is related to the unique determination of the random vari-
able N4 by its moments, cf. discussion after Theorem Indeed, by this theorem the n—tuple integral
in (4.28) is the nth factorial moment of /N4 and it is smaller than the nth standard moment EN;. Con-
vergence of the series > - w implies the uniqueness in the moments problem. Determinants
det [K (24, .%j)]zj:l are typically bounded by Hadamard’s inequality (see Lemma below), leading
both to the unique determination of the process by its determinantal correlation measures, and to con-

vergence of the series (4.28) for “nice” sets A.

Proof of Theorem[4.24 Directly from Theorem[4.12] the right-hand side of is

> (_1)nE[NA(NA —1)--(Na—n+1)]

=0 n!
()

n=0

=E =E[(1-1)M] =P(Na=0). O

A generalization of Theorem is a computation of expectation of a multiplicative functional.

Theorem 4.25. Let X be a determinantal point process on X with correlation kernel K (x,y) with respect
to a reference measure v. Let ¢ be a function on X, such that the kernel (1 — ¢(z)) K (x,y) defines a trace
class operator (1 — ¢)K in L*(X,v). Then

E

11 qS(a:)] = det(Id — (1 = §)K) 12y -

reX

Sketch of the proof. We only outline the case of discrete X and counting measure v, see, e.g., [Sos00al
Joh06] for further discussions. We have

1T ¢<x>] =E [H (1= 1pex(1— qb(:c)))]

zeX reX

E

=1-> Pz eX)-(l—qb(x))—i—% > Pla,yeX)-(1-o(z)(1-¢y) — -
zeX z,yeX
THY

Plugging in the probabilities as determinants of the correlation kernel, we recognize the expansion of

det[1,—y — (1 — ¢(2)) K (z, y)]m,yef O
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Another generalization is the computation of the distribution of N 4.

Theorem 4.26. Let X be a determinantal point process on X with correlation kernel K (x,y) with respect
to a reference measure v. For a measurable set A, we have

o

= mm/ndet[K(:L‘i,$j)]Zj:1y(d;pl)...V(dxn), (4.29)

n>

P(m points in A) = L2(Av)|,_q

assuming that the right-hand side is well-defined, i.e., that the series is absolutely convergent.

Proof. The second equality in is obtained by term-by-term differentiation of the Fredholm expan-
sion for det (Id — ZK) L2(Ap) A possible proof of the first equality is to interpret det (Id — ZK) as

E [[T,exna(l — 2)] using Theorem then differentiate m times, and set z = 1 under the expecta-
tion sign. Alternatively, we can match the left-hand side of with the right-hand side by repeating
the proof of Theorem [4.24)and transforming the right-hand side into

Z (_DH_mEE[NA(NA — 1)+ (Na—n+1)]

nzmm!(n—m)
_E NA(NA—I)-;T;!(NA—m—Fl) %:: (—1)"‘m(NA—m)(]ETT:1_—;1)!— 1)---(Ng—n+1)
:E|:NA(NA—1)-7'T'L'(NA_m+1).(1_1)NA—m :P(Na:m) H

A typical application of Theorem is to compute the distribution of the largest particle in the point
process (which we need for the analysis of many systems due to Theorem Theorem Corollary

Theorem 3.11] or Theorem [3.15).

Theorem 4.27. Let X be a configuration of a determinantal point process on X C R with correlation kernel
K (x,y) with respect to a reference measure v. The law of the largest particle x1 in X is

P(z1 < s) = det(Id — K) (4.30)

L2((s,+00),v)’
and the largest particle exists almost surely if and only the last determinant tends to 1 as s — +o0.

Proof. The event {z1 < s} is the same as the event that all points of X belong to (—o0, s, and is the same
as the event that no points of X belong to (s, +00). The probability of the last one is a gap probability
computed in Theorem [4.24] This proves (4.30).

For the existence of the largest particle, note that then event “there exists the largest particle” is the
union of the growing sequence of events “all particles of X are at most s” as s — +oo. Hence, the
probability of the former is the limit of the probabilities of the latter, computed by the right-hand side of
(4.30). 0

Application of Theorem[4.27]to the Schur measure gives a curious result in functional analysis, saying,
essentially, that every Toeplitz determinant can be written as a Fredholm determinant, and known as the
Borodin-Okounkov-Geronimo-Case formula.

In order to establish this connection we start from a result hidden inside [Ges90] and [TWO01]].
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Proposition 4.28. Let © = (x1,22,...) andy = (y1,¥y2,...) be two sets of variables. For eachn =
1,2,... we have

Y. sa@saly) = det[fig]} ), (4.31)

AeY: M <n
where f,,, are series of elements of A @ A:

o0

fm= Y el@emie(y). (432)

l=—00

Proof. We use Nagelbach-Kostka formula in the form
sy = det [efrnﬂ]?j:p =N +n—i.

We have, using the Cauchy-Binet formula in the third equality:

Z SX (JZ)S)\ (y) = Z det [eéi—n—l-j (I)] Zj:l det [efi—n+j (y)} Zj:l

AeY: M <n l1>->0,,>0

= Y detena-j(@)];,_ deteq1-5(y)];,_y = det [Z ee—i(ﬂﬁ)@e—j(y)]

l1>>0, >0 /=0 ij=1

The summation in the last formula can be extended to ¢ € Z, because e, = 0 for & < 0. Since (4.32) is

equivalent to
o0

firi = Y ei(@eri(y),

{=—00

we arrive at (4.21). O
Combining with Theorem [4.21] Theorem[4.27] and (4.23), we get the Toeplitz-to-Fredholm formula:

Proposition 4.29. Let x = (x1,x2,...) andy = (y1, Y2, ... ) be two sets of variables and let f,, be from

(4.32). We have
detfi ]| =exp i PR@IPEY) ) o (10 - &) : (4.33)
t,j=1 1 k La(n+1,n+2,...)

where K is given by the double contour integral in (4.23).

Applying various specializations p in (x) and (y), we can get arbitrary Toeplitz determinant (of a
matrix with complex entries) in the left-hand side of (4.33). The formula has been widely used
in functional analysis and integrable probability communities, following the paper of Borodin and Ok-
ounkov [BOO00a], but, in fact, the result was sitting unnoticed in the literature for many years before
that, since the article of Geronimo and Case [[GC79]. Several alternative and much more direct (i.e., not
using Schur functions) proofs of the identity are known by now, see [BW00, B6t01], B5t02, BS06]. The
first factor in the right-hand side of governs the large n asymptotics of the Toeplitz determinants
known as the Strong Szegé theorem, see [Sze52, Sim05al [Sim11]].
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4.5 Rescaling a determinantal point process

Our main application of the determinantal point processes is for the study of scaling limits. Hence, we
need to know how rescaling of particle positions changes the correlation kernel.

Lemma 4.30. Let X be a determinantal point process on X with particles {x;} and correlation kernel
K (x,y) with respect to a reference measure ji. Fixa € R\ {0} andb € R, consider the transformed process
with particles {ax; + b}, and define

~ —b y—>
K(:U,y)z@K(xa ’ya ) (4.34)

1. If X = R and p is the Lebesgue measure, then the transformed process is determinantal with respect
to Lebesgue measure, with transformed correlation kernel K.

2. Suppose that X = 7 and . is the counting measure assigning mass 1 to each point of Z. Then the
transformed process is determinantal on aZ+b with respect to the rescaled counting measure assigning
mass |a| to each point of aZ + b, with transformed correlation kernel K.

The motivation to have mass |a| per point in the discrete situation is that the resulting measure approx-
imates the Lebesgue measure on R as a — 0.

Proof of Lemma[4.30 In the continuous case, by the definition of correlation functions, for any n > 1
and any compactly supported Borel function f,

E > flami, 40, ..., az, +b)

Ty e Ty
pairwise distinct

= /. flaty +0,...,at, +b)det [K(ti,tj)]zjzl dty - - - dt,.

Making the substitution u; = at; + b, with Jacobian factor |a| ™", turns the right-hand side into

1 P — —b\]"
f(ul,...,un)det[K<u b,uj >} duy - - - duy,.
Rn

|al a a ij=1

In the discrete case, the analogous identity is

E Z flaxi, +0, ..., az;, +b)

Tiq se-sTigy
pairwise distinct

= Y flati+b,.. aty +b) det [K (1, 1)] .,
t1,.. s tn€Z

= Z f(ul,...,un)det[QK<ui;b,uj_b>] <lal|™.

a C g
UL y.ryUn EaZ+b 3,j=1

Thus, in both cases the transformed correlation kernel is K. O
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4.6 Exercises

Problem 1. Directly using Definition[4.9] show that the nth correlation function pj, (with respect to the
Lebesgue measure) of the Poisson point process on R of intensity o is o".

Problem 2. Generalize Theorem to joint factorial moments of Ny, ,...,IN 4, for several disjoint sets
Aj,..., Ay: prove that

E | [[Na(Na—1)---(Na—n; +1)
=1

= / pn(dzy,. .. dxy), (4.35)
ANl x A2 x ... X Anr

where n; € Z>pandn =ny +ng + -+ + n,.

Problem 3. Prove a generalization of Theorem to several sets: for a determinantal point process
with kernel K with respect to a measure v and disjoint measurable sets A1,..., A,,, we have

P(Na, =mi,...,Na, =m;)
<_1)m1+---+mr gmatetme

m! Ozy"™ - 0z

det (Id —z[K]a, = = ZT[K}AT)L2(A1UA2U~--UAT,V)

’
Z1=-=2zp=1

(4.36)

where [K] 4 is the restriction of the kernel K to the set A: [K]4(x,y) = K(z,y)14(z)14(y). The
derivatives of the Fredholm determinant should be understood as differentiating the Fredholm expansion
term-by-term.

Problem 4. Consider the Circular Unitary Ensemble: IV particles on the circle with density

1 2 .
m H |Zi—Zj’ ) |Zi|:17 121,2,...7N. (437)
1<i<j<N
A. Take an arbitrary point 3 = exp(i¢)) # —1 on the unit circle and change the coordinates z; =
exp(ig;), so that —m < ¢, ¢ < 7. Show that the point process

{;YT(@—@}N ,

j=1

converges to a translationally-invariant determinantal point processﬂ on R with the first correlation
function identically equal to 1. In the literature this is known as the (continuous) Sine process. What is
the correlation kernel for the process?

B. For 0 <t < N consider the gap probability:

2wt
G(t)= lim P (there are no particles z; with complex argument between 0 and F) .
N—o00 N

Using part A this is equal to a Fredholm determinant involving the limiting correlation kernel. Write
down this Fredholm determinant. Computing the Fredholm expansion numerically on your computer,
plot G(1).

3The case 3 = —1 works equally well, if we redefine the angles ¢; and ¢ to be in [0, 27).
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C. Now approximate G(t) by choosing alarge N (You can take N = 100 or N = 1000.), and sampling
CUE many times to approximate the probability in question. Plot the result and compare with the graph
from part B.

D. It is possible to express the distribution of the asymptotic spacing (i.e., the distribution of the first
positive particle in the Sine process, conditional on the event that there is a particle at 0) through G(¢)?
What is the expression? No need to be fully rigorous here (but one can check whatever answer one gets
on the computer, as in parts B and C).

Problem 5. Consider the GUE-eigenvalue distribution, which is a probability distribution on z1 > x9 >
-+ > xn with density

1 L
@m)N2 TV H(m% — ;) H e 2%, (4.38)

L
i=1 1 i<y
A. Passing to unordered configurations and using Theorem [4.17| show that the corresponding parti-

cle configuration forms a determinantal point process on R with correlation kernel with respect to the
Lebesgue measure given by

KJ(\}TUE(mjy) _ Hy(z)Hy(y) exp <_332 . ?J2> ’ (4.39)

Where Hy(z) = z¥+(lower degree terms), k = 0,1,2, ..., is the kth degree monic Hermite orthogonal
polynomial, so that

2

(Hy, Hy) := /_: Hy(z)Hy(y) exp (_x

2) dx =0, for any k # ¢.

Hint. Rewrite the Vandermonde determinant (2.15) as a determinant involving Hy(x).

B. Integrating by parts in the expression for scalar product with =, deduce expressions for the
Hermite polynomials and their norm:

$2 7 .’E2
H,(z)=(-1)"exp <2) % exp <—2) , (Hy(z), Ho(z)) = 1p—gk!V/2r. (4.40)

C. Show that Hermite polynomials satisfy a three-term recurrence:
Hpii(x) —xHp(z) + nHp—1(x) = 0.

Hint. One way is by converting the expression in part B into a contour integral around 0.

D. Deduce from part C an alternative expression for the correlation kernel:

E _ 1 Hy(z)Hn-1(y) — Hn(y)Hn-1(2) oy
K]%U (:U’y)_(N—l)!\/ﬂ p— exp( )

(4.41)

Problem 6. Our goal is to give another proof of Theorem by using the Fock space § . Let V be
a linear space with basis {k | k¥ € Z}. The semi-infinite exterior power is a linear space § spanned by
infinite wedge products of elements of V' of the form

vg =81 ANSaANS3A ..., (4.42)
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where S = {s1 > so > ...} C Zis such that both sets Sy = S\ Z<p and S_ = Z<( \ S are finite. We
equip § with the inner product (-, -) in which the basis {vg} is orthonormal. Creation and annihilation
operators in § are introduced as follows. The creation operator 1, is the exterior muItiplicatiorE] by k:
Y1, (f) = kA f. The annihilation operator v} is its adjoint. Observe that

vg, k€S,

0. keS (4.43)

Yry, vs = {

Let C be the charge operator: Cvg = (]S4+|—|S—_|)vs. Using (4.19), the zero-charge subspace ker C' C
§ is spanned by the vectors vy () with A varying over all partitions. The vacuum vector

UvaC:QAllAﬁA...

corresponds to the empty partition. Define the operators

an=> b,  neZ\{0}

kEZ

Note that the application of «, to any vg yields a finite linear combination of basis vectors.
A. Show that operators v}, and 1)}, satisfy the canonical anti-commutation relations

Ut + i =0, gl v =0, Rl H e =Lk, K IEZ
B. Show that operators a, satisfy the Heisenberg commutation relations
QU Op — Qi = M Ly m,n € Z\ {0}.

C. Fix two admissible specializations p1, p2, as in Deﬁnition and set

o0
Pre(pj .
[+(pj) = exp E (k:]) aty | j=12,
>1

where the exponential is understood through its series expansion. Prove the relations:

F*j:(pj) = F$(:0j)a F+(pj)vvac = Vvac, r_ (pj>vvac = Z SA(pj) “UX (N> =12,
reY

Ly (p1)=(p2) = H(p1; p2) - T—(p2)T'+ (p1).

D. Use part C and (4.43) to derive the following formulas for the correlation functions of X (\), with
A distributed as the Schur measure of Definition 3.4}

1 n n
n yerendn) = T T; S ) vacs r_ vac | — \Ija:\p; vacy Uvac |/ »
Pn(T1, .- o5 ) i) <<Hw ﬂ%l) (p1)v (p2)v > <H i W, Vvac, ¥ >

i=1 =1
(4.44)
where

\Dk:kaG_lv Z:G@G_l7 G=F+<p1)F_(p2)_l.

*If f contains k, then k A f = 0. Otherwise, we multiply by k on the left, and then reorder the coordinates as in using
x Ay = —y A x on each step.
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E. Show that W, and ¥} are linear combinations of ¢;,’s and ;s respectively. Use part A to deduce

pn(z1, ..., xy) = det [K (azz,x])]” 15 K(z,y) = <\I'$‘I/Z Vvac, vvac> i (4.45)

The passage from (4.44) to ( is an instance of the fermionic Wick theorem.
F. Denote ¢(z) = ZmEZ wmz V¥ (2) = Y nez ¥mz ™. Prove the commutation relations

Li(pi)y(z) = Hlps; =) 0(2) e (pg),  Talpj)y™(2) = H . P (2)lx(p), =12

pji z:l:l)
Use them to match (4.45) with (4.20).

Problem 7. Our goal is to prove a generalization of Theorem known as the Eynard—Mehta theorem.
Fix integers k,n > 1 and let xM, ..., %% be finite sets. We choose n functions ¢1, . . ., ¢, on ¥(!) and
n functions 1, . . . , ¥y, on X(%) organized into matrices

= [qbi(x)]lgign,xex(l)’ V= [wi(JU)]xex(k),lgjgn'

We also choose transition matrices
Wi X0 5 D ¢, m=1,... k-1

For 1 <i,j < k, we introduce ordered products of these matrices:

WiWigq--- Wi, 1<, WeW, W i<
. . i VVae41 —1s 9
W[i,j) = Idai(l% =17, W[z )y = {O / P (4.46)
. . ) = J
07 ? >jv

These two types of products differ only when ¢ = j. We consider nk—-point configurations
) UNTT L) CNTRNUR L T CIECIRNTE )

with {xgm)}?zl c X for each 1 < m < k, and assign them a weight

m m+1)\1n k)\1n
wi({z{™}) = det[p:(2$)]",_, (H det[W, )l ))]i,j:1> det [ (a{)]7 _ . (447)
A. Set M = ®W; ;) ¥ and compute the normalization constant for (4.47) as:

S wt({z!™}) = det M. (4.48)
=™}

B. Let (2 be a finite set and let L be a matrix with rows and columns indexed by (2. Fix a subset Y C €2
with complement Y = Q \ Y. The conditional L-ensemble on Y is a probability measure on subsets of
Y given by
det LYU?

P(Y)= ——X2 YCY 4.49
Y) = Setidy + L)’ ¥ (4.49)
Y|, while the determinant in denom-

is viewed as an orthogonal projection onto Y. Show

where the determinant in numerator involves a matrix of size
inator involves a matrix of size

that the weights (4.49) sum up to 1.
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Remark. When Y = €, (4.49) is called L-ensemble (without “conditional”). The statements below and
their proofs also make sense for complex measures, without imposing positivity of the weights (4.49).

C. Prove that the conditional L-ensemble is a determinantal point process with correlation kernel

K =1dy — (Idy + L) ']y, - (4.50)
Hint. Use inclusion-exclusion and the following identity (see e.g., [Pra94] Section 2.5.2]):
det AQ\S
det(A 1) g = —— 2.
et( )s det A
D. Now set
Q={1,....n3uxOy...ux® y=xOpg...ux®  Y={1,...,n}.
Define the block matrix ) }
0 & 0 0 0
0O 0 —-w; 0 0
0 0 0o Wy .- 0
P (s
0 0 0 0o - Wi
¥ 0 0 o .- 0 |

where the block rows and columns are ordered as
{1,...,n}, xM x@  xk),

Show that the conditional L-ensemble (4.49) is exactly the point process with weights (4.47). More pre-
cisely, show that det Ly, 5 vanishes unless Y contains exactly n points on each level x(m) and that in
the nonzero case it is equal to (4.47) up to a sign depending only on n and k, but not on the configuration.

E. Prove the block inversion formula (assuming all inverses that appear exist):

M=BDC - A. (4.52)

A B [ -mt M-1BD-!
c p| ~— |pDlcmt Dl-—DlcmiBD 1|’

F. Continuing part D, split the matrix Idy + L into blocks according to the decomposition 2 = YLIY.
Use (4.52): identify the blocks A, B, C, D, check that

(1 Wiz Was - W

0 I W[Q’g) e W[g,k)
p-1=10 0 1 o Wik |,

0 0 0 T |

and prove that the Schur complement M in (4.52) matches M in part A.
G. Using part C, prove the following statement.

Theorem 4.31. The process with weights (4.47), i.e.,

B((r("}) = i ({al™)),
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is a determinantal point process (with respect to the counting measure) on
xMy.ux®)
such that its correlation kernel has (i, j) block (in which we used both types of products )
Kij = Wi UM 1OWy ;) — Wi j), 1<i4,j<k. (4.53)
Equivalently, for pairwise distinct space-time points (mg, ),
P((m1,21),., (g, ) € {i™}) = det [Komm, (20, 2)] -

H. Check that for k = 1, the result of part G matches Theorem [4.17]up to transposition.

Remark. Problem 7.E in Section [2.5| delivers examples for the Eynard-Mehta theorem. If, in a suitable
weighted oriented graph, we have nonintersecting paths with fixed starting and ending vertices, then the
distributions of the intersection points of these paths with any chosen “sections” have the same structure
as (4.47), and thus we obtain a determinantal point process.

Problem 8. We deal with a Schur process of Definition we pick a natural number 7" and consider
sequences of partitions

g C )\(1) D) ,u(l) C )\(2) D) M(Q) C---D M(T_l) C )\(T) D g,

equipped with probability measure (for the normalization constant 7, see (3.12))

1 _
P<)\(1)7 M(l)a ceey )\(T)> =S\ (Po ) SAM /pM) (P1 )3>\<2>/u(1)(/01 ) - “SNT) Jp(T=1) (P;_D S\(T) (PT)-

A
We consider a random point process on {1,...,T'} x Z given by
(1) (T)y — W _; @ _
LOW, D)y = {(1,)\Z i+ 1)}1,21 U---U {(T,)\Z i+ 1)}i21. (4.54)

In this problem we extend Theorem[4.21|to Schur processes by proving the following statement.

Theorem 4.32. The random point process L of (4.54) is determinantaﬂ' for any pairwise distinct pairs
{(ts, 0i) }1r 4 of {1,..., T} X Z, we have

Z P<)‘(1)nu'(1)au>‘(T)> :det[ (tlvgutjvf )]'L] 1’ where
{(t1,01) 55 (sl ) JTLAD) L X))

+
p (P ;W ) —liqyba—1
K(ty,ly5t2,42) = # [ h) 2] v dwdv. (4.55)
27”‘ H )H(,O[O t2)7 ) ('U - w)

The contours for w and v go around 0 in the positive dlrectlon. H (-) must have uniformly convergent series
expansions on the contours (cf. Theorem . For ty > t1, we require |v/w| > 1, so that

1 1 1 1 w w2
.- _Z 1+7+<7> +...
v—w v l—w/v v v v

5We can also add diagrams ;¥ to consideration. Such an extension can be proven by choosing some of the specializations
to be (0; 0; 0) leading to almost sure equality of i and X coordinates.
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Forty < t1, we require |v/w| < 1 on the contours, thus allowing the expansion
1 1 1 1 v v\ 2
= (1 2 () ).
v—w w 1—v/w w w w

In (&55) we use the notation p for the union (as in Definition[2.24) of specializations {py }ac A.
A. Check that the case t; = to = -+ = t,, in the theorem and (4.55) coincides with Theorem[4.21]

B. Consider the case when pg and p7, are specializations into finitely many variables:

,0(—]’_:(.%1,,33]\7), p;:(ylavyN) (456)

Using the Jacobi-Trudi formula of Proposition show that the joint law of A\(V X2 A(T) has
weights proportional to

G OIFONE (-1 )Y G
J e \ 3 g
det [xl L,j:l det [Wl (¢ 5 )LJZI det [WT_l(ﬁl o )LJZl det [yl ]i,j=1’ (4.57)
where fg.t) = )\ét) — j + 1 for all meaningful values of ¢, j; N is assumed to be larger than the number of

rows in each A(), 1 <t < T and [W;(z, )] +.yez are Toeplitz matrices with symbols

> Wil +m,x)2™ = H(p; ;) H(pf5271).
MmEZ

C. The formula is similar to the setting of Problem 7, but with two important differences: the
sizes N of intermediate determinants in depend on \(*) and the variables Eg-t) may vary over the
infinite set of all integers, not over a finite set X. Show that nevertheless one can apply the Eynard-Mehta
theorem of Problem 7 to and deduce that is a determinantal point process.

Hint. Recall how we deduced Theorem [4.21] from Theorem

D. Compute (M~ 1), for M as in Problem 7.A, corresponding to (457). Your expression should be
reminiscent of (4.17), but multiplied by a power of 21y, due to a shift by (N — 1) in the definition of the
point process, and should include additional H (-)—factors

E. Plug the result of part D into (4.53) and convert the resulting sum into a contour integral for the
correlation kernel of the Schur process. What are the contours?

F. Extend the contour integral expression of part E from specific par and p;. of (4.56) to general
specializations. Match with (4.55).

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [Kac90]], [Sos00al], [Oko01al], [Meh04], [OR06], [Bori1ial], and [BRO5].



Chapter 5

Steepest descent and its applications to
local limits

The contour integrals we encountered in the formulas for correlation kernels, such as or (4.26),
can often be written in the form [ exp[N f(z)]dz, where N is a relevant large parameter. In this chapter
we learn how to study N — oo asymptotics of such integrals. The integrals which we need are fairly
advanced, so we start with much simpler examples.

5.1 Real integral: Stirling’s formula

As a warm up, we prove Stirling’s formula for N!.

Proposition 5.1. As N — co, we have

N
N!=+V2rN (N) (14 0(1)). (5.1)

e

Proof. We start from the representation of N! through the Gamma function: N! =T'(N + 1), i.e,
o0
N! = / Ne %dz. (5.2)
0

This identity is readily proven by induction, using integration by parts. The asymptotic analysis of the
real integral can be performed using Laplace’s method, whose origins date back to [Lap74, Lap86].
Changing variables + = Ny, we study the integral

NH /0 " exp (N (log(y) — 1)) dy. (53)

The key idea is that the integral is dominated by a small neighborhood of the maximum of the integrand,
or, equivalently, of the maximum of log(y) — y. The maximum is a critical point, i.e., the first derivative

vanishes at this point:
0 1
0=—(log(y) —y)=—--—1.
5y los) —v) =~

Because log(y) —y — —o0, as y — 40 and y — +o00, the critical point y = 1 is the global maximum.

82
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We choose small ¢ > 0 and split the integral into two parts, y € [0,1 — &] U [1 4 ¢,+00) and
y € (1 —&,1+ ¢). Inside the e-neighborhood of 1 we Taylor-expand the function in the exponent. The
second derivative is

0?2 o (1 1
(1 == (==1)=—-=.
8y2( og(y) —v) 3y <y ) )

Hence,

(y— 1)
2

Withy =1+ ﬁ the integral over y € [1 — &, 1 4 €] becomes

log(y) —y=—1-— +0((y—-1)?%).

N1 1 6\/N 22 3
N Wi \ﬁexp —N — 5 +N-0(e”) ) dz (5.4)
—V N

Let us choos e = N2/5 50 that Ne3 — 0 as N — oo. Then, via the Gaussian integral

(e 9]
/ exp (—%) dz = V2, the expression (5.4) becomes

—00

VN (‘Z)N /:/;exp (—i) dz- (1+0(1)) = V21N <Jz>N (1+0(1)).

It remains to show that the integral over y € (0,1 —¢] U [1 4 &, +00) is negligible. We upper-bound this
part by:

l1—¢ 2 oo
N+1
W [ [ [T e (6 oz — ) ay
< ONN*!exp(=N(1+6)) +exp(=N(1 +6)) + exp(N(log(2) — 2))], (5.5)

where C'is a constant which does not depend on € or IV, and
6 =—1—max(log(l+¢)— (1+¢),log(l —¢e) — (1 —¢)) > 0.

In order to get the third term in the right-hand side of (5.5), one notices that the integrand decays fast
enough as y — 00, so that the integral can be upper-bounded by a constant times the value of the

integrand in the left-most point of the integration segment. Since we chose ¢ = N~2/5, we can lower
bound § > ¢N~*/5 for some ¢ > 0. Then (5.5) becomes

<N>N -C'N exp (—cN1/5) ,

e
which can be absorbed into o(1) term in (5.1} O

We conclude that the integral is computed by localizing and Taylor expanding near the critical point.

'Any N~¢ with 2 < ¢ < 1 will work.
The o(1) term in is, actually, ﬁ +0 (n—lz), see, e.g., [OIv97] Section 8.4].
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5.2 Contour integral: local CLT for binomial random variables

In the next example we use a contour integral to establish asymptotics of binomial coefficients.

Proposition 5.2. Choose ) < p < landx € R. For N = 1,2,..., set K to be the nearest integer to
pN + 2/ N. Then

K —pN-K N ——1 ex —7952 . o o0
p*(1—p) <K>_\/m p( 2p(1_p)> (1+0(1)), N —=oo. (56)

The left-hand side of is the weight of the binomial random variable, equal to the sum of N i.i.d.
Bernoulli random variables &; + - -+ + &y, with P(( = 1) = p, P(( = 0) = 1 — p. pN in our choice
of K is the mean of this random variable, Np(1 — p) is its variance. The right-hand side of is
N~1/2 times the density of the Gaussian random variable A’ (0, p(1 — p)) The asymptotic identity is a
manifestation of the local central limit theorem, where the word local means that we deal with individual
weights, rather than sums of those required for the (weaker) convergence in distribution in the usual
CLT, which we recalled in Chapter [1]as Theorem1.1]

Proof of Proposition[5.4 Using the binomial theorem and computing the residue at 0 as coefficient of %:

N 1 +(1=p)Y

"~ 2ni

where the contour can be an arbitrary positively-oriented loop enclosing the singularity at z = 0.
Comparing to the previous case, a new difficulty appears: if we want to localize near a maximum
of the modulus of the integrand, then that depends on the choice of the contour around 0. In addition,
oscillations of the complex integrand (caused by variations in the phase) may lead to cancellations near
the maximum. Yet, it turns out that we should still look for the critical point.
We recast the integral in the form:

% _ exp(Nf(z))sz*K*ldz, (5.8)
where
f(z) =In(pz+ (1 — p)) — pln(z). (5.9)

We treat 2PV ~K—1 separately, because its power grows as O (N 1/ 2), i.e., much slower than N f(z). One
might be uneasy about the choice of the branches for In(z) in the definition of f(z), since this is a
multivalued function — eventually, this is not going to matter, and any consistent choice of branches is
going to work, because the modulus of the integrand is controlled by Ref(z) which is independent of
the branch. Throughout this proof we use the branch of In(z) with a cut along the negative real axis, so
that In(exp(ip)) = i¢ for —m < ¢ < 7.
We compute the derivative » )
/
J) S pz+(1-p) 2

Setting the above expression to zero gives us the unique critical point z. = 1. We observe that

(z) = o +I()1 ) + z% =p(l—p) >0.
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1) Re f(z) (Range +0.4) 2) Im f(z) (Range +0.4) 3) Level Lines (Range +4)
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15 3 Re f(z) = Re f(zc)
0 Imi(z) = Im f(z )
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Im(2) 05 05 Re(z) Im(2) 05 05 Re(2) -2 0 2 4

Re(z)

Figure 5.1: Real and imaginary parts of f(z) = In(pz + (1 — p)) — pIn(2) near the critical point z, = 1.

Hence, the Taylor expansion yields

f(2) = f(ze) + JM(;C)(,Z — 22+ 0((z — 2)*) = ])(12—]))(Z — 124+ 0((z—1)%). (5.10)

For a holomorphic function, its critical points are also known as saddle points, for the reasons best
seen by examining the graphs of Re f(z) and Im f(z) near such point, as in Figure|[5.1] The graphs locally
look like two saddles, rotated by 7 with respect to each other. In particular, locally near critical point
2. there is a contour passing through it and such that on this contour Ref(z) is maximized at z., while
Imf(z) stays constant — this is the contour we need for studying the asymptotics of the integral. In
a more general situation (ie., for more complicated f(z)), it might be tricky to figure out the global
geometry of the desired contour of integration, because there is no a priory information on Ref(z) or
Imf(z) far from the critical points.

However, for our particular choice of f(z) given by this is straightforward: we deform the
integration contour into the closed loop Imf(z) = Im f(1) passing through 1 and enclosing 0, as in the
right panel of Figure We claim that along this loop the real part Ref(z) is maximized at z = 1.
Indeed, locally near 1 this is true directly from (5.10): Ref(z) is monotone decreasing as we move away
from z = 1. We claim that monotonicity continues until the contour reaches the real axis at the left tilﬂ
again. Indeed, otherwise, Ref(z) would have a local minimum on the contour at a point Z. But then 2
would have to be another critical point of f(z): at a non-critical point a holomorphic function is locally
linear and simultaneous vanishing of directional derivatives of Ref(z) and Im f(z) is impossible. Since
there are no other critical points, the claim is proven.

We split the integral over the contour Im f(z) = Im f(1) into two parts, as in the proof of Proposition
[5.1} a small neighborhood of z = 1 and the rest. The latter part does not contribute to the asymptotics
by the same argument as before. In an e-neighborhood of z = 1 we approximate the contour by the
vertical line and make a change of variables:

z:l—l-iL

Nih

* At the left tip Im f(2) has a discontinuity along the contour due to branching of In(2).
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which converts, as N — oo, the integral (5.8) into a Gaussian integral:

= 12:;%) /_Z exp (—pﬂ;p)zﬁ) exp(—ivz)dv = 2717;\;1)0((11)_]3)6@ (—2p(f2_ p)) :

where the last equality is a computation of the characteristic function (Fourier transform) of the Gaussian
random variable (0, p(lil_p)), which can be justified, e.g., by completing the square in the exponent.
O]

The lesson from this integral is that we still need to localize near a critical point, but we have to
be careful about the contour along which we are integrating. This method is known since the 19th
century as the “steepest descent method” or alternatively “saddle point method”, and we refer, e.g., to
[Cop65, BH86, BO9Y] for detailed expositions.

5.3 Edges of the Plancherel measure

Our next goal is to apply the steepest descent method to the correlation kernel of the Poissonized
Plancherel measure

M dim?
P(\) = e—ew, (5.11)

as recorded in Corollary [4.23] i.e., to

—lq,,lo—1
K(ty,0) = (27711)2 #exp (\/5 <v — 3}) —Vo (w — i})) %dvdw, (5.12)

where both contours enclose 0 and w—contour is inside the v—contour, as in Figure
We are interested in § — oo limit with ¢; and /5 staying close to x /. The asymptotics of the kernel
(5.12) is going to be drastically different in three regimes, cf. Figure

« If x| < 2, then we are inside the Vershik-Kerov-Logan-Shepp curve of Figure and the first
correlation function p1 (xv#) = K (xv/#, xV/0) remains strictly between 0 and 1. The asymptotics
here is referred to as the bulk limit.

« If x > 2, then we are in the void region, where no particles are present with high probability,
and the first correlation function p; (X\/é) approaches 0. If y < —2, then we are in the saturated
region where all positions are occupied by particles with high probability, and the first correlation
function approaches 1. The x > 2 and x < —2 cases are related to each other by the particle-hole
involution, which swaps the particles with empty sites.

« If x| = 2, then we are in the critical regime, which governs the asymptotic distribution of the
longest rows and longest columns of Plancherel-random Young diagrams. This asymptotics is
referred to as the (soft) edge limit

We start our analysis from the critical regime x = 2, which connects us to a new special function.
Definition 5.3. The Airy function Ai: R — R is a function satisfying the following three properties

rG) lim Ai(xz) =0.

N o . . o
Ai"(z) = x Ai(z), Ai(0) = 9 316" Jhm
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saturated void

Figure 5.2: Three limit regimes for the asymptotics of the Plancherel measure.

The Airy function serves as the canonical solution to the Airy equation y” — 2y = 0, representing
the simplest dynamical system exhibiting a transition from oscillatory to exponential behavior across a
turning point, see Figure Its second solution, denoted as Bi, grows at +-oc. Originally derived by
George Biddell Airy in 1838 [Air38] to resolve the intensity singularity predicted by geometric optics
at the caustic of a rainbow, the function’s deep analytic structure was later revealed by Stokes. In his
seminal 1850 work [Sto50], Stokes utilized the Airy integral to discover the “Stokes phenomenon” - the
discontinuous change in the constants of asymptotic expansions across specific rays in the complex plane.
In modern mathematical physics, the Airy function remains ubiquitous; for a comprehensive tabulation
of its properties, integral representations, and zeros, [OLBC10] is a definitive standard.

The Airy function vanishes at both infinities, but the speed of decay is very different:

. 1 . (2 39 T )
Al(.’L‘) ~ WSIH(3|ZC| / + 4> 5 T — —0Q; (513)
67%13/2

The normalization condition written in terms of Ai(0) in Definition ensures orthonormality
(which we are not going to prove or use, but which can be deduced by applying the Plancherel theo-
rem (2.48) to the Fourier representation (5.17) below):

/oo Ai(z 4 a) Ai(z + b)dx = d(a — b).

Definition 5.4. The Airy point process is a determinantal point process on R with correlation kernel with
respect to the Lebesgue measure given by:
Ai(x) A (y) — Ai(y) Ai'(z)

KA (,y) = P , (5.15)

where the value on the diagonal x = y is understood as the limit of the ratio asy — .
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Airy Functions Ai(x) and Bi(x)

2
Ai(X) I
- = Bi(x) f
1.5F Exponential Region
|
I
1t I ]
1
5 /
©
> [;
05F Oscillatory Region .

Figure 5.3: Two independent solutions of the equation 3" — zy = 0.

If one wants to be more precise, one should use the name Airys point process, as thisisa § = 2
representative of a one-parametric family of Airyg point processes, in which 3 > 0 corresponds to the
strength of repulsion between the particles, see, e.g., [RRV11] [GS18| IGXZ24].

There are two ways to show that the Airy point process exists. First, one can rely on the Macchi-
Soshnikov theorem saying that any kernel corresponding to a Hermitian locally trace class operator K
satisfying 0 < K < Id defines a determinantal point process, see [Mac75] and [Sos00a, Theorem 3].
Alternatively, we get the Airy point process via a limit transition from the objects already known to usE|
The following statement first appeared in [[Oko00, BOO00 Joh01a].

Theorem 5.5. Let A\ = (A1 > Ay > ...) be distributed as the Poissonized Plancherel measure (5.11) with
parameter §. Consider the point process on R defined as
1/6 o
{0—/ </\i+1—i—2\/§)}‘ - (5.16)
1=
As 8 — o0, the correlation measures of (5.16) converge to those of the Airy point process, in the sense that
all integrals over compact sets converge.

Remark 5.6. Since elim 0~1/6(1 — i) = 0, the shifts by 1 — i in can be omitted.
—00

In Section [5.6| we show that Theorem5.5] together with tail estimates, lead to convergence in distri-
bution of §~1/6 (A1 —2v/8) to the position of the largest particle in the Airy point process. The probability
distribution of the latter is precisely the Tracy-Widom distribution.

4Theoremobtains the correlation functions of the Airy point process as limits, while Theorem explains how to deduce
convergence of the joint distributions of the random variables N 4 for various windows A. The existence of N4 consistent with
the correlation functions of Deﬁnitionis precisely the statement of the existence of the Airy point process.
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wlx

Figure 5.4: Integration contours in (5.17) and (5.18).

Before proceeding to the proof, let us present integral formulas both for the Airy function and for
the Airy kernel (5.15).

Lemma 5.7. The Airy function Ai(x) admits integral representations:

1 400 3 1 oo 3
Ai(z) = 7r/O Ccos <23 + zx) dz = o /OO exp (12 + ixz) dz

1 e Foo 3
= — exp <Z3 — :BZ) dz. (5.17)

211 J 1%

The Airy kernel (5.15) admits an integral representation:

" 1 eigoo eQi%oo U3 w3 1
KAy = —F d d — — — | = 5.18
= e [ g v ([ ] =[5 om] ) 2o e

where the contours for the second line in (5.17) and for (5.18) are as in Figure[5.4

The first two integrals in are conditionally convergent improper Riemann integrals. The last
integral is a version of the first two on a deformed contour, which leads to fast decay at the infinities
and absolute convergence of the integral. Instead of /3 angles anything between 7 /6 and /2 works
equally well.

Proof of Lemmal5.7 We start from the integral formula in the second line of (5.17) and denote it f(x).
Note that on the integration contours 23 is a negative real number, and therefore the integrand decays
very fast as z — oco. Differentiating under the integral sign, we have

1 ei%oo 9 23 1 z3 eiffoo
f(x) —xf(x) = s /M (2% — x) exp <3 - xz) dz = 3.1 &P <3 - xz) =0.
e 3o efi%oo

In addition, changing the variables z = 2% and comparing with the definition of the I' function, we

1
conclude f(0) = 22(3?;26. Further, directly from the definition it is clear that lim;_, 4~ f(x) = 0. These
three properties uniquely determine Ai(x), and we conclude that f(z) = Ai(z). The integrals in the
first line of are obtained from those in the second line by contour deformation and replacement of

z with —iz.
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For (5.18) with = # y, we integrate by parts, use (8% + %) —L_ = 0, and the second line in (5.17)
with z = v and z = —w:

// j _ui’_i_ dvdw
27r1 P 3 b 3 v —w
B // +i (—vz + wy) i_i dvdw
Sy —x( 27712 o dw CXPATUT T WY)| exp 3 3 /v—w
1 // < )(v —w )dvdw
exp ————Um+wy
x— 27r1

- // <__v“wy)(wﬂ)dvdw_fx()m() A¥ (z) Ai(y)

r—y
The diagonal values at z = y follow by continuity of both sides. O

Proof of Theorem[5.5, We chooseﬂ
51 :2\/§+91/6x1, 52 :2\/§+91/61‘2,
and rewrite K ({1, (2) in ( as

0791/6x1w01/61271

K(ly,05) = (27T11)2 #exp (\/a(f(v) — f(w))) dvdw, (5.19)

v —w
where

f(z)=2z- % —21In(z), (5.20)

and we use the branch of In(z) with a cut along the negative real axis, so that In(exp(ip)) = i¢ for
—7m < ¢ < m. The integral has a similar form to the cases studied in the two previous sections
with v/6 playing the role of a large parameter. Hence, the steepest descent method suggests to deform
the integration contours to pass through a critical point. Differentiating f, we have

) 12
f(Z)_1+Z2_Z’
and we observe that z, = 1 is a double critical point, i.e., a double zero of f’(z). (If ¢; are close to xv/# with
|x| # 2, then f(z) would instead have two single critical points leading to a very different asymptotic
behavior of the kernel which we are also going to study below.)
We compute f(1) = f/(1) = f”(1) =0, /(1) = 2 and conclude that near 1 the function f(z) has
an asymptotic expansion

”— 3
=80 (-1,

The double critical point leads to a more complicated behavior of Ref and Imf, as compared to the
single critical point in Figure This is shown in Figure This time there are six, rather than four
rays of constant Im f emanating from the critical point 2. = 1; they are inclined by angles 0, =%, :I:%’T
to the real axis. On the :I:g rays, z = 1 is a local maximum of Ref(z), while on the :I:%’r rays, z = 1 is
a local minimum of Ref(z )} Hence, we deform the contours in the following way, see the left panel in

Figure

5As we will see from the proof, the 67/ prefactor is chosen so that the eventual asymptotic formula keeps non-trivial
dependence on x1 and z2. For another explanation of this scaling see the end of Section

5Such local behavior is sometimes referred to as a “monkey saddle” with three downward parts suitable for monkey’s two
legs and the tail.
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Figure 5.5: Real and imaginary parts of f(z) = z — % — 2In z near the double critical point z. = 1.

. _ - 2
« The new w-contour is the closed loop Im f(z) = Im f(1) around 0 starting from 1 at angles 4.

« The new v—contour is a closed loop around 0 starting from 1 at angles +% and following the level
line Imf(z) = Imf(1) until reaching Re(z) = —2, at which point upper and lower parts are
connected by a vertical line.

The important features are: first, the w—contour is inside the v—contour, so that there is no residue at
v = w gained while deforming the old contours in (5.12) into the new ones. Second, Ref(v) —Ref(w) is
maximized on the new contours at the pointv = w = 1. The latter follows from Re f(z) being harmonic,
and therefore not having any local maxima/minima, implying the constant sign of Ref(z) — Ref(1) in
the domains bounded by Ref(z) = Ref(1) curves.

The conclusion is that only a small neighborhood of v = w = 1 contributes to the asymptotics of
the double integral on the new contours. In this neighborhood we make a change of variables

v=1+0"Y%5  w=1+6Y

so that the integral becomes:

9—1/6 w3 1 —01/624 0'/522-1 dpdw
—1/6~ -1/6,~
27“ // < - > (1+9 v) <1+9 w) 6711)(1—’_0(1))

f—1/6 @ didu
2771 // < — %1~ 5 + wa:2> T (1+o0(1), (5.21)

where the contour transformations are shown in Figure The answer matches (5.18), with the g—1/6
prefactor in the asymptotics appearing because of the lattice rescaling by '/, as in Section The
asymptotics (5.21) implies weak convergence of the correlatlon measures. For instance, the eXpected
number of pomts in an interval [a, b] for the point process is computed as the sum or integral of
the first correlation function

> K(2V0+0Y52,2v0 + 01/%3),

z€la,b|
where the summation goes only over such z € [a, b] that the argument of K (-, -) is an integer. The locally-

b
uniform in x convergence in (5.21) guarantee that this (Riemann) sum approximates / KAY (g, z)dx
a
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Figure 5.6: Global and local shape of the integration contours.

as @ — oo. Since this is true for all intervals [a, b], it follows that the first correlation measure of
weakly converges to the first correlation measure of the Airy point process.

For the kth correlation measure, we instead plug the asymptotics of into the k£ x k determinant
for the correlation function and integrate over [a1, b1] X [ag, ba] X - -+ X [ag, b]. O

5.4 Bulk limit for the Poissonized Plancherel measure

We proceed to the bulk limit regime and study the middle portion of Figurecorresponding tol; ~ xV0
with x| < 2.

Definition 5.8. The discrete Sine process of density % € (0,1) is a determinantal point process on 7, with
correlation kernel with respect to the counting measure given by

sin(g(z —y)) .
KSine(x, y) — (b 7T((1} — y) ’ lffE 7£ Y, (5'22)

=, otherwise.
T

Theorem 5.9. Let A\ = (A1 > Ay > ...) be distributed as the Poissonized Plancherel measure (5.11) with
parameter 0. For any —2 < x < 2, consider the point process on Z formed bﬂ

{)\i F1—i— Vo) }C: . (5.23)

As 0 — oo, the correlation functions of (5.23) converge to those of the discrete Sine process with
¢ = arccos(x/2).

Note that while seems to capture all particles together, the limiting correlation functions only
capture probabilistic information at the finite distance from the origin. Hence, as § — oo, only the
particles which have \; — i close to xv/6 remain visible in this limit.

In contrast to the Bernoulli point process of Section in the discrete Sine process particles repel
each other, as can be seen from the inequality

Sine

p3" (@, y) = pi™ (2)p1"™ (y) — K™ (2, 9)* < p1™ (2)p1™ (1).

"We define the floor |y| = max{k € Z | k < y}.
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The correlations functions give all probabilities of various local patterns in the discrete Sine process.
For instance, if ¢ = 7, then the probability to observe two particles at two fixed adjacent positions is:

. 1 1

Sine
0,1)=-—-—

p2 ( ) ) 4 ﬂ_27

and the probability to have no particles at these locations is also

i i i 1 1
1— Sine 0) — Sine 1 Sine 0.1) = = — —.
P17 (0) — p1"(1) + p3(0,1) 152
Corollary 5.10. In the setting of Theorem[5.9, the point process (5.23) converges in distribution to the discrete
Sine process.

Proof. Convergence in distribution means convergence of finite-dimensional distributions of the ran-
dom variables N4 for all finite sets A C Z. As we saw in Lemma the probabilities of the events

{Na, = ki,Na, = ko,...,Na,, = kn} canbe written as finite linear combinations of correlation func-
tions of the process. Hence, convergence of the latter in Theorem [5.9implies convergence of the for-
mer. O

Proof of Theorem[5.9 We choose
0 = xV0+ a1, by = XxV0 + a2,

and rewrite K ({1, ¢3) in (5.12) as

K(01,05) = (2711)2 #exp (\/é(f(u) - f(w))) Y Qudw, (5.24)

where )
fz) =2 —— = xIn(z), (5.25)

and we use the branch of In(z) with a cut along the negative real axis. The critical point equation has
two solutions this time:
1 +iy/4—x2
0=fl(z) =145 — X, — XZWETX (5.26)

Ze =

: Zc 2

Since we assumed |x| < 2, the two critical points are complex conjugate and lie on the unit circle. We
denote them exp(+i¢) and note that 2 cos ¢ = y, matching the definition of ¢ in the statement of the
theorem. Ref(z) and its level lines are plotted in Figure

According to the general principles, we deform the contours to pass through the critical points. The
new feature is that there are two rather than one such point, and the contours need to go through both.
Let us deform the contours so that both of them pass through the critical points and look as shown in
Figure[5.8]— in this argument there is a lot of flexibility in choosing the contours without affecting the final
asymptotics. We claim that now Ref(v) < 0 everywhere on its contour except at critical points e*?,
and Ref(w) > 0 everywhere on its contour except at critical points e*?, and Ref(v) = Ref(w) = 0
at e*?. Indeed, observe that Ref(z) = 0 for z on the unit circle |z| = 1 and compute the gradient of
Ref(z) = Ref(a + bi) on the unit circle a® + b = 1:

a X In(a® + b?),

Ref(a+bi):a—m— 2
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Figure 5.7: Ref(z) and Imf(2) for f(z) =z — 1 —In(z), ie, x = L

2 _ 2
VRef(a+bi):(1 v —a ax 2ab bx >

(@402 a2 402 (a2 +b2)2 a2 b2
= (1 —bv®+a®—ay,2ab— bx) = (2&2 —ax,2ab— bx) = (2a —x) - (a,b). (5.27)

Identity implies that the gradient vanishes at points e**®, points outwards the unit circle on the
right arc joining the critical points, and points inwards on the left arc. This implies our inequalities for
Ref(z) on the contours, as long as we assume that the contours are fairly close to the unit circle so that
the gradient approximation works.

After the deformation of the contours the integral vanishes as § — co: by the same arguments as
in the previous sections, it decays as 6~ /4. However, this does not imply vanishing of the correlation
functions. The reason is that the integrand in has a singularity at v = w. Therefore, when we
deform the contours from the contour configuration with |w| < |v|, as we had in (5.12), to the contours
of Figure we get a residue of the integrand in at w = v along the arc of the unit circle joining
eTi?, This residue is

Sin((ﬁ(l’l — :L‘g))

1 eid) s lf T 7é xTo,
L Uzg—:vl—ld,u _ 7T(.I1 - -TZ)
D ) "
71" I xr1 xTo.
This matches and finishes the proof. O

A particular case of Theorem is that for y = 2cos(¢) with 0 < ¢ < 7, we have the limit of the
first correlation function:

lim py (xVf) = —.
60— o0

ENRSE

Thus, the asymptotic density of particles at point x+/6 decreases from 1 when y = —2 down to 0 when
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Figure 5.8: Deformed v and w contours, the dashed unit circle, and gray dots for critical points of f(z).

d0) [

Figure 5.9: Graph of limg_,« p1(xV/0) for the Poissonized Plancherel measure.

X = 2, as in Figure Integrating this expression, we obtain the Vershik—Kerov-Logan-Shepp curve
[VK77,[LS77] describing the limit shape of the Plancherel random Young diagrams. It is the curve shown
in Figure[5.2|and explicitly given by

2
O =4 = (Xarcsin(§> + /4 — XQ) . Ixl <2,

x|, x| > 2,
which satisfies?]
arccos (%)
' —, Xl <2,
1-200 _ lim p1(xV0) = g
2 60— 00 ! 07 X 2 27
, x < -2

8We have not yet established the result for |x| > 2, but it will be addressed in the next section.
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An important feature of the asymptotic density limg_,o p1(xV/0) is its \/z—-type behavior at —2
and 2. The unusual #'/6 rescaling in the edge limit of Theorem [5.5/can be attributed to this /z by the
following heuristics: If the kth largest particle of the process is close to some x; € R, then we expect

szgck p1(x) =~ k. Hence,
2v6 9 3o
S L e VI=y -
ke ) 2 Ve dy=vo—[(2- "L
Loy, = )

2/3
oo (1)

which leads to

and yields the desired §'/6 prefactor.

5.5 Decay of the Poissonized Plancherel measure outside the support

We proceed to analyzing the last case |x| > 2 in Figure[5.8] We will only deal with x > 2. Similar bounds
for x < —2 can be obtained by transposing the Young diagram A, corresponding to replacing all particles
by holes and then flipping by x +— —z the point configuration X ().

Theorem 5.11. Let A = (A > A\g > ...) be distributed as the Poissonized Plancherel measure (5.11) with
parameter 0. Let py = P(z € {\; + 1 — i}32,) be the first correlation function of the point process X ().
There exists C' > 0, such that for each @ > 1 and each x > 2v/0 + 01/6 we have

_ /
p1(z) < CoO~ Y% exp [— min (ac — 20, W)] ) (5.28)

When z is close to 2v/6, the min equals to its second argument, and the power of 3/2 matches the
large = decay of the diagonal of the Airy kernel K™ (z, z) of (5.15), which can be established using the
known asymptotics of the Airy function. The prefactor 1 in front of min is not optimal, but the exact
decay constant % can be extracted from our proof.

When = — 2v/8 is large, the min is equal to its first argument. This bound is not optimal, but rather
a simplification of the exact estimate we obtain in the proof. As x grows, the bound quickly
decays to 0, thus indicating the absence of the particles far to the right from the z = 21/6 point.

Proof of Theorem[5.11] The values of the constants C' > 0 may change from line to line in this proof. For
a given x > 2v/0 4 /6, let x be such that 2 = x/6. We rewrite K (z,z) in as

dvdw

oo —w) (5.29)

(@) = K(2.2) = oo fhexn (VO o) = £(w))

5

where |w| < |v
fe) =2~ —xIn(2) (5.30)

and we use the branch of In(z) with a cut along the negative real axis. The quadratic critical point
equation has two positive real roots this time, because of y > 2:

1 + 24
0=fla) =145 - X, z2=XEVXD

5.31
22z ¢ 2 (-3
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Figure 5.10: Ref(2) and Imf(2) for f(z) = z — 1 — 3In(2), ie, x = 3.

Ref(z) and its level lines are plotted in Figure Note that the two critical points are inverses of each
other, and Ref(z.) = —Ref(z}) > 0. The second derivative is computed using (5.31) as:

» 2 X 1 1
S (ZC)__Z_§+Z_C2_Z_C_¥’
which is positive at the larger critical point and negative at the smaller one. We deform the w-contour to
pass through the smaller critical point and the v—contour to pass through the larger critical point. Both
contours cross the real axis perpendicularly to the axis itself and then circle around the origin in such a
way that Re f(w) is minimized along its contour at the critical point z_, and Re f(v) is maximized along
its contour at the critical point 2. As before, this allows us to localize the integral near the critical points

by making a change of variables:

1 1
w=2z, + T — v=zl+ T ——

—f"(z) (=)
The double integral in (5.29) turns into a product of two Gaussian integrals in ¥ and w, each evaluated
as v/ 2m. Hence, for some C' > 0

(z) < C g-1/2 exp[\/éff(ij) —7f(zg))}‘ o)
NN

For the analysis of this expression, we note that f is real and monotone decreasing between z_ and 2,
with z7 < 1 < zF and f(1) = 0. We assumed = > 2v/0 + 61/, which implies y > 2 4 =/ and
consequently |z — 1| > %9_1/ 6 for some C' > 0. Elementary computations lead to further bounds:
o-16 1

X

3 9—1/6 3 1 3 9—1/6
|Z:_Zc|> C Ze > o _f//(zc)> C f//(zc)> C
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Figure 5.11: Upper bound for f(zJ) as a function of .

Plugging these inequalities into (5.32), we get an upper bound
pr(w) < OOV exp[VO(f(2F) = f(22))] = CO/OX exp[2v0f ()]
< 00 V0 exp [—\/émin (X -2, (x — 2)3/2)] , (5.33)
where the last inequality is obtained from the exact formulas for f and z.: the left panel in Figure

shows the values of x for which (y — 2)3/ 2 bound is relevant and the right panel corresponds to the
values for which (y — 2) is important. Plugging x = z0~'/2, we obtain (5.28). O

Corollary 5.12. Let A = (A > Ay > ...) be distributed as the Poissonized Plancherel measure with
parameter 0. Then

lim supP(A\; > 20 + 01/6@/) =0. (5.34)
Yy—+00 951

Remark 5.13. Note that the Plancherel measure is symmetric under the transposition A — \'. Hence,
exactly the same statement also holds for A} = £()).
Proof of Corollary[5.13 We have
P(A > 2V0 + 6'/5y) = P(X (X) has at least one particle larger than 2V0 + 01/63/)
<E {number of particles of X () larger than 2v/0 + 91/63/} = Z p1(z). (5.35)
2€Z: x>2/0+01/6y

We bound the right-hand side using (5.28). For that we let z the point where the value of min in (5.28)

switches: i.e., it solves

_ 3/2
z—2ﬁ=%, 2 =3vV0.

The sub-sum in (5.35) over x > z is upper-bounded as

1 1 1
Cefl/ﬁexp(—\/é) 44— d—ad. ] =0, 6 o0 (5.36)
e €2 e3
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The sub-sum in over 2v/0 + 01/%y < & < 2 is upper-bounded as

Cco—1/6 Z exp (z — 2\/5)3/2]

g1/4
2V0+01/6y<z<z
-1/6 12 (@ — 2\/5)
2V0+01/6y<a<z
1/2 1/2 1/2
-1/6 3/2 Yy ) Y
<coY exp [—y / } (1 + exp (—01/6> + exp (—291/6> + exp (—301/6> +. )

p—1/6
1/2\ °
1 —exp (—31/6)

Assuming y > 1, § > 1, the last expression is upper-bounded by C’ exp [—y3/ 2] and tends to 0 as
Yy — 00, uniformly in 6.

We now prove (5.34). For any ¢ > 0, we can choose 6 such that is smaller than /2 for all
6 > 6y. Combining with (5.37), we conclude that

= Cexp {—y?)/Q] (5.37)

lim sup sup P(A\; > 2V + 0Y/y) < e. (5.38)
y—+00 6>0g

On the other hand, since the distribution of A\; continuously depends on 6, we also have

limsup sup P(\ > 2V/0 + 91/63/) <e. (5.39)
y—+o00 1<6<6bp
Since € > 0 can be arbitrary small, and imply (5.34). O

5.6 Solution to the Ulam problem

Theorem [5.5| presents asymptotic behavior of the correlation measures and we would like to deduce
probabilistic consequence regarding individual particles \;.

Theorem 5.14. Let A = (\y > Ao > ...) be distributed as the Poissonized Plancherel measure (5.11) with
parameter 0. Let ay > ag > ... denote the points of the Airy point process of Definition[5.4 Then, in the
sense of convergence in finite-dimensional distributions, we have

lim §~1/6 (AZ- - 2\/5) L i=1,2,.... (5.40)
06— o0
The definition of a; implicitly uses the fact that the Airy point process almost surely has finitely

many particles to the right from the origin. One way to prove it is by noticing that the expected number
of particles to the right from the origin is computed via the first correlation function as

/ KAY (g, z)dx,
0

and the last integral is finite because of the fast decay of Ai(x) and its derivatives as x — —+o0.
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Proof of Theorem[5.14 We start from individual distributions of the coordinates \;. Note that

P00\ +1—i—2V0) < 5) = P(N{, o) <),

where N, (95 +00) is the number of particles in (s, +00) interval for the point process

{9‘1/6 </\i +1—i— 2\/5) }Oo , (5.41)

i=1

Hence, all we need to prove is that the random variables IV (957 +o0) CONVerge in distribution to similar
random variables for the Airy point process.

Instead of dealing with (s, +00), we deal with finite intervals (s,¢). This is sufficient, because if ¢
is large enough, then NV, (6;’ too) = 0 with probability close to 1 uniformly in 6 by Corollary same is

true for the Airy point process due to super-exponential decay of KA (x, x) as ¢ — +o0c. For N (6; 1 we
write, using Theorem [4.26}

0 (=" 0 n
P(NLy=m)=3 TR det [ (xi, ;)7 . (5.42)
n>m xl,...,$m€971/62
S<LY ey, <t

where K(z,y) is the correlation kernel of the point process (5.41). We want to show that as § — oo,
(5.42) converges to a similar expression for the Airy point process, i.e., to

Air Air
PNy =m) =3 ) m' e / /@1 et R [T de e d (549)

By Theorem|5.5] the series (5.42) converges to (5.43) term-by-term, and it remains to develop a tail bound.
For that we use the classical Hadamard’s inequality, whose proof is given below:

Lemma 5.15. For anyn x n complex matrix A with matrix elements A;; we have

[des(A)] < [T y/1A4uf? + [Anif? +- -+ 42, (5.44)
=1

Applying (5.44), we see that the magnitude of the nth term in is upper-bounded by

n

n/2
L v VPR L ‘ 9 ‘
C =) | max K@) (5.45)
s<z,y<t

for some C' > 0 not depending on n. By the asymptotics for K established in (5.21), the maximum
is upper-bounded by C'#~'/6 for some other C' > 0. Since (n — m)! grows faster than (”_em)nfm by
Proposition[5.1] the term decays to 0 very fast, giving the desired convergent upper bound. Hence,
by the dominated convergence theorem, converges to (5.43).

For the joint distribution of several \;, a similar argument leads us to proving the joint convergence
in distribution of NV, (93 H for several segments (s,t). This is done in the same way as for one interval,
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using a generalization of (5.42) provided by (4.36) in Section for a determinantal point process with
kernel K with respect to a reference measure v and disjoint intervals Aj,..., A;,, we have

P(N4g, =mi,...,Ng. =m,)

—1)Ymitetme gmateetmy
= (=1) 0 det(Id — 2z [K]a, — -

m! Ozy"™ -+ 0z

— 2 [K}AT)L2(A1UA2U~-UAT,V) 21:~~-:2T:17

(5.46)
where [K] 4 is the restriction of the kernel K to the set A: [K]4(z,y) = K(x,y)14(z)14(y). O

Proof of Lemmal5.15 Geometrically, Hadamard’s inequality upper-bounds the volume of the
parallelepiped spanned by columns of A by the product of lengths of its sides. The inequality can be
reduced to the classical relation between arithmetic and geometric means by writing

Z AipAgj

k=1

n

| det A|? = det|AA*] = det

ij=1
Normalizing the columns of the matrix A, we can assume without loss of generality that the diagonal

matrix elements of the last (Hermitian, non-negative definite) matrix AA* are all equal to 1, and the same
for the right-hand side of (5.44). Denoting by Ay, ..., A, > 0 its eigenvalues, we have

|detA|2:H)\i§<)\l+"'+)\"> :(Trace(AA)) 1O

X n n
=1

As a corollary of Theorem we can now completely solve Ulam’s problem on the length of the
longest increasing subsequences.

Theorem 5.16. Let L,, denote the length of the longest increasing subsequence in a uniformly random
permutation of n letters, as in Section Then, in distribution
lim n~Y5(L, —2vn) £ ay, (5.47)

n—o0

where a; is the largest particle of the Airy point process.

The law of a; is the Tracy-Widom distribution, discussed in further detail in Section[5.9]

Theorem|5.14)is the same statement as Theorem 5.16/but for the Poissonized version of L?, obtained
by Poisson-randomizing 7 in L,,. Note that a Poisson random variable £? with mean @ is sharply con-
centrated around 6. In fact, by the Central Limit Theorem (note that for integer 6, 59 is a sum of 4 i.i.d.
Poisson random variables of mean 1 and variance 1):

S (0,1). (5.48)

Glggo Vo
Hence, it is reasobable to expect that implies (5.47). However, a technical difficulty is that a priory
Poissonization might have had a smoothing effect: hypothetically one could imagine L,, having the
asymptotics for generic n, but some completely different behavior for special rare values of n (say,
Ly = 0for N = m?, m € Z). In such a situation the Poissonized version of the theorem could still hold,
but the de-Poissonized one would fail.
The difficulty can be overcome by observing the following monotonicity property; for a systematic
study of the Plancherel growth process underlying it, see [Ker98]ﬂ

°See https://vilas.us/simulations/|for a simulation.
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Lemma 5.17. One can define all random variables L,,, n = 1,2, ... on the same probability space in such
a way that almost surely
1 <Ly <L3g<.... (5.49)

Proof. We define a Markov chain Ay = 0,1,2,..., on Young diagrams, such that RN Y., AO0) —
@, and A1) differs from A" by addition of one box:

1 dim p

= =A+0,
PO = [ AW =) = n+1 dimr” © (5.50)

0, otherwise.

We prove two identities:
1 . 1 . .92 .92
> -—j%mi =1, > 5 (di?m’; : dlm, A_ dim 1“,. (5.51)
w p=A+0 n+ m A p=A+0 n+ m n: (’I’L + )

Together these identities imply that A(") is a Markov chain of growing Young diagrams whose fixed time

distribution is Plancherel, and therefore )\gl) < )\52) < )\53) < ... is the desired coupling (5.49) by
Theorem
The second identity in is essentially the definition of dim p. For the first identity we recall

sx(@)p1(r) = Z su()
p=x+0
from Section[2.5] and apply the specialization (0; 0; 1) to both sides using Proposition [2.26] O
We also use the following elementary probabilistic statement whose proof we leave as an exercise.

Lemma 5.18. Let by, ¢y, dp, n = 1,2,..., be three sequences of random variables on the same proba-

bility space, such that for some random variable & we have lim b, 2 lim dn 4 & in distribution and
n—oo n—oo

lim P(b, < ¢, <d,)=1. Thenalso lim ¢, 4 &

n—oo n—oo

Proof of Theorem[5.16 We put on the same probability space L1 < Ly < ... as in Lemma and
an auxiliary independent sequence &1, s, ... of iid. Poisson random variables of mean 1. Set p(t) =
§1 + -+ + &) and note that p(t) is a Poisson random variable of mean |t]. Define the following three
sequences of random variables:

b =17 Ly iy = 2V0), - en =00 (Ln = 2v/), - dn =T O (Lt ritam — 2V0).

Applying Theorems and with § = |n £ \/nlnn|, and noting that replacements of v/# with
/n and #~1/6 with n=1/6 lead to negligible errors, we conclude that lim b, = lim d, 4 aj. On the

n—oo n—oo
other hand, by the CLT for Poisson random variables (5.48) and monotonicity of L,, the probability of
the inequality b,, < ¢, < d,, tends to 1 as n — oo. It remains to use Lemma5.18 d

5.7 Shape and fluctuations of the continuous PNG droplet

Since the continuous PNG model of Section[3.5|was tightly linked to the Poissonized Plancherel measure,
another corollary of our developments is identification of the shape and one-point fluctuations of the PNG
droplet.
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Theorem 5.19. Let h(x,t) denote the height profile of the continuous PNG model of Section|[3.5.3 For each
—1 < x <1, we have

tliglo t1/3

h(xt, 1) — t/1 — 2 1— 2\ 8
(xt,1) Xial_(X> 7 (5.52)

4
where ay is the first point of the Airy point process (that has Tracy-Widom distribution).

At x = 0 the scalings simplify to lim (%) 1/ (h((), t)— t) 4 a;. While we do not prove it here, for
t—r00

distinct values of y the limits in are independent. In order to reconstruct the spatial dependencies
and see a random function in the limit, one should study the large ¢ fluctuations of h(xt + yt%/,t) as a
function of y € R, see [PSOZ]

The limit shape and rescaling are illustrated in Figure It is instructive to compare it against
Figure giving the shape for Plancherel-random Young diagrams. In both situations a non-random
limit shape appears. However, the structure of fluctuations is very different. For the PNG, fluctuations
are of order /3 with Tracy-Widom limit for all —1 < x < 1. In contrast, for the Plancherel-random
Young diagrams, the Tracy-Widom limit appears only at the critical transition points y = %2, while in
between we saw a very different local limit governed by the discrete sine kernel. The discrepancy between
the Vershik-Kerov-Logan-Shepp limit shape and the border of the Young diagram in Figure [5.2|is much
smaller than for the PNG in Figure In fact, the former discrepancy grows at most logarithmically
in 0, cf. [Ker93| [002]], a simulation in Figure and related statements in Sections[6.5[6.7| below. The
conclusion is that the two growth processes — PNG and Plancherel growth — exhibit different asymptotic
phenomenology, despite being related to the same algebraic objects and being two different projections
of the same multilayer PNG. Heuristically, this can be traced back to transition probabilities for the
Plancherel growth which, in contrast to the PNG, are very non-local and lead to additional smoothing
effects.

Proof of Theorem[5.14 We recall the identification of h(x,t) with A; for a random partition A € Y dis-
tributed according to the Poissonized Plancherel measure

oM dim?(\) t? — 2?
P(\) =e 2 0= —. 5.53
For « = 0, this is Theorem [3.11] For other x one can repeat the same proof. Alternatively, one can use
Proposition identifying h(¢, x) with a maximal number of Poisson points collected along (0,0)
(z,t) monotone path and notice that the latter problem (due to invariance of the Poisson process under

area-preserving rescalings) depends only on the area of the rectangle with vertices (0,0), (252, &42),
(5%, 55), (,t), rather than on its individual side lengths.
It remains to apply Theoremwith i=1and @ = tQ%. O

5.8 Edge limits for GUE

From the proofs in Sections[5.3|and[5.4} it becomes clear that not much is being used from the exact double
contour integral expression for the correlation kernel that we had. The qualitative form of the integrand
was important, but the precise features of the function f(z) in the exponent v/8f(v) — V8 f(w) much
less so. The asymptotics is determined by the critical points, and the behavior of f(z) near them. These
behaviors are universal in the sense that up to scaling constants they do not depend on the choice of

""Note that we use the Poisson process of intensity 3, while [PS02] uses intensity 2 instead, leading to different scaling
constants.
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t1/3

X = /1 — X2

Figure 5.12: Continuous PNG profile after 200 nucleation event vs asymptotic predictions.

f. This suggests that the asymptototic behaviors can also be universal. In this section and Section [5.10]
we confirm this prediction by showing that a few other models have exactly the same edge asymptotics
as Poissonized Plancherel measure, leading to the Airy point process. We omit some technical details,
which are parallel to the previous sections.

The following theorem (proven by another method) can be found in the paper of Tracy and Widom
[TW94] and was the origin for the name “Tracy-Widom distribution” attached to the law of a;.

Theorem 5.20. For N = 1,2,..., let x{v > xév >0 > x% € R be distributed with density

1 N 1
(2m)N/2 HN? T H (va - $§V)2 HGXP <—2($ZN)2> ; (5.54)
j= i=1

T 1<i<j<N

and let a; > ag > ... be the points of the Airy point process. Then, in finite-dimensional distributions

lim N/ (va _ NN) 4w i=1,2,.... (5.55)
N—o0

The N particles can be identified with eigenvalues of the random matrix from Gaussian Unitary
Ensemble (GUE), ie, M = (Y + Y*), where Y is a matrix of iid. N(0,1) + iN(0,1) elements,
see [?, [For10, [AGZ10| [ABDF11]. Hence, the ¢ = 1 case of has already been announced in the
introduction in Theorem

Our proof of Theorem is based on explicit evaluation of the correlation functions. We obtain
them as a scaling limit of the correlation functions for a Schur measure. There is a lot of flexibility which
measure to choose — many of them rescale to GUE eigenvalues. Our particular choice relates to the
binomial distributions (cf. Proposition and to the Aztec diamond (cf. Theorem 1.6).
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Q=

Figure 5.13: Integration contours for Schur measure’s correlation kernel (5.57) on the left and for the GUE
kernel (5.62) on the right.

Proposition 5.21. For N, M =1,2,... and o, 8 > O consider the distribution on Young diagrams \ with
at most N rows and at most M columns, given by

N z N i—
P(\) = (14 aB) sy (a™)sy (8") = (1 + aB) MNH[Z—l ](\/[M++N—3.]

3 M4N-1
] —1) — ; — )\ N—i
x1<i];[<N[(AZ+N )=+ N j} E[aﬁ + <Ai+N_Z_>}, (5.56)

where N and BM are specializations in N and M variables equal to o and 3, respectively. Then the point
process Xy () = {\; + N — i}}¥, is determinantal with kernel

(1 _ aw)N(l + ,Bw_l)M pN—1—L1yla—N

1
Ky m(l,bo) = (2ri)2 # (14 po=1HM(1 — av)N v—w

where both contours enclose — 3 and 0, but not a1, w—contour is inside the v—contour (see Figure, and
l1,09 € {O,l,...,M—I—N—l}.

dvdw, (5.57)

Proof. Let us treat the first equality in (5.56) as a definition of P(\). Then the determinantal structure
and (5.57) are corollaries of Theorem [4.21] in which we take:

p1 = (a’;0;0), H(py; 2) = (1—az)™", p2 = (0; 8M;0), H(pa; 2) = (1+ B2)Y

For the choice of contours first note that for the case 0 < o < 1,0 < # < 1, integrating w over the circle
|w| = 1 — € and integrating v over the circle |v| = 1 + & with 0 < € < min(1 — a, 1 — ) fits both the
description in Theorem and the description in Proposition [5.21} For the cases a > 1 or § > 1, we
note that the desired evaluation of the correlation functions is equivalent to the following identity: for
any finite set A = {a1,...,an} C{0,1,...,M + N — 1} we have

(5.58)

> AN sy v(ass )]

MN ij=1"
MACXN(N) (1+af) ’
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M
N =28
A=(3,2,2,1,1,1,1,0)
N = (7,3,1,0)

AN M+ N-—-1
O O O O
N*)\'l M+N717)\;M
ONONONONONONONONONONONGC)
0 M+ N -1

Figure 5.14: Particle-hole involution and transposition of a Young diagram.

Both sides are analytic (even rational) functions of o and 3, and therefore the identity for small «
and (3 implies the same identity for all « > 0 and 8 > 0 (as long as the contours are chosen so that no
singularity occurs in deforming « and ) by uniqueness of an analytic continuation.

In addition, we would like to show that the two different formulas for P(\) in are the same.
For that we recall (2.51)), which implies

sy =a [ MZOEZNET L gMy = g 11

/ . / .
44 J—1 4 j—i
1<i<j<N 1<i<j<M

(5.59)

The second formula is given in terms of column lengths, and we need to transform it into an expression
involving row lengths. For that we use the following observation, best seen geometrically in Figure
we have a disjoint union

AN . M
i+ N=i} | X+ N - 1}, ={01,...,M+N-1}. (5.60)
We combine this observation with the following enumeration lemma.

Lemma 5.22. Suppose that A ={a; > --- > an} and B = {by > --- > by} are two disjoint subsets of
R and denote AU B = {c; > -+ > c¢n4n}. Then we have

N
T Gi-t)= [] @-a)-|TT I ’ai [ (c—c) (o

C
1<i<j<M 1<i<j<N i=1 1<j<N+M """ J| 1<i<j<N+M
cjFa;
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Proof. The proof is a direct count of various ¢; — ¢; factors in both sides of the identity. We say that
a factor appears with +1 multiplicity if it is in the numerator and with —1 multiplicity if it is in the
denominator. If both ¢; and ¢; belong to A, then ¢; — ¢; appears zero times in the left-hand side and
1 — 2+ 1 = 0 times in the right-hand side. If both ¢; and ¢; belong to B then ¢; — c¢; appears one time
in the left-hand side and one time in the right-hand side. If one of ¢;, ¢; belongs to A and the other one
belongs to B, then ¢; — c; appears zero times in the left-hand side and —1+1 = 0 times in the right-hand
side. O

Applying the lemma to sy/(3) given by (5.59), we get

1
N+N—D(M+N—-1-(N\+N—i)

=

sv(BY) =C BN T[N+ N=i) = (A + N =)

1<j i=1

where C does not depend on ). Plugging in this formula and the expression for s)(a¥), we arrive at the
second line of (5.56). The normalization constant is obtained either by carefully keeping track of C' and
other factors, or by substituting A = @ and noting that (1 + a8) VM s, (a™)sy (M) = (1 +aB)~ VM

in this case. [
Proposition 5.23. For fixed N > 1, the N —point process {zN } Y., of GUE eigenvalues (5.54) is a determi-
nantal point process with correlation kernel with respect to the Lebesgue measure given by
dwdv
KJ* — -y — — 5.62
N (27i)? //xp( v 2+w>wN —w’ (5.62)

where the integration contours are shown in Figure[5.13; the w-contour encloses 0 with positive orientation
and the v-contour goes from —ioo to +-ioo leaving the w—contour on the left.

Proof. In the setting of Proposition[5.21] set & = § = 1 and

<.

A
N
M) = ,
RN
Directly from the local CLT, as in Proposition in the limit M — oo, the binomial weights in the

second line of (5.56) turn into the Gaussian weights (IV is kept finite here, and therefore the shifts by
N — i disappear in the limit), and we observe distributional convergence to the GUE:

_M
2

1<i<N. (5.63)

lim [xN(M)HV

d N
M—oo =1- [ N]

L P

We make the same limit transition in the correlation kernel (5.57), i.e., using the rescaling of Lemma
we consider the asymptotics of

\/2MKN,M( + \ﬁ + \ﬁy) M — o0,

where we should have inserted integer part in the arguments, but we will omit it to simplify the notations;
this does not affect the proof. The last expression is

vM #(l—i—wl)MwM/z Ry ;my.val(l—w)N dvdw
2. (2mi)? (1 4 v=1)MyM/2 wN1=v)N v—w’

(5.64)
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1) Re f(z) Surface 2) Level Lines (Shaded Re f)
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Re(z)

Re(z)

Figure 5.15: Ref(2) and Imf(2) for f(z) =In(1+27%) + S Inz.

The steepest descent method suggests to deform the contours to pass through the critical points of

F2) = a1+ =) = In(1 4 27) 4 s

We compute:

7S P S S S N R S My — 1
f(Z)— — + = + = f (Z)_ <Z+1)2+222'

2214271 22 241 2z 2z z+1 22
Hence, 2. = 1, f"(z:) = §,and f(2) = In2+ £(2 — 1)> 4+ O((z — 1)) locally near z. Figureplots
Ref(z) and corresponding level lines.

There is a new feature compared to the previous examples: we can no longer deform the contours to
pass directly through the critical point z. = 1, because the integrand in has a singularity at v = 1.
Instead, the contours will have to stay at finite distance from the critical point after rescaling. Hence,
we deform the v—contour to be a small loop of radius LM around 1: this involves pushing the contour

through v = oo, which is possible because the integrand in decays fast enough as v — 00, so
that there is no residue there. The w—-contour is essentially a vertical line slightly pushed to the left near
w = 1, and then circling around the singularity at w = 0, see Figure

The part of the w—integral away from the critical point has a vanishing contribution as M/ — oc. In
contrast, the entire v—integral contributes to the leading asymptotics. We make a change of variables

2 2

v=1+4+—=0, w=1+—=w.

vM vV M
This transforms (5.64) into

1+ of // exp = wy) dvdw

—, M — oco.
(2mi)? exp —i—f):z:) v-w

We arrive at (5.62) after renaming ¥ — —w, W — —v and adjusting the contour orientations. O
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Figure 5.16: The steepest descent contours for the GUE limit.

Another, more traditional approach to GUE correlation kernel via Hermite orthogonal polynomials
is outlined in Problem 5 in Chapter [4|and in Problem 4 at the end of this chapter.

Proof of Theorem[5.20 We study N—V/6 KSVE(xv/N +2N—1/0 /N + nyl/ﬁ) as N — oo, where we
will eventually take x = 2, but at first keep it is a parameter. Plugging into ( , we get

N-1/6 w? N
// < - (XV +yN~ 1/6) +w (X\/N + :):N_1/6>) v dwdv' (5.65)
2771 2 —w

wlV v

In order to balance different terms in the exponent and bring the integral into the form amenable to the
steepest descent analysis, we replace w by wv N and v by vv/ N, which leads to

N1/3 2 . dwd
// exp — —xv+Inv— el +xw —Inw| ) exp <N1/3 [wz — vy]) e (5.66)
2711 2 v —w

We need to look at the critical points of the function

2
z 1
f(z):?—xz—i-lnz, f’(z):z—x—i-;.
For generic X, the equation f’(z) = 0 is quadratic. As we learned in Section the Airy asymptotics
arises when the equation has a double root, which happens for y = £2 (corresponding to the largest
and smallest eigenvalues of GUE). We focus on x = 2 case with the critical point z. = 1, so that for z
close to 1

z—1)3
f(z) = —% + (31) +0((z—1)").

Let us zoom in near the critical point and change the variables

v:1+N71/36, w=1+ N3¢

Recognizing the Airy kernel in the integral form of (5.18), but with swapped x and y, we conclude that
as N — oo

N_l/ﬁK]C\;,UE(Z\/N—i—xN_I/(S, 2\/N—i—yN_1/6) = exp <N1/3 [x — y]) KAY (y, x) - (1 +0(1)). (5.67)

The N~1/6 factors match the rescaling in (5.55), as in Lemma The exp (N'/3 [z — y]) prefactor

cancels out from the determinants in the definition of correlation functions and therefore can be omitted.
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The swap x > y does not matter, because the Airy kernel is symmetric. Hence, (5.67) implies that the

N
point process {N1/6 (:va — 2\/]V> }
i

the asymptotic decay of K {'F (X\/ N, xvN ) for x > 2, which is proven very similarly to Theorem
we deduce by repeating the argument of Theorem|5.14] O

converges to the Airy point process. Supplementing this with

5.9 Properties of the Tracy-Widom distribution

We have already established the appearance of the Tracy-Widom distribution in asymptotic fluctuations
for three problems: length of the longest increasing subsequence (5.47), PNG interface (5.52), and GUE’s
largest eigenvalue (5.55). But what is this distribution, how to deal with it and think about it?

At least five different definitions of the Tracy-Widom distribution can be used for studying it:

1. Fy(s) is the distribution function of the random variable a;, which is the right-most particle of the
Airy point process of Definition[5.4} F5(s) = P(a; < s).

2. Fy(s) is given by a Fredholm determinant:

Fy(s) = det(Id = K™ (@) 1 40)

(_1)n ir n

where the Airy kernel is given by either of the equivalent formulas (5.15) or (5.18).
3. Using the Hastings-McLeod [HM80] solution to the Painlevé II differential equation:
¢"(2) = zq(z) + 2q(x)° (5.69)

with the boundary condition ¢(z) ~ Ai(x) as  — oo, we have (see [TW94]] or [BD02| Section 9])
F5(s) = exp (—/ (z — s)q(z)? dac) . (5.70)

4. Fy(s) is the distribution function for the largest eigenvalue of the 3 = 2 version of the Stochastic
Airy Operator of [ES07, RRV11]]. The operator is defined for 8 > 0 parameter via:
o + 2W’() W(zr)isaB i ti >0 (5.71)
— —r+ —=W'(z), x) is a Brownian motion, x>0, .
Oz VB
acting on functions in L?(R>) vanishing at the origin z = 0. Explaining the proper mathematical
meaning of the operator (5.71) and its eigenfunctions goes beyond the scope of this book and we
refer to [RRV11]].

5. One can take one of the asymptotic theorems (5.47), (5.52), (5.55) as a definition. E.g., one can define
the Tracy-Widom distribution as the scaling limit of the largest eigenvalue of N x N GUE random
matrices after subtracting 2v/N and multiplying by N'/6 as N — oo.

The fourth approach shows that F5 isa 5 = 2 representative of general § Tracy-Widom distributions
Fj, defined as the law of the largest eigenvalue of (5.71). This connects us to the topic of general 3 random
matrices, and we refer to [ES07, RRV11}/GS18,/GXZ24] for related developments. Beyond 3 = 2, the cases
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B = 1,4 are of central importance: F} and F} are limits of largest eigenvalues for real symmetric and
Hermitian quaternionic matrices, respectively, see [TW96, [Meh04, For10[]; they also appear in interface
growth models and 2d statistical mechanics, as in [PS00, BR01} [Fer04, SI04, BBCS18]. As § — oo, Fjp
becomes a §—mass on the largest root of the Airy function (cf. Figure[5.3), with Gaussian limit after /3
rescaling — this approximation from 8 = oo is surprisingly good even for 3 = 1, see [DEO05, [EPS14]
GKz4].

Each of the five definitions above can be used to produce a sampler of the Tracy-Widom distribution
F; and to numerically compute its density Fi(s):

+ One can sample a determinantal point process with a given kernel by diagonalizing its correla-
tion kernel and then using a sequence of independent Bernoulli random variables, as described
in [HKPV06]. The only caveat is that this approach works the best for the processes with finitely
many points, hence, one should first choose a large negative — R and restrict the Airy point process
to (—R, +0o0) interval, which does not matter that much, because we are interested in a;.

+ One can numerically approximate the Fredholm determinant in (5.68) using finite quadrature for-
mulas, similar to those used in approximating integrals, as discussed in detail in [Bor10bl.

« Starting from a large value of s (where we set ¢(s) and its first derivative to match the Airy func-
tion), and then numerically integrating backward in time, we get an approximation of ¢(s),
which subsequently leads to F5(s) through (5.70); this is how we produced Figure below.
Bornemann in [Bor10al] compares the numeric efficiency of the Painleve and Fredholm approaches,
arguing that (when implemented properly) the latter is preferable.

+ One can approximate the operator with a discrete version, which is a random tridiagonal
matrix. The limit of the largest eigenvalue of these matrices gives a direct access to the largest
eigenvalue of ; one advantage of this approach is that it extends to all 8 and to other marginals
of the Airy point process (say, to a; + az). In particular, for § = 2, we consider the matrix

d(N)  w(N—1) 0 o0
w(N —1) d(N—-1) u(N -2) :
My = 0 u(N—-2) dN-=3) "~ 0 |-
0 0 u(1) d(1)

where d(k) are ii.d. Gaussian N (0, 1) random variables and (k) are independent y2j random
variables of density

—21_k gkl em7?/2 15

I'(k) ’ '
Alternatively, £3, is a sum of squares of 2k i.i.d. A'(0, 1) random variables. My can be obtained as
a result of tridiagonalization (i.e., sequential rotation of columns to make the matrix tridiagonal) of
a GUE matrix, see [Tro84, DE02]], which keeps the eigenvalues unchanged, and therefore Theorem

applies with 21" being the largest eigenvalue of M.

One technical detail is that one needs to take a very large N (say, N = 10°) to get a good approxi-
mation of F5(s), and computing eigenvalues of such huge matrices can be prohibitively slow. This
can be fixed by replacing My with its top-left v/ N x v/N corner, see [BGK25| Section 2.3] for the
implementation details and further references for other approaches.
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Figure 5.17: Density for Tracy-Widom distribution F, and Gaussian of the same mean and variance.

Figure present a numeric plot of the density Fj(s) and compares it to the Gaussian density of
the same mean (=~ —1.77) and variance (= 0.81). For historic reasons, the Tracy-Widom distribution is
not normalized: rather than rescaling it to have mean 0 and variance 1, the community keeps the current
notations whose advantage is the simpler form of the formulas, such as (5.55), (5.68), (5.70), (5.71).

Beyond centering, Figure[5.17|reveals two other features of the Tracy-Widom distribution: it is asym-
metric (skewness /= 0.22), and its tails differ from the Gaussian ones (the excess kurtosis is = 0.09). The
latter property was investigated and exact tails are known. The right tail is heavier than Gaussian and
exhibits the exponential decay exponent 3/2, which we already saw in (5.28):

2
1 — Fp(s) =exp <—3ﬁsg/2(1 + 0(1))) , 5 — 400. (5.72)
The left tail is lighter than Gaussian and exhibits the exponential decay exponent 3:
Fg(s) =exp (254(5)3(1 + 0(1))) , 5§ — —00. (5.73)

Precise understanding of o(1) error terms in (5.72), (5.73) is also available in the literature, see [BBD0S|
BN12,DV13]] and references therein.

5.10 Edge limits for discrete PNG and geometric LPP

We end this chapter by producing large-time asymptotics of discrete PNG of Section [3.1]and delivering
a proof of the long-announced Theorem|[1.4]about the last passage percolation with geometric weights.

Theorem 5.24. Consider the multilayer discrete PNG model as in Sections[3.1] [3.9 with all a; and all b;

1
parameters equal to ) < g2 < 1. Let a; > ag > ... denote the points of the Airy point process. Then, in
the sense of convergence of finite-dimensional distributions, we have

1 1\ 1/3
3 3 1
lim ¢~/3 (hl-(O,t) v 1t> LI (‘“‘”) L i=1,2... (574

t—o00 1_q§ 2 1—q%
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Remark 5.25. One can extend this analysis to find the ¢ — oo asymptotics of h;(xt,t) as t — oo, with
—1 < x < 1. All steps remain the same, but computations are heavier, see [Joh00, Thereom 1.2]. For
t — oo functional convergence of the rescaled interface x +— h(a:t2/ 3 1), we refer to [Joh03].

Proof of Theorem[5.24 By Corollary for odd ¢, {he(0, %) }¢>1 4 {A, A2 —1,A3 —2,...}, where \is
distributed according to the Schur measure

17 (t+1)/2
P = (-9 ([o] ).

(t+1)/2
2 } means (t+ 1) /2 variables equal to q%. In the following steps we will ignore the parity

where {qi
restrictions: due to monotonicity of the heights hy(0,¢ — 1) < hy(0,t) < hy(0,t + 1), we can always
reduce even ¢ case to the odd ¢ case. Applying Theorem[4.21] X (\) = {\; +1 —i}2, is a determinantal
point process with kernel

1 1 (t+1)/2
1 1—q2w)(1—q2vt —l1gyta—1
K(l,l2) = = # ( q1 ) q1 ) EA dvdw, 0,4y € 7,
(27) (1—q2v)(1—qzw 1) v-w
with integration over two positively oriented circles around the origin |w| = Ri, [v| = Rz such that

q% <R <Ry< q_%. We set
O =Ct+at' 3, by = Ct+yt'/3,

in which ( is not yet known. Ignoring parity, integer parts, and shift by 1 in (¢ + 1)/2 (none of that is
important for the eventual asymptotics), we rewrite the kernel as

—xt1/3wyt1/3
dvdw, (5.75)

(2;) # exp(tf(v) — tf(w)) 2

(v —w)w

= % (ln(z — q%) — ln<q_% — z) —(2¢(+1)Inz —lnq%> .

The equation for the critical point becomes

N[

L1 %+l az-g ) —2(z-g2) - (+)(z-g 3)(z—g
z—q% z—q% z Z(Z_q%)(z_qié)
(2 +1)2% +2(q 7 —q2 — (20 +1)(g72 +¢3)) + (2¢ + 1)
(2= q2) (2 —q %)

)

Y

We know that the Airy asymptotics arises when we have a double root, which corresponds to the van-
ishing discriminant of the quadratic polynomial in 2 in the numerator and gives

¢ = . (5.76)
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Since we are interested in the upper edge, corresponding to \;, we choose the plus sign

ol
ol

1
3 1
ater _ g2 g,y Lta

C_
I—q  1-_gb 1—g¢

, ze = 1.

(SIS

The reader might be surprised by observing critical point z, = 1 yet again, but it does not mean that the
same critical point appears in all problems. Rather, we keep choosing the simplest cases to highlight the
ideas, but avoid heavy computations. At the critical point:

2C+1 _ q-+q-2
(1—gq2)(1—q2) (1—gq2)3

Hence, we do the usual deformation of the contours to pass through the critical point and local change
of variables

9 1/3 5 1/3
“=1+< 1) (1—q2)t %, w=1+< ) (1—gq2)t 3 p,

1
q+q2 q+q2

=0 ) =-

Hence, plugging into (5.75), we conclude that as ¢ — oo, the kernel K (¢1, ¢2) becomes

1/3
( 2 > (1—q%)t_1/3 1/3
T =3 =3
ara? #exp vw( 2 ) (1fq%)(:m?fyu~)) Slvdw (5.77)

We recognize the Airy kernel in the double integral form (5.18) and with x and y variables rescaled by

1/3
( +2 T > (1 — qi) factor. Supplementing this computation with a tail bound (omitted), as in the proof
a+q

of Theorem [5.14] we arrive at (5.74). O

We now go back to the setting of Section[1.4]

Corollary 5.26. Let w; ; be i.i.d. geometric random variables P(w; ; = k) = (1 — )", k=0,1,2,....
Consider the last passage time
tii = max Wk 1, 5.78
i, — (1) (0.5) (k; k,l ( )

where T is a path with (1,0) and (0, 1) increments. Then, in distribution

1 1
e, ()
lim N3 (tyy - N—L | Lg. >~/ (5.79)
N—oo 1 1—(]

W=

N[

where the distribution of ay is Tracy-Widom F5.

Proof. We claim that ¢y y has the same distribution as h1(0,2N — 1), i.e., the height at 0 for discrete
PNG at time ¢t = 2N — 1. This can be seen by looking at the PNG recursive rule

hi(z,t 4+ 1) = max{hy(z — 1,¢t), h1(z,t), h1(x + 1,t)} + w(z,t + 1), (5.80)

in which weights w vanish at ever second point and are i.i.d. geometric at the black dots:
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Figure 5.18: Left panel: the Young diagram {(z, j) | t; ; < t} for geometric LPP with parameter ¢ = 0.8
and t = 2400, so that the first row is approximately ¢(1 — ¢)/q = 600. Right panel: Plancherel-random
Young diagram with n = 90000, so that the first row is approximately 21/n = 600.

xT

Due to up-down shape of the interface, i.e., positivity of the jumps defined in (3.4), the value of the height
at a black dotted point (x, t) is always at least as large as h(x + 1, ¢) and h(z — 1, t). Hence, if we restrict
our attention to the values of h(x, t) only at these points, then the recurrence (5.80) becomes simpler

hi(z,t+1) = max{hy(z — 1,t), h1(z + 1,¢)} + w(z,t + 1). (5.81)

Upon rotation of the coordinate system, this is the same recurrence as the one satisfied by the last passage
times: ¢; ; = max(t;_1 j,t j—1) + w; j. The claim follows.
Therefore, (5.79) is obtained from (5.74) by plugging in ¢t = 2N — 1. O

The same methodology can be used to understand the asymptotics of ¢; ; for arbitrary large 7 and
Jj. One way to interpret the result is by looking at the Young diagram A(t) = {(¢, /) | t;; < t} —its
evolution in time ¢ was discussed in Section The order t!/3 for the fluctuations of the boundary of
this Young diagram can be contrasted with much smaller fluctuations for the Plancherel-random Young
diagram, as is clearly visible from the simulation in Figure5.18]

In Theorem|[5.24we analyzed the first rows of the Schur measure, but in the same way we can also get
the result for the first column. We record the answer — it will turn out to be useful later, when studying
the six-vertex model in Chapter|g]

Theorem 5.27. For N = 1,2,..., let A € Y be distributed as the Schur measure
N
Py = -0 ([1]").

Then the lengths of the first columns of A converge to particles of the Airy point process:

1

e, (000
lim N3 (x— 2L N Lo L =12 (5.82)
N0 1+ g2 1+4q2
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Proof. We continue the analysis in the proof of Theorem For the longest columns we need the
second value of ( with minus sign in (5.76),

Nl
o=

1

— 3 1_

O Sk LIS LIPS S Sy’
I—gq 1+gq 1+gq

, Ze = —1.

[NIE
I

At the critical point:

" " 2C+1 q% —q
ff(=1=o0, f"(-1)= : — = - > 0.
(I+¢2)(1+q72) (1+4¢2)?

As we saw many times before, when the third derivative is positive, locally near the critical point, the
v—contour should be to the right from the w-contour. Since our original contour arrangement is two
circles around 0 with |w| < |v], in the contour deformation we would need to push one contour entirely
through another one, collecting the v = w residue equal to:

1 1, 6=,
S U@g*h*ldv — 151:€2 — 1 2
2mi around 0 0, £ 7é .

Hence, the analogue of (5.77) becomes

1y =, — K(£17£2> - (1 + 0(1))

1 1 1
2 ’ 1N 1—1/3 -Air 2 ’ 1 2 ’ 1
x| = (1+q2)t 7 PKAY | — [ — (1+4q2) -z, — | — (1+q¢2) -y,
q2 —q q2 —q q2 — ¢

(5.83)

where the minus signs appeared because of z. = 1 being replaced with z, = —1 in the argument.
Plugging in t = 2N — 1, we get the rescalings of (5.82), and it remains to explain why subtracting the
kernel from the identity operator 1/, —, is equivalent to passing from rows to columns. This is based on
two observations. First, the N = oo version of is the identity valid for any A € Y and easily seen

from Figure [4.3}
-+ 12 L N+ =2 (5.84)

Second, the following complementation principle is proven immediately after we finish the current proof:

Lemma 5.28. Let X be a determinantal point process on 7 with correlation kernel K ({1, {2) with re-
spect to the counting measure. Then Z \ X is a determinantal point process on Z with correlation kernel

1@1252 — K(ﬁl, 62).

Given the lemma, we see that negative signs in front of X/ in (5.84) match the negative signs in front
of x and y in (5.83). Hence, using also a tail bound, whose proof we again omit, we arrive at (5.82). [

Proof of Lemmal[5.28 We take an m—element subset A = {a, ..., a,} C Z and compute the probability
of the event A C (Z \ X) using the gap probability formula of Theorem [4.24}

P(A C (Z\ X)) = P(no points of X in A) = det(Id — K)g2 = det [14,—0, — K(a;,a;)]"

(A) i,j=1"
Comparing with the definition of a determinantal point process with kernel 1,,—, — K ({1, {2), we are

done. O
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5.11 Exercises

Problem 1. A plane partition is an array m = (m;;), 4,j = 1,2,... of non-negative integers, such
that the numbers are monotone (7,41 ; < m; ; and 7; j+1 < 7; ;) and their sum (or “volume”) is finite:
sz':l m;; = Vol(m) < oo. Plane partitions are in bijection with 3d Young diagrams (put & unit cubes
on entry k), lozenge tilings, and with interlacing sequences of Young diagrams (diagonal slices of the
plane partition), as shown on the picture below:

(0) < (2,0) <(2,0,0) < (4,2,0,0) > (2,0) > (1,0) = (1)

A.Fix N = 1,2,... and consider probability measure with weights ¢"°/(") on plane partitions inside

N x N square (i.e., such that 7; ; = 0 whenever max(i, j) > N). Prove that the corresponding sequence
of Young diagrams forms a Schur process.

B. Deduce from part A the formula for

Z qul(Tr) )

m=plane partition inside N X N square

Send N — oo and deduce the MacMahon generating function:

o0

Z gVl H 1_q

m=plane partition n=1

C. Sending N — oo in part A deduce that Young diagram \! corresponding to the tth diagonal slice
of the ¢V°'-distributed plane partition, forms a Schur measure. Hence, the point process {AL+1—i}e,
is determinantal. Write down the double contour integral representation for its correlation kernel.

D. Send ¢ — 1 in the result of part C and compute (using the steepest descent method) the limit of
the first correlation function p;(x) with x rescaled as = x/Ingq and t rescaled as t = 7/Inq. The
result is the density of the green color in the image below (which has ¢ = 0.97 and 200 x 200 x 200
bounding hexagon).
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E. Find a limit leading to the Tracy-Widom distribution.

F. For a Young diagram ) inside an A x B rectangle, let X be a collection of unit boxes complementing
A to the rectangle. A skew plane partition 7 = (m; ;) of shape \is a filling of boxes of A with non-negative
integers, such that the numbers are monotone (m;11; < m; ; and 7; j11 < ; ;) and their sum is finite:
> ij=1Ti,j = Vol(m) < cc. Here is an example:

Extending part A, show that random skew plane partitions of shape \ equipped with weight ¢¥o!(™),

0 < ¢ < 1, can be identified with a Schur process. Use this to compute 5= ¢V ™) over the skew plane
partitions of shape \.
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Problem 2. Consider the measure on Young diagrams A and suppose that N, M — oo, in such a
way NJFLM —m € (0,1).

A. Compute the bulk limit for the point process {\; + N — Z}f\; using the steepest descent, leading
to the discrete sine kernel of Definition[5.8] How does ¢ depend on m and the point where you zoom in?

B. Find the scaling limit of A;.

C. Find the scaling limit of \].

Problem 3. Taking geometric distribution P(w = k) = (1 — q)¢*, k=0, 1,..., setting g = 1 — ¢, and
sending € — 0, one sees that ew converges towards an exponential distribution. By performing this limit
transition in the geometric last passage percolation of Section[1.4] one arrives at the exponential last pas-
sage percolation. Reformulate the resulting system as time evolution rules for an interface h(z, t). Using
encoding of Figure you should be getting Totally Asymmetric Simple Exclusion Process (TASEP)
with step initial condition as the evolution of particle configurations: at time 0 all particles are to the
left from the origin; each particle has an independent exponential clock, which rings at Poisson process
times. When the clock rings, the particle jumps to the right, unless it is blocked by a neighbor, in which
case it does nothing. Repeating the proof of Corollary [5.26] compute the distributional scaling limit

lim h(at,t) — c()

t
lim T 2 ¢(a) - ay. (5.85)

Find how ¢(«) and {(«) depend on —1 < o < 1.

Problem 4. Our goal is to match two expressions for the correlation kernel of GUE: (4.39) in Chapter
and (5.62) in this chapter. This is done in tree steps:
A. Starting from (4.40) deduce two contour integral representations for Hermite polynomials:

n! 22 dz 1 oo (r —w)?
H,(z) = Py §éexp (—2 + zac) e i\/%/_ioo w" exp <2 dw.

B. Using the contour integrals from part A, and extending the sum to k = —o0, ..., N — 1, convert
(4.39) into a double contour integral.

C. Find a gauge transformation of the form K (z,y) —
B with (5.62).

Problem 5. Prove the integral representation for the Airy kernel:

L,

(z
(y

—

~

)K(x, ), to match the result of part

oo
KA (2,9) = / Ai(x + z) Ai(y + 2)dz, x,y € R. (5.86)
0
Problem 6. Let a; > ay > ... be the points of the Airy point process. Prove that for each 7" > 0,

_ L s T;o’
= 2ﬁT exp (12 . (5.87)

Hint. Express the expectation through the first correlation function and compute the resulting integrals.
If you encounter divergences, then exp(T'z) = lim,. g exp(T'z — ez?) might help.

E

Z exp(Ta;)
i=1

Problem 7. Consider N x N table filled with independent geometric random variables w; ;, with pa-
rameter 0 < ¢ < 1 for ¢ > 1 and with parameter 0 < ¢ < 1 for i = 1. As in (L.5), define

t = max W . 5.88
N m:(1,1)—=(N,N) (k%é kil ( )
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A. As in Theorem identify ¢y y with the length of the first row A for a Schur measure. How
does the specialization change compared to Theorem 1.4

B.Fix0 < ¢ < 1and 0 < ¢ < 1. Show that as N — oo for all g, except for one choice ¢ = ¢, (which
depends on q), the correlation kernel of the Schur process has exactly the same limit as in (5.77). Find
the value of ¢..

C. Show that for ¢ < ¢, an analogue of Corollary holds, with exactly the same limit.

D. Show that for ¢ > g, the scaling limit of ¢ i v is no longer given by the Tracy-Widom distribution,
but instead it is Gaussian. What centering and rescaling of ¢y ;v do you need?
Hint. You need to redo the steepest descent analysis: another critical point is relevant, compared to B.

E. Compute the distributional limit of ¢y for the case ¢ = ¢.. It is neither Gaussian, nor Tracy-
Widom; it is sometimes called the Baik-Ben Arous-Peche (BBP) transitional distribution.

Remark. In the language of the maximization problem the transition we observe has a simple
probabilistic interpretation. For small ¢, the optimal path collects only a few weights w ;, their distri-
bution is washed out in the sum and does not affect its fluctuations. In contrast, for large g, the optimal
path collects linear in /N number of weights w; ; and the Gaussian CLT for their sum dominates in the
fluctuations. Optimizing over the number of collected weights wy ;, one can get alternative proofs for
parts C and D.

Literature. We used the following sources for composing problems and refer to them for more in-
formation, references, and connections: [Joh00], [Joh01a], [Joh02], [Oko02], [OR03]], [BBAPO05], [FS03]],
[Bor11b]], and [BG16].



Chapter 6

Domino tilings of the Aztec diamond

In this chapter we introduce domino tilings, connect them to the Schur processes, and produce three
types of results: construction of a stochastic dynamics which produces random tilings from a sequence
of Bernoulli coin flips; law of large numbers for tilings leading to the appearance of the Artic circle;
central limit theorem for tilings leading to the Gaussian free field describing the fluctuations of the height
function.

6.1 Combinatorics of tilings

For any n = 1,2,..., we define the Aztec diamond A,, of size n as the union of all lattice squares
[m,m+ 1] x [n,n+ 1], m,n € Z, such that they are fully inside the region {(z,y) : |z| + |y| < n + 1}.
A tiling of the Aztec diamond is a configurations of n(n + 1) disjoint dominoes (i.e., 2 X 1 rectangles)
such that the Aztec diamond A, is fully covered by dominoes, see Figure [6.1|for an example.

We introduce the checkerboard coloring on the squares of the grid in such a way that among the two
bottommost squares in the diamond, the left one is white and the right one is gray: C3. Hence, among

the two leftmost squares the top one is gray: O Among the two topmost squares the left one is gray: .

Among the two rightmost squares the bottom one is gray: [ we distinguish four domino types according
to the checkerboard coloring: a horizontal domino with gray on the left TTis called North, while the other

one [ 1is called South; a vertical domino with gray on top Ois called West, while the other one Uis called
East. Left panel of Figure illustrates the notation and Figure in the introduction motivates the
names. The group of symmetries of the Aztec diamond (rotations and reflections) has eight elements,
and these symmetries reshuffle the four types of dominos.

Domino tilings of the Aztec diamond are in bijection with certain sequences of partitions. In order to
see that, we distinguish two types of dominos out of four — we choose West and South — and put green
particles on the gray squares of those and orange particles on the white squares of those, resulting in
and E3), respectively. Let us keep track of the particles along the diagonal slices of Figure We call the
zeroth white layer the n white squares along the South-West (bottom-left) border of the diamond. More
generally, the mth white layer is formed by n white squares at distance m from the bottom-left border.
Similarly, the mth gray layer is formed by n + 1 gray squares adjacent to the (m — 1)st and mth white
layers. Clearly, the orange particles belong to white layers, and green particles belong to gray layers, as
in the right panel of Figure

Proposition 6.1. Form = 0,1,2...,n, themth white layer has (n—m) orange particles with coordinates

121
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North domino

L J East
domino

|
L1

South domino

Figure 6.1: A domino tiling of the Aztec diamond, four types of dominos, and encoding via partitions.

inside {1,2,...,n}, which can be encoded by a partition p(™ €Y via

n—m

=1

{Mgm)—i—kn—m—i-l}

Form = 1,2,...,n, the mth gray layer has (n + 1 — m) green particles inside {1,2,...,n + 1}, which
can be encoded by a partition \"™) € Y via

n+l-m
{)\Z(-m) —i—l—n—m+2}' .
1=
The partitions satisfy the following properties:
2. Foreachm =0,1,...,n — 1, the skew partition A1) /(™) is q vertical strip, i.e.,

S (USh

7

3. Foreachm = 1,2...,n, the skew partition \'™ /(™) is a horizontal strip, i.e.,

—~

n—m = “‘n—m-+1"

A > ™ >

)

The correspondence between tilings and partitions of the corresponding lengths satisfying the above three
properties is a bijection.

Using the notations 1+ < A and p <’ A for a pair of partitions which differ by horizontal and vertical
strips, respectively, the tiling in Figure[6.1|is encoded by the following sequence of partitions:

2 <"(1,1,1,0,0) = (1,1,1,0) <" (1,1,1,0) = (1,1,0) <" (2,2,0) = (2,1) <" (3,1) = (1) <" (1) = 2.

o = u(o) {’ )\(1) — /‘L(l) {’ )\(2) — /’6(2) {’ A(g) — M(3) {’ )\(4) — N(4) </ )\(5) — Iu(5) = . (61)
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Proof of Proposition[6.] We keep track of particles recursively layer-by-layer. For the Oth white layer,
each of the n white squares must be covered with a domino, and this domino is necessarily of either
South or West type. It follows that the Oth white layer has n orange particles, and the 1st gray layer has
n green particles. The green particles have to be adjacent to orange particles (because they belong to the

same domino), which is equivalent to )\51) - ugo) €{0,1},i=1,2,...,n.

Since the total number of gray squares in a layer is n + 1, the 1st gray layer has one gray square
without a particle. This square is covered by a domino, which leads to a white square in the 1st white
layer without a particle. All other squares in the 1st white layer must necessarily have particles, and
therefore there are n — 1 orange particles in this layer, corresponding to the partition (1. We learned in
the previous chapter (see and (5.84)) that passing from particles to holes is equivalent to transposing
the Young diagram. Hence, the fact that the single hole in the first gray layer is adjacent to the single
hole in the first white layer (they are covered by North or East domino) means that (A(D)’ /(M) is a
vertical strip, which implies that A() / 1Y) is a horizontal strip.

We continue this counting argument: n — 1 orange particles in the 1st white layer are adjacent to
n — 1 green particles in the 2nd gray layer, leading to A®) /(1) being a vertical strip. Two holes in the
2nd gray layer are adjacent to two holes in the 2nd white layer, leading to A2 / @ being a horizontal
strip, etc.

We conclude that all the stated properties of the partitions ;) and A) hold. It remains to note that

by the above constructions, )\Ejﬂ) — ugj) € {0,1} and (A\D)); — (47! € {0,1} precisely encode the
South/West and North/East dominos, and therefore the correspondence between tilings and sequences

of partitions is a bijection. O

Corollary 6.2. In each tiling the number of East dominos equals the number of West dominos, and the
number of North dominos equals the number of South dominos.

Proof. Let £, N, W, S denote the numbers of East, North, West, and South dominos, respectively. Then

W + S equals the total number of orange particles, ie,n+ (n — 1) 4+ --- +1 = w Flipping the
tiling vertically, YW + N equals the same number. Hence, S = N. Flipping the tiling horizontally, we
alsohave £ + S = w Therefore, W = €. ]

We would like to introduce randomness to the tilings, and to that end we choose two weights: o > 0
corresponding to the East dominos and 3 > 0 corresponding to the West dominos. Let

P(tlhng) _ %a#{East dominos}IB#{West dominos} __ (O[,B) %#{Vertical dominos} ’ (6.2)

1
Z
where the equality between two forms of weights is Corollary and Z is a normalization constant
which makes (6.2) a probability distribution. In words, we assign weight « to each East domino, assign
weight [ to each West domino and multiply all the weights in a tiling.

Theorem 6.3. Under the measure (6.2), via the bijection of Proposition|[6.1] the sequence of partitions
g <AV D A@ D) A (6.3)

becomes a Schur process of Definition[3.5 with > corresponding to one variable specializations («; 0; 0) and
<’ corresponding to one dual variable specializations (0; 3; 0).

Proof. Specializing Definition [3.5|and using and the fifth property in Theorem 2.18] we would like
to prove that has distribution

n(n+1)

(I+aB)” 2 - 5(,\(1>)/(5) : SA(l)/u(l)(a) : 5(,\(2>)//(H(1))/(5) S(A(n))//(u(n—l))/(ﬁ) “s\m (@), (6:4)
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where all (@) and (3) are one-variable specializations. Recall from the fourth property in Theorem [2.18|
that
1A=l A=l !
(0% , u = )\, /8 M= A7
S ) = S\ /! =
)‘/“( ) {O, otherwise; N () {0, otherwise.

Hence, (6.4) is nonzero if and only if the sequence of \’s and p’s satisfies the conditions of Proposition
i.e., (6.3). It remains to match the weights between (6.4) and (6.2), which follows from observing that
foreachm =1,2,...,n:

. I =11V s the total weight of all West dominos joining white squares of layer m — 1 with
gray squares of layer m;

« o™= s the total weight of all East dominos joining gray squares of layer m with white
squares of layer m. O

Corollary 6.4. The normalization constant in (6.2) is

n(n+1)

Z=(1+ap) 2 .

n(n+1)
In particular, the total number of domino tilings of the Aztec diamond of sizen is2™ 2

Proof. Each (1 + af3) factor in is H(p;; p; ) from (3.10), (3.12). The normalization constant Z in

n(n+1)
is computed from by + = (1+aB)” >~ When we substitute o = 3 = 1, the probability of
an individual tilings becomes %, where Z is the total number of tilings. O

Corollary 6.5. Under the measure and using the bijection ofProposition the partition \(™), 1 <
m < n, is distributed as a Schur measure ofDeﬁnition with py = (0; 8™;0) and py = (a7 0;0):

PO = X) = (14 af) "0 sy (57) 53 (@ H177). (6.5)
Proof. This is a combination of Theorem [6.3|and Theorem 3.6} O

In particular, (6.5) is the same object as the one in the earlier Theorem 1.6|and Proposition

Let us compare the Schur process arising from the Aztec diamond with the one we had for mul-
tilayer discrete PNG in Proposition In both situations the process can be encoded as a family of
non-intersecting paths, but the combinatorics is slightly different. Following the construction of Section
let us identity the partitions with integer-valued interfaces {h2“(-, n)}s>1:

« For fixed n, we have 2n — 1 partitions split into two groups AV, ..., A and (M, ..., u(»=1)_ One

group corresponds to even positions = and another one to odd positions.
. ()\Z(,m) T i) = (B — 14 2m,n)) m=1,2,...,n

i>1 i>1°

c (M 1 —d) = (B (i 2men) L m=1,2, 0 -1,

If we follow the picture with interfaces from the left to the right, then the up-steps are now allowed
only to be of size 1, but several adjacent paths can go up simultaneously (which was not possible for the
discrete PNG paths). The down-steps are of the same kind, as for the PNG. Figure [6.2| gives an example
corresponding to the domino tiling of Figure
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/ /_ , phrec (g, 5)
hé&ztec (ZL’, 5)

/ h3AZtec (ZL’, 5)

hi&ztec (JJ, 5)

h3"(x, 5)

Figure 6.2: Non-intersecting paths corresponding to the tiling in Figure [6.1|and partitions (6.1).

6.2 Shuffling algorithm

For the polynuclear growth in Section[3| we started from a stochastic interface growth model and arrived
at a 2d statistical mechanics model — ensemble of non-intersecting paths encoded by a Schur process —
as a tool for studying the growth. For domino tilings we go in opposite direction, and a 2d statistical
mechanics model becomes our starting point. Inspired by the PNG analogy, one might wonder whether
there exists a simple stochastic dynamics, for which the size of the Aztec diamond, n, plays the role of
time, and for fixed n one obtains random tilings, weighted as in (6.2). Such dynamics was introduced
simultaneously with the very first studies of the Aztec diamond by Elkies, Cohn, Larsen, and Propp, see
[EKLP92| Pro03], under the name of shuffling algorithm. We present a treatment based on the Schur
processes, as in [Nor10| Bor11bl BF18]).

6.2.1 Growth of Schur processes

The central idea is to revisit the transformations of the Schur processes which we used in computing
its marginals and partition function (arrow flip of Figure [3.8] used in Theorem and treat them in a
stochastic fashion as steps of a Markov dynamics. The transformations were based on the skew Cauchy

identity (2.34), (3.13), which reads (for one a—variable and one dual S—variable specializations):

> 50ya (05 850)8,0, (0305 0) = (14 @B) D 53/ (305 0)5,,/7 (05 85 0). (6.6)

KEY TEY

One can place identities such as in two different contexts. Diaconis and Fill [DF90|] might think about
as of a commutation relation between “Up” and “Down” Markov transition probabilities: in this
point of view partitions s and 7 are completely independent. In contrast, Fomin [[Fom88| [Fom95],[Sta99,
Section 7.13 and Appendix] suggested that one could treat as a correspondence between x’s and

!See also [FSA24] and references therein for recent developments.
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Figure 6.3: Schematics of one step of the shuffling algorithm

7’s which underlies the Robinson-Schensted—Knuth correspondence between integer-valued rectangular
matrices and pairs of semistandard Young tableaux. These two different viewpoints lead to two different
stochastic dynamics and generalize in different directions. We explore the first point of view here and
the second one in the exercises.

We present the stochastic dynamics in an algorithmic form. One time step of the dynamics takes as
its input a domino tiling of the size n Aztec diamond represented as a collection of partitions

g <AV D N@ (D) N (6.7)
and outputs a domino tiling of the size n + 1 Aztec diamond represented as a collection of partitions
2 < AW = gD P RNE R0 ) XD (6.8)

This is done in four stages, illustrated in Figure
Stage 1. Add two dummy empty partitions to the ends of (6.7) resulting in

g < AW = DN o ) N g (6.9)

Stage 2. Erase all ,u(m), 1 <m < n—1,as well as two & adjacent to the ends, turning all of them into
?. Rename \(™) into /](m) for all 1 < m < n resulting in:

g =7 < M =2 < p® e L 7 L (6.10)
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Stage 3. Swap all > and <’ signs, resulting in:

g <7V <75 e i 7 (6.11)

Stage 4. Denoting ji¥) = @ = ("~ sample each ? independently as MM 1 < 'm < n+1, in the

triple i1 </ \(™) — (™) according to the weight of & in the left-hand side of (6.6), i.e.:

) B Sn/[ﬁm—l)(O;5§O)S,€/ﬂ(m)(a;0;0)
> kv S /p(m=1) (05 B; O)s;%/ﬁ(m) (;0;0)°

Output the resulting sequence

p(j\(m) =k | ﬂ(m—l)’ﬂ(m) 1<m<n+1. (6.12)

g <" AW GO < 3@ X)) XD gy (6.13)

Theorem 6.6. Ifthe input (6.7) is the Schur process (6.4) corresponding to the weights (6.2) for domino tilings
of the Aztec diamond of size n, then the output (6.11)) is the Schur process corresponding to the weights (6.2)
for domino tilings of the Aztec diamond of size n + 1.

Proof. We analyze the procedure stage by stage. In Stage 1, the addition of empty partitions does not
change anything, because a subdiagram of & is necessarily & again. Stages 2 and 3 are based on the
observation that for the Schur process of Theorem the distribution of the n—-tuple of partitions A(}),
A2 X" js the same as the distribution of the n-tuple of partitions (1), i(?), ..., (™. The latter fact
is proven by comparing the sums defining these distributions as marginals of the full Schur processes,
and noting that these sums are the same by the skew Cauchy identity in the form (6.6).

In Stage 4 we already know that [L(m), 1 < m < n, have the desired distribution of a marginal of the
Schur process. Conditional on them, the definition of the Schur process readily implies the formula for
the conditional distributions of /N\(m), 1<m<n+1. O

The four stage procedure outlined above can be performed for any Schur process: one takes a rank n
Schur process and outputs a rank n + 1 Schur process. For the algorithmic implementation, the hardest
stage is sampling from the distribution (6.12). This can be a convoluted procedure for general special-
izations. However, for the particular one-variable specializations in (6.12), this stage reduces to flipping
several (biased) independent coins.

Proposition 6.7. Choose two Young diagrams p, v such that the sum over & in (6.14) below is non-empty.
Then sampling X\ from the distribution

SA/M(Oé B; O)S)\/V(Oz; 0;0)
Z/%GY Sk/u((]; ; O)S,%/l,(a; 0;0)

amounts to three cases foreachi = 1,2, ...:

(6.14)

1. Ifvi_1 = 4, then set A\j = p;;

2. Ifv; = p; + 1, then set \; = p; + 1;

3. Otherwise, flip a coin: with probability ligﬂ set \; = w; + 1, and with probability ﬁ set Ai = ;.

Proof. Due to factor s/, (0; 3;0) in (6.14), \; — p; € {0, 1}, in order for the probability to be non-zero.
In the first two cases, A\; — p; is forced to have one of the two values, in order for s, /V(oz; 0;0) to be

non-zero. In the remaining case both options are possible, and their weights differ by the factor of af.
Since the choices for each 7 are independent, so are the coin flips. O
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Figure 6.4: Green particles for domino tiling. z; ", x77,...,

(1) .(2)

sponding rows 1,2,...,6and x; ", x5 ..., xéG) have the smallest ones.

have the largest coordinates in the corre-

6.2.2 Push-block dynamics

The four stage procedure together with Proposition [6.7| have two visually different interpretations, de-
pending on whether we deal with particles or with dominos. Let us present both. We will keep track
of only green particles on gray squares, as in Figure This is sufficient for reconstructing tilings,
since in Stage 2 the orange particles are directly obtained from the green particles at the previous
time step. We slightly adjust the notations compared to A, ..., A(") of Figure we do not per-
form shifts )\gm) > )\Z(-m) — i+ n —m + 2 anymore and replace (m) with (n + 1 — m). Hence, the
upper-right-most gray layer now has one green particle encoded by :cgl) €{1,2,...,n+ 1}. The sec-
ond upper-right-most layer has two green particles encoded by a:&Q) > xg) € {1,2,...,n + 1}, etc.
The bottom-left-most gray layer inside the Aztec diamond of size n has n green particles encoded by
xgn) > xén) > > xq({L) €{1,2,...,n+ 1}. We will also need a deterministic particle configuration
) =(n+1>n>n—1>--->1).

The particles $§m), 1 < i < m < n+ 1, satisfy the following combination of strict and weak
inequalities for all meaningful indices:

(m) < glm) gl < g lm) g (mo1) (6.15)

Ly —1> i > T i—1

In the literature such configurations are sometimes called monotone triangles.

)[n]}1§i§n+1 the four stage time step procedure

and construct z™[n 4+ 1], m = 1,2,...n + 1, by doing

Proposition 6.8. In terms of the monotone triangle {wim

n +— n + 1 is recast as follows. We setp = 1_?‘_5/3

the following for each 1 < i < m independently:

1. Blocking;: Ifxgm) [n] = x(T_nfl)[n], then set xgm) [n+1] = xgm) [n];

2. Pushing: Ifa;fm) [n] = xz(»m*l)[n], then set xgm) n+1] = xz(.m) [n] + 1;
1) (m)

)

> > :rz(-m_l)

and with probability 1 — p set :EZ(-m) [n+1] = -Tgm) [n].

, then with probability p setz!™ [n+1] = 2™ [n]+1

3. Bernoulli move: If:vETl_ ; ;
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Figure 6.5: Jump probabilities for different particles and projections to first and last particles.

Once allm < n + 1 have been updated, we set "2 [n +1] = (n+2>n+1>--- > 1).

In words, each particle at level m and time n checks whether it is blocked by a particle at the previous
level m — 1 (then necessarily do nothing) or pushed by a particle at the previous level (then necessarily
jump forward). If neither, then the particle either stays or moves one step forward according to a p-
biased coin flip, see Figure [6.5| for an illustration. The description of the dynamics in Proposition [6.8]is
equivalent to that of [Nor10].

Proof of Proposition[6.8 These three cases are a rewording of the three cases in Proposition[6.7} O

There are a few projections of this Markov chain which are still Markov chains. Observe that the
solo particle in the first row, acgl) [n] evolves as a Bernoulli random walk with probability of jump p and
initial condition x(ll)[O] =1

Remarkably, the evolution of the last (smallest) particles decouples. If we set y,,, = x%n ) m, so
that y1 > y2 > ys > ..., then the particles y1, yo, ..., evolve by the discrete time TASEP with parallel
update (or Bernoulli TASEP). At time zero y,,,[0] = 1 —m forallm = 1,2, .... At time n each particle y,,
independently and in parallel checks whether it is blocked by a particle in front (i.e., Y, [n] = ym—1[n]—1)
in which case it does nothing. Otherwise, it jumps one step forward with probability p. If we identify
particle configurations with Young diagrams, as in Figure then the evolution of {y, }m>1 can be
linked to the last passage percolation by the same mechanism as in Section The weights w;;, as in
, are again i.i.d. geometric random variables, but this time supported on Z>1, i.e, IP’(wiyj =k) =
p(1—p)F 1 k=1,2,....

Evolution of the first (largest) particles also decouples, leading to a discrete time push-dynamics
(Bernoulli Push-TASEP), in which more than one particle can occupy a lattice spot. If we set z,,, = ZL‘gm),
so that z; < 29 < z3 < ..., then at time 0, we have z,, = m forallm = 1,2,.... At time n, only the

particles with m < n + 1 are allowed to move. Such a particle z,,, checks if it is pushed by a particle



CHAPTER 6. DOMINO TILINGS OF THE AZTEC DIAMOND 130

in the back (i.e, z,[n] = 2zy,—1[n]), in which case it necessarily jumps one step forward. Otherwise, it
jumps one step forward with probability p.

One can further simplify the dynamics by taking a continuous time limit, similar to the one we saw
in Bernoulli to Poisson limit of Lemma [4.5}

p— 0, np — t. (6.16)

As the result, the Bernoulli TASEP evolution for y,,, becomes the classical continuous time totally asym-
metric simple exclusion process (or simply TASEP), in which each particle has an independent exponen-
tial clock. When the clock rings, the particle checks whether there is a free spot directly in front of it.
If so, then the particle moves one step forwards. The study of such processes goes back to the work of
Spitzer [Spi70]] in 1970, see also [MGP68] for biology motivations and [Lig85| Lig99] for overviews. The
integrability of TASEP and its Tracy-Widom fluctuations were discovered in [Sch97]] and [Joh00].

Simultaneously, the Bernoulli Push-TASEP becomes a continuous time Push-TASEP, in which each
particle has an independent exponential clock. When the clock rings, the particle moves one step forward
and pushes any group of particles directly in front of it, in order to preserve the condition of at most one
particle per lattice spot. Here we see a simplification: while the discrete time version allowed several
particles to occupy the same lattice spot, this no longer happens in the continuous time. The interest to
PushTASEP as a particular case of the Toom model goes back to [DLSS91]]. Its integrability and Tracy-
Widom limits were discovered in [AKK99]] and [BF08]], see also [BFLS14].

The full 2d-dynamics of the array of green particles in the Aztec diamond converges under (6.16) to
the multilevel TASEP, which combines block and push interactions, see [BF09, BF14] [GS15| [Ton18]] for
its various aspects. Closely related variations of these processes were discussed in [War07, DW08]]. For
further developments of these techniques see [Bor11b, BO12, BC14, BP14] [BP16}[Cuel8] [Ass18|[Ass20].

6.2.3 Shuffling of dominos

Alternatively, one can restate the growth of the Aztec diamond in the language of dominos, avoiding
the mention of any particles. This is the form in which the dynamics first appeared in the literature in
[EKLP92, Pro03] under the name “shuffling algorithm”.

The procedure starts from drawing an arrow on each domino, pointing to the right for East dominos,
to the left for West dominos, upward for North dominos and downward for South dominos. Then the
procedure for obtaining a domino tiling of size n 4 1 Aztec diamond from a domino tiling of size n Aztec
diamond proceeds in three steps, see Figure [6.6]for an illustration:

1. Each pair of adjacent dominos with arrows pointing towards each other (either East-West or South-
North) is declared a “bad box” and removed. The empty 2 X 2 square stays in place.

2. All other dominos move distance 1 at the direction of their arrows.

3. The complement of the resulting collection of dominos inside the Aztec diamond of size n + 1 is
uniquely represented as a disjoint union of 2 x 2 boxes; we call each a “box to fill”. Independently,
we fill each box by two vertical dominos with probability p = 25 and by two horizontal dominos

1+ap
with probability 1 — p.

Note that the Aztec diamond itself grows by 1 in all directions under this operation and, therefore, the
checkerboard coloring convention changes: it is no longer true that the bottommost part of the diamond
is white-gray C1. We need to invert the checkerboard coloring at the end of the procedure in order to
restore the conventions.
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Figure 6.6: One step of the shuffling algorithm, size changes 5 — 6.

Proposition 6.9. The just described shuffling algorithm is the same as the Schur process dynamics of The-
orem|6.6 and the push-block dynamics of Proposition[6.8

Proof. In order to see the correspondence with the algorithms of the previous sections, we reconstruct
the green and orange particles on dominos, as shown in Figure

We first look at bad boxes and notice that those necessarily have a green particle in the top-right
corner, while the orange particle can be either in bottom-right or top-left.

Next, we analyze sliding. Observe that the slide is always possible, i.e., leads to no overlaps of domi-
nos: for instance, if we are looking at a south domino moving down, then the obstacles to its move could
have been a pair East-South directly below or a North domino directly below; however, both of these
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Figure 6.7: One step of the shuffling algorithm, with green and orange particles shown.

cases would have led to a removal of these dominos in bad boxes and therefore do not happen.

Furthermore, South dominos moving down correspond to the green particles blocking each other,
i.e., the case ngm) [n] = :c§7_n1_ 2 [n] in Proposition (otherwise, there would have been a North domino
or a East-South pair right below, corresponding to the absence of the particle). The moving green particle
itself corresponds to xl(Tf 2 [n] turning into xgm) [n+1].

Similarly, West dominos moving left correspond to the green particles pushing each other, i.e, the

(m) (m—1) (m—1)

case x; ’[n| = x; n| in Proposition The moving green particle itself corresponds to x; n
;o= 7 n] p g green p p i

turning into $§m) [n + 1] with coordinate increasing by 1.
All the remaining particle (neither blocked, nor pushed) correspond to the Bernoulli move case in
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Proposition [6.8 and to the 2 x 2 boxes to fill in the third step of the shuffling algorithm. Note that the
number of dominos in the Aztec diamond grows by 2 - (n + 1) and therefore the total number of 2 x 2
boxes to fill is 7 + 1 plus the number of bad boxes at the first step. Since each bad box corresponds to a
green particle not causing blocks or pushes, we conclude that the number of Bernoulli coin flips matches
between the description in Proposition [6.8| and the one in the current section.

In order to convince ourselves that these flips correspond to exactly the same jumps between two
descriptions, it is helpful to keep track of green particles in the Aztec diamond of size n and orange parti-
cles in the Aztec diamond of size n + 1. We know from the description in Theorem [6.6](equivalent to the
one in Proposition|[6.8) that green particles should be turning into orange particles, and in addition n + 1
new orange particles are appearing along the bottom-left boundary. Let us do this recoloring/adding op-
eration in the description of the present section and convince ourselves that this matches the South/West
moves and creation of dominos in the shuffling algorithm description. (East and North dominos do not
carry particles. Hence, because we already know that particles uniquely determine the tiling, we do not
have to directly track the moves of East and North dominos.)

A West domino moving to the left corresponds to two orange particles: one is at the bottom of the
domino after the move and another one is at the old position of the green particle (equivalently, to the
right from the green particle after the move); these correspond precisely to xl(-m) [n] = :UET{ 2 [n]. In this
way, the move of the West domino is just a reflection of the fact that this situation necessarily leads to
the green particle landing at top-left position with regard to these two orange particles.

Similarly, a South domino moving down corresponds to two orange particles: one is at the left of the
domino after the move and another one is at the old position of the green particle (equivalently, above
the green particle after the move); these correspond precisely to argm) [n] = :cgmfl) [n]. In this way, the
move of the South domino is just a reflection of the fact that this situation necessarily leads to the green
particle landing at the bottom-right position with regard to these two orange particles.

After the move was done, some orange particles are not yet covered by dominos; those become
bottom-left corners of boxes to fill. The new green particle adjacent to them is not subject to a block or
push, and therefore can be chosen freely between two options, reflecting the choice between two vertical
and two horizontal dominos covering the box. O

Figure [6.8] shows two samples for n = 200 Aztec diamond obtained by running the shuffling algo-
rithm. One intriguing feature of the pictures is the appearance of the Arctic circle on the left and Arctic
ellipse on the right, separating the pictures into five separates regions: in the four frozen regions only one
type of dominos survive asymptotically; in the fifth liquid (or rough) region all four types are present.
The possibility of coexistence of different phases in a single domain is a prominent feature of random
tilings, cf. [Ken09, [Gor21]]. We come back to the asymptotics of tilings in the next several sections.

Introduction of the shuffling algorithm into the study of random domino tilings has two conceptual
consequences. First, we now have a direct probabilistic bridge between 2d statistical mechanics (rep-
resented by tilings) and interface growth models (represented by the interacting particle system with
push/block interactions). Hence, we can import tools from one area into another one (e.g., [JPS26] used
hydrodynamics of TASEP in order to find the shape of the Arctic curves visible in Figure [6.8). Second,
a complicated measure on domino tilings got split into elementary building blocks (coin flips) — this
powerful idea will be further explored in the context of the six-vertex model and Yang-Baxter equation

in Chapters|[7/and
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Figure 6.8: Random tilings of n = 200 Aztec diamond: a3 = 1 on the left and a3 = 5 on the right.

6.3 Observables through operators

Our next goal is asymptotic analysis of the domino tilings of the Aztec diamond. We build on Corollary[6.5]
linking us to the Schur processes. In principle, we can use here all the machinery of the determinantal
point processes and contour integrals, as developed in the previous chapter — this approach will be
postponed till the exercises at the end of this chapter. Instead, we describe and apply another influential
method of integrable probability: the use of differential and difference operators for the extraction of the
asymptotic information.

The idea underlying the method has roots in classical probability. Suppose that one would like to
compute the moments of a random variable £, E£™, but what one knows is its characteristic function,
X(s) = Eexp(is€). Then one can extract the moments by differentiation:

Lo (o)

E¢" = — :
§ i" Os™ s=0

For Schur measures, the evaluation of analogues of characteristics functions is delivered by the Cauchy
summation identity, while % is replaced by more complicated operators which we now introduce.

We deal with operators acting on functions f(z1,...,zy) in N variables. The g-shift operator 7.’
multiplies z; by ¢:

(T2 f] (@1, .. an) = f(z1, . @1, q@i, Tig1, ..., TN).

The following operator D, is the ¢ = t version of the celebrated Macdonald (first order) operatmﬂ

quz_: qu’—_% T (6.17)

2For higher order and ¢ # t cases important for the study of Macdonald symmetric polynomials, see [Mac95l Section VI.3].
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Theorem 6.10. The operatorD, : Ay — An maps symmetric polynomials to themselves and preserves de-
grees. Operators D, with different values of ¢ commute. Schur polynomials are their common eigenfunctions:

forany A = (A1,...,AN)

N
Dysy = (Z q/\H‘N_i) Sx- (6.18)

i=1

Proof. Definition (6.17) implies that D, can be represented as a conjugation of .~ | 7% by the operator
of multiplication Wlth [lic(@i — ;)

D,f = o — <Z7;q> I @-=z)-r|. (6.19)
j =1

1§i<j<N Isi<ysN

Multiplication by [, j(:ci — x;) maps a degree n symmetric polynomials to a degree n + N(N — 1)/2
skew-symmetric polynomial; action by Zf\il T.? preserves skew-symmetry, polynomiality, and degree;
division by [[,_;(z; — ;) maps a degree n + N (N — 1)/2 skew-symmetric polynomial to a degree n
symmetric polynomial. Hence, D, maps A%; to A% For the eigenrelation we combine with the
definition of Schur polynomials via (L.6), (2.14):

1
Dysy = T (o) (Z Tq> Altyysy (z1,...,2N)

1<i<j<N i=1
1 a i+ N—i Y i+ N—i
Ry QP (Zq ' )Al‘ﬂAMN(%,---,ﬂCN) = <Zq ‘ )5/\- (6.20)
1<i<j<N =1 =1

Finally, commutativity of the operators holds either from (6.19) or because they share an eigenbasis. [J

The relevance of the operators to the study of Schur measures is based on the following observation.

Theorem 6.11. Fix any complex numbers q1, . . ., gk, and a Schur measure with one pure-o. specialization
p1 = (a1,...,an; 0; 0) and an arbitrary specialization ps = p, i.e.,

HHp, Oél 041,...,051\7)3)\(,0), AreY.

Then, assuming the series defining the expectation is absolutely convergent, we have

K N . N
13| = T2 T ) e

k=1 i=1 =1 T1=01, ..., EN=ON

Proof. We start from K = 1 case. Specializing the second set of variables into p in the Cauchy identity

of Theorem [2.9] we have
N

ZS)\(xl, .xN)sa(p) = HH(p; x;).

A i=1
Acting by D, and using (6.18), we get

N

Z (Z ¢t 2) sa(@1,- . wn)sa(p) = Dy [ [ Hp; ).

=1
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Specializing (z1,...,2y5) = (a1, ..., ay) and then dividing by [, H(p; o) yields for K =1
and g1 = q.

The case K > 1 is obtained in the same way by applying Hle Dy, instead of a single D,. Note that
the order of the operators does not matter because they commute. O

The following lemma helps us to rewrite (6.21)) in a form suitable for asymptotic analysis. The key
feature is that while it is tricky to plug 1 = --- = x into (6.17), this becomes straightforward in the
integral representation.

Lemma 6.12. Choose an open set A C C and let f(z) be a function such that % is holomorphic in
z € A. Then foranyzq,...,xy € A

1 N qz —x; f(gz)dz
qu = =D ];[1 yéx}H e ) (6.22)

where the integration goes over a positively-oriented contour enclosing all x;, 1 < 1 < N, but not 0. The
contour and its interior are required to be inside A.

Proof. Since both sides of (6.22)) are continuous in x;, it is sufficient to prove the identity for the case of
all distinct x;. Then the integral in the right-hand side of (6.22) is computed as the sum of N residues at
points z1, ..., TN:

}’5 qu—fcl' qz) ZH% zj flgzi) (¢—1)a;
ori v}y 2T T xi—x;  flxg) T

=1 jAi
Multiplying by HZ 1 f(x;) and comparing with (6.17), we obtain the desired formula. O
Theorem 6.13. Fix any complex numbersqi, . .., qx, and a Schur measure with one pure-c specialization
p1 = (a1,...,an; 0; 0) and an arbitrary specialization ps = p, i.e.,
A
P(A) :HWSA(al,...,aN)S,\(p), AeY.

Then, assuming the series defining the expectation is absolutely convergent, we have

H Z q,;*N 7’] # H (kak —qz) (2 — 21)

k=1 i=1 1<k<l<K 2k — qiz) (akze — 21)

il

k=1

— d
H Qk2k — Q4 (P7 kak) ) : 2k . (6.23)
oo — o H(pze)  2mi(ge — 1)z,

where z1, ... zx are integrated over positively-oriented contours such that:

« Each z contour, 1 < k < K, encloses the pomts {ag, .. aN} but not 0. The contour is inside the

disk around the origin in which the series Z pr(p) % and Z pr(p )M are convergent.

n=1

« For each pair k < [, the z; contour does not enclose points {qyz, qflzk}.
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Remark 6.14. In the theorem we silently assume that the desired contours exist, cf. Figure Once the
theorem is proven for this particular choice of the contours, one can further deform them into various
other arrangements without changing the value of the integral. Generalizations of exist both for
the case when p; specialization is arbitrary and for the joint distribution of several Young diagrams in
the Schur process, see [BCGS16]. Contour integrals can be related to the contour integrals for the
correlation functions of the Schur measure in Theorems and[4.21] see [Aggl5].

Proof of Theorem Throughout the proof we assume that all g, 1 < k < K, are sufficiently close
to 1, which guarantees the existence of the contours satisfying the stated conditions. The theorem can
be extended to other g by either repeating the argument and paying more attention to contours, or by
analytic continuation in gj.

We use and apply the operators in the following order: first D;,, then D,, etc. Applying the
first operator via Lemma we have

N

D ]]_V[H('w‘)zﬁﬂ('x-)yg H(th*%"H(P;le)' dz (6.24)
q1 pale} p? T P p’ K3 {xl} 41 2 — T H(p, Z]_) 27Ti(q1 . 1)217 .

where the contour should be chosen inside the disk around the origin where H(p; z;) =

o] n
exp (El Dk (p)zk> and H(p; q121) are converging. We will apply the next operator D, under the

n

n—=
integral sign in (6.24); note that this requires fixing the same contour for all the choices of x; in the next
stepsEI Omitting the factors not depending on x;, the function to which we are applying D,, becomes

Hf»il f(z;) with

fo) = B2 gy @) (e — e —2) H e?)

21— 2 f(z)  (a—@)(an—z2) Hpz)

Hence, using Lemma [6.12] renaming 2 = 2z and noting the restriction on the contours needed to ensure

that % is holomorphic, we get

N N
Dy, Dy, HH(p; x;) = HH([); ;)
i=1 =1
2 [N
" # (121 — g222) (21 — 22) TT ] %2 H(p; qezr)  daz
(21 — @22) (121 — 22) zp—xi H(pyze)  2mi(qe — 1)z

k=1 Li=1

Applying further operators D, ..., Dy, setting (z1,...,2n) = (a1,...,an), and dividing by

) qK

Hi]il H(p; «;), we arrive at (6.23). O
Let us now specialize to the measures relevant for the Aztec diamond.

Corollary 6.15. Consider the Schur measure of Corollary[6.5;

P()\(m) _ )\) _ (1 + Oéﬁ)fm(nJrlfm)S}\l (Bm)s)\ (anJrlfm)' (6.25)

*Since we further apply various 7, operators, this is where it is convenient to assume that ¢’s are close to 1.
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<2

Z3
¢ ¢ Q
_5—1 0

Figure 6.9: Contours in Corollaryfor K =3 and q, ¢o, g3 close to 1.

Then, for any complex numbers q1, ..., qx ‘we have
K n+l-m (m) )
Bl S N enmei | # 11 (g2 — qrz) (21 — 21)
k=1 =1 Lepdier (B @) (2 — 2)
K _
<11 (arzr — )" 7™ (14 Bapar)™ dzy, (6.26)
(2 —a)mti=m (14 Bzg)™  2mi(ge — D)ap]”

k=1

where 21, ...z are integrated over positively-oriented loops around o (each of them encloses o, but neither
0, nor —3~1), which are nested, as in Figure for each pair k < [, the z; contour does not enclose points

{akze, 4, 2}

Proof. For small o, § and gy, close to 1 we directly apply Theorem As contours we can choose
concentric circles around «, which become smaller with growing k. Note that the measure (6.25) has
finite support, hence, we do not have to check convergence of the expectations. Also the condition on
0 n 00 n
convergence of > pi(p)% and 3 pk(p)@ is automatically true. For other values of «, (3, and gy
n=1

n=1
we use an analytic continuation argument, as in the proof of Proposition[5.21] O

6.4 Law of large numbers and the Arctic ellipse

We introduce an encoding of green particles in domino tilings via the height function h(z,m), m =
1,2,...,n,x =0,1,2,...,n + 1, defined on the gray squares of the grid and counting the number of
particles at (x, m) or below it in the South-East direction along the gray layer m, as in Figure Using
the bijection with partitions of Proposition[6.1} we have the following.

Definition 6.16. In the coordinate system, in which x grows North-West and m grows North-East, we define

n+l—m
1<m<n, 0<z<n+1. (6.27)

=1

h(z,m) = )(—oo,az] ﬂ{)\gm) —i+n—m+ 2}
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Figure 6.10: Height function encoding green particles.

Clearly, h(0,m) =0, h(n+1,m) =n+ 1 —m, and

1, there is a green particle at (z, m), (6.29)

Ma,m) = h(w = 1,m) = {0, otherwise.

We remark that there are several equivalent definitions of the height function in the literature, cf.
[Thu90, Ken00, BK18]]. All of them differ by explicit deterministic (i.e., not depending on a particular
tiling) transformations. The height function contains most (but not all) information about the tiling,
as we can reconstruct only green but not orange particles out of it. As n — oo, the height function
concentrates around a deterministic limit.

Theorem 6.17. Let h"™(-,-) be the height function of («f3)-weighted random domino tilings of the Aztec
diamond of size n, as in . Then there exists a deterministic 1 -Lipshitz function h(x,m),0 < x,m < 1,
such that, in probability,

1
lim sup |—=h"(z,m)—0 (E, m)’ =0. (6.29)
N0 |<m<n [N non
0<z<n+1

The function h(x, m) is called the limit shape for the random tilings. It is smooth inside a particular

ellipse inscribed in the diamond and linear outside. Let us introduce the ellipse
Xx+m—1)32 X — m)?

( 2, mmp? L aB

D 1—-p 1+ap

The center of the ellipse is (%, %) and it is inscribed into the (scaling limit of the) Aztec diamond repre-

sented as a unit square with vertices (0,0), (0,1), (1,0), (1,1). Inside the ellipse, we define the density
function 0 < p < 1 (see Figures[6.11]and [6.12) through

(6.30)
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Figure 6.12: Density of green particles for a5 = 5: and n = 1000 simulation.

1 m+x—1+af(m—x)
p(x,m) = — arccot
\/4aﬁx(1—x) - [m+X—1+a5(m—X)]2

, (6.31)

where arccot is the inverse cotangent taking values in [0, 7).

Theorem 6.18. The limit shape (x, m) of Theorem|6.17 is explicitly determined by boundary conditions
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h(0,m) =0, h(1,m) = 1 — m, and its derivative

p(x,m) inside the ellipse (6.30),

0
x (x,m) =<0 near North and East corners outside the ellipse, (6.32)
1

near South and West corners outside the ellipse.

The reader might be wondering why we even need to introduce the height function, if eventually
all the answers are stated in terms of its x—derivative, which is the density of the green particles. One
reason is topological: in terms of the height functions we can have uniform convergence, as in (6.29). In
contrast, the discrete x—derivative of h"™(z, m) takes two values {0, 1}, and, therefore, can not converge
in probability to a non-trivial limi When we study fluctuations in the next section, height functions
also lead to more transparent asymptotic statements.

We are going to deduce Theorems and from the expectations delivered by Corollary

and whose asymptotics is summarized in the following two statements.

Proposition 6.19. Forany 0 < m < 1 and s € R, we have
y . 1 n+l-m 1 /\(m) , .
mﬂllrgoo o Z exp S'g(z’ +n+ —m—z)
m/n—m =1
1 (1-m)z Pmz dz
_27Tisy§eXp(S‘< z—« +1+Bz)>z

L A e ™

where the integration goes over a positively oriented small loop around .

Proof. Using Corollary[6.15] we study

n+lz_m qAE’">+n+1_m_i] _ §£ (qz — )" 17™ (14 Bgz)™ dz
=1

£ =)y im (1% B2y 2rilg — 1)

We plug in ¢ = exp( ) and simplify the integral as n — oo:

%Z 1 n+l—m 5%2 1 m dz
plro()  (vi7mo(@) meromys o

Directly taking the n — oo limit of the integrand, we arrive at the second line of (6.33). Note that 7 in
the last denominator of (6.34) results in % normalization in the left-hand side of (6.33). The third line is
obtained from the second line via integration by parts. O

Proposition 6.20. Forany 0 < m < 1 and s € R, we have

lim  Vari LS L (am) 1 ) )| =0
minm ariance - Z exp | s- o ( ; tn+l—m-— z) =0.
m/n—m i=1

*The expectation of the discrete z-derivative, which is the density function of the associated point process, does converge
to (6:32), as can be deduced from Proposition[6.19}
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Proof. Using Corollary we have
+1— 2
nzm M anemei || # (21 — g22)(21 — %)
Pt (21 = g22)(g21 — 22)

qzr — )" (14 Bazp)™ dzy
% H { (2 — @)ntl-m . (14 Bzk)™ . 27i(q — 1)z

(6.35)
k=1

As q = exp(>) — 1 the fraction in the first line of (6.35) goes to 1, and two integration variables z; and
2y decouple. Therefore, the double integral approximates the square of the single integral computed in
Proposition[6.19] which implies asymptotic vanishing of the variance. O

The next step is to explain how (6.33) is equivalent to (6.32). For that we rewrite the prelimit expec-
tations in in terms of the prehmlt helght function (6.28):

n+l—m (m) n+l
Z q’\i +n+l-m—i _ Z q* [h(I,TTL) —h(z -1, m)] . (6.36)
i=1 r=1

Taking the limit as n — oo using (6.33), and omitting a justification for now (it is given at the end of the
section), (6.36) becomes

i (e o) o (o (M0 4 175 Jmion

1
:/0 exp(sx)agxh(x,m)dx. (6.37)

Hence, the left-hand side of (6.37) is a Laplace transform of the function a%h(x, m). In order to recon-
struct the function itself, we need to invert the Laplace transform. One way to do it is by using the
Stieltjes transform, which can be obtained from the Laplace transform by integration:

u—x0x

Glu) = /01 L9y, m)dx—/ol [/Oooexp(s(xu))ds] (,;ixh(x,m)dx. (6.38)

In the last identity, we should assume Re(u) > 1 in order to have convergence. However, since G(u) is
a holomorphic function of u € C\ [0, 1], once we find a formula for this function for Re(u) > 1, we can
extend to other z by uniqueness of analytic continuation.

Lemma 6.21. Assuming (6.37), we have foru € C\ [0, 1]

m—i—u—l—l—aﬂ(m—u)—\/[m—i—u—1+aﬁ(m—u)]2—4a5u(1—u)
2a6(1 — u)

G(u) =1In , (6.39)

where we choose the branches of \/- and ln(~) mapping large positive numbers to large positive numbers.
Proof. Changing the order of integration in (6.38) and using (6.37), we get an integral formula for G (u):
1 * (a(l —m) fm (1-m)z fmz
— — . - ds| In(z)d
27i [/0 <(z—a)2 (1—|—52)2>6Xp<8 ( z—« +1—|—ﬁz “ 5| nz)dz
_a(l-m)

Bm
1 G—a2 T (14522

~ oni T E:
2mi Zle—T—%i

In(z)dz. (6.40)
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Let us explain the proper choice of the integration contour, which makes the last formula valid. If we

choose the contour to be a very small loop around «, as in (6.33), then Re (% % — u) would

have different signs on different parts of the contour, and the integral fooo in (6.40) would be divergent.
Instead, we choose some small 0 < £ < « and let the contour be a vertical line Re(z) = ¢, oriented from
top to bottom — we make transformations (6.40) on this contour. The formula in the last line of (6.33) is

still valid on such a contour, because the integrand decays when z — oo as lﬁzl‘gl and therefore has no

residue at z = co. On this new contour, as long as Re(u) is large enough, we would have

1—-m)z mz

Re ( ) + p —u | <0,
z— 1+ 6z
and therefore the evaluation in (6.40) is valid. The contour integral in (6.40) then evaluates as the sum of
the residues at two simple poles: at z = « and at z solving the equation
(1 -m)z N fmz
z—« 1+ 8z

u = 0. (6.41)

Note that this is a quadratic equation. For large u the equation has two solutions, one is close to —% and
the other one is close to a. We need the latter one. Denoting this solution

o) = m+u—1+aﬁ(m—u)—\/[m—i-u—1+aﬁ(m—u)]2—4a5u(1_u)

251 — u)

the final answer is
G(u) = —In(a) + In(z(u)).
As a consistency check, note that G(u) — 0 as u — 00, as it should from the definition (6.38). Ul
The Stieltjes transform can be used to reconstruct the underlying density by a direct limit.
Lemma 6.22. Let0 < p(x) < 1 be a density of a finite measure i on the interval x € [0, 1] and let G, (u)
be its Stieltjes transform:
1
G(u) = / ) g (6.42)
0

u—2

Define, for each ¢ > 0, a measure pi. on R with density
1
pe(x) = —;Im(Gu(l‘ +ie)), z €R. (6.43)

Then as € — O the measures [, weakly converge to L.

Remark 6.23. When all the densities are continuous functions of z, we have pu(z) = liI(I)l e ().
e—0+

Proof of Lemmal6.22 Rescaling the measure, if necessary, we can assume that fol w(x)de =1, ie, pisa
probability measure. Directly from definition, we have

1 T €
——Im(G i = S S — dy. 6.44
—Im(G(x + ie)) /0 - €2+($_y)2u(y) y (6.44)
Let ¢ be a Cauchy-distributed random variable (i.e., of density mdx), and let 1 be p—distributed.

Then the right-hand side of (6.44) can be interpreted as the convolution of 7 and ¢, i.e., the density of
the sum of independent 1 + ££. Hence, the statement becomes a straightforward lim._,o(n + ££) = 7.
Alternatively, note that the function y — % . m is sharply concentrated near y = x and

integrates to 1. Hence, at each point z of continuity of 1(-), (6.44) converges towards p(z) ase — 0+. O
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Corollary 6.24. If G(u) is given by (6:38), (6-39), then the corresponding 2 h(x, m) is given by (6-32).

Proof. By Lemma we need to compute —% lim. 04 Im (G(x + is)). This boils down to plugging
into (6.39) the real value of u = x leading to three cases:

« If the argument of In[-] is non-real, then the imaginary part of the logarithm is the complex argu-
ment, computed via cotangent in (6.31).

« If the argument of In['] is real positive, then the imaginary part vanishes.

« If the argument of In[-] is real negative, then the imaginary part is —.

These are precisely the three cases in (6.32). O

Proof of Theorems|6.17 and For a fixed m, we let #(™) denote the empirical measure of green parti-
cles at layer m, shifted by 1 and rescaled by n:

1 n+l—m

-1
v n 5% ™ 4 np1—m—i]
=1

The height function can be identified with the distribution function of (™) shifted by %:

lh"(ar:,m) = (™) <<—oo, T 1}) . (6.45)
n n

On the other hand, the random variables in Proposition and are integrals against these measures:

1 n+l—m 1 (m) 1 ()

— ¢ = (A" 1— —') =/ e ™ (da). 6.46

- ; Xp<sn(Z +n+ m Z> /0 xp(sx) '™ (dx) (6.46)
By Propositions and|6.20] all expectations (6.46) converge to deterministic limits. Hence (e.g., because
the functions * — exp(sz) are dense in the space of all continuous function on [0, 1]), the random
empirical measures /(™" converge as n — oo (weakly, in probability) to deterministic limits p(m),
Since (") satisfy

V) ([, ) <b—a+ 1,
n

the limits (™) are non-negative measures absolutely continuous with respect to the Lebesgue measure
and of density at most 1. The Laplace transform of the limiting measure is computed by (6.37), and
therefore Corollaryidentiﬁes the density of 7(™) with %h(x, m) computed by (6.32).

Since convergence of measures implies convergence of their distribution functions (at the points of
continuity of the limiting functions but in our case the limit is differentiable and therefore continuous),
we conclude that, in probability,

1
lim —h" (|nx], |nm]) = h(x, m). (6.47)
n—oo n
Because the right-hand side is deterministic, (6.47) also holds jointly over finitely many pairs (x, m). In
order to get (6.29), we need to upgrade to joint convergence over all (x, m) € [0, 1]2. For this, we observe
that h(x, m) is a Lipshitz function, in the sense that

1 1
7hn _7hn / !/
W am) = S0l )

IN

Hence, covering [0, 1]? by a finite net of arbitrary small mesh-size, (6.47) implies (6.29). O
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Figure 6.13: Field of height fluctuations for n = 200 Aztec diamond for a5 = 1 and a3 = 5. Red and
blue colors indicate positive and negative values, respectively.

6.5 Field of fluctuations for the height function

Theorem tells us that the height functions %h(a:, m) concentrate near a deterministic limit as
n — oo, and therefore the fluctuations of h(z,m) are o(n). In fact, these fluctuations are much
smaller — they are essentially finite. Figure is an approximation of the field of fluctuations
h (xn, mn) — Eh (xn,mn), (x,m) € [0,1]% obtained by sampling two independent copies h, h’ of
the height function and drawing % (h (xn,mn) — h' (xn, mn)). The subtraction achieves cancelling

of the (large) expectation term, while division by 1/2 guarantees that the covariance structure of the
difference is the same as for the individual fields.

It is clear from the simulation that the field of fluctuations is non-trivial only in the liquid region
inside the inscribed ellipse (6.30). In the frozen regions outside the ellipse fluctuations vanish. The field
of asymptotic fluctuations is known as the two-dimensional Gaussian free field (GFF) — a remarkable
conformally invariant object. GFF is a generalized field: its covariance function has In(z — w)-type
singularity on the diagonal z = w, and the values of GFF at individual points are not well-defined.
Instead, a proper object of study is integrals of GFF against sufficiently smooth test-measures: such
integrals for the field h (xn, mn)—Eh (xn, mn) are asympotically Gaussian and converge in distribution
towards similar integrals for GFF. In contrast, the individual values of h (xn, mn) — Eh (xn, mn) can be
shown to grow as 1/In(n) and become asymptotically Gaussian and independent (over distinct values
of (x, m)) upon proper rescaling, see [BF14] for a similar theorem and [[CL95| Sos00b] for a general CLT
often used for proving such results.

We first provide one partial result about the convergence towards the Gaussian free field, which
captures the marginal of the field for fixed m. In the next two sections we discuss what GFF is and
upgrade this result to a convergence statement for the full 2d field.

Theorem 6.25. Under the measure (6.2), and using the bijection of Proposition[6.1, consider the partition
™) encoding the green particles in the mth gray layer. For any 0 < m < 1 and sy,...,sx € R, the
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random variables
n+l—m 1 n+l—m 1
Z exp< ﬁ()\( )—I—n+1—m—z’>)—E Z exp<sk-n<)\f—m)+n+1—m—i>>,

i=1 i=1

(6.48)
converge (in joint distribution over 1 < k < K and in the sense of moments) as m,n — oo in such a way
that °* — m, to a mean 0 Gaussian vector with covariance of the kth and [th coordinates given by

1 (1 — m)zk n Bmzk (1 — m)zl n Bmzl dzkdzl
— (JDexp|s exp | s
(27i)?2 7; P o 2 — 1+ Bz AN 21—« 1+ Bz (2 — 2)%’
(6.49)
where both contours are small positively oriented loops around «, with one being inside another one.

Using (6.36) or (6.45)), (6.46) we can rewrite (6.48) as integrals against an x- derlvatlve (or its difference
version) of the height function h(z, m). Integratlon by parts then converts into an integral of
h (z,m)—Eh (x, m) against a test-measure, which is supported on the line of ﬁxed m and has exponential
density in z-direction. Hence, Theorem[6.25|can be interpreted as convergence of pairings of the centered
height function with such specific test-measures.

Integrating over sy, with various weights, one can see that Theorem [6.25| implies asymptotic
Gaussianity and formulas for the covariance for a wide class of centered linear statistics

n+l—m n+l—m

Z f( (A 41— m —i)>— Z f( (A +n+1-m _Z>)

for smooth test-functions f(z).

Similar asymptotic phenomenology can be found for other stochastic systems considered in this book.
For instance, the distance between the broken line describing the boundary of Plancherel-random Young
diagrams and Vershik-Kerov-Logan-Schepp limit shape can also be described (in the bulk, cf. Figure
by a generalized Gaussian field, see [Ker93| I002]. The full two-dimensional Gaussian free field can be
seen by considering the Plancherel growth process (5.51), see [Rap25] for further details.

Proof of Theorem[6.25, We start by analyzing the covariance. Using Corollary we have

M A gmtomei e A g omei (g626 — @) (21 — 21)
E q i n —m-—1 q i n —m—1 _ #
; g ; : (zk — @z) (qrzk — 21)
oz — )" (L4 Bgez)™ (@z — )" (L4 Bgz)™ dm  da
(zp —a)tl=m (14 Bzp)™  (zp—a)?tl=m (14 Bz)™ 2mi(qr — D)z 27i(q — 1)z

(6.50)

We plug in q; = exp (Wk) q; = exp (%) and notice that

(ahze — @) (ze —21) _ n aal —a)(l—q) _ LSS mA <1> (6.51)
(z — @) (g2 — 21) (zk — @z)(qr2r — 21) n? (2 — 21)? n3 '

Hence, subtracting the product of two applications of Corollary with K = 1 and using the same
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asymptotic expansion as in (6.34), we get, as n — oo,

n+l1—m (m) ) +1-m (m) ]
Cov [ Z q,?" +n+1—m—z’ Z qlAi Frtdmme — Oy
i=1 i=1
_ 1 #exp <8k <(1 — m)zk i ﬂmzk >) exp <Sl <(1 — m)zl i ﬁmzl >> dzkdzl '
(27i)? 2p — 14 Bz 2 — o 1+ Bz (2 — 21)?

(6.52)

For the asymptotic Gaussianity, we compute higher moments of centered random variables (6.48). We
take some s1, ..., sk, which are allowed to coincide with each other, and let ¢;, = exp ( ) 1< k: < K.
Using Corollary-for each of 2% terms in the expansion of the product,

IEH

n+l—m

o (s 3 8001 ) B (0 1)
R D S e

AcC{1,2,.. ,K} k<l:k,lecA
o n+l—-m 1 m d
" H (qk2k — @) 1 (I + Baggz)™ _dz  (653)
(zx — a)ntl-m (1+ Bzx)™  2mi(qr — 1)2k

where the subset A corresponds to the indices in the product in the first line for which we choose the first
rather than the second term in the factor, and therefore only for the indices in A we have the crossterm
[ k.1cA- Using the first equality in (6.51), the sum in the second line of (6.53) further becomes

) R LaC || (Zkzl(l —a)(l—a) (6.54)

2 — z 2 — %
AC{1,.2,..K} BCA® (pep kT D@z — #1)

where A is the set of ordered pairs of elements of A: A®) = {(i,5) | i < j, i,j € A}. We change
the order of summation in (6.54) — sum over A for a fixed B and then send n — oco. We claim that the
only surviving terms are those where |B| = K/2 and B is a perfect matching of A, i.e., a set partition
representing it as a disjoint union of two element sets; in particular, for odd K the limit is 0. In order
to see that, we denote by B") ¢ {1,... K} the subset of all elements which appear as either first or
second coordinates in pairs of B and observe:

. If [B| < K then, after factoring out common terms, the sum over A becomes a sum of &1 over
all B1) ¢ A c {1,..., K}, which evaluates, via the binomial theorem, to (1 — 1)K_‘B(l>| =0

« If|B| < 2 , then necessarily | B(Y)| < K and the corresponding term vanishes.

. If|B| > & then [] in the corresponding (6.54) term is o(n %) because of the (1—g;) factors. Since
the third line of (6.53) is O(n’) because of the (g — 1) denominators, the overall contribution
vanishes as n — oo.

- If|B| = & and |BD)| = K, then K has to be even, B must be a perfect matching, hence, A =
{1,2,...,K}.
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When B is a perfect matching, the K-dimensional integral in (6.53) splits into a product of K /2
two-dimensional integrals of the form (6.52). Therefore, the n — oo limit of (6.53) evaluates as

2 I[ G

B is a perfect matching (k,l)eB
of {1,2,....,K}

We arrive at the expression for the higher moments of mean zero Gaussian random variables in terms
of their covariance known as Isserlis theorem or Wick’s formula, see [Iss18l Wic50, IMS17]]. Hence, the
random variables converge in the sense of moments to Gaussian random variables. Convergence
of moments also implies convergence in distribution, since Gaussians are uniquely determined by their
moments, see, e.g., [Bil12] Section 30]. O

6.6 Multilevel observables

The goal of this and the next section is prove the convergence of the centered height function to the
Gaussian free field by generalizing Theorem [6.25]to joint fluctuations for several m and interpreting the
result in terms of GFF.

Note that up to now we have never dealt with joint fluctuations of more than one Young diagram:
we could analyze Schur measures of Definition but not Schur processes of Definition In fact,
many of our tools can be generalized in this direction. For instance, if we combine all partitions of the
Schur process into a point process in the plane (or, rather, in Z x Z), it is going to be determinantal with
a correlation kernel given by a double contour integral, see [OR03, BR05] and Problem 8 in Section [4.6]
Same is true for the expectations of observables in Theorem We demonstrate this on the example
of the Schur process corresponding to the Aztec diamond and refer to [BCGS16] for the most general
Schur processes.

Theorem 6.26. Consider the (3)-weighted measure on domino tilings (6.2) corresponding to the Schur
process as in Theorem|[6.3;

o < A1 o M(l) <A@ ,U(n_l) A 659
Then, for any 1 < my < mg < --- < mg < n and complex numbers q1, . .., qx we have
K n+l
H n ka )\(mk)JrnJrl mg—i ¢ % H (kak - qlzl)(zk — Zl)
1<k<I<K (zk — @z) (arzk — 21)
_ n+l—my 1 me d
x H (qrzk — @) (L4 Bazp)™ _dz, 656
(Zk - a)n+1—mk (1 + sz)mk 2771((]k — 1)Zk;

k=1

where 21, ..., zx are integrated over positively-oriented loops around o (each of them encloses «, but neither
0, nor —3~1), which are nested: for each pair k < I, the z; contour does not enclose points {qy.z, qflzk}.

Compared to Corollary [6.15] each m got replaced by my, but we emphasize the ordering of my: in
the proof we apply operators in different collections of variables; these operators do not commute and
the exact sequence of applications matters.

Proof of Theorem We need a generalization of the expectation identity (6.21) based on operators act-
ing in varying numbers of variables. We introduce an N —variable version of (6.17), with only z1, ..., 2N
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variables involved in the formula, but allowing this operator to act on functions in a greater number of
variables:

N
N _ q%i — Zj | 14
Dy —Z | 11 ol I (6.57)
i=1 je{lzvN}

J#i
Then the key identity is that for ordered 1 < m; < mg <--- <mg < n,

K ntl-mg (o, . n MK —MK_1
AR L l—my—1 1—m 1+6xz nt+l—mpg_1
=% o |- [pa T LT
k=1 i=1 i \LFab
n — n
opprome [T (A8 peto T (L2 o
2 ‘ 1+ af « : 1+ap
=1 =1 T1==Tp=0

Once (6.58) is proven, (6.56) is obtained from it by recursive applications of Lemma in exactly the
same way as in the proof of Theorem Hence, in the rest of the proof we only explain (6.58). The idea

is that in the up-down chain encoding the Schur process (6.55), in the language of symmetric functions

14+Bx;
1+ap8

one variable equal to a. The argument is the same for any K > 1, and we detail it for K = 2, i.e, we
show

the <’ steps get encoded by multiplication with [, ( ), while > steps get encoded by plugging in

n+1l—mso )\(m2)+ 1 .n+1—m1 A(ml)—i- 1 ]
i no+1l—m—i i n+l—mi—i
e[ 34 s |
i—1 i=1
n — n
= |prieme T Lt B\ ™ gty 11 L+ frs )™ . (6.59)
2 4 1+ap « - 1+ap
=1 =1 T1==Tp=«

We start by using the Cauchy identity inzi,...,Tn1-m, and with y—variables specialized using
p = (0;8™;0):

o1+ B\ L+ B \™
H(Haﬁ) = I (1+aﬁ>

1=n+2—mq

X (1 + O‘/B)_ml(n+1_ml) Z S)\(ml)(xb cees xn+17m1)3>\(m1) (05 [CReF O)
A(m1)

n

None of the operators will act on the variables in [ ;" 2_m,» this factor will disappear when we plug
in z; = «, and we can ignore it. Hence, using the eigenrelation (6.18), we have

Dn+1—m1ﬁ<1+ﬁxi>ml_ ﬁ <1+ﬁ$2>m1
q1 -
i=1 1+ 04,8 i=n+2—m1 1+ 04,8

n+l—mq (m1) )

_ _ ATV n41-my —

X (1+a3) ~m(nti=m) E ( E g ™ z) S30m) (15 -+ s Trg1—my ) Symp) (0; 8715 0)
A(m1) i=1

(6.60)
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We proceed by using the definition of the skew Schur functions and skew Cauchy identity
with y—variables specialized using p = (0; 3™27"™1;0) in the form:

S\(my) (l’l, cee 7~75n+1—m1) = Z S;L(xla cee 7xn+1—m2)SA(m/l)/u(xn—&-Q—mga cee :xn+1—m1)a
m
n+l—meo
H (1 + ﬁq;i)mz—mlgu(xb - ,ﬂ?n+1_m2) = Z 55 (ma) (Il, - ,[En+1_m2)s)\<m2>/”(0; Bmz—ml;O)-
i=1 A(m2)

We plug these two identities into the right-hand side of (6.60), apply D};t'~""2 using the eigenrelation
(6.18), and set all x; equal to « to get:

prti-ms ﬁ 14 Ba; ™™ prtl-m ﬁ 1+ Bz \™
72 1+ af an 1+ ap

=1 1=1

T1==Tp=0
n+1—mao n+l—-my
. Z [ Z q)\gm2)+n+1,m2,i Z qAZ(.ml)JrnJrlfml z]
- 2 1
A(m2) 1y A(m1) i=1 i=1

Sy0m) (05 B715.0)83 o) 1, (@275 05.0)8 3 o) 1, (0 872715 0) 8y (my (1772503 0)
x (1 + aﬂ)’nﬂ(n+1—m1)+(m2—m1)(n+1—m2) :

Comparing with (3.22) from the exercises in Chapter [3] we recognize the expectation from the left-hand
side of (6.59). O

We can now prove a multilevel version of Theorem

Theorem 6.27. Under the measure (6.2) and using the bijection of Proposition[6.1, consider the partition
™) encoding the green particles in the mth gray layer. For any ) < m; < my < --- < mg < 1 and
$1,...,8K € R, the random variables

n+1l—my n+1l—my

1 1
Z exp <3k R ()\Emk) +n+1—my —i))—E Z exp (Sk R ()\Emk) +n+1—my —Z))
; n ‘ n
=1 i=1
(6.61)
converge (in joint distribution over 1 < k < K and in the sense of moments) as m1,...,mg,n — 00 in

such a way that % — my, 1 < k < K, to a mean 0 Gaussian vector with covariance of the kth and lth
coordinates given for k < [ by

1 (1 —my)zg Bmyzy (1—my)z Bmyz dz,dz
(27ri)2#eXp <Sk( Zp — Q& +1+ﬁzk>>eXp <Sl< zZ—« +1+525>) (Zk—Zl)(Q’ )
6.62

where both contours are small positively oriented loops around «, with z; contour inside zj, contour.

Proof. The argument in exactly the same as in Theorem [6.25] and we only verify the formula for the
asymptotic covariance. Using Theorem [6.26] we have

n+1—my (mp) nt+l-my (mp) )
E Z q)\i +n4+l—my—i Z q)xi +n+1l—m;—i _ # (kak - QZZl)<zk - Zl)
— — (zk — @z) (ak2e — 21)
(grzn — )" 1™ (14 Baper)™ (@2 — )" ™ (14 Bga)” dz dz

(2 — a)ntlmme (14 Bz)me (2 — a)nHlmme (14 Bz 2mi(gy — 1)z, 2mi(q — 1)z
(6.63)
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where both integration contours are small loops around « and zj, contour is slightly larger. We plug
in g = exp (%) qr = exp (%) and use (6.51). Hence, subtracting the product of two applications of
Corollary[6.15|with K = 1 and using the same asymptotic expansion as in (6.34), we get asm — 0o
limit of the covariance. The nesting of the final contours comes from the nesting of the contours in ,

while in Theorem the nesting was arbitrary since we could apply D, operators in any order. O

6.7 The Gaussian free field

In this section we interpret Theorem as convergence of the fluctuations of the height function of
domino tilings to the Gaussian free field.

6.7.1 Definition of GFF

We start our discussion of convergence towards the Gaussian free field by defining this object. Generally

speaking, the definition uses two pieces of data: a two-dimensional domain (more generally, a two-

dimensional surface with boundary) and a complex structure on this domain. On the first step we define

the (two-dimensional) Gaussian free field in a domain V C C in the standard complex structure of C.
Take the Laplace operator on V

2 2
922 T a2

r+iyeV

We consider the inverse operator (—A~!) taken with Dirichlet, i.e., identical zero, boundary conditions
on the boundary V. A~ is an integral operator with respect to the Lebesgue measure on V, and its
kernel is known as the Green’s function, given by the following definition.

Definition 6.28. The Green’s function Gy(z,z') on V with Dirichlet boundary condition is a function
G : V xV — R of two complex arguments z = x + iy, 2’ = 2’ + iy/, such that

AgV(Z, Z,) = _5(2 - Z/),
where §(z — 2') is the Delta—functio A\ can be applied either in z or in 2’ variables, and

lim Gy(z,2') = lim Gy(z,2') =0, foranyzy € V.
2—20 z'—=zg
We remark without proof that (for non-pathological V) the Green’s function exists, is unique and
symmetric, i.e, Gy(z,2') = Gy(2/,z). When V is unbounded, one should add an at most logarithmic
growth condition at co to the definition of the Green’s function. An important property of Gy is its
conformal invariance: if we map V C C to another domain V' C C by a conformal bijectiorﬁ ¢, then
the Green’s functions of the domains are related by a simple composition with ¢. In particular, if we
conformally map V to itself, then Gy is kept unchanged; this is restated as the conformal-invariance
property below.
By the Riemann uniformization theorem, all simply-connected domains in C which do not coincide
with C itself, can be conformally mapped to each other. Hence, it suffices to understand the Green’s
function in a single model domain, and we use the upper halfplane U = {z € C | Im(z) > 0} for that.

’Equivalently, this means that for every smooth test-function f(z), supported in a compact subset of the interior of
V, the double integral [[;, AGv(z,2")f(z)dzdy with z = x + iy, which should be computed via integration by parts as
Iy Gv(z, 2" ) A f(2z)dady, evaluates to — f(2”).

6

Amap ¢: V— V' is called conformal if it is holomorphic, bijective and its inverse is also holomorphic.
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Lemma 6.29. The Green’s function on the upper halfplane U is defined by

—, Im(z), Im(2") > 0. (6.64)

We leave it as an exercise to check that (6.64) agrees with Definition The conformal invariance
property can be directly verified for (6.64): the conformal bijections of U are Moebius transformations

az+b
cz+d’

a,b,c,d € R,

and one readily checks that the formula (6.64) is unchanged under such transformations.
For general domains, there is often no explicit formula for the Green’s function, but locally such
function always grows like a logarithm of the distance:

1
Gy(z,2') ~ 5 In|z — 2| forz=2z. (6.65)

Informally, the Gaussian free field is a Gaussian field with covariance given by the Green’s function.

Definition 6.30. The Gaussian free field on 'V is a random Gaussian function GFFy : V — R such that
E[GFFy(z)] =0, and E[GFFv(z)GFFy(2')] = Gv(z,7), 2,2 €V.

Making the above definition mathematically precise requires some care. Indeed, if 2 = 2/, then
Gv(z,2') = 400, hence, the values of GFFy at individual points have infinite variance and are not well-
defined as random variables. Therefore, GFF'y is not a function, but a generalized function: we cannot
ask about the values of this random function at a point, but we can compute its integrals (or pairings)
with reasonably smooth test measures. Omitting the description of the required smoothness of measures,
we record this property in the following two special cases for V = U that we present without proofs.

Lemma 6.31. Let u be an absolutely continuous (with respect to the Lebesgue measure) measure on U whose
density is a smooth function g(z) with compact support. Then

/GFFUd,u /GFFU (u) dRe(u) dIm(u)

is a well-defined centered Gaussian random variable. Moreover, if we have two such measures (i1, pa with
densities g1, go, then

([ GFFu(m (o) aReu) i) - ( | 6rPum () aRe(u atmw)|

:/U? 91(?) <—217Tln

Lemma 6.32. Let 1 be a measure on U whose support is a smooth curve v and whose density with respect
to the natural arc-length measure on vy is given by a smooth function g(z) such that

/[Mg(@ (—217T1n

where |dz| indicates the integral with respect to the arc-length measure. Then

Z—w

D g2(w) dRe(z) dIm(z) dRe(w) dIm(w). (6.66)

Z—w

zZ— W

D g(w) |dz| |[dw| < oo, (6.67)
w

z —

/ GFFydy — / GFFy(u)g(u) |dul
U vy
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is a well-defined Gaussian centered random variable of variance given by (6.67). Moreover, if we have two
such measures i1, fio (with two curves 1, o and two densities g1, go ), then

B |( [ crFontiau) - ([ Grrowmoad)]

Y1 2
1
= g1(2) (— In
/[/1 Xy2 27

In principle, the above two lemmas can be taken as an alternative definition of the Gaussian free field
as a random functional on smooth enough measures. By invoking the Kolmogorov consistency theorem,
GFFy would be well-defined as a stochastic process, if we show that the joint distributions appearing in
this definition are consistent. Since they are all mean 0 Gaussians, it suffices to check that the covariance
is positive-definite. We make this check only in the context of Lemma and leave a similar check
involving Lemma as an exercise.

zZ— W

41} 92000 el .

z —

Lemma 6.33. The covariance of [ GFFydu given by is positive-definite.

Proof. We need to check that the operator with kernel Gy is positive-definite, which is equivalent to —A
being positive definite. The latter can be checked via integration by parts to reduce to the norm of the
gradient:

<—Ag,g>://U(—Ag(m—i-iy))g(x—i-iy)dmdy://UHVg(a:—i—iy)HiQ dedy >0. O

A better alternative to using Lemmas and as a definition would be to define a functional
space (like the space of continuous functions in the definition of the Brownian motion) to which the field
GFFy belongs. We refer to [She07,[WP21]] for more details on the definition of the Gaussian free field.

If we extend the definition of GFF from U to general domains V C C, then the conformal invariance
of the Green’s function leads to the conformal invariance of the resulting fields: if ¢ is a conformal
bijection of V C C with V' C C, then

{GFFy(6(2))}oevr £ {GFFy(2)}.cv. (6.68)

Here is another informal definition of the Gaussian free field in a domain V. According to it, GFFy
is a probability measure on functions f on V with 0 boundary conditions with density

o)~ exo (=5 [I0FI dedy) (6.69)

The formula is based on the well-known computation for the finite-dimensional Gaussian vectors:
for a Gaussian vector v € RY with probability density

%exp <;<U,Bv>> ,

the covariance matrix E[vv”] is equal to B~!. Since the covariance for the GFFy is given by the mi-
nus inverse Laplace operator, the matrix B appearing in its density should be identified with —A, and
integration by parts leads to (6.69). The precise mathematical meaning of is even trickier than Def-
inition[6.30} it is unclear with respect to which underlying measure the density is computed, and also the

p(v) =
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z-plane: upper half-plane

Im(z)

0 mapped
0.5

0 a=1
0.5 -1/3 = -1.00
5 0 5
Re(z)
= = =Boundary (Aztec Diamond) Mapped Const-m Lines ® Omapped @ -1/3 mapped

== nscribed Ellipse Mapped Const-x Lines ® o mapped

Figure 6.14: The bijection of Proposition fora=p0=1.
symbol ||V f||7, is not well-defined for non-smooth f, while we already know that GFF is not smooth,
even its values at points are not properly defined.

Finally, one can construct the Gaussian free field from a sequence of i.i.d. Gaussian random variables,
by using the decomposition

— . $k(2) .
GFFy(z) = & , & ~iid. N(0,1), (6.70)
0 =Y 6l 0,1)
where 0 < A\; < Ay < ... are eigenvalues of minus the Laplace operator, —/A\, in V with corresponding

L?-orthonormal eigenvectors ¢1, ¢a, ..., vanishing on V. The convergence of the series (6.70) is deli-
cate: the sum diverges for a fixed z € V, but its term-wise integrals against test-measures (as in Lemmas

and|6.32) converge.

6.7.2 Complex structure and pullback for GFF

The next step towards describing the height fluctuations of the domino tilings is to identify the liquid
region (interior of the inscribed ellipse in the Aztec diamond) with the upper half-plane U, appropriate
for the GFFy. The bijective map that we are about to introduce is not conformal; in other words, the
desired Gaussian free field comes not from the standard complex structure of the plane on which the
(scaled) Aztec diamond is drawn, but through more involved definitions.

Proposition 6.34. For any 0 < x,m < 1, the equation

(1-m)z fmz
z—« 1+ 8z

x =0, ze€C, Im(z)>0, (6.71)
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has at most one root z in the upper halfplane U = {z € C | Im(z) > 0}. It has such a root if and only if
(x, m) is inside the ellipse inscribed in the Aztec diamond and given by
-1 2 _ 2
(x+m-—1) +(x m) _1, b= aff .
D 1—-p 1+ap

(6.72)

The map (x, m) — z is a bijection between the interior of the ellipse and U.

Proof. The equation has already appeared before in the proof of Lemma see (6.41). This is a
quadratic equation in z, which has a pair of complex conjugate roots inside the ellipse and two real
roots outside the ellipse. Hence, the map (x, m) — z is well-defined inside the ellipse. For the bijectivity,
we study the inverse map by interpreting the real and imaginary parts of as two linear equations
on (x, m). The imaginary part gives:

0:mk1nn0+‘y>+mo 1 H:@mm4M@+mﬁmM)

z—a 1+ Bz |z — al? 11+ B2|%

which has solution )
m e (0,1).

T4
L+ G e
Plugging back into the equation, we get

X:H((l—m)a m >:1+ 1 .<ﬁz—a|2_|1—|—ﬁz|2>

a1+ pz L4822+ 8z —a2 " 2—a  1+8:

1 1
—1- +Of —1-——5—¢€(0,1). O (673
1+ 822+ |z — af? 1+ ¢ lz]?

Figures and|[6.15|illustrate the correspondence z <+ (x, m): the lines of constant x in the ellipse
are mapped to half-circles centered at 0 in U, while the lines of constant m are mapped to half-circles
separating « from —1/f (and to a vertical ray for m = p).

We use the map (x,m) — z to pullback GFF on U into the interior of the ellipse by using the
following definition.

Definition 6.35. Given a domain'V and a map Q0 : V — U, the pullback GFFy o Q1 is a generalized
centered Gaussian Field on'V with covariance

E[GFFy(Q(2))GFFy(Q(w))] =

11 ‘Q(z)—Q(w) , zZ,weV.

2 | Q(z) — Qw)

Integrals of GFFy o Q) with respect to measures are computed through

/(GFFUOQ) d,u—/GFFUd(Q*,u),
\ U

where d(€,.ut) stands for the pushforward of measure (.
Remark 6.36. The difference from (6.68) is that £ is not conformal (e.g., in Figure[6.14)and [6.15|the angles
between gray and blue lines are not preserved under the map), in contrast with ¢.

The above definition implies the following analogue of Lemma [6.32] and there is a similar analogue
of Lemma6.31]
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z-plane: upper half-plane

Im(z)

-1/3 mapped
05r -1/6=-0.50
-5 0 5
Re(z)
= = =Boundary (Aztec Diamond) Mapped Const-m Lines ® Omapped @ -1/3 mapped

== nscribed Ellipse Mapped Const-x Lines ® o mapped

Figure 6.15: The bijection of Proposition fora =2.5,0=2.

Lemma 6.37. In the notation of Definition[6.35, let ;1 be a measure on 'V supported on a smooth curve ~
and whose density with respect to the natural length measure on -y is given by a smooth function g(z) such

that
//wg(z) (-2;111

| (@rFue 2 dn = [ GFRy(@@)gw)]du
v v

0(:) - Qw)
Q(z) — Qw)

D g(w) |dz||dw| < oco. (6.74)

Then

is a well-defined Gaussian centered random variable of variance given by (6.74). Moreover, if we have two
such measures (11, 2 (with two curves 1, y2 and two functions g1, go2), then
E [(

R0 dl) - ([ GEFuO)0(0) )

~[[ e (;Tln\M‘)gz(wndd dul. (675)

7

6.7.3 Matching the Aztec fluctuations with GFF

We recall Definition for the height function and extend it from integer arguments to a piece-wise
constant, right-continuous function of real arguments. Using | m | for the largest integer not greater than
m, we introduce the following definition of the extended height function.
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Definition 6.38. With x growing towards North-West and m towards growing North-East, we define the
extended height function:

n+1—|m]
B _l(_ AmD) _ 92 6.76
() = |00, 2l (YA =i L) 2 (676)
We have h""(0,m) =0, h"(n+1,m) =n+1— [m], and
1 th i ticle at
Bz m) — Tim Bz —e,m) = 4 ere is a green particle at (x, m), 6.77)
=0+ 0, otherwise.

Theorem 6.39. Let h"(-,-) be the extended height function of Definition[6.3§ for (a3)-weighted random
domino tilings of the Aztec diamond of size n, as in (6.2). Then

lim ﬁ[h”(nx,nm) — Eh”(nx,nm)} = O(x,m), 0<x,m<]I1, (6.78)
n—oo

where O(-,-) is a generalized Gaussian field, which is identically zero outside the ellipse (6.72), and is the
pullback of the Gaussian free field GFFy with respect to the map (x,m) — z of Proposition [6.34 inside
the ellipse. The convergence in is in joint moments for integrals of the two-dimensional field along the
fixed m lines and with density exp(sx) in the x direction.

Our proof of Theorem is a direct verification: we are going to check that the result of Theorem
[6-27|matches the covariance of a pullback of GFF. Other proofs can be found in [CJY15| Section 6], [BG18|
Section 3.6], [BK18]], [CR24], [BNR24]]. A conceptual reason for the appearance of the Gaussian free field
in this problem can be seen through the informal definition of GFF in (6.69). As proven in [CKP01],
for random domino tilings one can approximate the logarithm of the probability of seeing a particular
realization of the height function h as a double integral of a certain functional (“surface tension”) of
the gradient of h. The Law of Large Numbers in Theorem can be achieved by maximizing this
integral, and the fluctuations are governed by an expansion of the functional near its maximum. After a
proper change of the coordinate system, this expansion leads to the integral of the squared gradient, as in
(6.69). In the related case of random lozenge tilings, this heuristics is explained in more detail in [Gor21]
Lectures 11, 12, and 23]. The same heuristics predicts universal appearance of GFF in many other models
of random two-dimensional surfaces in three-dimensional space. Making it mathematically rigorous for
domino tilings of general domains is beyond the currently existing methods, and one needs to use other
approaches to prove the convergence to the Gaussian free field.

Proof of Theorem|[6.39 For a fixed 0 < m < 1and s € R, we analyze the integral of the left-hand side of
against exp(sx). The goal is to show that

n—oo

lim ﬁ[h"(nx, nm) — Eh"(nx, nm)] exp(sx)dx = / O(x, m) exp(sx)dx, (6.79)
R R

where the convergence is in joint moments over finite collections of pairs (m, s). The right-hand side is
an integral of a pullback of GFFy and its covariance is given by (6.75). For the left-hand side we integrate
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by parts using Deﬁnitionand that A" (nx, nm) — Eh™(nx,nm) = 0 whenever x < Oorx > 1+ 1:

/R[h"(nx, nm)—Eh”(nx,nm)] exp(sx)dx = —1/ 9 [h"(nx, nm)—Eh”(nx,nm)] exp(sx)dx

s Jr Ox
| [Pt lom]
:_S[ S e (2 (™ i (o) +2))
i=1 )

—-E ; exp (% (AEanJ) —i+n— |nm] —|—2)) . (6.80)

We recognize the expressions analyzed in Theorem , up to multiplication by exp (%) which does not
change the conclusion of the theorem. Applying it, we conclude that the limit in the left-hand side of
(6.79) is Gaussian and mean 0, with covariance between (m, s) = (my, s;) and (m, s) = (my, s;) cases

given by (6.62), i.e.:

T # < <(1 — mk)zk ﬁmkzk >> < <(1 — ml)zl Bmlzl >> dzkdzl
— exp | Sk + exp | s; + .
(27i)2 sk 2k — « 14 Bz 2 —« 1482 )) (2 — 21)?
(6.81)
What remains is to match this expression with the covariance of the integrals in the right-hand side of
(6.79). We assume without loss of generality that mj, # my; the case of equal parameters is achieved
by a limit transition. We deform the integration contours in (6.81): the z;—contour is deformed to the
circle, whose upper half-plane part is the image of the m = my; section of the interior of the ellipse
under (x,m) — z map of Proposition and the zj—contour is deformed to the circle whose upper
half-plane part is the image of the m = my, section of the interior of the ellipse. Note that on the original
contours in Theorem the ordering my; < m; implies that z;—contour is outside the z;—contour, with
both contours being small loops around «. The ordering of the images of the constant m sections of the
ellipse (cf. Figures and[6.15) and the fact that integral has no residue at z = oo, allows the desired
deformation of the contours without picking up any additional residues.
On the new contours, we split the double integral into four parts corresponding to upper and lower
halves of the circles. Parameterizing the U-parts as the z—images of m = my and m = m,; sections of

the ellipse, we convert (6.81) into

az(mk ,Xk) az(ml ,X[)

// exp (siX) exp (s;x;) dxpdx; [ 0% ox,

(z(my, xx) — 2z(my, x;))?

ag(m/mxk) aZ(thl) az(mk’xk) ag(ml»xl) ag(m/mxk) ag(mhxl) ]

™

(27Ti)28k81

8xk 8xl o 8Xk 8}(1 + axk 8xl
(Z(my, xx) — 2(my,x7))?  (2(my,x;) — 2(my, %)% (Z2(myg, xg) — 2(my, x7))?

We further integrate by parts in x; and x;, noting that the boundary terms cancel because z(m, x) is
real on the ellipse, which corresponds to the end-points of the integration segment. We obtain

™

W // exp (SpXk) exp (s;x;) dxpdx; [ln(z(mk, xi) — z(my, xl))

— In(z(my, xx) — z2(my, x;)) — In(z(my, xx) — 2(my, x;)) + In(Z(my, x;) — z(ml,xl))]

= //GXP (skxk) exp (sixi) [—2;111

z(my, Xp,) — z(my, x;)

dxrdx;.
z(my, X)) — Z(my, x;) ] R
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The last expression matches (6 with (2-map being the z-map and y-contours being the fixed m sec-
tions of the interior of the elhpse 2) inscribed into the Aztec diamond. O

6.8 Exercises

Problem 1. Compare (6.32) with the result of Problem 2 in Section Explain the similarities.

Problem 2. Continuing the connection of Problem 1 and developing the exact tail bounds as in Sec-
tion show that the random domino tiling is completely frozen outside the frozen ellipse: for each
€ > 0, with probability tending to 1 as n — o0, all the dominos in the South/West/North/East corners
of the diamond, outside the e-neighborhood of the ellipse (6.30), are of South/West/North/East types,
respectively.

Problem 3. By taking ¢ — 1 as n — oo in Corollary with K = 1, develop the edge limit version
of Proposition [6.19} in which the asymptotic behavior is determined by the first rows of A and the limit
relates to the Airy point process. Compare the result with (5.87).

Problem 4. Repeating the limit of Problem 3 for the multilevel observables of Theorem and as-
suming mj1 — my = n?/3Ay, find the multilevel joint edge limit for the domino tilings. The limiting
object is a random collection of continuous curves known as the Airy, line ensemble; the top-most curve
(describing the boundary of the frozen region for random domino tilings) is called the Airys process. The
subscript o is sometimes omitted from the names.

Problem 5. Given three interlacing partitions A, 7, u with A > 7 < p (i.e, \/7 and u/7 are horizontal

strips), and a nonnegative integer W = 0,1, 2, ..., we define another partition s through
max(Aq, + W, i =1,
P . (6.82)
max()\i, Hz’) + mln()\i_l, Nz’—l) —Ti—1, t©> 1.

A. Prove that |A| + |p| + W = |7] + |&]|.
B. Prove that for fixed A and , is a bijection between the sets:

{(,W)eYxZsop | A=7=<p} and {keY|XN<kr>pu}

C. Apply this bijection to prove the one-variable version of the skew Cauchy identity:

Z 3)\/7' ,u/‘r )

TeY

ZSK/A “/M 1—a:y

KkEY

(You can use the vanishing property of skew Schur functions, which implies A = 7 < pand A < £ >
in the sums.)

Problem 6. Given an array of nonnegative integers W (i, j), i,j = 1,2, ..., the bijection (6.82) can be
used to create an array of partitions A(4, 7), 4,7 = 0,1, 2, ..., in the following way:

« We postulate \(z,0) = A\(0,j) = @ for all ¢ and j.
« The array satisfies A\(i — 1,j) < \(¢,7) and (4,7 — 1) < A\(¢,7) foralli,j =1,2,...

« Given A( — 1, j) and \(4,j — 1), we construct A(4, j) as k in basedonT = A(i—1,5 —1)
and W = W (i, j).
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Foreacht =1,2,..., we consider a sequence of partitions along right-down path from (0, ) to (¢, 0):
F=X0,t) < AML,t) = M1, t = 1) < A(2,t —1) = --- = At —1,1) < A(t,1) = A(t,0) = @.

We view t as time, so that we get time evolving sequence of partitions.

A. What choice of random W (i, j) (other than just all W (7, j) = 0) will turn this sequence (¢ is fixed)
into a Schur process?
Hint. Start with ¢ = 1, then argue inductively in ¢. You do not need to find all possible W (i, j) — at least
one non-trivial example would be sufficient.

B. Prove that one can choose W (i, j) to be random variables in a particular way (how?), so that the
evolution (in time ?) of the first rows of the partitions in this sequence is the same as the discrete PNG
of Section

Problem 7. In the framework of Problem 6, choose n = 1,2, ... and suppose that array W (i, j) has ex-
actly n elements equal to 1 and all others are equal to 0. The positions of 1s are encoded by a permutation
o€ S,viaW(i,o(i)) = 1.

A. Show that the sequence

A(L,n) < A(2,n) < -+ <A(n—1,n) < A(n,n) = A(n,n—1) = --- = A(n,2) = A(n,1)

can be identified with a pair of Standard Young Tableaux of the same shape A(n,n) with |A(n,n)| = n.

B. Prove that the correspondence between ¢ and the above pairs of SYT is a bijection. Therefore, we
arrive at a bijective proof of the Burnside identity Z| A=n dim? \ = n!.

C. Read about the row insertions and Robinson-Schensted correspondence in [Ful97, [Sag01] or in
Wikipedia. Prove that this is the same correspondence as in part B.

Problem 8. Read about Robinson-Schensted-Knuth (RSK) correspondence between integer matrices and
pairs of semistandard Young tableaux (e.g., in [Ful97, Sag01] or https://www.symmetricfunctions.
com/rsk.htm). Prove that in the framework of Problem 7 this is the same as the correspondence between
W(i,j),1 <i< N,1<j< K and sequences

AMLEK)<A2,K) <+ < AN -1,K)<AXN,K) = AN,K —1) = --- = A(V,2) = A\(N, 1).
Compare with Problem 6 in Section 3.7]

Problem 9. Our goal is to study more complicated measures on tilings than (6.2)). We introduce a graph,
whose vertices are 2n(n + 1) squares of the Aztec diamond with edges connecting squares sharing a
side. Domino tilings are in bijection with perfect matchings or dimer configurations on this graph.

A. Check that the graph has 4n? edges.

B. Take n = 2 and introduce 16 variables corresponding to the 16 edges. Call variables corresponding
to left-most and right-most vertical edges vy, and vg. Call variables corresponding to top-most and
bottom-most horizontal edges hr and hp. Assign to a perfect matching the weight equal to the product
of variables of matched edges. Compute the sum Zs over all 8 matchings and prove its factorization:

Zy =vpvp-A-B+hphg-C - D, for degree 2 polynomials A, B, C, D.

Compare with Corollary

C. We introduce the urban renewal or the spider move graphically as shown below:


https://www.symmetricfunctions.com/rsk.htm
https://www.symmetricfunctions.com/rsk.htm
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gls

W =2zz+yw z
<> w

gl

This drawing is an identity of 2* = 16 pairs of partition functions, i.e., sums of products of weights
of edges over all perfect matchings of a graph. The weights of edges are shown in the left picture. In
each identity, some of the exterior four vertices are present in the graph, while other are removed. Prove
that in all 16 cases (one case is shown on the right) the partition functions differ by the same factor:

Zleft picture = W Zright picture-

D. For each n we take 2n? variables on edges of the graph corresponding to the Aztec diamond and let
Zy, be the corresponding partition function, i.e., sum over all perfect matchings of products of variables
of the matched edges. Using part C prove the recurrence:

Zn = (77)  Zn1. (6.83)

Find what the (77) factor is and how the variables for Z,, are related to the variables for Z,,_;.
Hint. For n = 2 you need the following sequence of transformations of graphs and four urban renewals.

n

Step 1: given target weights (variables) for size n Aztec diamond, compute the corresponding variables
for size n — 1 diamond entering (6.83). Assume that a perfect matching for size n — 1 (and corresponding
weights) has already been sampled.
Step 2: Interpret the urban renewal identity of part C as a random mapping from right to left: forget
about the particular perfect matching on the right; for each of the 16 cases on the left one has either one
possible matching, or two. In the former case output that matching; in the latter case, flip an independent
coin to ouput one of the two matchings with probabilities proportional to their weights.
Step 3: Interpret the transformation of the graphs in part D as a random mapping from perfect matchings
of size n — 1 diamond to perfect matchings of size n diamond.

F. Show that if all variables of edges corresponding to East dominos are set to «, all variables of edges
corresponding to West dominos are set to 3, and all variables of horizontal edges are set to 1, then the
algorithm of part E is the same as the shuffling algorithm of Section
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Problem 10. Check that Gy(z, 2’) given by satisfies Definition In more detail, you need to
check that for each fixed 2’ € U, Gy(z, 2’) tends to 0 as z becomes real or goes to infinity. Also you need
to check that for any smooth f(z) whose support is a compact subset of U, and any 2’ € U, we have:

[ 108006 Ay = | fIGu(e dndy = 1), z=arin 68
U U

Remark. These properties uniquely determine a continuous outside {z = 2’} function given by (6.64).
Problem 11. Verify the conformal-invariance of GFF given by (6.68).

Problem 12. Consider the standard Brownian bridge: B : [0,1] — R, B(0) = B(1) = 0, which can be
defined as the Brownian motion conditioned to be at 0 at time 1, or as a centered Gaussian process with
covariance function

EBsB; = C(s,t) = min(t, s)(1 — max(t,s)), 0<t,s<1. (6.85)

Prove that the function C(s, t) is the kernel of the minus inverse Laplace operator| on the interval [0, 1]
with Dirichlet boundary conditions at 0 and 1. Hence, the Brownian bridge is the one-dimensional
version of the Gaussian free field.

Literature. We used the following sources for composing problems and refer to them for more infor-
mation, references, and connections: [Fom99], [Sag01]], [Pro03l], [Joh05]], [CJY15], [Ahn22]], [GN25], and
[WP21]).

. . . 2
"The one dimensional Laplace operator is 66?.



Chapter 7

Six-vertex model with domain wall
boundary conditions

7.1 Definition of the six-vertex model in a planar domain

Our next stop is the six-vertex or square-ice model. It has several equivalent combinatorial interpre-
tations, with the most convenient one for developing mathematical theory being a representation as a
collection of lattice paths.

A configuration of the six-vertex model in a finite domain 2 C Z? is an assignment to the vertices of
this domain of one of the six types of configurations of the top panel Figure[7.1]in a consistent way, i.e., so
that the outcome is a collection of lattice paths which travel in the up-right direction along the edges of
the grid. The paths are allowed to touch each other but not to cross (see vertex of Type (2) in Figure[7.1),
and connect points on the boundary of ). Let 0€) be the collection of all edges of the grid connecting
Q to its complement Z? \ Q. By a boundary condition we mean a choice of a {0, 1}-sequence of length
|0€2|, where each 1 indicates that the corresponding edge of (2 is occupied by a path and 0 indicates that
the edge is not occupied. A configuration is consistent with boundary conditions if the paths leave/enter
domain (2 through the edges of 0€2 labeled with 1’s and only through them.

As a simple example, take (2 to be the N x N square, @ = {1,..., N} x{1,..., N}, with |0Q| = 4N
and the boundary condition such that all the edges along the left and top boundaries are occupied and
all the edges along the bottom and right boundaries are not occupied, see Figure This situation is
usually called the “Domain Wall Boundary Condition”. A more complicated example of a domain (2 is
shown in Figure

We introduce a weight w; > 0 for each vertex type ¢ = 1,2,...,6 and define the probability of a
configuration o of the six-vertex model in domain (2 as

P(o) = % I1 whi@), (7.1)

where N;(0) is the number of vertices of Type ¢ in the configuration o. The normalization Z in is
chosen so that the sum over all o in 2 is 1, and this Z is referred to as the partition function. The measure
itself is sometimes called a Boltzmann distribution and sometimes a Gibbs distribution. It is convenient
to split the six vertices into three pairs, such that the two configurations in a pair are complementary to
each other, i.e, differ by paths-no-paths involution. The pairs will be referred to as Type a vertices (Type
(1) and Type (2) in Figure[7.1), Type b vertices (Type (3) and Type (4)), Type c vertices (Type (5) and

163
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aq as by by c Co
H H H
O—H H—O H—O O—H HeO-—H

H H H

Figure 7.1: The six types of vertices and their weights.

Type (6)); their weights are denoted aq, ag; b1, be; ¢1, o, respectively. Hence, the partition function Z is
a function of these weights and domain Q: Z = Z (a1, ag, by, ba, c1, c2; ).

The six-vertex model is also known as square ice, due to the bijection between the local configurations
of paths and configurations of HyO molecules on the grid, shown in Figure The bijection can be
described by placing O in the middle, connecting O to H to the left if a path enters the vertex from the
left, connecting to H to the right, if a path does not leave the vertex to the right, connecting to H downward
if a path enters from the bottom, and connecting to H in upward direction if a path does not leave through
the top. Puting it otherwise, HoO connectivity is obtained by XOR-ing the paths’ connectivity with up
and right directions. The result of applying the bijection to configurations in a 5 x 5 square is shown in
Figure

Equivalently, the definition of the square ice model on the lattice Z? begins with the placement
of atoms “O" at the vertices and atoms “H" at the edges connecting adjacent vertices of the grid. A
configuration of the model is a matching of these atoms into molecules of water, HyO, such that each
atom is matched and each O is matched to two neighboring H’s out of four. Note that there are (‘21) =6
ways to choose two neighbors out of the four, hence, there are six possible local configurations of a
molecule at a vertex, leading to the name “six-vertex model”.

In this way we arrive at a model of statistical mechanics introduced by Pauling in 1935 [Pau35] with
the goal of computing numeric characteristics (e.g., the residual entropy) of the real-world ice; the six-
vertex model can be seen as a model for “two-dimensional ice” because its state space can be defined
as allowed configurations of water molecules arranged in a finite piece of the square lattice. There are
thousands of papers in mathematical and theoretical physics literature devoted to the study of the six-
vertex model. The early influential results concerned the computation of the partition function Z for the
model on the torus going back to the seminal work of Lieb in 1967 [Lie67al]; see also the extensive survey
of Lieb and Wu [LW72]]. Many other developments in the study of the six-vertex model are covered in
the classical 1982 textbook by Baxter [Bax07], and we also refer to [Res10]] for a more recent review.
There were attempts to observe planar six-vertex model experimentally, although with mixed success,
see [ASLW™15]], discussion in [ZYW 15|, and another setting in [JB25].

From the probabilistic point of view, we are interested in the properties of the probability distribution
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Figure 7.2: N x N square with Domain Wall Boundary Conditions for N' = 5, two possible configurations
of paths with Type c vertices highlighted, and the same configurations in H2O representation

(7.1). It turns out that it depends on two, rather than six parameters a1, ag, b1, ba, c1, co.

Proposition 7.1. For any finite domain Q C Z2, equipped with boundary conditions for the six-vertex

model along 0 and six weights (w1, ...,wg) = (a1, az,b1,ba,c1,c2) (which are the same for all ver-
tices (i, j)), the Gibbs measure (7.1) only depends on the two parameters 21222 and 12

Proof. Given a configuration o, we denote by V;(c) the number of vertices Type 4, accorging to Figure
Each linear combination of the IV;’s whose value is independent of the configuration, leads to a
one parameter family of transformations of the weights that preserve the Gibbs measure. We have the
following conserved quantities and corresponding transformations:

6
1. Since the number of vertices in the domain equals ) | NV; and does not depend on the configuration,
i=1
multiplying all six weighs by a constant preserves the measure (7.1).

2. Since all paths have fixed entry and exit points, the number of times a particular path turns up
minus the number of times it turns right is prescribed by the boundary conditions to be one of the
three numbers {—1, 0, 1}. This implies that N5 — Ng does not depend on a configuration. Hence,
(c1,¢2) = (@c1, teo) preserves the measure (7.1).

3. The total number of edges occupied by a path is determined by the boundary conditions (i.e., its
entrance and exit points along 0f2), which implies that 2Ny + N3 + Ny + N5 + Ng does not
depend on the configuration. Together with the first conserved quantity, this implies a fixed value
of N1 — Ns. Thus, (a1, a2) — (aaq, é(lg) preserves the measure (7.1).
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Figure 7.3: A domain with 24 vertices and a possible configuration of the six vertex model.

4. The total number of edges occupied by a path can be split into vertical and horizontal ones, and both
are determined by the boundary conditions. The horizontal edges give fixed No+ N3+ %N 5+ %Nﬁ.
Subtracting % of the previous conserved quantity, we get that N3 — N4 does not depend on a
configurtion. So (b1, b2) — (aby, Lb) preserves the measure (7.1).

Using these four transformation we can get any six-tuple a1, ag, b1, ba, c1, co from any other six-tuple

with the same values of 2122 and <1¢2 O
aias aias

7.2 Domain Wall Boundary Conditions

For the rest of this chapter we focus on €2 being an N x NN square equipped with domain wall boundary
conditions, as in Figure This situation has fruitful combinatorics connecting us to the alternating
sign matrices and the domino tilings of the Aztec diamond.

Let us record the positions of ¢; and ¢y vertices in a configuration as 1’s and —1’s in an N X [V matrix,
with all other matrix elements being zeros. In this way, the configurations in Figure [7.2| become 6 x 6
matrices:

0 1 00 01000
0 1 -1 10 000710
1 -1 0 01 00001 (7.2)
01 0 00 10000
0 1 00 00100

Proposition 7.2. The matrices encoding the positions of 1’s and —1’s are alternating sign matrices (ASM):
the 1’s and —1’s in each row alternate; the 1’s and —1’s in each column alternate; the sum in each row is
1; the sum in each column is 1. The correspondence between the configurations of the six-vertex model with
domain wall boundary conditions and ASMs is a bijection.

Proof. Let us change the meaning of a Type (2), i.e, ay vertex from paths touching each other to paths
crossing, as shown in Figure Then the paths only turn at Type c vertices: as we follow them in
up-right direction, the horizontal-to-vertical turns happen at Type (5), i.e., ¢ vertices and vertical-to-
horizontal turns happen at Type (6), i.e., co vertices. In this way, each ¢; vertex corresponds to two rays
going up and left from it, until reaching a c vertex or exiting the domain. Each ¢y vertex correspond
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Figure 7.4: The change of meaning of Type (2) vertices.

to two rays going right and down from it until reaching a c; vertex (since no paths exit/enter through
the right or bottom boundaries, exiting the domain is impossible for these paths). Together with the fact
that rays must exit at every grid line on the left and at the top, this implies that each cy vertex must be
between two c; vertices both in horizontal and in vertical directions. In addition, the first and last Type c
vertex in each row and column is necessarily of Type ¢; (again, otherwise a path would have to enter/exit
through bottom/right boundary or there would be no path somewhere along left/top boundary). Hence,
positions of 1s and —1s alternate and the row/column sums in the matrix are equal to 1.

Once we fixed the positions of all ¢; and ¢y vertices according to an ASM, all paths are uniquely
determined by drawing the above rays. If we know the paths, then we know the vertex types for the rest
of the configuration. This proves the bijectivity. O

Note that each permutation o € Sy gives rise to an ASM with 1’s at positions (i,0()), 1 <i < N,
and no —1’s. The ASM on the right in (7.2) is like that. This implies that the total number of ASMs is at
least N!. In fact, there are many more, as first conjectured in [MRR83]], and proven in [Zei96, Kup96].

Theorem 7.3. The total number of N X N alternating sign matrices is

N-1

#{N x N Asms} = [ [

1=0

(3i +1)!

N (7.3)

These numbers are 1, 2,7, 42,429, 7436, 218348,.... For instance, here are seven ASMs for N = 3:

1 00 1 00 010 0 01 010 0 01 0 1 O
o1ro0}),{0o01f,fr 00,10 1 0}),{0O 0 1}, 0 O0),(1 -1 1
0 01 010 0 0 1 1 00 1 00 010 0 1

We deduce Theorem [7.3in Section[7.5/from the evaluation of the Izergin-Korepin determinant, which we
are soon to introduce. The formula (7.3) is complicated, but a simpler answer exists for a weighted count:

Theorem 7.4. The total number of N x N alternating sign matrices weighted as 2#{-1} is

Z o#{-linc} _ 9N(N-1)/2 (7.4)
oisan NxXN ASM

We again deduce Theorem|7.4]in Section[7.5/from the evaluation of the Izergin-Korepin determinant.
Comparing to the enumeration of domino tilings in Corollary one suspects a connection
between tilings of n x n Aztec diamond and 2-weighted N x N ASMs if we set N = n + 1. Beyond the
partition functions, this connection manifests as a non-bijective correspondence which we now describe,

see Figure

1. Given a domino tiling of the size n Aztec diamond, construct the corresponding set of green par-
ticles at gray squares of West and South dominos, as in Section[6.1]
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Figure 7.5: The mapping from domino tilings to ASMs.

2. Rotate the particle configuration by ?jf clockwise, and represent the configuration as an (n + 1) x
(n+ 1) matrix of 1’s and 0’s, where 1’s encode the green particles. The matrix has k 1’s in the kth
row from below.

3. Compute the differences of the kth and (k—1)st rows from below for k = 1,2, ...,n+1, assuming
the Oth row to be filled with 0’s.

Theorem 7.5. The output of this procedure is an (n + 1) x (n + 1) ASM. The preimage of an ASM with
m > 0 entries equal to —1 consists of 2™ different domino tilings.

Proof. The properties of partitions in Proposition are recast as inequalities for the green particle
positions:

n+1> xgm) > :Cém) > > x%”) >1, x§m+1) > azgm) > xgrnfrl). (7.5)

When we subtract the row (k — 1) from the row k, we are subtracting two 0/1 arrays, and therefore are
getting 0/1/ — 1 array. Because of the inequalities (7.5), the 1’s and —1’s interlace along the resulting
row. Because the sums of the differences of rows are non-negative, the 1’s and —1’s also interlace along
each column. We conclude that the output is indeed an ASM.

In order to construct the preimage, note that the ASM uniquely determines positions of green parti-
cles: the particles in the mth layer are 1’s in the sum of the m bottom rows of the ASM. Using Proposition
in order to reconstruct the tiling we need to also determine the positions of yellow particles. Those
are always adjacent to the green particles (they are covered by the same domino), and for each green
particle there is either a unique choice of the yellow one adjacent to it, or there are two options. The

(m) (m+1) (m) (m+1)

second case corresponds to a green particle z;  such that strict inequalities x; >xp > Ty

hold, and the first case arises when SL‘Z(m) is equal to either xz(mﬂ) or xgrfr 1). Hence, in the second case

we have a green particle in row m with no particle at the same position in row m + 1, which leads to
the appearance of the —1 in row m + 1 (from the bottom) in the ASM. We conclude that each —1 in the
ASM creates a choice between two cases for the preimage, and all choices are independent. O

7.3 The Yang-Baxter equation

Theorems[7.3|and[7.4]are computations of the partition function Z for the six-vertex model in a particular
domain, as in (7.1). Many other such computations are important building blocks for the investigations
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(i, 51 — 12, j2) (0,0 = 0,0) (1,1 1,1) (0,1 -0,1) (1,0 - 1,0) (0,1 1,0) (1,0 - 0,1)
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1 1 1—u q 1—u U 1—¢q 1—q

Figure 7.6: The six stochastic weights parameterized by ¢ and .

of the asymptotics of the model. In turn, the evaluations of the partition functions are often based on
modifications of the domain (). The simplest of such modifications operates with a domain containing
three vertices and is the celebrated Yang-Baxter equation.

We parameterize a vertex through two inputs denoted i1, j; € {0, 1} and two outputs iz, jo € {0, 1},
subject to the condition ¢; + j; = 42 + jo. The indices are arranged in 41, j1, 2, j2 order in clockwise
direction, starting from the bottom. Hence, i; = 1 means that there is an edge entering in the vertex
from below, while i = 1 means that there is an edge exiting the vertex at the top. In the Yang-Baxter
equation the six possible weights are not the same for the three vertices, but vary in a particular way. The
weights we use are based on two parameters, rather than six, which can be motivated by Proposition
They depend on the quantization parameter q and spectral parameter u through the following formulas,
also shown in Figure

wy (0,0 = 0,0) = a1 =1, wy(1,1 = 1,1) = a9 =1, (7.6)
1—u 1—u
0,1->0,1)=b = 1,0 —1,0) =by =
wu(7 7) 1 1_qua wu(a 7) 2 ql_quv
u(l — 1-—
’LUu(O,l—)l,O)—Cl—l(_qZ), ’LUu(l,O—)O,l):CQ:l_qqu.

These weights are called stochastic, because of the a1 = a2 = b1 + ¢1 = ba + co = 1 relations, which
will get a probabilistic meaning in the next chapter. For all our domains ), the parameter ¢ is going to
be fixed (and therefore we omit it from the notations), while v might be varying from vertex to vertex
(and therefore kept in the notation). It is convenient to extend the definition also to (i1, j1, 72, j2) not
satisfying ¢; + j1 = 92 + jo, by setting the remaining weights to 0:

Wy (0,0 = 0,1) = wy(0,0 = 1,0) = wy (0,0 = 1,1) = wy(1,0 = 0,0) = w,(1,0 = 1,1) = 0,

wu(0,1 = 0,0) = wy(0,1 = 1,1) = wy(1,1 = 0,0) = wy(1,1 = 1,0) = wy(1,1 — 0,1) = 0.
(7.7)

In this way, w,, can be treated as a 4 x 4 matrix with rows parameterized by (i1, j1) and columns param-
eterized by (i2, j2). This is usually called the R-matrix, and we use (0,0), (0, 1), (1,0), (1, 1) ordering
for its rows and columns:

1 0 0 0
0 =2 ui=L o
0 0

Rlu)= |, o Ui

1—qu qlfqu

0 0 0 1

The stochasticity of the weights means that the R-matrix is stochastic: the sum along each row is 1.
Note, however, that at this point ¢ and u are arbitrary complex numbers, and therefore we do not claim
any positivity of the weights.
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Figure 7.7: The Yang-Baxter equation as a move of the cross.

Theorem 7.6 (Yang-Baxter Equation). For each i1, j1, k1,12, jo, k2 € {0,1}, the following identity of
rational functions of u, v, and q holds:

> wuplin, k= my Dwain, 1= n, k)wy(n,m = i, ja)
I,m,ne{0,1}

-y

U',m'n'€{0,1}

wv(ihjl — nlv l/)wu(n/7 kl — i27 m/)wu/v(l/7 m/ — j2) k?) (79)

Graphically, Theorem [7.6]is an identity between partition functions of the six-vertex model in two
three—vertex domains with two different assignments of the spectral parameters and matching bound-
ary conditions, with incoming paths encoded as (i1, j1, k1) € {0,1}3 and exiting paths encoded by
(i2, jo, ko) € {0,1}3, as in Figure The summation variables [, m,n and I’, m’, n’ encode the types of
three vertices in the domains, and the sums are partition functions. A delicate point is that these domains
are not in Z2. Instead, we connect the inputs and outputs of each vertex in such a way that three vertices
form a triangle, so that the u and v vertices are exactly as they were in Figure[7.6] while the u/v vertex is
rotated by 7 in clockwise direction so that paths flow from left to right, as in Figure We are going to
refer to such a rotated vertex as a cross. In this way, is an identity allowing to move a cross through
a vertical line connecting two vertices at the expense of swapping the spectral parameters v and v of
these vertices. The hidden rule for assigning the spectral parameters to the vertices is as follows: there
are three braids/threads/lines in the picture (which intersect at the vertices) with assigned rapidities u
(k1 — k2 braid), v (j1 — j2 braid), and 1 (i; — i3 braid), as in Figure[7.7} the spectral parameter at a vertex
is the ratio of the rapidities of the two meeting braid

An alternative representation of Theorem|7.6|is shown in Figure Now the inputs (i1, j1, k1) are
on the left, the outputs (ig, jo, k2) are on the right, and all vertices are crosses. In this way, reading
presence/absence of paths in the vertical coordinate system from top to bottom, becomes an iden-
tity between two chains of transformations: (k1,j1,41) — (m,l,i1) — (m,n, k) — (i2,j2, k2) and
(k1,71,01) — (k1,0 U") = (ig,m',l") — (i2,j2, k2). Alternatively, if we read the presence/absence
of paths along the ¢-braid, j-braid, and k-braid (treating the gray lines in Figure as three braids
intersecting at the crosses), becomes an identity between two related chains of transformations:
(il,jl, kl) — (z’l,m, l) — (n, m, kg) — (ig,jg, kg) and (il,jl, kg) — (n’, l,, kg) — (ig, l/, m’) —
(i2, jo, k2). Figure[7.10]illustrates these two different points of view.

'If rapidity 1 were replaced by w, then the spectral parameters of the vertices would had a more symmetric form %, 2, .
v w w
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Figure 7.8: A rotated vertex (cross) with spectral parameter ;.
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Figure 7.9: The Yang-Baxter equation as a braid relation.

We can also represent a transformation of a length three 0 — 1 vector as a 23 x 23 = 8 x 8 transition
matrix. This matrix is constructed from the R-matrix (7.8). The latter is acting on length two 0 — 1
vectors and can be represented as a 8 X 8 matrix acting on length three vectors in different ways. Using
the vertical coordinate system, turns into an identity of 8 x 8 matrices

Rua () R () Rua(v) = R (0) Fra (1) s (2. (7.10)

known as the braided Yang-Baxter relation. On the other hand, in the coordinate system relative to i, j,
and k braids, (7.9) turns into a different identity of 8 x 8 matrices

R (2) R (1) By (0) = By (0) Rt () Ry (2). (1)

The difference between and is in the way the 4 x 4 R-matrix is represented as an
8 x 8 matrix in the factors. In (7.11), we identify rows/columns of the matrix with length three 0 — 1
vectors with coordinates named 4, j, and %k corresponding to the three braids. R;;, R, Rji act as
on the corresponding two coordinates and as the identity on the remaining coordinate. Hence,
the (i1,71,k1) — (i2,J2, k2) matrix element for R;;(u) is 1p, =g, wy(i1,j1 — 2, j2), for Rip(u) is
1, —jywy(it, k1 — ia,ke), and for Rjx(u) is 1;,—,wy(j1, k1 — jo2,k2). In contrast, in (7.10), the
row/columns of the matrix are identified with length three vectors with coordinates named 1, 2, 3, cor-

responding to the vertical coordinate in Figure Hence, (2!, 2%, 23) — (y',y?,y3) matrix element

for Rio(u) is Lo swy(z?,xt — y',y?), for Ri3(u) is 122wy (2, 2t — y',y?), and for Ros(u)
is 1,1 1wy (23,22 — 32,9°). If we identify 4, j, k with 3,2, 1 (as they are in the left-most column of
Figure , then R matrices differ from R matrices by multiplication with the transposition matrices.

In particular, in the classical limit ¢ = 1, u = v = u/v = 0, R(u) = R(v) = R(u/v) = Id, and
becomes a trivial equality of the products of three identity matrices. However, R matrices turn
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Vertical coordinate system:
(1,1,0) — (1,1,0) — (1,0,1) — (0,1,1)

Coordinate system relative to braids:
(0,1,1) = (0,1,1) = (0,1,1) — (0,1,1)

Figure 7.10: One configuration of three vertices encoded in two different coordinate systems.

into transpositions and (7.10) becomes the braid or Coxeter relation for transpositions in Ss:
(1,2)(2,3)(1,2) = (2,3)(1,2)(2,3). (7.12)

The name “Yang-Baxter equation” originates from a 1967 paper of Yang [Yan67] (who studied quan-
tum many-body systems, see also McGuire [McG64], Brezin-Zinn-Justin [BZJ66]]), and a 1972 paper of
Baxter [Bax72] (who studied lattice models and used the name “star-triangle relation” — terminology
going back to the 1944 work of Onsager [Ons44] on the Ising model).

An exploration of families of the R-matrices, which can satisfy the equations or (7.11), and
formalization of a procedure for construction of new solutions from existing ones, led to the introduction
and study of quantum groups. Another connection is to the study of Young operators in the group algebra
of symmetric group initiated by Jucys in 1966 in [Juc66]]. The surveys and books [[Jim94,IGRAS96| Bax07|
Res10, Lam15] give a more detailed account of quantum integrability and the Yang—Baxter equation.

Proof of Theorem[7.6, This is a direct check for all 64 = 2° cases. In principle, any modern mathematical
software can directly verify the required 8 x 8 matrix identity in either of the forms or (7.13).
Nevertheless, let us break it down into simpler ingredients, in order to see the structure of the identity.

We first note that if 4y + j1 + k1 # 42 + jo + ko, then both sides of vanish — there are no
configurations satisfying such boundary conditions. Next, notice that simultaneous inversion of ¢ and u
swaps the pairs of the weights a; <> ag, by <> b2, ¢1 <> c2. Hence, by paths/no paths involution, (7.9)
for (i1, j1, k1,12, jo, k2) is equivalent to the identity for (1 —i1,1—j1,1 — k1,1 —i2,1—jo,1 —k3), and
we may check only one identity from each pair. For (0,0,0,0,0,0) there is only one non-zero term in
each of the sides of (7.9), and it is equal to 1. Nine cases remain: each of (i1, j1, k1) and (i2, jo, k2) can
be equal to (1,0,0), or (0, 1,0), or (0,0, 1); the configurations for such boundary conditions consist of a
single path.

We verify the 3 x 3 block of the identity for R corresponding to these nine cases. Hence, we
trace the single path from the left boundary to the right boundary. In the following matrices the three
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rows correspond to (1,0,0), (0, 1,0), (0,0, 1), in the top to bottom order. Then we need to check

u
w, 1-¢ 17 ¢ 1w
v 17151% 1—q7 0 1 10q 10 Ul—qv ll—qv 0
1-% 1— ~2—4q9 1-u 1—v —q
q1= T 1— qﬁ 0 0 ul*qu 1—qu ql—qv 1—quv 0
qv qv O 1—u 1*q 0 O 1
0 0 1 T=qu T-qu
1 0 0 U lfq 1—u O 1 0 0
2 1—q 1—v 11—qu ll_q; 0 u 1—q -
s —u — :
= 0 /U]_fqv ]_1—q'u ql—qu l—qu O v 1—3% l—q% (713)
= —q 1-= 1—
qlfqv 1—qv 0 0 1 0 ql_qu l_qqﬁ
v

Atg=1,u =v =u/v = 0, all matrices become permutations, and we are back to (7.12). The g—version
of (7.13) is a direct verification: there is no further shortcut here and one needs to compare all matrix
elements on both sides. The (1, 1) matrix element match is the identity:

u 1—gq 1—q 1-4 1—q l—v 2 1—gq

v
u
v

(7.14)

— . T u q u )
v 1—=q; 1—qv 1—¢q l—qu "1—qu 1—qu

which becomes, after clearing the denominators, a basic polynomial identity

v(1—=¢q)(1 —qu) +q(v—u)(1 —v) = (v—qu)(l - quv). (7.15)

The (2, 2) matrix element match is the identity:

1-q 1-q 1-g -3 1-v 2 1-q l-q u l—q 1l-v 1_%1”(7,16)
q

v

- "T—qul—q =g 1—qv Toqul-quovl-g% T—-qvi-

which is trivially true by the matching of terms. The (1, 3) and (3, 1) matrix elements are trivially equal,
as there is the same single term on both sides. The match for each of the remaining five matrix elements

is a similar computation to (7.14), (7.15). O

7.4 lIzergin-Korepin determinant

Let us return to the N x N square [1, N| x [1, N]NZ? equipped with domain wall boundary conditions:
paths entering at every site of the left boundary and exiting at every site of the top boundary, as in
Figure[7.2] We introduce inhomogeneous weights, which depend on the quantization parameter ¢ and 2N
rapidities 1,...,ZN, Y1, -, YN-

We attach rapidities «; to column ¢ and y; to row j, 1 < ,j < N, and assign the weight wt(z, j; o)
of a vertex (i, j) in configuration o by using the weight function wy,,,, i.e, we rely on with spectral
parameter u = z;¥;, as in Figure We denote by Zn(x1,...,ZN;Y1,---,YN; q) the inhomogeneous
partition function for this model:

N N
ZN(T15- - BN YL, -5 YN ) = ZHHwt(i,j; 7). (7.17)

o i=1j=1

Theorem 7.7 (Izergin-Korepin Determinant, [Kor82l], [1ze87]). The inhomogenous partition function for
domain wall boundary conditions is given by the determinant

N

[T (1 = wiy;) det[( (1 = g)ziy, (7.18)

ZN iy IN3YL,.-- YN q) = :
( ) [Ticj(@i —25)(yi — y;) 1 —ziy;)(1 — qziy;) ij=1
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Figure 7.11: Assignment of inhomogeneous weights in N x N square.

We are going to present a proof by verification, following historic developments. The purpose of
Korepin’s original paper [Kor82] was to compute norms of Bethe Ansatz eigenfunctions, and a recur-
rence in N for Zn(y1,...,YnN;Z1,...,ZN; q) was introduced there. The recurrence was solved in terms
of a determinant by Izergin [[ze87]]. It seems that [Ize87] was an educated guess inspired by frequent
appearances of the determinants in theoretical physics literature of that era. We are not aware of more
conceptual explanations of why the partition function for this instance of the six-vertex model should
be a determinant.

An important ingredient of the proof of Theorem [7.7|is the following symmetry lemma, which we
need to prove without relying on (7.18).

Lemma 7.8. The partition function Zn(z1,...,TN;Y1,---,YN; q) of (7.17) is symmetric in xq,..., TN
and inyy, ...,y (separately in two groups of likewise rapidities).

Proof. We choose 1 < ¢ < N — 1 and aim to prove that

ZN(.iUl,...,l‘N; Yis- - Yis Yit+1, - - - YN; Q) :ZN(xlv"'va; Yty -5 Yi+1, Y- - - YN; q)

We present a graphical argument based on the Yang-Baxter equation and schematically shown in Figure
7.12| Let us append a cross on the right to the N2 vertices of the domain, between the ith and (i + 1)st
layers. The boundary condition is that no paths exit through the right ends of the cross, which implies
that the cross must be occupied by a Type (1) vertex whose weight is a; = 1. The partition function of
the enlarged domain is the same and equals Zn(x1,...,ZN;¥Y1,--.,YN; q). Next, we iterate Theorem
N times using the graphic representation of Figure On each step the cross is moved to the left
by one, the spectral parameters next to it are swapped, but the partition function of the (N2 + 1)-vertex
domain stays the same. At the very end, the cross ends up at the leftmost possible position, and the
boundary condition is that paths are entering into both its left ends. Hence, in any configuration the
cross ends up being occupied by a Type (2) vertex whose weight is ap = 1. Therefore, we can remove
the cross, and the final domain is again the N x N square with domain wall boundary conditions, but
with rapiditis y; and y;,1 swapped. The arguments for swapping x; and ;1 is similar. t
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Y5 = -- _—
y4 — - — —
U = TNYit1 ; = INYi
y3 — “— —_ — --
i=2 e
y2 — - — -
UV =TNY; U = TNYi+1

yl _— 1 1 1 | — 1 1 1 |

1 1 1 1 1 1 1 1 1 1

Ty T2 T3 T4 Tp T To I3 T4 Ty
y5 - - y5 — —
y4 — —— y4 — —_—

v = JblyvX
y2 — — y3 — —
t - 1=2
Ys =— - T _—
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Figure 7.12: Yang-Baxter transformations of the domain manifesting the y; <> y;+1 symmetry.

Proof of Theorem|7.7} 'We proceed by induction on N.
Base case. For N = 1, we directly check the equality. There is only one possible configuration, which
contains a single ¢ vertex, and the partition function equals the weight of this vertex

c1= xlyli = (1 —mzy1) 1~ gy
1 —qziy (1 —z1y1)(1 — gz191)
Inductive step. Denote * = (z1,...,2n),y = (Y1,...,yn). First we argue that it suffices to
show that the left-hand and right-hand sides in (7.18), denoted Zy(x1,...,2N;¥1,-..,YN; ¢) and
Rn(y1,...,yN;®1,...,ZN; q), respectively, are rational functions satisfying the following properties:
(a) Symmetry in variables (z1, ..., 2y ), and in variables (y1,...,yn).

(b) The functions Zy(x;y; q) - Hi7j(1 — qx;y;) and Ry (x;y; q) - Hm(l — qx;y;) are polynomials
inxy,...,ZN,¥1,..., YN, such that the degree in each variable is at most V.

(c) fay = yLN’ then

Zn(Tiy; @) = Zn—1(x1, .., TN-13 Y1+ - -, UN—-15 Q) and
Ry(z;y; q) = RN—1(21, -, EN-13Y15 - - - YN=1; Q).

(d) If x; = 0 for some i, then Zn(x;y; q) = 0 and Ry (x;y; q) = 0.
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If Py represents either Zy or Ry and satisfies these four properties, then
TN Hm.(l — qz;y;)Pn (21, ..., N5 Y1, ..., yYN; @) is a degree N polynomial in zy, and at the
N + 1 values of z

0, 1/y1, 1/y2, ..., 1/yn,

its values are determined by properties (c) and (d) and by the induction assumption. A degree N poly-
nomial is uniquely determined by its values at /N + 1 points, therefore, Zny = Ry.
It remains to prove that Zn and Ry satisfy the four properties.

Proof that the right-hand side Ry satisfies (a)-(d).

(a) We argue for symmetry in (z1,...,2y), as the symmetry in y’s is similar. The prod-
uct [[, ;(1 —xy;) is clearly symmetric. The function [, ;(2; — z;) is skew-symmetric in
(z1,...,2nN). In the determinant term, the swap x; <> x; interchanges rows 7 and j in the matrix,
and thus the determinant is also skew-symmetric. Therefore, Ry is symmetric in the z;.

(b) The function

N N
H (1 _ xiyj) H (1 _ qxiyj) det |:( (1 — Q).Z'Z-yj :|N

=1 =1 1 —ay;)(1 — qziy;) ij=1

is a polynomial which is skew-symmetric in (z1,...,zx) and in (y1,...,yn). Thus, it is divisible
by [, (i — ;) (yi — y;)- It is easy to see that the degree of

N N
(Hi,jzl(l - xiﬂj)) (Hi,j:l(l - q:niyj)> det [ (1—q)zy; ]N
e
Hz’<j(xi — ) (yi — ;) (1 = 2iy;) (1 — qziy;) ij=1
in any variable is equal to N — say, if we send 21 — oo, it grows proportionally to ="

(c) Before sending xy +— y;,l, we multiply the bottom row of the determinant in Ry by
(1 — znyyn). Then when we set xy = y&l, the bottom row has a single nonzero en-
try, equal to 1, in the bottom right corner. Thus, the determinant reduces to the one cor-
responding to Ry_1(x1,...,ZN-1;Y1,---,YN—1;¢). The extra pre-factors containing xy and
yn in the numerator and denominator cancel out cleanly, so the entire expression evaluates to

Ry_1(z1,. .., ZN-13U1,-- -, YN=-15Q).

(d) This follows from the fact that a row of the determinant becomes 0 if z; = 0.

Proof that the left-hand side Z satisfies (a)-(d).
(a) Symmetry of the partition function Z is Lemma(7.§|

(b) The function Zy(x;y;q) - H;{szl(l — qx;y;) is a polynomial because the factor HZ]\;(I — qx;iyj)
clears the denominators of vertex weights (7.6). The degree in x; is at most N because
(1 — gxyj)wt(i, j; o) has degree 1 in z; for any 4, j = 1, ..., N and any configuration o.

(c) The vertex weights (7.6), shown in Figure imply that if xy = y&l, leading to w = 1, then
the vertex at (N, V) must be of Type (5). Therefore, each vertex at (i, N) for i < N has to be
of Type (1), and each vertex (IV, j) for j < N has to be of Type (2), as in Figure Thus,
each configuration with nonzero weight is determined by the configuration of paths in the square
[1, N —1] x [1, N — 1], and, furthermore, the weight of the configuration is equal to the weight of
the vertices in this smaller square.
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Figure 7.13: Vertex of Type (5) in the top-right corner uniquely fixes the top row and the leftmost column.

(d) By symmetry of part (a), it suffices to prove that Z = 0 whenever x = 0. This can be deduced
by observing that at least one vertex in the right-most column must have Type (5) and its weight
c1 vanishes in the right-most column if x ; = 0, cf. Figure O

7.5 ASM count and 2-count

In this section we deduce the ASM counts in Theorems[7.3|and[7.4|from the Izergin-Korepin determinant.
For that we need to set all z; and y; equal to each other in Theorem|[7.7, which requires care because the
determinant vanishes and so do the denominators x; — x; and y; — y;.

We start from Theorem[7.4] whose proof is based on a significant simplification of atqg = —1.

Theorem 7.9. The partition function (7.17) at ¢ = —1 evaluates to:

N I (i + ) (yi + )
o
Zn(@t, Ny oy —1) = [[@rig) - = - (7.19)
= IT (1 +ziy;)
ij=1

Proof. At ¢ = —1, the determinant in the right-hand side of (7.18) becomes the Cauchy determinant and
evaluates using Proposition

1 — q)zy; N N 1
det 1= q)ziy, ] = | | (2z;y;) - det [1]
=1

(1 — ziy;)(1 — qziy;) ij=1

Plugging into the result of Theorem|7.7] we are arrive at (7.19).

O
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Figure 7.14: A configuration with N vertices of Type (5), and no vertices of Types (3), (4), or (6).

Proof of Theorem|7.4 In order to obtain the desired sum ) .. v asm o#{-1n 0} we would like to
make the weights homogeneous by choosing all z; and y; to be the same in the Izergin-Korepin deter-
minant, so that z;y; = u. Since —1’s correspond to vertices of weight co, we further want to choose
weights so that

(a17a27b17b27cl7c2) == (17171717172>7 (720)
while the available six-tuples of the weights have the form:
1-— 1-— 1-— 1-—
B en. ik Lt g S (7.21)
l—qu "1—qu’” 1—qu 1—qu

If we naively try to choose ¢ and u so that is identified with (7.21), we quickly find this to be
impossible. The situation becomes much better if we recall Proposition which says that the non-
trivial dependence of the weight of a configuration on parameters is based on two ratios 21222 and % In
other words, if we manage to match the ratios, then the partition functions would differ by multiplication

with explicit products of weights. Hence, we would like to match:

bib 1—ul? 1-¢)7?
1= 12:q[ “] , zzclczzu[( Q)] . (7.22)
aias 1—qu ai1as 1—qu

A quick computation reveals that ¢ = —1, u = i leads to (7.22) being true. For this choice of parameters
the six stochastic weights (7.21) become

(a1,a27b17b2a01762) = (1’ 17 _ia i> 1+ ia 1- i) (723)

From the proof of Proposition 7.1 (see item 2 and item 4 there), the differences N5 — Ng for the counts
of vertices of Type (5) and Type (6) and N3 — Ny for the counts of vertices of Type (3) and Type (4),
do not depend on the configuration. Looking at the configuration of Figure we conclude that these
differences are N3 — Ny = 0 and N5 — Ng = N. Therefore,

Zy (1YY —1) = SN N (4D (1 DY = 3DV )Y N (1 11— D)

o g

=1+ ) 2N (7.24)

g
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Figure 7.15: Two samples of six-vertex configurations in 100 x 100 square with domain-wall boundary
conditions using vertex colors (blue, green, red, orange, light gray, dark gray) matching the domino
coloring in Figure Left: weights (1,1,1,1,1,2), A = 0. Right: weights (1,1,1,1,1/8,v8), A = —3.

On the other hand, yields

N (4i)N(N—1)/2

1 2. . —
W — (1+1)N2N IN(N+1)/2[(1+1)2] N(N+1)/2

Zy (1V;iN; —1) = (2i)
= (1+i)NoNWV=D/2 " (7.25)

Comparing with and recalling that Type (6) vertices correspond to —1’s in ASMs, we con-
clude the proof. O

The weights of Figure|7.6|at ¢ = —1 satisfy a special property:

ai1as + bibe — c1c o 1+g¢ .

2Varazbibs  2/q

The parameter A plays a central role in many studies of the six-vertex model, and the A = 0 situation
is called the free fermion point. One reason is that in this situation a map to random domino tilings exists
(as in Theorem|[7.5), and tilings can be studied using the determinantal point processes, Schur measures,
and non-interacting (free) fermions, see [Lie67bl] for the latter. Generally speaking, the A = 0 case is
considered to be simpler; much more is known about the asymptotic behavior of the six-vertex model in
this situation. The asymptotic phenomenology can be also richer for A # 0, as can be seen by comparing
two panels in Figure[7.15]

We chose u = i in the proof of Theorem but (at ¢ = —1) any complex number u with |u| = 1,
u # —1, will also give rise to a positive probability measure on the configurations of the six-vertex
model via Proposition[7.1] We leave as an exercise to the reader to figure out the correspondence between
these measures and (a/3)-weighted domino tilings (6.2).

The choice ¢ = —1 can be rephrased as g being a square root of unity. We saw in Section [7.3] that
q = 1 also leads to a dramatic simplification of the weights, cf. (7.12). The next case to try would be

A= 0. (7.26)
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the cube root of unity, ¢ = exp (%), and, indeed, the Izergin-Korepin determinant again has special

properties. This is also the case which leads to the uniform weights a; = a2 =b; = by =c; =2 = 1.

Theorem 7.10. Let ¢ = exp (%) and A\IN] = (N —=1,N —1,N —2,N —2,...,1,1,0,0). Then,
denoting y; = q/zj, the partition function evaluates as

27
ZN | X1, , N YL, .-, YN; €XP =

N
¥
= (_1)N(N_1)/2(1 - Q)Nq_N(N_g)/2 HZ?I SX[N] (xla ce 3 TN, Ry - - 7ZN)7 (727)

N
Hi,j:l(zj — ¢*%;)

where s (] is the Schur polynomial.

The most striking feature of Theorem|[7.10]is that a modification of the partition function is fully sym-
metric in all 2N parameters x1,...,2N, 21, ..., 2y. This symmetry was noticed by Stroganov [Str06]],
see also [Oka06l [FZJ08]]. We present a proof based on a determinantal identity generalizing the Cauchy
determinant and coming from [Oka98, Theorem 4.2], where it was developed in connection with
decompositions into irreducibles for certain natural representations of classical Lie groups.

Theorem 7.11. For anyuq,...,uN, V1,...,UN, Q1,...,aN, b1,...,bNn, we have
. p N _1\N(N+1)/2
a;—b 1
det [J} = (N ) det [V (u,v;a,b)], (7.28)
wi = Vil [ (w —v))

where VNN (u, v; a,b) is a 2N x 2N matrix written in the 2 x 2 block form as

. N . N
A e
[ul ij=1 @it ij=1
. N . N
o] bl ™|
ij=1 ij=1
Asacheck,ifa; =+ =ay =aand by = --- = by = b, then the left-hand side, using (2.20), is
[T (wi—uj)(vj —vi)
(a— bV . LS<ISN

(u; — vj)
1

=

/[:7

In the matrix Vy we can multiply the left 2V x N block by a and subtract from the right 2V x N block,
after which the determinant splits into the product of two N x N Vandermonde determinants and
evaluates as (note the discrepancy of signs in (b — a) and (v; — v;))

(b —a)N T (ui = w;)(vi — v)).

1<j

Proof of Theorem[7.11}, The determinant in the left-hand side of (7.28) is a homogenous polynomial in
ai,...,an, by, ..., by of total degree N and with each variable having degree at most 1. We take
two sets I,J C {1,2,..., N} such that |I| + |J| = N, and evaluate the coefficient of the monomial
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[Lier ai [l e, bj- This coefficient is equal to the determinant of the N x N matrix whose (i, j)th ele-

ment is
1

. fiel, jé¢J,
ui—vj
1 - .
— , ifigl, jed,
’LLZ'—Uj
0, ifiel,jedJ or i¢1l,j¢.J.

This is a block matrix whose determinant splits into the product of two determinants, each one of the
Cauchy type (2.20). Denoting I = {1,...,N} \ T and J = {1,..., N} \ J, the coefficient becomes

+ det [ det {

U — UJ} iel,jed Ui — vj]iel,je]
[licier(ui —wi) TTconer(ui — uir) Hj<j’€J(vj - vjr) Hj<j’ej(vj —vjr)
[Tics Hjej(ui —vj) [Lier HjeJ(ui — ;)

On the other hand, the coefficient of the same monomial [ [;; a; [ [ ¢, b; in det [VNN(u,v;a,b)] is the
determinant of the 2N x 2NN matrix whose ith row is

=+ (7.29)

0,...,0, Liugu, ... ,ul ™t ifl<i<N, iel,
Lo, u?,..ul 10, ..,0, ifl1<i<N, iel,
0,...,0, 1,v;_n, 02 N,...,vji;vl, if N+1<i<2N,i—NelJ,
Lovi N, V2 n s 0N 3 0,0.0,0, if N+1<4i<2N, i—N¢€J.

This determinant splits into the product of two Vandermonde determinants (2.15)), corresponding to non-
zero rows in the 2N x NN submatrices formed by the first and last N columns. Hence, it is equal to

+ H U —Uyr) H (u;—uyr) H (vj—vy) H vj—vj) HH —vj) HH u;—vj). (7.30)

i<v’'el i<i'el Jj<j'eJ j<j'ed el jed il jeJ

Dividing by Hf\il vazl (u; — vj) we arrive at (7.29), and it only remains to show that the signs match.
Keeping track of all the steps, in the right-hand side of (7.29), the power of (—1) is

i+ i+ ‘IWQ'_ D + 1071 = 1) (7.31)

. ~ 2
el jel

In the power of (—1) is

. . — NN +1)

N _—. .32

ZHZ”H T+ == (7.32)
el jed

In addition, we have (—1) to the power N(N +1)/2 in that we are proving. Adding all the powers

together, dropping the terms which are obviously even, and recalling that |I| = |J| = N —|I| = N —

we need to show that the following number is even:

N
=1

We leave this straightforward verification to the reader. t
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The following corollary of Theorem is used to prove Theorem[7.10] below.

Corollary 7.12. Let A[N] = (N —1,N —1,N —2,N —2,...,1,1,0,0). Then we have

N 1 N
N
det! 3 Q] =det | 5
Z: — X e 22 x4
R R N

[Licj(@i — 25) (2 — 2)
= §V<] 12 J ! ;8)\[]\7](.%‘1,...,xN,Zl,...,ZN). (7.33)
[Lij=1 (@F + @iz + 25)

Proof. We apply (7.28) with w; = 23, v; = 22, a; = x;, b; = 2; and observe that the matrix V-V

becomes
353 352
[

27 [

The top and bottom halves have the same forms as the matrix appearing in the definition of the Schur
function s)(y) via ratio of determinants (2.14), i.e., [x)‘J +aN=

; ] 1 < j < 2N, up to permutation of
the columns. The permutation of the columns in determinant introduces the sign (—1)NV+1) which

cancels out the sign in (7.28). In order to recognize the right-hand side of (7.33), it remains to note that

Zj—l'z' N 1
3 37 2 i 227
27 —xy wy izt oz

Proof of Theorem[7.10, At q = exp (?) we have

1 Zj—l‘i 1

(zj — qz;) (25 — ¢>x;) o 25’ — az? N z]2- + zjz; + ac%

Hence, denoting z; = ¢/y; we transform (7.18) as

N
Hi,j:l(l — TY;) dot (1—q)zy; } N
[icj@i =2 (i —y) L= zay;) (L= qiy;) | ;4
N N N
=(1- q)NqN—N(N—l)/Q Hi,j:l(zj —qzi) [[i2, @i dot 1 (734)
Hi<j(f’3i - xj)(zj — %) z]2 + zjT; + xf it

For the last determinant, we apply Corollary and note that the sign (—1)"V (N=1)/2 arises from the
transformation (z; — z;) — (2 — ;). O

Choosing in Theorem|7.11]all variables equal to each other, we compute the total number of ASMs.

Proof of Theorem|7.3 In order to obtain the total number of ASMs we would like to make the six weights
homogeneous by choosing all z; and y; to be the same in the Izergin-Korepin determinant, so that x;1; =

u, and further choose u and ¢ in such a way as to make the six weights equivalent (in the sense of
Proposition[7.1) to the uniform weights (1,1, 1,1, 1, 1). The available six-tuples of the weights (7.6) have

the form: . . . .
1, 2 gl wlmg) 17a) (7.35)
l—qu "1—qu 1—qu 1—qu
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and therefore we would like to have u and ¢ such that

blbg 1—u 2 C1C9 1-— q 2
= = ]_7 = U = ]_
aias 1—qu aias 1—qu

This is achieved by choosing ¢ = u = exp (27”) Therefore, by Proposition , we obtain

ZN <1N; [exp (M>]N; exp <2m>> = !exp (%) —exp (47”)]N -#{N x N ASMs},

3 3 1 —exp (47r1)

where the prefactor is the weight of the configuration in Figure [7.14] (and, hence, also of every other
configuration). Using Theorem [7.10| we conclude

_1\N(N-1)/2 2mi |\ V 1— 4ri N
#{N XN ASMs} = S N2 - o 3N)N 3)/ [ 2mexp( ;) i ] s (1)
(1= exp ()™ (exp (51)) "7 |0 () —exp (%)
1 N(N-1)/2
— - - SA[N}(12N) _ 3—N(N—1)/2 . SA[N}(12N)~
[[exp(%) ~exp (S5 )}2]
Recalling A[N] = (N —1,N —1,...,1,1,0,0) and using (2.51), we transform this expression into
2N—-1

[1-4-7--(3i+1)]-[3-6-9--- (3)]2-[2:5--- (3i -1 T B!
I[l Z'Zl_[l< i+1)][3-6-9- - (30)]2-[2-5- - (3i— )})_ZHIM_

The cube root of unity choice of ¢ in Theorems|[7.3|and[7.10|again leads to the special value of the A
parameter, namely

A_a1a2+b1b2*0102 _l4q 1

2\/a1a261b2 2\/6 2'

This is usually referred to as the combinatorial point precisely because of the connection to combinatorial
enumeration of ASMs.

Various enumerations of the ASMs go beyond Theorems 7.3 and One direction is to count the
ASMs with symmetries, another one is to introduce more advanced weights beyond uniform and 2#{~1};
the latter direction, in particular, involves taking q to be other roots of unity. For instance, [Kup02] and
[Oka06]] have many such enumerations.

7.6 Gaussian and GUE limits at the boundary

The inhomogeneous partition function Zy(x1,...,ZN;Y1,- .., YN; ¢) contains much more information
about the six-vertex model than only the total count of configurations, yet extracting this information
may be delicate. We demonstrate how to compute the asymptotics of the random ASMs (equivalently,
uniformly random domino tilings of the Aztec diamond) near the boundary of the domain.

Theorem 7.13. Consider a random N x N alternating sign matrix o sampled from the distribution
o#{—1linc}
ON(N—1)/2"

Let{[N] € {1,2,..., N} be the position of the (unique) 1 in the bottom row of 0. Then centered and scaled
&[N] has a Gaussian limit in distribution:

P(o) = (7.36)

w2

lim £ -

4
i W = N(0,1). (7.37)
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The idea of the proof is to interpret inhomogeneous partition function Zx as an expectation of an
observable involving & with respect to the measure (7.36), based on the following computation.

Lemma 7.14. Consider the six-vertex model in the N x N square with domain-wall boundary conditions

and six weights (1 1, £ e q7= e 1(1 qg), i _qu> Let £[N] be the position of the Type (5) vertex in the

bottom row (=position of 1 in the bottom row of the corresponding ASM) in the random configuration (7.1).
Then

E l—uz 1-—qu ¢Iv]-1 _ z—quz Zy(ul;z, 1V71 ) (7.38)
1—u 1—quz 1—quz Zn(uN;1N: q) '

Proof. Let o be a configuration in the N x N square and let w(o; x1,...,ZN;Y1;- .., YN; q) be its weight

with respect to the inhomogeneous vertex weights, as in (7.17) and Figure Then
sulNsz, 1N . N.qN.
Zn N2, 171 g) > w(o; ulV; 2, 1V q PP w(j(ﬁ;uﬁ;w;q)q)w(m u; 1V q)
ZN(uN7 ]‘N’ Q) B ZO’ w(0-7 ’U/N’ ]‘N’ ) - ZO’ w(o-; /U’N' ]‘N. )
1N 1.
_ g [wlo e 1a)| | (7.39)

w(o; uN,lN, q)

Note that w(o; uN; 2, 1V~ q) differs from w(o; u”; 1VV; ) by the weight of the vertices in the bottom.

In this row there are f [N] — 1 vertices of Type (3), of weight b1, one vertex of Type (5), of weight ¢y,
and N — ¢[N] — 1 vertices of Type (1), of weight a;. Computing the ratios of the weights, we arrive at
(7.38). 0

Proof of Theorem|[7.13 We deduce convergence of (7.37) from convergence of the Laplace transform of
the rescaled {[IV]. Denote

¢IN) - X N 1
V] = [23@ €N = X & Lyvv.

Recalling from the proof of Theorem [7.4]that we need to set ¢ = —1 and u = i, for the left-hand side of
we obtain
N 1
Loiz 14 \ET 1 14 NV .40
1-1 1+iz 1—-1 141z

We would like to choose z in such a way that the expression under expectation turns into the Laplace
transform as N — oo. For that z should be close to 1 and we set

2s
z=exp|i— ], s € R. 7.41
(17%) 74D

In principle, any other choice of z of the form 1+ O (ﬁ) would also work, but choosing z on the unit

circle leads to a positive expression under the expectation in (7.40), which makes justification of the limit
transition more straightforward. The factor of 2 in front of s was chosen to simplify later formulas. We

1-—i 1+i 2
oA (40 (N‘3/2> , (7.42)
1—i 1+4iz VN
where the remainder is real. In particular, the N ! term in the asymptotic expansion vanishes. For the
ratio in the right-hand side of we recall Theorem 7.9] which gives
Zn(iN; 2z, 1N 1) (14 2)N 11 +i)N

ZyGN N 1) 7 aN-I(1 1 i)

have
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We plug in and Taylor expand to get

Zn(N;z, 1N —1) s? ~1/2
TGy~ O VNs+ 540 (N ) . (7.43)

Combining (7.40), (7.41), and (7.42), we conclude that (7.38) becomes, as N — oo,

exp (\/]Vs—i—O (N_l/Q))IE [exp (s - n[N]+ O (N71))] = exp (\/Ns—i—i—i—O (N_l/Q)) .

We conclude that

o2
li IE[ -n[N]+0O (N! }: =~ 7.44
Jim Blexp (s-n[N]+ O (N7))| = exp | 5 (7.44)
In order to deduce the distributional convergence, we note that (7.44) with s = 1 and s = —1 imply

tightness of random variables 77| N] as N — oo: by the Markov inequality applied to exp(£n[N]), the
tail probability P(|n[/N]| > L) tends to 0 as L — oo, uniformly in N. This is the step which would
have been slightly more complicated if the O(N ~!) remainder were not real. Tightness implies that
random variables n[/N] have subsequential distributional limits as N — oo. Every such limit 7 satisfies

E(exp(sn)) = exp (%), which uniquely determines 7 to be the standard Gaussian N/ (0, 1). O

Theorem has an extension capturing the kth from the bottom row in the ASM.
Theorem 7.15. Consider a random N x N alternating sign matrix o sampled from the distribution

o#{—1linc}

P(o) = ON(N-1)/2"

(7.45)

Let (&1[N] > &[N] > -++ > &[N]) be the positions of the 1°s in the kth bottom row of o. Then this
random vector has a GUE limit in distribution:

k

(&N - F d (k& K

lim = (21,29, ...,2), 7.46
N—>oo< VN (e, 23 ) (746)

where the right-hand side is the GUE distribution of (5.59), i.e., the eigenvalues of M = (Y +Y™), where
Y is a k x k matrix of i.i.d. N'(0,1) +iN(0,1). In particular, means that the probability to have
exactly k elements 1 in the kth row of ASM tends to 1 as N — oo.

=1

One can develop a proof of Theorem along the lines of Theorem using the Izergin-Korepin
determinant. We outline a part of the argument in the exercises and refer to [GN25] for further details.
Instead, we present here another argument emphasizing the link to the Aztec diamond and Schur mea-
sures. This argument and its modifications work only for A = 0, while the ultimate statement is
valid for any six-vertex weights satisfying A < 1, with the only weight-dependent part being the con-
stant % in the denominator. Such a more general statement can be still proven using the Izergin-Korepin
determinant, but the asymptotic analysis becomes more delicate, because the factorization of Theorem
is no longer available, and one has to study the N x N determinant as N — oo. This was done
in [GL25]], and the same article showed the limits of GUE-universality: for A > 1, the limit of ASMs is
instead described by the stochastic six-vertex model, which we explore in the next chapter.
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Proof of Theorem|7.15, We recall the mapping of Theorem Under that correspondence, the uniform
measure on the tilings of the (N — 1) x (N — 1) Aztec diamond becomes the 2-weighted measure
on the N x N ASMs. The k green particles in the (N — k)th gray layer of the tiling are identified with
positions of 1’s in the sum of the bottom & rows of the ASM.

By Proposition and Corollary , these k particles are {)\Z(k) -1+ 1+ k:}le, where A(*) is the
Schur measure with weights

PR = \) = 27F(N=Rg,, (1N=F) 5, (1F).

This measure was made more explicit in Proposition[5.21} it is given by with (N, M) in that formula
replaced by present (k, N — k), that is:

k
POW=xn=2 J[ i—i-xn+0)°]] (Aﬁ;z)’

1<i<j<N i=1

N =

where Z is a normalization constant. Using the Local CLT in the form of Proposition we compute
the limit of the last formula as N — o0, concluding that

AW NNE
2

N—oo
i=1

where the right-hand side is the vector of GUE eigenvalues of density

L E_ k) : Lo k2
| H (f” —%‘> HGXP (—2(%) > (7.48)

k1
(2m)k/2 1= J! 1<i<j<k i=1

In particular, the scaling limit is absolutely continuous, the probability of taking any particular values
vanishes asymptotically, and, therefore, the individual distances between green particles tend to infinity
as N — oo. Since this is true for each k, the probability of green particles in the first £ levels having any
coinciding coordinates tends to 0 as N — oo (one way to see that is by looking at the distribution of the
first k — 1 levels of green particles, conditional on the kth level). Since the 1’s in the ASM encode the
difference between green particles in adjacent rows (treated as 0 — 1 vectors), it follows that as N — oo,
the 1’s in the kth row of ASMs are the same as the green particles, whose asymptotics is given by (7.47).

Hence, (7.46) follows from (7.47). O

An intriguing open question (at the time when this book is being written) is to learn how to extract
more asymptotic information from the Izergin-Korepin determinant. The authors of [CP10,/CS16|/Agg20]]
explain how the frozen boundary can be found from it, i.e., an analogue of the Arctic ellipse of Section
(which is recast as the same ellipse in terms of random ASMs with A = 0) for A # 0, cf. Figure
In contrast to the dominos case, for general values of A the boundary is no longer an algebraic curve, it
is only piecewise analytic. In Section [6.4 we saw how inhomogeneous partition functions can be used to
extract asymptotic densities and limit shapes for dominos through the action of operators. It is unknown
how to mimic such an approach for A # 0. For the asymptotic density of 1’s in the ASM, Tracy-Widom
fluctuations of the frozen boundary, or GFF fluctuations of the heights, we are just starting to understand
what is happening outside of A = 0, cf. [AC]J23|[CP26! ILi26| Lia26, BO26| Buf26, ADCH™26].
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7.7 Exercises
Problem 1. Write down the 8 x 8 matrices involved in the Yang-Baxter equation and use mathematical
software to directly verify that both (7.10) and (7.11) hold.

Problem 2. Extending Theorem|[7.5] show that the A = 0 case of the six-vertex model with domain wall
boundary conditions leads to («()-weighted domino tilings (6.2). How is a0 related to the six weights?

Problem 3. Find a version of the Gaussian limit of Theorem for the setting of Problem 2.

Problem 4. Choose K > 1 and K real numbers sy, ..., sx. Compute the limit
K
. ZN(iN;Zlv'”vZKa]-N_k; _]-) VN . Sk
1 _ = — 1<k<K.
e Zy iV 1Y, 1) exp 5 k§1 sk || 2k = exp l\/ﬁ , 1<k<

As in the proof of Theorem|7.13] deduce convergence of certain K random variables describing a random
2-weighted ASMs.

Problem 5. The GUE-corners process of rank K is the joint distribution of K (K —1)/2 random variables
describing the eigenvalues of the top-left k x k corners (1 < k < K)of M = %(Y+Y*), where Y isakxk
matrix of ii.d. A'(0,1)+iN(0, 1). From either of Problem 4 or Theorem[7.15|one can deduce convergence
of the positions of 1’s in the bottom K rows of a 2-weighted ASM towards the GUE-corners process.
Figure out the exact statement and explain how Problem 4 matches Theorem|[7.15]in this statement.
Remark. In order to prove it, one uses a certain Gibbs property and unitary invariance of GUE, see
[[GN25] and references therein.

Problem 5. By row-expanding the definition of Schur polynomial as a determinant (divided by Vander-
monde determinant) along the last row, and using the explicit formula for s (1), prove that

S)\(IE, 1M_1) (
- = > >0 >
sx(1M) (x—1) M 1 27r1 17, (2 = (O + M — Z))dz, A=(A1>X > > Ay),

with integration around all poles of the integrand. Use the steepest descent method to deduce the asymp-
totic behavior as N — oo for 2 = exp(s/v/N)and A[N] = (N - 1,N-1,N—-2,N —2,...,1,1,0,0).
Here M = 2N. Conclude that for the uniformly random N x N ASMs, the position of the 1 in the
bottom row satisfies

w2

lim LN] _
N—oo C\/N
How does ¢ change compared to (7.37)?

L N(0,1).

Problem 6. Consider the five-vertex model obtained by specializing the weights of Figure[7.1]as follows:
ap = ag = 1,b1 = x, by = 0, ¢4 = ¢ = 1. In other words, we prohibit Type (4) vertices and
assign weight x to each Type (3) vertex. Consider the model in the domain Z>o x {1,2,..., N} with
the following boundary conditions: paths enter at every single position on the left and exit at positions
£y > fly > -+ > fn > 0 on top. Assume that the weight = depends on the row and equals z1, z2,...,
xn. Let Z(z1,...,xzN; 41,...,¢N) denote the partition function of the resulting vertex model. Here is
one possible configuration:
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A. Using an appropriate version of the Yang-Baxter equation as in Lemma show that
Z(x1,...,xN; L1, ..., 0N) is symmetric in x7, ..., T N.
B. Comparing with (2.50), prove that

Z(.’L’l,...,.’L‘N;)\l+N—1,)\2+N—2,...,)\N):SA(.’El,...,:BN),

where sy is the Schur polynomial.

Problem 7. The goal of this problem is to connect the urban renewal of Problem 9 in Section 6.8 with the
Yang-Baxter equation for A = 0. We consider (partial) dimer configurations on the four-legged graph of
Problem 9 such that all four vertices of the internal graph are covered. There are seven of them:

a3
N 7 N 7
N\ // 7 N\ \\ 7
¢ . N .
. N , N

We equip each configuration with product of the weights of covered edges, where the central square edges
have weights z, y, z, w, and the four legs have weight 1. We further map the seven dimer configurations
into the vertices (rotated, as in Figure of the six-vertex model by forgetting the edges in the middle
square and inverting the types of the two bottom legs. The dimer weights are mapped to the six-vertex
weights: (a1, a9, b1,b2,c1,c2) = (y,w, z,x, 1, x2 + yw).

A. Prove that the resulting six-vertex weights satisfy ajas + biba = cico, and any six weights
(a1,a2,b1, by, c1, o) satistying ajag + b1by = c1c2 and ¢; = 1 can be obtained from some z, y, z, w.

B. We glue three vertices together in two different ways, as in the setup of the Yang-Baxter equation:
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Note that we added one vertex in the middle of each diagonal edges, but not on the horizontal edges. The
boundary condition on these pictures is a choice for each boundary vertex of the graph, whether it is
present or absent. There are 26 boundary conditions. Verify that for each boundary condition: either the
dimer configurations are mapped to the valid six-vertex configurations entering Theorem|7.6} or neither
dimer covers nor six-vertex configurations exist.

C. For each boundary condition in part B define the partition function as the sum over all perfect
matchings of the graph of products of weights of covered edges. Specialize the six-vertex weights of
Figure [7.8|to A = 0, divide all six weights by ¢, and determine how z(u), y(u), z(u), w(u) should
depend on the spectral parameter « under the correspondence with dimers. Show that the equality of
the two dimer partition functions is then exactly Theorem[7.6/at A = 0.

D. Do not use Theorem Deduce the identity of part C by local transformations of the graphs
which change the partition functions in a controlled way: urban renewal of Problem 9 in Section [6.8|and
vertex splitting, which adds/removes two vertices and two edges of weight 1 to the graph.

w

w

)
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Hint. You need to apply six urban renewals together with a few vertex splittings.

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [FS06]], [JN06]], [ZJ08]], [GP15]], [KP16]], and [[GN25].



Chapter 8

Stochastic six-vertex model in the
quadrant

8.1 Model in the quadrant and link to ASEP

In this chapter we continue studying the six-vertex model with stochastic weights of and Figure
which satisfy a1 = a2 = b1 +¢1 = by +co = 1. In contrast to the previous chapter, we now use different
u and q and different boundary conditions. Previously, we were focusing on u and q being roots of unity,
and here we instead look at the case when they are both positive: either 0 < u,q < 1 oru,q > 1. In
both situations, the weights become bona fide stochastic: they are given by positive numbers smaller than
1, cf. Figure We still look at the model in an N x N square, and the boundary conditions along the
left and bottom boundaries are the same domain wall case: paths enter from the left and nothing enters
from the bottom. However, on the right and top boundary we now consider free boundary conditions,
i.e.,, we do not fix the end-points of the paths, and each of the IV paths can exit the square either to the
right or upward, cf. Figure Note that in this setting Proposition [7.1no longer applies, and the model
depends on five rather then two parameters: the only surviving conserved quantity is the total number
of vertices in the domain. Due to the stochastic weights, the measure is consistent when increasing the
size N and one can see it also as a model on the quadrant, see Proposition [8.1 below.

This new boundary condition can be obtained as N — oo limit of the domain wall boundary condi-
tions of the previous chapter. However, in contrast to enumerations and asymptotic theorems developed
in Chapter (7| or Figure in Section the parameter A is in a different range for the stochastic

six-vertex model:
ajag +biby —cica  1+gq

2Varaghiby  2/4

Proposition 8.1. Consider the six-vertex model in the N X N square with domain wall boundary condi-
tions on the left and bottom boundaries, and free boundary conditions on the top and right boundaries, and
stochastic weights of Figure[8.1 Then

A= > 1.

« The partition function of the Gibbs measures (7.1) is equal to 1.

« For any N > M, the restriction of the model in the N x N square onto the bottom-left M x M
subsquare is the same model in the M x M square. Taking N = oo, we obtain a model in the
quadrant Z~q X Zo.

« The model can be sampled sequentially for the vertices (i, j) in the order of growing i + j, by forced
choices of vertices of Type (1) or Type (2) and by independent biased coin flips to choose between Type

190
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Figure 8.1: The six stochastic weights for 0 < u,q < 1 oru,q > 1.
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Figure 8.2: Free boundary conditions and one possible configuration.

(3), of weight by and Type (5), of weight c; = 1 — by, or between Type (4), of weight by, and Type
(6), of weight co = 1 — bo.

Note that the statement does not require the weights b; and b, to be fixed, they can depend on the
vertex (7, j) in an arbitrary way, i.e., by = b1(3, ), ba = ba(i, 7).

Proof of Proposition[8.1 Let us provide more details on the sequential stochastic sampling procedure. We
sample the vertices at (i, j) in the order of growing i 4+ j. When we sample a vertex at (, j), we already
know whether a path is entering into it from below, and whether a path is entering from the left. Hence,
there are four cases:

« If no paths are entering from both directions, then the vertex at (7, j) must have Type (1).
« If paths are entering from both directions, then the vertex at (7, j) must have Type (2).

« If a path is only entering from the left, then we set the vertex to be of Type (3) with probability b;
and of Type (5) with probability 1 — b;.

« If a path is only entering from below, then we set the vertex to be of Type (4) with probability by
and of Type (6) with probability 1 — bo.

After running the procedure for all (¢, j) in the quadrant, be get a probability measure on the configura-
tions of the six-vertex model in the quadrant Z~ X Z~¢. For any N, when we restrict the configuration
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Figure 8.3: Stochastic six-vertex model as an interacting particle system.

to any bottom-left {1,..., N} x {1,..., N} square, we get a probability measure on the configurations
in this square with probability of each configuration equal (rather than proportional) to the product of
weights of the vertices in the square. The claims follow. O]

The stochastic six-vertex model can be viewed in two dual ways. On one side, this is a model of
2d statistical mechanics, a relative of the square ice in finite domain and ASMs in Chapter|[7] to domino
tilings in Chapter|[6] to collections of non-intersecting paths in Figures[3.4/and [6.2] to Schur processes in
Section [3.4] On the other side, the configurations of the model are trajectories of an interacting particle
system, as shown in Figure[8.3] in which we keep track of vertical segments of the paths, and interpret the
vertical coordinate as time. Then the sampling rules of the stochastic six-vertex model can be restated as
the following Markov evolution (for simplicity, we assume b1 (7, j) = by and b2 (i, j) = by are constant):

« Attimet =0,1,2,..., the system has ¢ particles, with new particles arriving from the left.

« The particle coordinates z4(t) < x;—1(t) < --- < x2(t) < x1(t) satisfy the interlacements:

zi(t) S @i(t+1) < @i (8). (8.1)

+ The configuration (z,(t + 1))::1 is constructed from left to right, ie., from¢=1¢+ 1toi = 1.

« First, the new particle enters the system at position 241 (t + 1) € {1,2,...,2:(t)} distributed as
a truncated geometric distribution:

VA1 —by), 1<k <az(t),

P(za(t+1) =k) = {bk k= (t)
15 = Tt .
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« For1 < i <t if zi41(t + 1) = z;(t), then the ith particle must jump to the right. Otherwise,
it decides whether to jump by flipping a coin. With probability by it will not jump, and we set
x;(t+1) = x;(t). If the particle decided to jump, then the length of jump is a truncated geometric
distribution on the interval {1,2,... x;_1(t) — x;(¢)}:

bkil(l — bl) 1<k< I‘z;l(t) — $Z(t)
Plx;(t+1) —x;(t) = k ticle is j i = 1 ’ - ’
(zi( ) — xi(t) | particle is jumping) {blf, k= i (t) — 2:(t).

For the first particle with ¢ = 1 there is no truncation and the jump length is unrestricted geometric.

Note that the trajectory of the ith particle, z;(i) < x;(i + 1) < z;(i + 2) < ..., encodes the ith path
from the right in the six-vertex configuration.

An alternative point of view on the resulting interacting particle system is delivered by looking at
shifted locations x;(t) — t. Because (z;(t +1) — (t + 1)) — (x;(t) — t) € {—1,0,1,2,...}, each shifted
particle either jumps to the left by 1, or jumps to the right by some distance. The interlacements are
then turned into blocking conditions. The nature of the dynamics is further simplified by considering
the joint limit (see [Agg17]] for a rigorous justification):

by = e, by = el, t=¢c"lr, yi(7) = lim [a:i(eflT) - 5*17'}.
e—0
Then y;(7), 7 > 0,7 = 1,2,... is a continuous time Markov process on infinite particle configurations

in Z, known as the asymmetric simple exclusion process (ASEP) with step initial condition. The rules of
this interacting particle system are:

. Attime0,y;(0)=1—14,i=1,2,....

« Each particle has two exponential clocks: a right clock and a left clock. The times when the clocks
ring are independent Poisson processes of rates t and [, respectively.

« When the right clock of y; rings at time 7, the particle checks whether the position to the right
is empty (yi—1(7—) > yi(t—) + 1). If so, then it jumps there by setting y;(7) = y;(7—) + 1.
Otherwise, the particle is blocked and does nothing.

« When the left clock of y; rings at time 7, the particle checks whether the position to the left is empty
(Yir1(T7—) < yi(7—) — 1). If so, then it jumps there by setting y;(7) = y;(7—) — 1. Otherwise, the
particle is blocked and does nothing.

An equivalent point of view is to swap a particle with a particle or hole on its right, when the right
clock rings, and with a particle or hole on its left when the left clock rings. In this way we do not need
to explicitly spell out any blockages, because swapping positions of two adjacent particles is equivalent
to doing nothing.

If we further identity the particle configuration at time ¢ with a Young diagram X in the same way as
we did in Section [4.3}

D} =Y = {h—i+1}2, C 2,

then the boxes are added at internal corners at rate t and removed from external corners at rate [, see
Figure [8.4] for an illustration. In contrast to the last passage percolation (see Section[1.4]and Figure [1.4),
both growth and decay of Young diagrams are now happening concurrently, which makes this interface
evolution much more complicated.
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Figure 8.4: A possible finite time state of the asymmetric simple exclusion process with step initical
condition.

8.2 A generalization of the Izergin-Korepin determinant

Our analysis of the stochastic six-vertex model is based on a generalization of the Izergin-Korepin deter-
minant of Theorem[7.7] The setting is as in that theorem: the weights of the vertices depend on rapidities
Z1,%2,...,Y1,Y2,... and quantization parameter g. For the vertex at (7, j) we use the spectral parameter
u = z;y; and the weight of Figure

We also need a notion of the height function, which is very similar to Definition [6.16]

Definition 8.2. Let o be a configuration of the stochastic six-vertex model in the quadrant. Foreach X,Y €
1,2,..., we define the height function H|X,Y] = H[X,Y|(0) as the number of paths which leave the
bottom-left X x Y rectangle in the horizontal direction (i.e., through its right border).

For example, in Figure[8.2] we have H[5,5] = H[5,4] = 2, H[5,3] = 1, H[5,2] = H[5,1] = 0.

Theorem 8.3. Consider the stochastic six-vertex model in the quadrant (equivalently, fix N and consider
the N x N square with free boundary conditions along the top and right boundaries) with paths entering
from the left through every row. Suppose that the weights are as in Figure[8.1 with u = x;y; for the vertex
(4,7). Then for eachw € C, we have

E[(1 = w)(1 = wg) -+ (1 — wg NN

_ I151 (1 — wiyy) dot [ L= = (g —w)ziy;
[Lic; (@i — 25) (i — ;) (1 —2y) (1 — qziyy) |; oy
For w = 1, the right-hand side matches the Izergin-Korepin determinant (7.18). The left-hand side
turns into P(H[N, N] = 0), which is precisely the partition function Zy(x1,...,ZN;Y1,---,YN; q)-
The generalization is 30 years younger than the original (7.18). Our proof is from [ABW23, Propo-
sition C.3], with other closely related identities obtained by other methods in [Bor18, BCG16].
Before proving Theorem 8.3} we connect the right-hand side of to a Schur measure.

(8.2)
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Proposition 8.4. Let A = (A1, ..., An) be distributed according to the Schur measure
N
PN = [] (1= zig)saer,...,an)sa(yrs -, yn).
ij=1

Suppose that 0 < x;y; < 1 foralli,j and |q| < 1. Then

E

N N oy e 1Y
H (1 - quiJrN—z')] _ o Hi,j:l(l zY;) det [ 1 —w—(q—w)z;y; _ (8.3)

palet i<j (@i — 25) (Y — yj) (1= 2iy;) (L — qziy;) |, -

Proof. Using the Cauchy-Binet formula of Proposition [2.10} we have

1—w— (g —w)xy, N 1 w
det [ j} = det { — }
(1 — xiyj)(l — txiyj) ij=1 1-— ZTilYj 1- qriy;

= det [Zu - wqa)(xiyj)a]

a=0
N
— Z (H(l — wq“i)> det [x;z]]f\f]:1 det [yfj]f\;:l
0<an<--<ai =1

Hi,j(lffﬂiy]’)
i< (@i—2;)(Yi—y;)
0 with partitions \; > A2--- > Ay > Oviaa; = A\; + N — i, and then observing that det [x:l]} is the
numerator in the definition of the Schur polynomial (2.14), we convert the right hand side of into
the left-hand side. ]

Multiplying both sides by Il , identifying strictly decreasing sequencesa; > --- > ay >

Proof of Theorem[8.3 We denote & = (x1,...,2n),y = (Y1,- - ., yn) and follow the same strategy as in
the proof of Theorem|[7.7} We claim that the following four properties are satisfied by both sides of
denoted Ry (x;y; q, w):

(a) Symmetry in the variables (x1,...,xy) and in the variables (y1,...,yn).

(b) The function Ry (x;y; q,w) - Hm-(l — qx;y;) is a polynomial in x1, ... xn and y1, ..., yn, such
that the degree of each variable is at most V.

(c) fzy = y&l, then
Ry(x;y; ¢,w) = RN_1(Z1, -, EN=13 Y15 - - s YN—1; ¢ W).

(d) If x; = 0 for all i, then Ry(0,...,0;y; ¢,w) = (1 —w)(1 —wq)--- (1 —wg™¥™1).

The check that the right-hand side of satisfies the properties (a), (b), and (c) is the same as in Theorem
The property (d) follows from (8.3): all 2; = 0 leads to the Schur measure being supported on the
empty Young diagram with A\; = --- = Ay = 0, and the expectation becomes (1 —w) - - - (1 — wqg™¥ 1).

Let us check that the expectation in the left-hand side of satisfies the four properties. For the
property (a) we use the Yang-Baxter procedure, similar to the one we used in Figure but in the
reverse order. We first add cross at the very left position, between rows ¢ and ¢ + 1. Paths are entering
from the left, and the cross is forced to have Type (2) vertex. Then we move the cross to the right. The
Yang-Baxter equation of Theorem|7.6|and preservation of the height H[N, N] under the transfomations



CHAPTER 8. STOCHASTIC SIX-VERTEX MODEL IN THE QUADRANT 196

implies that the expectation is unchanged. Once the cross moved N steps to the right, we can remove
it due to the stochasticity of the model: in the sequential sampling procedure the type of vertex of the
cross would be sampled after all the vertices of the N x N square, and the type of the vertex of the cross
does not affect the value of the random variable H[N, N]. The result of this procedure is the swap of
variables y; and y;11 without changing the value of the expectation.

For the property (b) we note that multiplication of the weight of the vertex at (7, j) by (1 — qz;y;)
makes this weight a polynomial. For the property (c), setting xy = y;,l prohibits vertices of Type (3),
by by = 0, and Type (4), by by = 0, in the top-right corner of the domain. Hence, any path which
exited the bottom-left (N — 1) x (N — 1) square to the right, must also exit the N x N square to the
right. Therefore, H[N, N] = H[N — 1, N — 1], and the expectations are also the same. For the property
(d) we observe that setting all z; = 0 prohibits Type (5) vertices by ¢; = 0 and forces all vertices to
be of Type (3), ie., the paths deterministically go right, and H[N, N] = N. This implies the value
(1 —w)(1 —wq)--- (1 —wg"~") for the expectation.

Now we argue by induction that the four properties (a)-(d) imply the equality (8.3).

Base Case. In the base case N = 1, the model has two possible configurations (either Type (3) vertex

of weight b or Type (5) vertex of weight ¢;) and we check the equality by direct calculation using the
vertex weights and the definition of the observable. Both sides are equal to

1—w—(¢g—w)ziy zl_wl—xlyl
I =gz 1—griyn

Induction Step. By the property (c) and symmetry, the value of Ry (x;y; ¢, w)- [, . (1 —qwxiy;), viewed

1,3
as a polynomial in x, is uniquely determined at N points xy = 1/y;. Therefore, if Zn(x;y; ¢, w) is
another rational function satisfying the same properties, then Zx — Ry vanishes at 7711’ Sy y%v so that

i 1
11t —gziy;) (Zn (= y; g, w) — Ba(@sy; g, w) = () [ | <9CN - ) :

i i=1

where (- - - ) is a polynomial independent of z 7, which we see by considering property (b) and the degree.
By symmetry the same is true with z replaced by x; for any j = 1, ..., N — 1. Therefore, we have

al 1
110 - aziyy) (Zn(xy; a,w) = Ru(xy; gw)) = () ] <93j - >

i.j ij=1 Yi
where (- - - ) must be independent of (21, . ..,z y) by degree considerations. Setting x; = 0,1 <4 < N,
we see that this polynomial must be O by property (d). O

Remark 8.5. The properties (a), (b), and (c) for E [(1 — w) (1 — wq) e (1 — qu[N’N]_l)] do not depend
on the exact form of the observable and hold also for any expectation of the form E [ f(H[N,N ])] In
contrast, property (d) relies on the form of the observable and uniquely determines the function f(-)
under expectation: f(L) = R7(0,...,0;y; ¢,w) = (1 —w)(1 —wq) - -- (1 — wg"™).

8.3 Match with Schur measures and limit regimes

Combining Theorem 8.3| with Proposition[8.4} we arrive at an important match between the height func-
tion in the six-vertex model and columns in the Schur measure.
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Corollary 8.6. Consider the stochastic six-vertex model in the quadrant with all paths entering from the
left. Suppose that the weights are as in Figure[8.] with u = x;y; for each vertex (i, j). Assume |2;y;| < 1
foralli,j, |q| <1, and choose M, N € Z~, treated as horizontal and vertical coordinates, respectively. In
addition, let A be distributed according to the Schur measure

M N
PN = [[]]@ = zivi)salar, . xa)sa(un, .- yw)-

i=1j=1
Then for eachw € C \ {—qi}iez, we have
0 1 o 1
Eey 11;[1 1t qu[M,N]—N+z'] = Eschur Ll;[l 1—|-qu_A;] . (8.4)

Proof. We start from M = N case, where we combine with to obtain
N .
B[ (1 0) (1 — )+ (1~ wg N ~ B [H (- wqw—z)] e
i=1

We divide both sides by (1 — w)(1 — qw)(1 — ¢?w) - - - and recall from the particle-hole involution in

(5.60), (5.84) and Figure that

AN .
M+ N} | =X +i+ N - 132, ={0,1,2,... }. (8.6)
We get
o0 o0
1 1

Finally, we replace w + —wq' ™ to reach (8.4).

For the M # N case, we have two subcases. First, the M < N case can be obtained from M = N
by setting to 0 N — M variables: zp;11 = Zp42 = --- = xny = 0. Due to stability of the Schur
polynomials in Lemma in the right-hand side we get precisely Egcp,, with M variables 1, ...,z .
In the left-hand side, looking back at Figure [8.1] we see that setting 2; = 0 prohibits Type (5) vertex by
c1 = 0, and therefore forces all paths to go horizontally in the column i. Hence, H[M, N] = H[N, N]
and the left-hand of gets converted to the desired form.

The case M > N is obtained from M = N by setting to 0 M — N variables: yy+1 = yn+2 =
-+ = yp = 0. Again, for the right-hand side of we use stability of the Schur polynomials. In the
left-hand side y; = 0 forces all vertices in the ith row from the bottom to be Type (3), by by = 0, i.e., the
ith path becomes completely horizontal. Hence, H[M, M| = H[M, N] + (M — N) and the expression
under g, transforms as desired. ]

The match of expectations allows us to use all the tools developed for the Schur measures (deter-
minantal point process, contour integrals, steepest descent) in order to extract the asymptotic information
about the height function of the stochastic six-vertex model. We set x1 = 29 = ..., y1 = y2 = ...,
so that all z;y; are equal to the same constant u, and the model is homogenous. A variety of different
asymptotic regimes is possibleﬂ

"Recall that we assumed ¢ < 1 and, therefore, by > bo.
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(a) b1 = 0.9999, by = 0.5 (b) by = 0.99, by = 0.5

(C) bl = 08, b2 =05 (d) bl = 052, b2 =05

Figure 8.5: Simulations of 500 x 500 vertices in the stochastic six-vertex model with by = 0.5.

1. Figure[8.5¢ if both 0 < ¢ < 1and 0 < u < 1 are fixed (i.e, 0 < by < 1,0 < by < 1 are fixed),
while N, M — oo in such a way that N/M stays finite, then 3- H[N, M| has a deterministic limit,
with fluctuations given by the Tracy-Widom distribution, as stated in Theorem|[1.7] The right-hand
side of is governed by the first column in the Schur measure, which itself has Tracy-Widom
fluctuations, see Section [8.4 below and [BCG16].

2. Figure if0 <qg<lisfixed,u = €2 and N and M are proportional to e Lase — 0, then the
stochastic six-vertex model turns into a g-deformation of the PNG growth process, see Problem
1 in Section [8.6] (at ¢ = 0 we are back to h(x,t) of the continuous PNG model of Section [3.5).
The right-hand side of turns into an expectation with respect to the Poissonized Plancherel
measure, thus generalizing the ¢ = 1 case of Theorem[3.11]at ¢ = 0.
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(@) b1 = 0.99, by = 0.96 (b) by = 0.95, by = 0.9

Figure 8.6: 500 x 500 vertices: b1, b — 1 leading to Telegraph and KPZ regimes.

(a) b1 = 03, b2 =0.5. (b) b1 = 015, b2 =0.1

Figure 8.7: Stationary regime for b; < b and convergence to ASEP as b, by — 0.

3. Figure if ¢ = exp(—+v/¢) and u = exp(—v+/e) (i.e, ba/by — 1and by — b € (0,1)), then
VeH[e?t,e Lo + e2t] after proper recentering converges as € — 0 to the (Hopf-Cole, with nar-
row wedge initial condition) solution i (x, t) of the KPZ stochastic partial differential equation, see
[CGST20]. In this limit, the left-hand side of becomes the Laplace transform of exp(h(z, t)),
while the right-hand side becomes an expectation of a multiplicative functional (cf. Theorem [4.25)
of the Airy point process. The latter arises as the scaling limit for the first columns in the Schur
measure. The KPZ limit also arises if 0 < u < 1 is fixed, as in Figure [8.6D] see Section
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4. Figure if ¢ — 1 and wu stays strictly inside (0, 1), in such a way that b; = exp(—¢f1),
by = exp(—epBs), then eH[e'z,e71y| has a deterministic ¢ — 0 limit solving the Telegraph
equation (which is a second order hyperbolic PDE), with Gaussian fluctuations given by a stochastic
version of the same equation, see [BG19]. In this situation, rather than using directly, it is
convenient to consider the coefficients of w”, k = 1,2,...,in . On the left-hand side they give
moments of ¢’V while on the right-hand side their asymptotics is closely related to the limit
shape and Gaussian fluctuations for the height function encoding the Young diagram distributed
as a Schur measure, similarly as in Sections|[6.4]and In other words, rather than only the first
columns, now the entire Young diagram contributes to the limit.

5. Figure[8.7b} if 0 < ¢ < 1isfixed, while u — 1 (i.e., b1, ba — 0), then the stochastic six-vertex model
turns into the ASEP, as at the end of Section[8.1]and in [Agg17]. The left-hand side of identity
keeps the same form, with H[N, M] replaced by the height function of ASEP, counting the number
of points to the right of a given point. The right-hand side becomes an expectation of the same
type with respect to a determinantal point process on Z, obtained as a limit of Schur measures.

In the rest of this chapter, we focus only on the first and third regimes, leading to the Tracy-Widom
distribution and KPZ equation, respectively, and precise the asymptotic theorems for these cases. We
discuss other limit transitions from the above list, and also introduce two more asymptotic regimes sug-

gested by Figures and[8.7a)in the exercises.

8.4 Tracy-Widom limit for the height function

In this section we fix 1 > by > ba > 0 or, equivalently, 0 < ¢,u < 1 and consider the homogeneous
model with vertex weights of Figure We analyze the asymptotics of the height function H[N, N|
along the diagonal in Figure[8.5¢} same ideas can be used to compute the asymptotics of H[M, N}, leading
to Theorem[1.7] stated earlier.

Theorem 8.7. Consider the stochastic six-vertex model in the quadrant, with all paths entering from the
left and weights of Figure[8.] with 0 < q,u < 1. Let H[N, N] be the number of paths which leave the
bottom-left N x N square to the right. Then

(8.7)

N—oo 14 ul/? T Thu 1+ul/2 7

lim N—Y/3 <H[N, N] — Nl —u1/2> d 1/6’w

where a; is the first point of the Airy point process (GUE Tracy-Widom distribution).

The idea of the proof is to show that the match of expectations implies the same N — oo
asymptotic behavior for the random variables H[N, N] — N and —\], where we emphasize the minus
sign, which eventually leads to —a; in the right-hand side of (8.4). For the asymptotics of \|, we choose
X1 =+ =N =Yy = -+ = YN = \/u in the Schur measure and recall the result of Theoremm
obtained by the steepest descent analysis, and in which we need to replace g by u:

Corollary 8.8. For N =1,2,...,let A € Y be distributed as the Schur measure

PO) = (1—u)¥ . 82 ([ul/ﬂ N) .

Then the length of the first column of \ converges the Tracy-Widom distribution:

1
2ul/? d 1 (1 —u1/2)§
: -1/3 / e a e )
]\}lm N ()\1— 1—|—u1/2N> =ay-us a2 (8.8)
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Hence, if we take the asymptotic match for granted, we get

2U1/2

~ _ /% _
H[N,N]~ N — ), N<1 i

) —Nl/3a1 ~u%

which is the desired (8.7).

Proof of Theorem (8.7 In view of (8.8), we only need to justify H[N, N] — N =~ —\|. To that end, we
choose s € R and let

f 1/2
_ mN-N'/3s _ 2u
v o e TaR
in (8.4), leading to
Eeo| [ ] = Eschu : : 8.9
6v P 1+ qH[N,N}—N+mN_SN1/3+i] Schur Ll_{ 14 qg—>\9+mN—sN1/3] ( )

We claim that expressions under expectation in both sides of the last identity are smoothed versions of
the indicator function. In other words, up to small error, is

Pe [H[N, N] = N +mN — sN'/3 > 0| ~ Pscpur

~X +mN — sN/3 > 0] .

In order to make this more precise, we choose a small ¢ > 0 and start from the right-hand side of (8.9).
Notice that the expression under expectation is always between 0 and 1. If —\; +mN —sN/3 > e N'1/3,
then the expression tends to 1 as N — oo. If —\] + mNN — sN'/3 < —eN'/3 then the expression tends
to 0 as N — oo. Hence,

_ —X, + mN o » 1
]\}gnoo Pschur < Nil/?; >s+e) < 1}\1{1;12}1 Eschur H - N mN_sN1/
j=1 qa
[e.e]
. 1 . -\ +mN
< h]Ian;lopESchur ]]‘_I1 i qj—A;—&-mN—le/?’] < ]\}gnOOPSchur <]V1/‘3 >s—c].
By (8.8), both limits exist and continuously depend on € > 0. Sending ¢ — 0, we conclude
o
. 1 . -\ +mN
]\}gnoo IESchur Jl;[l 14+ qj—A;+mN—sN1/3] - ]\}gnoo IP)Schur <]\71/3 >S5, (8-10)

For the left-hand side of we notice that the expression under expectation is again between 0 and 1,
tendsto 1if H[N, N]-N4+mN—sN'/3 > ¢N'/3 andtendsto 0if H[N, N]-N4+mN—sN'/3 < e N1/3,
Therefore,

o0

1 g (NN =N+ mN
Ill—%qHMMW—N+mN—w+aNU&H el N1/3 =8
1=

lim Eg
N—o0 v

(e}

HIN,N| - N N
§limsup[P’6v< N, }Vl/?’ tm >S> SA}im Eg,
— 00

N—oo

1
1‘1_11 1+ qH[N,N}—N+mN—(s—a)N1/3+i] ’

Transforming both limits using (8.9), (8.10) and sending ¢ — 0, we conclude

H[N,N]— N +mN . -\ +mN
(P ) = i P (S >)- O

lim Pg
N—oo v
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8.5 Weak asymmetry and KPZ limit

In this section we consider a weak asymmetry regime in which b; and by both tend to 1 in such a way
that ¢ = by /by — 1, while u = %:Z; stays fixed inside (0, 1), as in Figure @ If we choose all the scales
carefully, then we see a new interesting limit. We only produce the asymptotics on the diagonal, but the
same method works equally well away from the diagonal.

Theorem 8.9. Consider the stochastic six-vertex model in the quadrant, with all paths entering from the
left and weights of Figure[8. with 0 < q,u < 1. Suppose that ¢ — 1 and N — oo in such a way that
q=exp(—¢) ande3N — 7 > 0, while 0 < u < 1 stays fixed. Then

, 1—u'? In(e)) 4
sﬂOl,lern%oog (H[N’N]_Nl—kulﬂ + 5 =9, (8.11)

where §) is a random variable such that the Laplace transform of its exponential is computed via the points
of the Airy point process as

E exp(—vexp(—ﬁ))} = Eairy

M 1
—_— > 8.12
Hl—kvexp(Cai)]’ v=0, (8.12)

i=1

with

(1 —ul /2)1 /3
(14 ul/2)

The expectation in the right-hand side can be computed as a Fredholm determinant involving the
Airy kernel by using Theorem This can be used to identify ) with the distribution of the solution
at position # = 0 and time ¢ = 2¢3 (so that ¢ depends on 7 linearly) to the Kardar-Parisi-Zhang SPDE
with the narrow wedge initial condition, see [BG16] or [ACQ11} [CLDR10, Dot10, [SS10]. In more
detail, 3 = exp(—$ — t/24) is a solution at time ¢ and position 0, i.e,, 3 = 3(0,t), of the stochastic heat
equation with §—function initial condition and space-time white noise &(z, t):

1 0

0
as = 5@3 - 3§7 3(X7 0) = 5(X)) (8.13)

The stochastic heat equation is obtained from the KPZ equation by a formal change of variables
3 = exp(—h), which is known as Cole-Hopf transformation.

A more conceptual way to identification with the KPZ equation is to directly pass to the limit in the
evolution equations for the stochastic six-vertex model and recognize the appearance of (1.4). This is
being complicated by the delicate meaning of the KPZ equation: it is ill-posed as a classical SPDE and the
usual approach is to instead consider a better behaved SPDE , see [BG97,|/ACQ11,[CT17, [CGST20]
and [Qualll Section 2.15] for related results.

Nevertheless, let us give a heuristic argument explaining why we should expect ASEP of Figure
to converge in a weak asymmetry limit towards the KPZ equation; since ASEP itself is a limit of the
stochastic six-vertex model, this predicts a similar convergence for the latter. For ASEP with step initial
condition, let h(x, t) denote the height function at time ¢, which is a broken line of slopes 41 as in Figure
The ASEP evolution rules can be restated as follows: for x € Z + % the height h(¢, ) increases by
2 atrate vif h(z,t) — h(z — 1,t) = —1 and h(z + 1,t) — h(x,t) = 1; h(t, ) decreases by 2 at rate [
if h(z,t) — h(x — 1,t) = 1 and h(x + 1,t) — h(x,t) = —1. Since the only possible slopes are +1, we
further note that

¢ — 1/3,1/6

1, ifh(z,t) — h(z —1,t) = —1,

0, otherwise.

h(x —1,t) — h(z, t)+1
5 =
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Using this and three other similar indicator identities, we rewrite the time evolution rule of ASEP as

dh(z, 1) = h(z—1,1) = h(z,t) + 1)2(h(x +L8)—h@ ) +1)
() = b = 1,8 + )k, t) — @+ 1) +1) (o),

2

where £ is a Martingale (i.e., of conditional mean 0) random term, which is what remains from random
evolution after all deterministic drift terms are removed. Transforming the dt terms, we get

v+

dh(z,t) = 5

[h(z —1,t) — 2h(z,t) + h(z + 1,t)]dt

+ [;—t [h(z,t) = h(z — 1,0)] [h(z + 1,t) — h(z,t)]dt + tT_[dt + &(x,t). (8.14)
If all the rescalings are chosen appropriately, one can hope that then the first term in the right-hand side
of approximates the second derivative, the second term approximates the squared first derivative,
the third term leads to a deterministic linear in time drift, and the noise in the fourth term becomes
asymptotically Gaussian by an appropriate CLT. Hence, after subtracting the drift we see the appearance
of the KPZ stochastic partial differential equation:

oh 19%h 1 (0Oh ?
—(z,t) = == (z,t) — = | =—(z,¢ t). 8.15
500 = 550 5 (5o60) +e@) 5.15)
Proof of Theorem[8.9 We choose u > 0 and set
2u1/2
— oy mN —
w = vg™", M=
in (8.4), leading to
O 1 o 1
]Eﬁv H — - | = Eschur [H _,] . (816)
P 1 + vgH[N:N]=N+mN+i e 1+ vg’ N +mN

We are going to prove that two sides of this identity converge to the two sides of (8.12). We start
from the right-hand side, in which we choose 21 = --- = a2y = y; = --- = yy = /u in the Schur
measure and use the result of Theorem [5.27}

: -1/3 d _—1/3 .
Jim N BN, —mN) =77 Y3¢a;, i=1,2,.... (8.17)
Hence, jointly in distribution over finite collections of j = 1,2, 3,..., we have

i 1 1
im — = .
N—oo ] 4 UqJ*)‘j+mN 1+ vexp (Q:Clj)

We would like to upgrade this to distributional convergence of the infinite products:

o0 [e o]

1 ? 1
lim ——————=|| +———-——, indistribution. 8.18
N=oo 151 + vgd Nt ]1_[1 1+ vexp (Cay) (8.18)
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Since individual factors have the desired limits, to prove (8.18) we need to produce a uniform tail bound.
Note that the convergence of [ [;(1 + ;) is equivalent to convergence of ) _; z; for positive z;. Hence,
we would like to show

JLIElO Zq hl%o Zexp (Ca;) =0, in probability, uniformly in N (8.19)
j=J Jj=J

Using Markov inequality, follows from the fact that the following expectation is finite for each

k>0

hm Eschur Zq “NAmN) | L Zexp (k€a;) | < oo. (8.20)
J=1

The lim o0 limit in the left-hand side of can be computed by using the contour integral expres-
sion that we developed in Theorem The expectation in the right-hand admits an explicit formula
(5.87). The details of checking are left to the reader (this is one of the exercises at the end of this
chapter).

Since the random variables in are between 0 and 1, taking the expectations commutes with
taking the limits, and we conclude:

o0

1
H J=Ai+mN

=1 1+vg

oo
1
li E —_— > 0. 8.21
11m Schur };[1 1+ v exp (Q:Clz)] ) u = ( )

= IEAiry
N—ro0

Turning to the left-hand side of (8.16), we denote

1—u'?  In(e)

and notice the g-exponential approximating an exponential as ¢ = exp(—¢) — 1:

[e.9]

1 b 1
1 | =1
! g 1+ qu[N’Nl—N“‘N“] ! [Hl 1+ evexp(—ny) exp(—ai)]

1=

= — Z In (1 + ev exp(—ny) exp(—¢i))

i=1
=— Z (evexp(—nn) exp(—ei) + 0(521}2 exp(—2ny) exp(—2ei))) — —vexp(—nn). (8.22)
i=1

Since the expression under expectation is between 0 and 1, we conclude

o0

1
Ego H 1+ UQH[N,N]—N+mN+z'] = Eeo [eXp(_“ exp(—1))
=1

+0(1), e—0, N — .

(8.23)
Combining (8.16) with (8.21), (8.23) and noting that convergence of Laplace transforms implies conver-
gence in distribution (by the same argument as at the end of the proof of Theorem [7.13), we arrive at
(8.11). 0
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8.6 Exercises

Problem 1. In the g—PNG the evolution rules are exactly the same as for the continuous PNG of Section
except that when two islands merge at point z, with probability ¢ a new island is added at . Explain
how the second limit in Section[8.3|and Figure lead to the limit from the stochastic six-vertex model
to this object. Use Corollary [8.6|to show that the large-time limit of ¢—PNG is governed by the Tracy-
Widom distribution. How do scaling constants change, relative to the ¢ = 0 case in Theorem5.19

Problem 2. Figure hints at the existence of another limit as by — 0, while by is fixed, different from
the ¢—PNG. Find such a limit, leading to a continuous time, discrete space interacting particle system.

Problem 3. Take the limit to ASEP, described in Section 8.1} in the identity of Corollary [8.6] Further ap-
plying steepest descent analysis to the correlation functions of the determinantal point process replacing
the Schur measure, compute the large time limit of the height function h(¢, x) (which counts the number
of particles in ASEP at time ¢ to the right of a given point x). One should get a deterministic law of large
numbers and Tracy-Widom fluctuations of size t'/3. Compare with (5.85).

Problem 4. Make a computer simulation of ASEP to verify numerically your result in Problem 3.

Problem 5. Comparing the coefficients of w and w? in Theorem vs Proposition and using Theo-
rem|6.13| obtain explicit formulas for the first two g—moments of the stochastic six-vertex height function
H[N, M]. (One should be getting a contour integral for Eq/’ and a double contour integral for Eq?*.

Problem 6. Setting by = exp(—¢f1), ba = exp(—ef2) and sending ¢ — 0 in the result of Problem 5,
show that e H [¢ 12, e !y] has a deterministic limit h(x, y). Transforming the resulting contour integral,
find a second order partial differential equation for b, which is especially simple in terms of exp(h).

Problem 7. Analytically continuing of the result of Problem 5, extend the contour integral expressions
for Eq and E¢? to the case ¢ > 1. Using the particle system representation for the stochastic six-
vertex model 21 (t) > z2(t) > ..., as in Section 8.1} conclude by taking the limit of the contour integral
that for fixed 1 > by > b; > 0, the random variable x(t) — ¢ is tight as ¢ — oo. This explains the
configuration being frozen outside a small neighborhood of the diagonal in Figure

Problem 8. Using (8.12), show that the random variable §) after proper centering and rescaling converges
to the Tracy-Widom distribution as 7 — oo. Thus, the solution of the KPZ equation has Tracy-Widom
distributed large time fluctuations.

Problem 9. Using Theorem|6.13| write a contour integral expression for the expectation in the left-hand

side of (8.20). Sending n — oo and using (5.87), prove (8.20).

Literature. We used the following sources for composing problems and refer to them for more informa-
tion, references, and connections: [TW09], [SS10], [ACQ11], [BG16], [BO17bl], [BG19]], and [ABW23].
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