STAT260 Mean Field Asymptotics in Statistical Learning Lecture 9 - 02/22/2021

Lecture 9: Replica method, II: the spiked GOE matrix, part b)
Lecturer: Song Mei Scriber: Robbie Netzorg Proof reader: Zitong Yang

1 The Spiked GOE matrix and the free energy approach

In this lecture, we explore using one technique from statistical physics, known as the Replica Method, to
help us calculate the asymptotic behavior of the Spiked GOE matrix, given as follows:

Letue S t={xecR" : |z =1}, N € R\, W ~ GOE(n), and Y = Muu? +w € R**". Then, we
are particularly interested in calculating:

¢(A) = lim E[ :181571<07Y0>L (1)
m(A) = lim E[(vmee(Y), u)’], (2)

where v,,q,(Y) = argmax, cgn 1 (0, Yo).

1.1 The Free Energy Approach

L Towards the end of calculating the free energy density ¢(\) and the ensemble average of the observable
m(A), we introduce a perturbed system given by the Hamiltonian Hy (o). With the configuration space
Q = S"! and the reference measure vy = Unif, we have that

Hy(o) =—n(oc,Wo) — n\o,u)?, (3)

Zu(BN) = [ exp(~BH (o)} m(do), (4)
Sn 1

P, (8,A) =log Z,,(B, A), (5)

¢(8,A) = lim Ellog Z,(8,A)]/n, (6)

60 = Jim 56(5.). (")

m(\) =¢' (). (8)

As is, the above formulas are difficult to work with, especially ¢(8, \), which contains the expectation of
a logarithm.

2 The Replica Trick

From Sherrington’s 1975 work [?], we now introduce the Replica Trick, a helpful technique for simplifying
the calculation of ¢(8,\) = lim,_, o E[log Z,,(3, A)]/n. For this, we introduce the following Lemma:

Lemma 1. For a given random variable Z, we have that

1 )
Ellog Z] = lim - log E[Z*].

1For background on this section, please refer to [?]



The usefulness of this lemma lies in its ability to equate the expectation over a logarithm to the expec-
tation over moments, which is much more tractable to analyze.

Applying this lemma to ¢(5,\), we have that

1
(B, \) = lim lim_—-logE[Z,(8,1)"].

This gives rise to the following 4 step procedure to calculate m(\):

a) S(k,B,\) = lim flogIE[Zk] The n limit
n— oon
b) 6(8,A) = lim +S(k, 3, \ The k limit
k—0 k
&) 6(N) = lim ~o(5, ) The 8 limit
B—o0 ﬂ
d) m(\) = ¢’ () The X differentiation

We will now calculate the four steps individually for the Spiked GOE matrix.

3 Calculating the n limit
In order to make the calculation of S(k, 8, \) tractable, we first introduce the following lemma:
Lemma 2. For k € N, we have that

S(k,3,\) = lim l1og1[-z[zn(ﬁ,x)k]

n—o00 N

= sup Uu(Q),

QERGH+DX(++1) diag(Q)=1Q=0

where

ﬂAqu P E e+ + 3 logdet(Q),

1,5=1
and Q = (gij)o<i,j<k-

With this lemma, we have the following derivation:

([ ewome >}uo<da>)k}
L. exp{ ZH,\U }ﬁ o)

E[Z, —E

|
&=

[
| 2

k k

/ Sn-1)® K exp{5"2( <uva“>2+<a“,WU“>)H [] vo(de?)

a=1 a=1

k k

— /(Sn1)®k exp {,an Mu, g-a>2} E[exp {5n2<0.a7 WUG>H H vo(dor®).
a=1

a=1 a=1

E



Recalling that W = (G + GT)/v/2n, G € R"*", Gij ~ii.q. N(0,1), we have from last lecture that

k
E = [exp{ﬂnz (G+G")o >/\/2nH
a=1
k
—exp{ n Z }
a,b=1
Substituting E, we have that
k k
E[Z,(8,\)F] = / exp {ﬂnZ/\ u,0”)? + 5%n Z (aa,ab>2} H vo(do?).
(sn= 1)® a,b=1 a=1
Plugging in
k k
1= [ T o0 —aa) T] 800" ") = ) ] da
a=1 a,b=1
We have that
k
BZ,(6. 0" = [ I e {mnz Bot Y )
" H®* h<a<h<k ab=1
k
/ H S({u, o) — qoa) H 5((o*, 0’y — qup) Hduo(da“) )
§P )+, 1<a<b=<k
Ent
Using the Laplace Method, we have that
k
E[Zn(8, )] = Sup exp {BMZqu +5%n 0y qib} x Ent,
a=1 a,b=1

qii=1
where Q = (gij)o<i,j<k-

Simplifying Ent, we have that

k k
Ent = / v(de®) / H 5((a%, 0™ — qoa) H (0% o > dab) H vo(do?)
snt sm=1) ab=1 a=1

a=1

k
= v(d&®) / 5((6°,8%) — nqoa) 5((6%,6%) — ngap) o(de®)
/ e . T I] & H

e CVZD) et ab=1

=P(Q(7) ~ Q) = exp {n§ log det(Q)}.



Taking everything together, we have that

E[Z,(8,\)*] = sup eXP{ (B)‘Zqu +p5° Z Gap + 5 logdet(Q)}
Qii_:1 ab=1

which implies that

S(k,B8,A) = sup U(Q)
Q>0
Q=1

U(Q) =exp {n (5A§jq0a+ﬁ2zqab+ log det(Q) }.

ab=1

4 Calculating the £ limit

From the previous section, we have that

1
(B, A) = hm S( ,B,A) = lim — sup U(Q).
k—0 Q-0
Q..=1
There are two problems with the above equation. First, the formula is derived for an integer k. Addi-
tionally, k is the dimension of @ matrix, leads to no closed form solution for the argmax.

Our approach is to ignore these problems and guess a form of the solution (ansatz). The hope is that
the solution will be correct, which we can verify with simulation studies, and we can return and rigorize the
argument.

Defining Q as a k x k matrix with entries (g;)o<i j<k, and TT € REFDX(E+1) a9

10
n=[p 4]

where II is any permutation matrix. We have the following lemma:

Lemma 3. If U(IQNT) = U(Q), then there exists some Q, € RE+HVXE+D) that is stationary and Q,
Q.17 for all permutation matrices I1.

A reasonable guess is that the supremum is taken at this Q,. Let us posit that @ takes the following
form:

| A 1)

po 1 g
Q=|. ;

. q

woo... 1

where qo, = p for all 1 < a < k. and gu = ¢q fpr a;; 1 < a # b < k. Then, we have the Replica
Symmetric Ansatz:

Uk, 1,0) = BNe® + 52k + k(k — 1)) + 5 log det(@).

We note that for matrices in the form of @, with a k x k block A, we caluclate its determinant via the
Schur Complement:



"
det | . = det(A — p?1;1}),

where A = q117 + (1 — q)I}.
Then, we have that

log det(Q) =log det((1 — g) I, + (¢ — )15 1%)

(211_‘5))) + klog(1 — q).

=log (1+k

Simplifying U (k, i, q), we have that

2 2 2 1 (q_IUQ)
U0, psa) = BNkt + 52k + (k= 1)g?) + 5 [Flog(1 — q) + log (1 + & g )]

With our guess, we have the following;:

6(8, ) = lim sup ~U(k, 1, q)

k=0 g K

o1
:eXtu,q %% %U(ka s q)a

where ext, f(z) = f(x.) where z, € {z : Vf(z) =0}. Then we have that

o1

1 lg—p?
=82 + B%(1 — ¢%) + = log(1 — =
BA" + B7(1 = ¢7) + 7 log( Q)+21_q,

and

¢(ﬂ7 )‘) = eXtH,q’U’(/’lﬂ qa B7 )\)

Per the definition of the ext operator, we solve for u, g s.t. the partial derivatives are equal to O:

8u—2[3)\uf7: ( )
on2 1 1 gq }qfuz
O =—20% 2(1—)*21—q 21— g
2

2P 21—
Solving these equations, we have the following extrema:

1. u1 =0, gt =1—1/28, which implies that

B1(8. ) =25~ § — S 108(25).



2. 26X =1/(1 — q), which implies that

r=(( 52 (- 50))

Q2 = 28\

Additionally, we have that

b2(8.0) = B(A+ %) - (4—; + %) - %log(2)\6).

5 Computing the § — 0 Limit

We are close to having computed the free energy density, ¢(\). All that remains is taking the limit with
respect to . With that in mind, computing the limits, we have that

B1(0) = Jim Z01(5,) = 2

P2(A) =\ + %

Noting that |W||,p ~ 2 and || Auul||,, ~ A, we note that

6(N) = lim E[\0s (hur” + W)]
has two properties:
1. ¢(\) is non-decreasing
2. limy, o0 ¢(N) = 00
Plotting ¢1, ¢ in Figure 1, we see that:
1. A <1, ¢ is decreasing, which implies that the solution is ¢; = 2

2. A <1, ¢ stays constant, which implies that the solution is ¢9

This defines the BBP transition:
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Figure 1: BBP Transition Illustrated



	Lecture 9 – Replica method, II: the spiked GOE matrix, part b)
	The Spiked GOE matrix and the free energy approach
	The Free Energy Approach

	The Replica Trick
	Calculating the n limit
	Calculating the k limit
	Computing the 0 Limit


