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Lecture 7: Concentration Inequalities and Field theoretic calculations

Lecturer: Song Mei Scriber: Mengqi Lin Proof reader: Tae joo Ahn

In this lecture, we will finish the discussion of concentration inequalities, which includes the general recipe
of showing the concentration of ensemble average of an observable and another example of its application:
Trace of resolvent of Wishart Matrix. And then talk about field theoretic calculations, which is the prerequi-
sites of Replica Methods, and an application example of Large deviation of overlap matrix will be discussed
as well.

1 Concentration Inequalities

1.1 General Recipe of showing the concentration of ensemble average of an
observable

Suppose we have a perturbed Hamiltonian Hy (o) = Ho(o) + AM (o), where Hy(o) is a random Hamiltonian,
e.g Ho(o) = (0, Wa), and M(0o) is the observable, e.g M (o) = (0,0)?/n, the ensemble average (M)g, x, /n
is the quantity of interest:
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Before calculating the limits of this ensemble average, we would like to firstly calculate the concentration of
it. The general steps are as follows:

Step 1: Showing the concentration of Free energy
Define the normalized free energy

Fo(B,\)/n = —%log/gexp{—ﬁH,\(a)}

Let U, (A\) = F.(B«, A)/n, we would first to show the concentration of Uy, (\):

lim P(|U,(A) — E[U. (V]| = €) = 0 (1)

n—oo
If the Hamiltonian involves Gaussian randomness, we can apply Gaussian concentration inequality to

show this.

Step 2: Derivative of the limiting free energy
Assume we are able to calculate the limiting free energy :

lim E[U,(\)] = u(A), VA

n—roo

and u(A) is differentiable at particular A..
Define the discrete derivative of the limiting free energy:

u(A+96) —u(A)

AT\, 6) = ;



we have

. + _ . — _ /
Jim AT(O,8) = lm A~(\,8) = /(A (2)

Note this step is completely by assumption.

Step 3: Derivative of the prelimit free energy
Note A, (A) = U, (A) = (M)a, »/n. Define the discrete derivative of the prelimit free energy:

AF(N ) = 5

_ Un(N) = Un(A =)

AL (XN,0)
Note UJ/(A) = —cVarg, A(M) < 0 is concave, so we have:
AT (A 0) < An(N) < AL(N0) (3)
Step 4: Bridge the above 3 steps

AF O, 8) =2 AT, 8) 2w (M)

n—o00 6—0

A (0, 8) =25 A= (A, 8) 2 w0

n—o0 5—0

= An(h) =2 ()

n— oo

where A, (\.) = (M)g, », which is what we want to show : the concentration of ensemble average of the
observable.

Remark 1. If we directly apply Gaussian concentration inequality on (M)g, ., we cannot get a tight

concentration bound. That’s why we need to introduce the free engergy function.
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1.2 Example: Concentration of Trace of resolvent of Wishart matrix(Stieltjes
transform)

Let X € R with X;; ~;;.4. N(0,1/d). Let S(A) = tr[(XTX + AI)"]/d, (A > 0), n/d — ~

Proposition For any § > 0, we have:

clog(2/9)

B(1S() —E[SO]| < ) 5]

)21—5

Note: the bound rate is O(1/d), which is different from the previous examples of rate O(1/v/d).

Proof. Goal: To show S is 1/d-Lipschitz in Gaussian r.v.
Let G = VdX € R™4 with Gyj ~; ;4. N(0,1)

S(G) = t[(Mq+ G'G/d) '] /d
= tr[(MdI; + G'G)Y

Use the fact that taking derivative and taking trace can be exchanged, %’?4 =—-A(t)"! 9A) A(t)~! and
tr(AB) =tr(BA):



96,5(G) = —2tr[(AdI4+ G'G)'G E;j(\dI;, + GTG)™']
= —2tr[(AdI; + G'G)*GTE;]
= —2(G(\dI,+G"G)?),Ey;;)

Hence, in terms of G: )
VeS(G) = —2G(\dI; + GTG)72)

SVD decompose matrix G = USV and Calculating the Lipschitz constant:
L? =sup|2G(\dI;+G'G) %)%
G
=sup QUZV (M, + VE*VT)72)|%
G

= sup |22 (\dI 4 + £?)7?)||%
G

- eMd
<4y — 77
= ; (A + cAd)4

n
RS EPE

where (8) follows from the fact that (7) maximizes when o;(G)? = cAd for some constant c.

2 Field Theoretic Calculation

We can think of this as Heuristic Physics Calculation. This calculation is also the basic for replica method.

Quantity of interest:

Z, = /Q exp{—BHx(0)}do

lim E[% log Zn}

n—oo

2.1 Delta Function d(x-a)
Mathematically:

o p(fa}) =1, p({R/{a}}) =0

e j(x—a)= (}11)% ¢o(x — a), where ¢ (x — a) is the Gaussian density with mean a and variance o

J f(x)d(x — a)dx = lir% / f(z)ps(x — a)dz, for some test function f.
o—

Physically:

fla) = /Rf(x)(s(x —a)dx

(10)

(11)



e Delta identity formula

1 [t
a€R, 6(xr—a)= 27/ iP@=a) gy, (12)
T J_co
+oo
RY. §(x — :L i{p,w—a) 4 13
acRl @ —a)= o [ el (13)

intuition:
We know from the Fourier transform:

f(z) S o eip‘”</+oo e_i“pf(a)da) dp

21 J_ o oo

oo — OO

And by (11), we know:

o 1= [,0(z—a)dx

2.2 Gaussian Identity Formula

We begin with some quantity in the LHS of the following formulas, and would try to derive it into an
integration of some Gaussian randomness.

exple —alfy/2h = det(4)} [ s explp. o~ ) = Flplfs 1o (14)
2 _1 1 ) 1 9
exp{—llo —al?/2) = det( )} [ exalilp. - ) = SlplFy 1 )ap (15)

(14) is derived from Gaussian moment generating function , (15) is derived from the Gaussian characteristic
formula. To remember the two formula, we can use the fact that:

/ (@n)2 dlet(A)1/2 exp{—(@ —a—Ap)TA™ (z —a - Ap)/2}dp = 1

2.3 Laplace Method

o If f,(A) = f(A) as n — oo, then ka exp{nfn(A)}dA = sup exp{nf,(A)}.
AERF
1 1
where a, = b, <= lim —loga, = lim —logb,
n—oo M n—oo M
And we look into this kind of equivalence because of our quantity of interest (10).

e Example: f,(\) = %log/ exp{z h(ai;)\)}Hdai
R i=1 i=1

[ evtnrionyar= [ [ (3 hlo ) [ Laos = up /| (3 h(o )} Lo



2.4 Saddle point approximation (Method of steepest descent)
o If f(iX) — f(N)asn — oo, then [, exp{nf,(iX)}d\ = g)ec(g exp{nfn(A)}.
where ext exp{nfn(A)} = {f(A) : f'(A) =0}

1 n n
e Example: f,(i)\) = flog/ exp{z h(ai;i)\)}Hdai
K R i=1 i=1
[etngainar= [ [ exp(d noisin) [[dos =sup [ esp(3" hiown)} [ doy
R R JR® i=1 i=1 A€C JR™ i=1 i=1

2.5 Example: Large deviation of overlap matrix

Let 01,...,05 € R", k fixed, n = 00, (0);c(] ~i.i.a. Unf(S""1(yn)). o =[o1,02...,04] € R*.Q(0) =
o'o/n € R¥** 50 Q(o) is _symmetrlc and Q(o);; = 1. Let Q@ € R*** be a symmetric matrix with
Qo) = 1. Interest: P(Q ~ Q). i

tim Tim 1o P(Q(0)y; € [Q1 — e, Qu + ), ¥i, ) (16)

goes to some nontrivial constant.
Physicist prospective:

A . f]R xk o - Q) Hf 1d0’ . Sn(Q)
P(Q~Q) = = (17)
( ) S Tlizy IImH /n -1, do; Tn
[Actually T,, = S, (I)]
We now calculate S, (Q): Using (12):
k
1
Sp(Q) = Ao ) ——7a7173 —iAij (03, 05) + 1Ai;nQi; dAij
Q) /]Rnxk (}:[1 7 ) (27T)k(k+1)/2 /]Rk(k+1)/2 1Sggkexp{ ' j<o- aj> o an j} 1gg§k ’ (18)
H exp{—i)\iiHa'iH%/Z—l—i/\iini/Q} H dNi;
1<i<k 1<i<k
Using Saddle point approximation :
S, (Q) mf/R (Hda ) exp{— Z Nijloi,0,)/2+n Z A Qii/2} (19)
nxk 17=1 17=1
mf A (H H do¥ ) exp{— Z Aij Z oo /2} exp{n Z Xi;Qij/2} (20)
kil a=1 ij=1  a=1 ij=1
k
—inf ( / (Hdal) exp{— Z Xij Z 0i03/2}) " expin 3° XijQu/2} (21)
i=1 ij=1 a=1 ij=1
(22)
Using Gaussian Identity Formula (14):
Su(@) = inf (det(8) 73 (v2m)") " exp{n(A, Q)/2) (23)
= irﬁf exp{n[(A,Q)/2 — %log det(A) + glog(%r)]} (24)
(25)



Therefore,

Therefore,

k
log 5,(@) = nfl(A, @)/2 ~ 1 logdet(A) + ¢ log(2r)]
_1 log det(Q) + k log(27)
2 2
1 ~ 1 1
“10gP(Q~ Q) = - 10g5,(Q) — - log Su(D)
= %log det(Q) + glog(%r) - glog(%r)

= %log det(Q)
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