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1 Motivation

Many quantities that we are interested in are of the form
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where fia(dX) =n~' )" | 6),(a) is the empirical measure on the eigenvalues of A. For example, in Lecture
16 we saw that the bias and variance of the linear model can be written as:
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mﬁA(dS) (Bias),
V(A = GQE/RWZZA(dS) (Variance),
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where here A = X T X /d, and X is the design matrix. To analyze these expressions asymptotically, we hope
to understand fia(ds) for large n.
2 Stieltjes Transforms and Stieltjes Functions

We begin with the definition of the Stieltjes transform.

Definition 1 (Stieltjes Transform). The Stieltjes transform S is a map

S:P(R) — F(C),

1
p—m=S(p), o
where p € P(R) is a probability measure and m : C\ supp(u) — C is given by
()= [ n(do) @)
m(z) = [ ——p(da).

The function m is called the Stieltjes function of p.
Remark 2. Note that for p = jia = n= 13", Ox,(A) the empirical measure on the eigenvalues of A, we
have that the associated Stieltjes function is given by

n

m(z) = / ! fa(dz) = %Z ﬁ = %tr((A —2)7h).

r—z :
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In particular, when A = X" X and z = =\, then m(z) = n " "tr((X T X + AI)71).

Let’s see some properties of the Stieltjes function m = S(u), for u fixed.



e For z € C, write z = A+1in where A\, n € R are the real and imaginary parts of z; we’ll use the notation
Re(z) = A and Im(z) = 1 to denote these two numbers. Then we have that

Im(m(z)) = /Im(flz)u(dx) = /Im((x_(xz)_(z)z)),u(dx) “

B Im(z — 2) B 7
- _/ (I — )\)2 +n2/’b(dm) - / ($— A)Q +772M(d$)7

and furthermore
Re(m(z)) = / T (4)

e Notice from eqn. 3 that n > 0 implies that Im(m(z)) > 0, and hence we have that m maps C4 to Cy,
where C; = {z € C: Im(z) > 0} is the set of complex numbers with positive imaginary part.

e Based on the expression in eqn. 3, we have the following useful interpretation for Im(m(z)). Recall
the Cauchy(\,n) distribution has density

Then observe that 1

L n(m(2) = / p( — 2)u(dz) = pxp,

s

where p * p is the convolution of p and p. In other words, if X ~ p and W ~ Cauchy(\,n), then
7~ m(m(z)) is the density of the random variable X + W. Intuitively, Im(m(z)) is a “smoothed”
version of the density of u.

e For z € C\ supp(p), the following hold:
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e As we saw above, the Stieltjes transform m is infinitely differentiable, and moreover it is an analytic
function on the set C\ supp(u), meaning that the following hold:

— The Taylor expansion
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converges to m(z) locally in a neighborhood around zg, for any zy € C\ supp(u).

— m can be determined by only a countable set of points. That is, if (z,),>1 € D C C4, where D
is an open set, and z, converges to some z, € D, then for any two Stieltjes functions m,m we
have that if m(z,) = m(z,) for all n, then m(z) = m(z) on all of D.



e Suppose that p has bounded support, say supp(u) C [—M, M]. Then for any z € C with |z| > M, by
Taylor expanding, we have

m(z) = /R . i Z,u(dm) = —Z_I/R (1 - g)ilu(dx)
- /Rgo (g)kumx) = _gww /R *p(dr).

In particular, if we denote m(y) = m(1/y), then we can write

_ Zyk-‘rl /]Rfkﬂ(dx) )
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That is, the coefficients of the Taylor expansion of m (and m) are given by the moments of the
probability measure p. In particular, for |z| large, we have

m(z) = 1 +O<#>.

z
We also have the following proposition, which allows us to invert the Stieltjes function to get the original
measure p back from m(z).

Proposition 3 (Stieltjes inversion). For two points a < b where the CDF of p is continuous, then

b
p(la, ) = lim / %Im(m(z\+in))d)\. (5)

Intuitively, this result follows from our understanding of Im(m(z)) as the convolution of y with the Cauchy(0, n)

density, since
77—)0

1
—Im(m(X + in)) = p* Cauchy(0,n) —— pu.
T

What this inversion formula means is that there is a one-to-one correspondence between Stieltjes functions
m(z) and probability measures p on R. An important implication of this fact is that if two distributions
1, & have the same Stieltjes functions m = m, then p and i are equal. This also holds for approximate
statements; that is, if m = m, then u ~ . In order to formalize this claim, we recall the definition of weak
convergence of measures on R.

Definition 4 (Weak convergence). Let (i, )n>1 € P(R) be a sequence of probability measures. Then we say
that p, — p weakly if for any continuous function f € C(R), we have

[ @) == [ o

We can now state the following theorem, which formalizes our above claim. Note that this theorem can also
be made quantitative.

Theorem 5. Let (fin)n>1 € P(R) be a sequence of probability measures, with Stieltjes functions (m,) C
F(Cy). If there exists m : Cy — Cy such that:

e For any z € C4, my(2) = m(z) and

e m is the Stieltjes function of some probability mesaure pu,



then p, — p weakly.

Remark 6. Recall that our goal is to characterize

lim F,, = lim —Zf

n—oo n—oo N

for a random matriz A. Then we can proceed with the following approach.

o First, we figure out the limit

m(z) = lim E[m,(z)] = lim 1IE)[tr((A —zI)7Y),

n—00 n—oo N

where my,(z) is the Stieltjes transform of the empirical distribution ia(dX) = n=t 37" 6y (a). Also,
show that my,(z) concentrates around its expectation, so that this limit can be stated almost surely.

e Then, we express F,, as a function of the Stieltjes function my, i.e. a map G : F(Cy) — R such that

F, = = lim /f —Im(my (X +in))dA.

n—0
For example, the bias term we saw before in the linear model can be written as Bp(\) = A% - m/(=\).
e Finally, we want to show that the map G is continuous, so that lim,,_,~ F,, = G(m).

In the next section, we see an example of this general recipe.

3 Limiting Stieltjes Transform for the GOE Matrix

In this section, we look at a ‘toy’ example of the procedure described in the previous section. Namely, we
will compute the limiting Stieltjes transform for the GOE matrix, and use this to characterize the limit of
the empirical distribution of its eigenvalues. First, let’s recall the definition of the Gaussian Orthogonal
Ensemble.

Definition 7 (Gaussian Orthogonal Ensemble). We write W ~ GOE(n) to mean the random n X n matriz
W for which
Wijw./\/'(O,l/n) 1<i< g <n,

Wi =Wy.
We also define the semicircle law.

Definition 8 (Semicircle Law). The semicircle law is the measure p such that
p(dz) = p(x)de,
where p(z) = (2r)"1V4 — 221{x € [-2,2]}. See Figure 1 for an illustration of the density p.

The main result of this section is that for W ~ GOE(n), the distribution p, = fw converges to the
semicircle law p. This is stated in the following theorem.

Theorem 9. Let W ~ GOE(n). Then almost surely as n — 00, pn, =n~"t> ", Ox.(w) converges weakly
to the semicircle law p.
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Figure 1: Illustration of the semicircle law p(z) = (27)~'v4 — 221{z € [-2,2]}.

Remark 10. The above theorem can be generalized to a Wigner random matriz, that is, a random symmetric
matric W with independent entries in the lower-left part, first and second moments matching GOE(n), and
some other high order moment conditions. GOE(n) is a special case of a Wigner matriz, but the assumption
that the entries are Gaussian can be relaxed.

Proof sketch of Theorem 9. The main idea is to show the convergence of m,(z) — the Stieltjes function
associated with p, =n~' 37" | 6y, (w) — to

which is the Stieltjes function associated with the semicircle law p. Then, we apply Theorem 5 to obtain
the desired result. The idea is to use the fact that m(z) satisfies the self-consistent equation

m?4+zm+1=0. (6)
To do this, we use a “leave-one-out” analysis. Heuristically, the approach is as follows.

e We want to study m,,(z) = n~1tr(W —zI)~!). Intuitively, we think of this as follows: for W € R"*",
consider the smaller matrix W™ € R(=1x(n=1) where ngn) = W, that is, we just delete the last
row and column of W. Then we observe that

W Y GORMm —1).

n—1

Intuitively, the spectral properties of W and W™ should be approximately the same. Said other way,
we would have that

1 1
—tr(W = 2L, )™ & —tr(W = 2L,) ), (7)
where the ~ can be quantified. This intuition is the key to the leave-one-out approach.

e This approach leads to the following algebra. We want to compute (W — 2I)~!. Recall the following
expression for the inverse of a block matrix.
A B| [(A-BD'C)' «
o * x|

C D

The x terms can also be calculated, though for our purposes we are just interested in the first block
term. We will use the following notation.

wi = (W)eti € R



and
W(z) _ (Wst)s it c R(nfl)x(nfl).

Here w; is the ith column of W, omitting the ith row, and w (@) (called the minor matrix of W) is the
matrix obtained by omitting the ith row and ith column of W. To apply our block inversion formula,
we take A = W, B'=cC= w;, and D = w — zI,,_1. Using these definitions, we get that

1
Wii — 2 — w:(W(l) — zIn,l)*lwi .

(W —2D);;' =

Now recall that

n

mp(z) = %tr((W —2I)™hH =

S|

1
N M 8
Z Wii—z—w] (WO - 21, 1) lw, )

i=1 %
Importantly, note that w; is independent of W(i), so we have that

. ) 1 . 4
Elw] (WO = 2L, ) wi | WO = (WO — 2L, 1)) % ma(2), ©)

3

where (i) comes from our heuristic in eqn. 7, which again can be made quantitative. Then, using
concentration, we argue that
, i) 1 :
W (WO — 21, )y (WO =20, 0)7Y),

Moreover, for fixed z, we have z = O(1), and since W; ~ N(0,2/n), we have that [W | = O(n='/2).
Thus, asymptotically, we ignore the W ;; term in eqn. 8. Combining these intuitions, we get that

M) % Y s o) = s o)

After rearranging to solve for m,,, we get
Mn(2)(z +mp(2)) +1 =0 <= m2+2m, +1~0, (10)
which gives us back the desired self-consistent eqn. 6.

What remains is to make the approximations (¢) and (i¢) rigorous, and show that after doing so the
limit of the approximate self-consistent equation eqn. 10 is exact.

The approximation (ii) requires a concentration inequality (called the Hanson-Wright inequality) of
the form

t t? t
_ > ) <92. —emn(—m8, ——
Pamco (g Ag)/n—w()/nl = 1) < 2-exp (= eomin (g ) ()

where here we’ll use A = (W(i) —2zI)~! and g = v/nw;. Indeed, one can verify that

: 1
W@ —2D)7 oy < " and

JW O o) < Y2
n

By plugging these into eqn. 11, we can verify that

i ) gl i log(n
sup (g9, A9}/ — tr(AD n] = 01/ 2E).

i€[n]



Next, we need to deal with the approximation (i). To do this, we use the eigenvalue interpolacing
property. To see what this means, let W € R"*™ be symmetric, with W™ obtained as above by
deleting the ith row and column of W. Define the eigenvalues of these matrices as
MW) 2 (W) = - = A(W),
MW) > A(WH) > > 2,(WO),

Then the eigenvalue interpolacing property states that
MW) = M(W) 2 0(W) > 2 X0 (W) = M (W) >\, (W),

One can check that this allows us to make the approximation (i) quantitative.

Finally, we need to check that the approximate self-consistent equation eqn. 10 isn’t changed when we
take the limit. To see this, let

1 a.s.
my(z) e o g where r,(z) —

This gives the two solutions

i (2) = —(z+1rn(2)) £ Q(z—l—rn(z))2 —4. (12)

We'd like to argue that this approaches m(z) = 271(v/22 — 4 —z) as n — oo. To do this, we claim that
for n large, only the positive solution from eqn. 12 will be in C, which gives

my(z) = —EF () + 2<z+rn<z>>2—4 )

and hence the desired result.

For additional references, see [TV12, AGZ09, MP67].
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