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Lecture 16: Double Descent and Generalized Linear Models
Lecturer: Song Mei Scriber: Kumar Krishna Agrawal Proof Reader: Zitong Yang

1 Double Descent in Linear Models
We study the phenomenon of double descent in linear models. Consider the following setup

Training Dataset : (2;,¥;)icin] € R? x R
Linear model: y; = (x;, Bo) + w;

1
Where, Ti ~iid N(O, Id) Wi ~iid N(O, O’2 BO ~ N(O, &Id)

Under the linear ridgeless regression formulation we recover
3 1 2 Ao T T
Br =argmin —||Y — XB|I5+ — |8l = (X" X +d\)X'Y
B 2n 2n
By = lim By = XY
= Bo s, B

This is the ordinary least squares, minimum norm interpolating solution. Given the above solution, we can
compute the test error as

Test error: Ex {((X, BQ — (X, 50>)2} = ||B>\ — Boll3
R(\,v,0%) = lim Eso,x,0(18x — BlI3]

d/n—y
Consider the Bias-Variance decomposition of the above error term
Ef|8s — Boll3) = E[I(X7X +dAD) ' XTX — [)B+ (XTX + dA) ™ Xw]3]

—E[[(X"X +dAD) T XTX ~ 1)8] + E[[(X7X + A1)~ X w3]

Bias(\)||3 Variance(\)

Theorem 1 (Hastie, Montanari, Rosset, Tibshirani, 2020. Dobriban, Wager, 2015). Under the assumptions
above, as n,d — oo and d/n — v, we have

B(0) — (1 - %)1{7 > 1}
V(0) = 0 [ﬁm <1} + ﬁl{v > 1}]
02% v<1

R(v,0%) = B
(1—%”02%1 N> 1

In the rest of this lecture, we explore different approaches to recover the above solution.



Double descent curve in linear models

5 p
—— biasw/o0?=1
— varw/o?=1
— riskw/0?=1
S T S risk w/ 0% = 0.1
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Figure 1: Double descent curve in linear models with bias-variance decomposition

1.1 Approach 1 : Spectrum of the Wishart matrix

The bias-variance decomposition terms are expressible in terms of the eigenspectrum of certain matrices.

Bias(\) = Eg x|| ((XTX L dN)TIXTX - 1)5”3 = \2dE xtr [(XTX + M)—2]

— A2 ]E{/[Opo) ﬁﬂ(ds)}

where /i is the empirical distribution of eigenvalues, such that j(ds) = 3 E =100 (XTX/d)
Similarly, the variance can be simplified as

Var(\ [ XTX + d\) " X T2 } = o2Ey [tr((XTX + d)\Id)‘ZXTX)]

/

5A(ds)



Theorem 2 (Marchenko-Pastur law). Assume d, n — oo,d/n — ~ € (0,1). For sufficient nice funciton ¢

1 d
EZ?&(Aj(XTX/d)) di—foo /Qp(s)u(ds)

L VO =9,

ulds) = 2mo? YT
where Ay = o2(1+ V)2

(s € Ao, Ay])ds

In our context, examples of nice functions include ¥pg;,s(s) = PESyE Yyar(s) = ﬁ

1.2 Approach 2: Stiejles transform of Wishart matrix

Lemma 3. Define S(t,\) = tr|(tXTX + d)\Id)_l], then

BuS(t,\) = —tr [(XTX + d)\Id)*Q(XTX)]
ONS(t, ) = —tr[(tXTX + d/\Id)‘Q] x d
So that Bias(\) = —\? x 9xS(1, )\)
Var(\) = —o? x 9,5(1,\)
This gives us the following two steps to get asymptotics of bias-variance

(A) Calculate the asymptotics of S(¢, A)
(B) Show that 9,5(¢, A\) and 9;S5(t, \) converges to dy,0; of asymptotics

e (A) Apply CGMT
ExS(t,\) = Extr[(tXT X + d\l;) "] (note X;; ~ N(0,1))
= Egx | (9, (tX7X +dAa) "'g)] (where g = N (0, 1))

Using the variational form (§A™'g) = sup,cpa(2(g, u) — (u, Au))

ExS(t\) = Egx [ sup (2<g, w) — (u, (tXTX + dxfd)u>)]

u€eRd

—E,x {félﬂgd <2<§7u> —t]| Xul2 — dAH“H%)]

Consider [lal|3 = sup,egn 2{a,b) — [Ib]13

ExS(t, \) = Egx | sup inf 2(g,u) — 26w, Xu) + o]} — d]ul]

wERd vER™

Introducing random variables g ~ N(0,14),g ~ N(0,14),h ~ N(0, I,,) we apply CGMT

ExS(t.0) = Eggn| sup inf 2(g.u) — 24| (u.g) — 2tula(v. ) + s} — dull]
ueR4 Y



Using the simplification inf,cgr» f(v) = infg>q inf),),—5 f(v)

ExS(t,\) = Eg, h{ sup mf 2\/1 + 5262 (u, g) — 2t||u||28]|h||2 +t5% — d)\||u|\§}

ueRrd B
712

=E,, h[bup 1nf2\/1+t252 ”9”2 — 2taf f +t62—/\a2]

A sup mf (2 141252 — 2t,8/\/7y)a +t5? —

a>0
— inf |:(\/1+t2627t6/\/7y) +tﬂ2] = (t )\)
50 A
Calculus problem:
1
lim. [— A20ys(1, )\)} = (1 - 5)1{7 > 0}

g
li 20,8(1,\) = !
g, oS { > 1

e (B) Here we want to consider why O \E[S(¢, \)] = OxS(t, A)

Lemma 4. Iflimg_,o fa(X) = f(A) and limg_, o supycp |7/ (X) < 00, then

Jim f0) = FOV

1.3 Approach 3: The free energy approach

Recall the setting of LASSO example
Y=Azxqg+w W; ~uq N(O,O’Z)

In this setup, we are interested in % 2?21 (4, Xo4) as d = oo,n/d — §

A d d
i = Jim = [omin {5l = Asl+ 57 D20+ 3w}
d
—a2

=1
X = mln [

&M—‘

flp xzvxoz = [1/1(537300)]
B
— ﬂGu—i—)\F(u—&—xo)} + X

where (7, 8,) solves 7% =02+ 5*1]E{(7](:170 +7G; %) - zO)Q}

8= T(l —0'E [17'(:170 +7G; %)D



Remark 5. Consider taking I' = %xQ

1 t
— n(x;t) = min = (u — x)* + ~u?
u 2 2

=1 it also Oyn(x;t) = %th
:%:Ef:%G 72:% for(d > 1)
T =ot+dT [B+AT):| +5_1(ﬁff\f)2
B = T[l (ﬂixlr)}
o2
For 5> 1)\li>r(r)1+ BN =r(1—=6"Y) 7 = T
For o<1l @ - 16?5
where T2 = % + 52
0>1

EA_ 2—>5 20(52: 1061 22
HfI; fEOHZ (T* ) {( (5) 575 6 < 1

Question: How to apply CGMT to generalized linear models?
Recall the problem setup, where

1
Aij ~ N(O, g) Xo,i ~ P
P(Y; = 1|a;) = o({a;, z))

Defining the loss function,

14
H}(l_nﬁ mln{ Zl Yi, (@i, x +d;F($J‘)}

Define L*(y,v) = max vt — l(y, t) (which is convex in v)
te
. 1 I 1
,.mxlnﬁ( x) = mmmﬁx{n; [ aj, T (yuvi)] er;r(xj)}
1
:m;nm?x{ (yiyvi)‘FleF(wj)}
j=

Define y; = f({a;,x0);2;) where z; ~;iq P,



l‘oxg

Denote Py = . P=1,-P
llzoll3
. (zo,a;) 1
Ti; = ~ N(0,-) yi = f({ai, w0); zi) = f(&illwoll2; 2:)
l[zoll2 n
bi = Poa; = &i5—— z;i = Pira; = a; — &xo
&4 0||2
by o &1
note : b; are indpendent of ¢; B=|:|,C=]|:],{=|":
by, cn &n
A=APy+ AP =B+ C C is independent of (B, Y)
Using these, we can simplify the equation as
1 1¢
i o 1L
,,m;nﬁ(x)-m;nmgx{(v,APo x) + (v, AP,x) — nz+dZF Z; }

—min min max{@,cpol@+<v,§><x,x0>/||xo||2

t xi(xo,x)y=t v
d
_721 £1|J:0||1,ZZ Ul Cllz:: }

For any fixed ||xgl|2, &, 2, this is a Gaussian process where C is the source of randomness.

c.omin £(z) ~min - min max {||P(f‘x|2<g, v)/vn + ||[v||2(h, Pia)/v/n

T t  xzi(zg,x)=t
d
+ (0.8 (a, xo>/uxouz——§jz f&leoll .00 + 3 3 T )}

&M—‘
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