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1 Double Descent in Linear Models

We study the phenomenon of double descent in linear models. Consider the following setup

Training Dataset : (xi, yi)i∈[n] ⊆ Rd ×R
Linear model : yi = 〈xi, β0〉+ wi

where, xi ∼iid N(0, Id) wi ∼iid N(0, σ2 β0 ∼ N
(

0,
1

d
Id

)
Under the linear ridgeless regression formulation we recover

β̂λ = arg min
β

1

2n
‖Y −Xβ‖22 +

λd

2n
‖β‖22 = (XTX + dλI)XTY

∴ β̂0 = lim
λ→0+

β̂λ = X†Y

This is the ordinary least squares, minimum norm interpolating solution. Given the above solution, we can
compute the test error as

Test error: EX
[
(〈X, β̂λ〉 − 〈X,β0〉)2

]
= ‖β̂λ − β0‖22

R(λ, γ, σ2) ≡ lim
d→∞
d/n→γ

Eβ0,X,w[‖β̂λ − β)‖22]

Consider the Bias-Variance decomposition of the above error term

E[‖β̂λ − β0‖22] = E
[
‖((XTX + dλI)−1XTX − Id)β + (XTX + dλI)−1Xw‖22

]
= E

[
‖((XTX + dλI)−1XTX − Id)β

]
︸ ︷︷ ︸

Bias(λ)‖22

+E
[
‖(XTX + dλI)−1XTw‖22

]
︸ ︷︷ ︸

V ariance(λ)

Theorem 1 (Hastie, Montanari, Rosset, Tibshirani, 2020. Dobriban, Wager, 2015). Under the assumptions
above, as n, d→∞ and d/n→ γ, we have

B(0)→
(

1− 1

γ

)
1{γ > 1}

V (0)→ σ2
[ γ

1− γ
1{γ < 1}+

1

1− γ
1{γ > 1}

]
∴ R(γ, σ2) =

{
σ2 γ

1−γ γ < 1(
1− 1

γ ) + σ2 1
γ−1 γ > 1

In the rest of this lecture, we explore different approaches to recover the above solution.
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Figure 1: Double descent curve in linear models with bias-variance decomposition

1.1 Approach 1 : Spectrum of the Wishart matrix

The bias-variance decomposition terms are expressible in terms of the eigenspectrum of certain matrices.

Bias(λ) = Eβ,X‖
(

(XTX + dλI)−1XTX − I
)
β‖22 = λ2dEXtr

[
(XTX + λI)−2

]
= λ2 × E

[ ∫
[0,∞)

1

(s+ λ)2
µ̂(ds)

]
where µ̂ is the empirical distribution of eigenvalues, such that µ̂(ds) = 1

d

∑d
j=1 δλj(XTX/d)

Similarly, the variance can be simplified as

V ar(λ) = Ew,X
[
‖XTX + dλI)−1XTw‖22

]
= σ2EX

[
tr((XTX + dλId)

−2XTX)
]

= σ2E
∫

(0,∞)

s

(s+ λ)2
µ̂(ds)
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Theorem 2 (Marchenko-Pastur law). Assume d, n →∞, d/n→ γ ∈ (0, 1). For sufficient nice funciton ψ

1

d

d∑
j=1

ψ(λj(X
TX/d))

a.s→
d→∞

∫
ψ(s)µ(ds)

µ(ds) =
1

2πσ2

√
(λ+ − s)(x− λ−)

γx
1(s ∈ [λ−, λ+])ds

where λ± = σ2(1±
√
λ)2

In our context, examples of nice functions include ψBias(s) = s
(s+λ)2 ψV ar(s) = 1

(s+λ)2

1.2 Approach 2: Stiejles transform of Wishart matrix

Lemma 3. Define S(t, λ) = tr
[
(tXTX + dλId)

−1
]
, then

∂tS(t, λ) = −tr
[
(XTX + dλId)

−2(XTX)
]

∂λS(t, λ) = −tr
[
(tXTX + dλId)

−2
]
× d

So that Bias(λ) = −λ2 × ∂λS(1, λ)

V ar(λ) = −σ2 × ∂tS(1, λ)

This gives us the following two steps to get asymptotics of bias-variance

(A) Calculate the asymptotics of S(t, λ)

(B) Show that ∂λS(t, λ) and ∂tS(t, λ) converges to ∂λ, ∂t of asymptotics

• (A) Apply CGMT

EXS(t, λ) = EXtr[(tXTX + dλId)
−1] (note Xij ∼ N(0, 1))

= EḡX
[
〈ḡ, (tXTX + dλId)

−1ḡ〉
]

(where ḡ = N(0, Id))

Using the variational form 〈ḡA−1ḡ〉 = supu∈Rd(2〈g, u〉 − 〈u,Au〉)

EXS(t, λ) = EḡX
[

sup
u∈Rd

(
2〈ḡ, u〉 − 〈u, (tXTX + dλId)u〉

)]
= EḡX

[
sup
u∈Rd

(
2〈ḡ, u〉 − t‖Xu‖22 − dλ‖u‖22

)]
Consider ‖a‖22 = supb∈Rn 2〈a, b〉 − ‖b‖22

EXS(t, λ) = EḡX
[

sup
u∈Rd

inf
v∈Rn

2〈ḡ, u〉 − 2t〈v,Xu〉+ t‖v‖22 − dλ‖u‖22
]

Introducing random variables ḡ ∼ N(0, Id), g ∼ N(0, Id), h ∼ N(0, In) we apply CGMT

EXS(t, λ) = Eḡ,g,h
[

sup
u∈Rd

inf
v∈Rn

2〈ḡ, u〉 − 2t‖v‖〈u, g〉 − 2t‖u‖2〈v, h〉+ s‖v‖22 − dλ‖u‖22
]
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Using the simplification infv∈Rn f(v) = infβ≥0 inf‖v‖2=β f(v)

EXS(t, λ) = Eg,h
[

sup
u∈Rd

inf
β≥0

2
√

1 + s2β2〈u, g〉 − 2t‖u‖2β‖h‖2 + tβ2 − dλ‖u‖22
]

= Eg,h
[

sup
α≥0

inf
β≥0

2
√

1 + t2β2 × α‖g‖2
d
− 2tαβ

‖h‖2√
d

+ tβ2 − λα2
]

≈ sup
α≥0

inf
β≥0

(2
√

1 + t2β2 − 2tβ/
√
γ)α+ tβ2 − λα2

= inf
β≥0

[ (
√

1 + t2β2 − tβ/√γ)2

λ
+ tβ2

]
≡ S(t, λ)

Calculus problem:

lim
λ→0+

[
− λ2∂λs(1, λ)

]
=
(

1− 1

γ

)
1{γ > 0}

lim
λ→0+

σ2∂tS(1, λ) =

{
σ2 γ

1−γ γ < 1

σ2 1
γ−1 γ > 1

• (B) Here we want to consider why ∂λE[S(t, λ)]→ ∂λS(t, λ)

Lemma 4. If limd→∞ fd(λ) = f(λ) and limd→∞ supλ∈Λ |f ′′d (λ) <∞, then

lim
d→∞

f ′d(λ) = f(λ)

1.3 Approach 3: The free energy approach

Recall the setting of LASSO example

Y = Ax0 + w Wi ∼iid N(0, σ2)

Aij ∼ N
(

0,
1

n

)
X0,i ∼iid P0

x̂ = arg min
x

1

2d
‖y −Ax‖22 +

λ

d

d∑
i=1

Γ(xi)

In this setup, we are interested in 1
d

∑d
i=1 ψ(x̂i, X0,i) as d→∞, n/d→ δ

f(h) ≡ lim
d→∞

E
[

min
x

{ 1

2d
‖y −Ax‖22 +

λ

2d

d∑
i=1

Γ(xi) + h
1

d

d∑
i=1

ψ(xi, x0,i)
}]

=⇒ f ′(h) =
1

d

d∑
i=1

ψ(x̂i, xo,i) = E[ψ(x̂, x0)]

X̂ = min
u

[ β
2τ
u2 − βGu+ λΓ(u+ x0)

]
+X0

where (τ∗, β∗) solves τ2 = σ2 + δ−1E
[
(η(x0 + τG;

λτ

β
)− x0)2

]
β = τ

(
1− δ−1E

[
η′(x0 + τG;

λτ

β
)
])
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Remark 5. Consider taking Γ = 1
2x

2

=⇒ η(x; t) = min
u

1

2
(u− x)2 +

t

2
u2

=
x

1 + t
also ∂xη(x; t) =

1

1 + t

∴ x̂ =
x0 + τG

1 + λτ
β

τ2 =
σ2

1− δ−1
for(δ > 1)τ2 = σ2 + δ−1

[
λτ

(β+λτ)

]2
+ δ−1 τ2β2

(β+λτ)2

β = τ
[
1− βδ−1

(β+λτ)

]

For δ > 1 lim
λ→0+

β(λ) = τ∗(1− δ−1) τ∗ =
σ2

1− δ−1

For δ < 1 lim
λ→0+

β(λ)

λ
=

δτ∗
1− δ

where τ2
∗ = σ2

1−δ + 1−δ
δ

∴ E‖x̂− x0‖22 → δ(τ2
∗ 0δ2) =

{
σ2

1−δ−1 δ > 1

(1− δ) + δ2σ2

1−δ δ < 1

Question: How to apply CGMT to generalized linear models?
Recall the problem setup, where

Aij ∼ N
(

0,
1

n

)
X0,i ∼ P0

P(Yi = 1|ai) = σ(〈ai, x〉)

Defining the loss function,

min
X
L(x) = min

x

{ 1

n

n∑
i=1

l(yi, 〈ai, x〉) +
1

d

d∑
j=1

Γ(xj)
}

Define L∗(y, v) = max
t∈R

vt− l(y, t) (which is convex in v)

∴ min
x
L(x) = min

x
max
v

{ 1

n

n∑
i=1

[
〈ai, x〉vi − L∗(yi, vi)

]
+

1

d

d∑
j=1

Γ(xj)
}

= min
x

max
v

{ 〈v,Ax〉
n

− 1

n

n∑
i=1

L∗(yi, vi) +
1

d

d∑
j=1

Γ(xj)
}

Define yi = f(〈ai, x0〉; zi) where zi ∼iid Pz
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Denote P0 =
x0x

T
0

‖x0‖22
P⊥0 = Id − P0

xii =
〈x0, ai〉
‖x0‖2

∼ N(0,
1

n
) yi = f(〈ai, x0〉; zi) = f(ξi‖x0‖2; zi)

bi = P0ai = ξi
x0

‖x0‖2
xi = P⊥0 ai = ai − ξix0

note : bi are indpendent of ci B =

b
T
1
...
bTn

 , C =

c
T
1
...
cTn

 , ξ =

ξ1...
ξn


A = AP0 +AP⊥0 = B + C C is independent of (B, Y)

Using these, we can simplify the equation as

∴ min
x
L(x) = min

x
max
v

{
〈v,AP⊥0 x〉+ 〈v,APox〉 −

1

n

n∑
i=1

+
1

d

d∑
j=1

Γ(xj)
}

= min
t

min
x:〈x0,x〉=t

max
v

{
〈v, CP⊥0 x〉+ 〈v, ξ〉〈x, x0〉/‖x0‖2

− 1

n

n∑
i=1

l∗(f(ξi‖x0‖i; zi), vi) +
1

d

d∑
j=1

Γ(xj)
}

For any fixed ‖x0‖2, ξ, zi, this is a Gaussian process where C is the source of randomness.

∴ min
x
L(x) ≈ min

t
min

x:〈x0,x〉=t
max
v

{
‖P⊥0 x|2〈g, v〉/

√
n+ ‖v‖2〈h, P⊥0 x〉/

√
n

+ 〈v, ξ〉〈x, x0〉/‖x0‖2 −
1

n

n∑
i=1

l∗(f(ξi‖x0‖i; zi), vi) +
1

d

d∑
j=1

Γ(xj)
}
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