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Lecture 22 .

AMP and state evolution
.

[ Bayat , Montanari . 2011 )

① LASSO AMP and State evolution
.

[Berthier, Montanari
, Nguyen , 2017] .

[Rush Venkee . .
. 2017]

The AMP algorithm : Fix { 7k : IR→ IR}kz , Cohen
,
Lam , zoo]

Mk -- MLX ; ask)

X.
kill
= Mk ( Ok ) E IRD X0=0 , 2-0=0 , z's o .

Ok = X
k t Atzk C- IRDzk-Y-Axktnfznidg.kz

Onsager . y t

State evolution :

TK-i-o-tg-ECCM.fi/otTkG)-XoIT#(Xo , G ) n Ipo x N lo, t)
.

Assumptions :

a) AE IR
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b) Xo E Ird . at ¥, Sxo, ; ¥ Po
,

Id ¥
,
Xosi → Exocxo)
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c) WEIR
" h-F.in Sw ; Pw

.
h-Eh.wi-Ewcwy.ci.
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e) n Id → s

7hm ( Bayati .

Montanari , 2011 )

Let assumptions a) - e) hold .

Let 4 : IN-7 IR be÷÷÷:÷÷::::÷::::÷:÷:.::.
att, 410 !" . Xo; ) = EC 4 ( Xo -12k G .

Xo ) )
.



② Intuition and heuristic derivation of SE .

Consider the auxiliary dynamics

Auxiliary dynamics (Not an algorithm) AMP

zk = Af Xo - Xk) t w"¥*÷÷÷÷÷÷i÷:÷⇐:÷:÷¥xktl = 7,10k )

Difference :

* No Onsager term in auxiliary dynamics

.÷:÷÷÷:÷÷÷:i÷÷:::::÷Reason : Gaussian conditioning trick : Gaussian conditioning on linear equality
constant is still Gaussian

.

Fk = 6 ( XO, 20 , X' , 21, - - - , Xk, 2K ,
O

'

,
- - ok )

A IFK = Al ( AU -- U '
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ATQ -

-Q
' 3 =D Pat Akpit low rank update

where AKE A .

Consider the auxiliary dynamics . Suppose SE holds up to time k
-

Then Ok- l E Xo t Tk- i -g E IRD

Xk = M¥0" ) Et Mk, (Xo they -g ) .

ElRd
.

where g e IRD , 9in iid NIO , l)
.
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- Xo

= LAI' Ak - La ) (xo - xk ) + Ai w .

Ok - Xo E N ( O , ⇐ K ) ' Ld ) .
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③ A more general theorem .

@ =ntd
.)

.

Standard form of AMP ( symmetric) The LASSO AMP
-

Zz sync AMP can be
⇒ fu : rn → Irn

, (separable . film III!! ) reduced to this form
.

WNGOELN ) I
N

'÷÷÷obimse - Amp. symmetric

/
N

bk TV Life, ; (uk)

Kk

State evolution : (Ksa ) seek k¥1 "
oooo
,

""÷÷÷÷÷¥::÷"::i:⇐÷÷N

CN]

Assumptions :

a) Wr GOE CN)
, wij~NLO.tv ) , isj . Wii NNW . # ) .

b) fi, : IRN → IRN uniform Lipschitz .

N
c) NIE, Sup → Ipo

d) Assumptions gaurantees that & exists
.

7hm
.

( simplified version in [ Berthier, Montanari, Nguyen , 2017 ) ) .

Under assumptions above , consider AMP iterations

{ Uk , mklfk , no } . Define Von Po

÷÷÷÷÷÷÷÷÷÷÷



40 How to write LASSO AMP into standard form ?

AMP : Standard form . non - symmetric .

AE IRn×d

Aij ~ N lost) .

pktl = AT 9+19 " ) dkP"
se - Amp

qk = A ekcpk) - bk 9k, ( gk ' )ldia-ntn.E.aign.icgk.ba#nEa.e...-nonsYmme-nic
diuekcpk )

Recall LASSO AMP gives :

÷÷÷÷÷÷i÷÷⇐*⇒ """"" .

-

Lemma : Given the following transformation , LASSO -Amp

can be transformed to the SF - AMP - Non symmetric

{
Pk" = Xo - (AT -2k + Xk )

qk = W - zk

{ 9k ( gk )
= qk - w

eklpk ) = M (Xo - Pk) - Xok

Lemma : Given the following transformation
.

SF - AMP- Nonsymmetric can be transformed into SF - AMP - symmetric .

N -

- ntd
.

W -

- FI ( at Ac ) ,

B- GOECN)
.

FIC ~ GOEld)

f.*cut -- Ftd ( stfu" ' ) ,

fuscus -_d(
e.
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.
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⑥ Analysis of SF - AMP - Symmetric .
- Two steps analysis

uktl = Wmkk ' E IRN

Mk = fk (uk) Onsager term
c. ppgbigger

Step I ' U
'
= W mo

stepsui.tiwump.am?mIE--tniEait..icu
Step L : u

'
= W mo w- GOECNI

.

Yu ¥
,
Su: → N lo , Hmolliln ) .

W = (Gt GT) Ifn Gij~iid Nwsl ) .

Wmo = Kamo + Cini ) fan

Step 2 : Problem : W and m' are not independent

m
'
= f. (Wmo ) Use Wf . (w mo ) - b. mo

Trick : Gaussian conditioning trick .
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= 6( mo , u

' )
.
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-
approximately iii.d. Gaussian coordinates .
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