
Mean Field Asymptotic in Statistical Learning . Apr 5

Lecture 19
. Approximate message passing algorithms .

① Algorithm for Gibbs mean ( Statistical estimators ) .

Configuration space i R E IRD .

Measure Vo EPCRd)
.

Random Hamiltonian : H : R → IR .

Gibbs distribution : ppl do) a exp { - BH lol}Volda) .

Goal : (approximately ) calculate so>petted using efficient algorithm .

Example : Bayes linear model , Bayes estimator , and LASSO estimator.

Xo ElRd , Xosiviid Po
,

AE lRn×d
.

Y = A Xo t w ,
Wi Niid NIO , t)

.

Posterior mean estimator

I Bayes = find X P ( x ly , A) dx E IRD
d

PC x IA , y )
& exp f -Kj} It, Doki )

LASSO estimator :

Kass. = angryin# HY - Axllit In Hxlh} = tiffs ftp.dxppcxly.asdx

pp (x I A. y ) & exp { - P [ In HY-Axlliehllxlh]} .

Remark : we have seen many concentrated observables ,
f-Randomness come from

d H
. i.e .

e.g . OG) = DIE, Xi
-

⇒ SO >p = EKO >p) . A. * , w .

So
, approximating so >p can be independent of specific instance

of A , xo , w . Limiting value depends on their distribution instead of realization .

However , EA of OG) = Xi typically doesn't concentrate
.

( Xi >p H Eccxisp]
.

⇒ Approximating Lxi >p needs to use the specific instance H .

AMP is an algorithm used to calculate 5=56>p .



convex convex

② 1ST A and FISTA for LASSO
.

differentiable separable .

fox) gcx)
11 A

ftp.so-argminecxl-argnfin In Hy- Ax hit # 11×11 .
.

Convex optimization problem .

PGDHSTAC Proximal gradient descent ; Iterative thresholding algorithm )

xktl = angmxin ⇐all x - (xk - Siavfcxk) ) HE-1g (x) ) PGD

check : stationery condition gives o E 2eCx*)
.

⇒ Xk" = M ( Xk - SKAT ( Axk - y ) ; d 's. ) , X
'
= arbitrary

Nx ; O ) = ( txt - O) - I { txt > 03
.

Thm : suppose FECCIR) , 5¥40
-fcx) Hope P ,

convex .

9 EC ( IR) ,
convex

.

E.Cx) = feat gcx) , angm.in ECX) to .

Then taking 5k = pt , Xk i

. K'th PGD iterates
.

Ecxk) - main e (x ) s
PHX ' - *Hi

⇒ -

2k

Proof is fully deterministic, based on Jensen 's inequality
and simple algebra .

Nesterov acceleration

APGDIFISTA ( Accelerated proximal gradient descent , [ Beck and Tebo.lk
,

Fast iterative threshold ing algorithm ) . zoos ]

u = o , µ = 1tT
,

and r = "#
,

p k k
ktl

uk" = argmxin { Is Hx
- Cxk - tpofcxksllktg (x ) }

y ,=× ,{
Xk" = ( I - ra) ✓

"t' t VKU
"

Xk" = ( I - ra) M ( Xk - f- AT( Axk - y ) ; E) + run (XM - Lp AT LAX
"
- Y ) ;# )

.

-1hm : Under the same conditions
.

Let xk be the APGD iterates
,
then

[ (Xk ) - min ELX) s 2B Hx
.
- *HE
KT .

Remark : Convergence analysis doesn't rely on how A andy are generated.



③ The approximate algorithm passing algorithm for LASSO .

7- STA w/ Step size L
.

{
Xk" = n ( xkt AF zk ; Ok ) O* =D .

zk = Y - A Xk

Amp : ( will show how this can be derived in later lectures)

g
xktl = M ( Xk t ATZK 's Ok ) Ok

, we sealers .

zk = Y - A Xk tWk .

Onsager correction term .

( Intuition will begiven
later )

wk = f- DIE, M
' ( Xk + AT zk

- l
; Ok . . ) ;

Oki needs to be property .

Subtle - Now just assume arbitrary .

Remark : ④ Unlike ZSTA .
AMP is not always a descent

algorithm .

There is not a deterministic proof for

convergence of AMP .

④ Although the definition of AMP doesn't depend on
any assumption on A and y ,

its theoretical analysis
and performance highly depends on assumptions of A- and y .

④ Not as practical as 7-STAI FL STA
.

AMP is more oftenly used
as a tool of theoretical analysis instead of a practical algorithm

.

Assumptions :

a) AE IR
"'d

, Aijniid N ( o , ht ) .

b) Xo E IRD . I ¥, Sxo, ; ¥ Pxo
,

Id ¥
,
Xosi → Ex

.

> o

c) W EIN 'T Fan Swi Pw
, f- Eh, wi

'

→ Ewcw']÷s?

d) Y = Axo tw EIR
"

.

e) n Id → s

Performance comparison .

n -- 1200 ,
D= 400 , k= 60 ( sparsity ) . 0=0

^

xk -

#Is-1A
Donoho 's slides11×0- Ik k

em..
A

100



④ Theoretical analysis of AMP
.

State evolution characterization :

Tkt , = FC -45 , Ok) SE

where FCT ', O ) = o
-
t TEC ( n ( Xo -ITG ; O ) - Xo )) .

(Xo , G ) n Ipx . x N lo, t) .

Thm L ( ( Bayani , Montanari , 2011 ] )
.

Lee assumptions a) - e) holds
,
Lee 4 '

- IR
-

→ IR be

any pseudo - Lipschitz function .
i.e

. 14kt - 4411 E K - llx-ylk.CH/lxlktHylk )
.

Then almost surely
Iim Id ¥, 4 ( x !" , xoii ) = E[ 4 ( nlxottk G ; Oe) , Xo )) .d-so
n1d→s

Rmk : 84kt , - d) = aliens H x " - XoHild MSE at K'th iteration

we will give the proof of this thin in later lectures
.

Thin 1
AMP ( High dim dynamics ) T State

quotationa

Prop 2 Prop 1

V
t

arms fixed point equation .LASSO estimator c-

there is a rigorous treatment

Let ( Tx , 2*1 be a proper solution of the Fixed point equation .

-

T
-
= 6

-

t S
" E { ( y ( Xo t TG ; at ) - Xo] '} .{ a = at { I - S

- 'E[ n' Hotta 's at D}

Prop 2 : Take Ok=x*Tk
,

then the state evolution {TE} ,⇐ ,

7k¥ = FC -45 ; A- Tk) converges to txt
.

Moreover , convergence is exponentially fast .

Proof is based on analying properties of function F
.



Prop 2 : Lee Ila) be the LASSO estimator

and Exk} the AMP iterates
.

Then

lim lim thx - xk Hild = O
.

k→y d-2W

Proof strategy :

④ Use convexity of e to show that

I vkE2ECxk) him tim Huk Hild = o
'

k→o d-20

⇒ him. hamas HIGH
- xkllild -

- o

④ Show 7- Uk E 2e Cxk) , lingam. Hvkllild -0

using Thm L
.

D

Concatenating Thm I . Prop 's . Prop 2 .

we have

Thmz :( [ Bayani , Montanari , 2011 ] ) .

Lee assumptions a) - e) holds
,
Lee 4 '

- IR
-

→ IR be

any pseudo - Lipschitz function .
i.e

. 14kt - 4411 E K - llx-ylk.CH/lxlktHylk )
.

Then almost surely

nlgiffq.tt#i4lxkY.xoiiI=EC4lnlXotT*G;a*Ts ) ; '

Xo ) )
.

Remark : Similar analysis and results work for a wide range
of problems , including Zz synchronization , generalized linear models .

Plans for remaining lectures
:

④ Derivation of AMP algorithm .

④ Proof of AMP - SE relationship .
( Thm 1)

④ Applications .


