
Mean Field Asymptotic in Statistical Learning . Apr 5

Lecture 19
. Approximate message passing algorithms .

① Algorithm for Gibbs mean ( Statistical estimators ) .

Configuration space i R E IRD .

Measure Vo EPCRd)
.

Random Hamiltonian : H : R → IR .

Gibbs distribution : ppl do) a exp { - BH lol}Volda) .

Goal : (approximately ) calculate Cape Rd using efficient algorithm .

Example : Bayes linear model , Bayes estimator , and LASSO estimator.

Xo ElRd , Xosiviid Po
,

AE lRn×d
.

Y = A Xo t w ,
Wi Niid NIO , t)

.

Posterior mean estimator

I Bayes = find X P ( x ly , A) dx E IRD
d

PC x IA , y )
& exp f -Kj} It, Doki )

LASSO estimator :

Kass. = angryin# HY - Axllit In Hxlh} = tiny
,
ftp.dxppcxly.asdx

pp (x I A. y ) & exp { - P [ In HY-Axlliehllxlh]} .

Remark : we have seen many concentrated observables ,
f-Randomness come from

d H
. i.e .

e.g . OG) = DIE, Xi
-

⇒ SO >p = EKO >p) . A. * , w .

So
, approximating so >p can be independent of specific instance

of A , xo , w . Limiting value depends on their distribution instead of realization .

However , EA of OG) = Xi typically doesn't concentrate
.

( Xi >p H Eccxisp]
.

⇒ Approximating Lxi >p needs to use the specific instance H .

AMP is an algorithm used to calculate 5=56>p .



convex convex

② 1ST A and FISTA for LASSO
.

differentiable separable .

fox, gcx)
11 A

ftp.so-argminecxl-argrnin In Hy- Ax hit # 11×11 .
.

Convex optimization problem .

PGDHSTAC Proximal gradient descent ; Iterative thresholding algorithm )
xktt = Xk - SKTFCXK)

xktl = angmxin ⇐all x - (xk - Siavfcxk) ) HE-1g (x) ) PGD

proximal : xktl-argm.in#llx-xktkHitgCx,]

⇒ xkt ' = M ( Xk - Se AT ( Axk - y) ; ask )
x

'
= o .

Nx ; O) = ( txt - O ) - 111×1 > O )
.

[ Bede,Teboulle
,2008J

.

-1hm : Suppose f E C
-

GR) , SIP110¥ Hop E P ,
convex

.

9 E CCIR) , convex
.

EG) = fix tgcx) , arginine Gi t 0 .

Then 5k = ph
,

Xk : K'th PED iteration
.

⇒ ecxk) - mine E P"×I¥" ? OCI )
Proof is fully deterministic , based on Jenssen 's inequality and simple algebra

APIGDIFLSTA .

UFO . Mk = 1tE
.

me = 1-4
Mkt .

quiet
'

= angry in ⇐ Hx - (xk - ptofcxk ) ) Hit guy }

xktl = ( I- Ma ) v KH t rkvk .

xkt ' = ( I- rt) M ( Xk - pt ATL Axk - y) ; Ip) t nah (x
"
- tpAT(Ax"-y)'s't!

-1hm : Under the same assault ions .

Let xk : K'th iteration of Apa D .
then

ecxk ) - main ex) ⇐ 2M×£*
.

= OLI. )
.

Remark :



③ The approximate algorithm passing algorithm for LASSO .

1ST A w/ Step size L
.

n' ( x ;01=2×7 (x ; O)
.

{
Xk" = n ( xkt AF zk ; Ok ) O*=d

.

zk = Y - A Xk

Amp : ( will show how this can be derived in later lectures)

q
xktl = M ( Xk t ATZK 's Ok ) Ok

, wk sealers .

zk = Y - Axk tWk .

Onsager correction term .

( Intuition will begiven
later )

wk = GI 7¥ M
' ( XK't AT Zk

- t
j Ok - i ) ; y

'

( xk- I +A' zk- I ;Q. . ) E Rd

Oki needs to be property .

Subtle - Now just assume arbitrary .

Remark : ④ AMP is not descending .
Not a deterministic proof

of convergence .

④ Convergence analysis of AMP depend on sassuptime of A.y .

Performance comparison .

n -- 1200 ,
D= 400 , k= 60 ( sparsity ) . 0=0

^

Xk -

#Is-1A
Donoho 's slides11×0- Ik

term..
A

100

Assuptions :

a) A E IR
"'d

, Aijniid N lo , ht) .

b)
.

Xo Ekd . 'z¥
,
8×0

, ; p*. IET xo.i.IE#cxoy
c) weird

. INE
,
Sw , ⇒ Pw

,
f-¥

,
wi
'

→ Ew (w]
= 62

.

d)
.

Y = Axotw
EIR

"

.

e)
.

nld → S
.



④ Theoretical analysis of AMP
.

State evolution characterization :

Tkt , = FC -45 , Ok) SE

where FCT ', O ) = o
-
t TEC ( y ( Xo -ITG ;D ) - Xo )) .

(Xo , G ) n Ipx . x NCO, t) .

-1hm I ( [ Bayati , Montanari , soll] ) .

Let assumptions , a) - e ) hold
.
Let 4 -

- IRI R
.

be Psedo Lipschitz .

i - e . 144) - 4411 skill x-YH . - ( Itllxlktllylkf

Then almost surely .
lim La DE, 4 ( Xi" , Xo : ) = EC YCNXOTIKG ; Ok ) , Xo )]

.

d-so

4d→s

Rink : S ( Tht - o') = Tim H x" - Xollild 4L x. xo ) -- ( x - xo)
'

day
nld-38

Think

AMP ( High dim dynamics ) ← State evolution

^

Prop 2 . [ Prop Lt
Thmz . Fixed point equation .

LASSO estimator
.

I

Let (Ix , 2*1 be a proper solution of the fixed point eguetion

T
-
= 6

-

t S
" E { ( n ( Xo t TG ; at ) - Xo] '} .{ a = at { I - S

- 'E[ n' Hotta 's at D}

S Z 8*10
'
.
x)

Prop 1 : Take Ok = ↳ Ik ,
the state evolution ITE Ike ,

.

Tati = FC -4T , x*Tk) convergeto Ty?

The convergence is exponentially terse .



EG)

Prop 2 : Lee x' Cx) = argmxm Inky
- Axllitnllxll ,

{ Xklkz , AMP iterates
.

Then

lim lim Il ILM - Xk t.IE/d-- O .

key n-70 .

Proof strategy : ⑦ Show 7- Uk C- 2 Ecxk)

¥70 taint HVKIKYD =o .

(Thm L)
.

④ Convex property of ecx) .

Remark : high 114cm - x'- Held E e
- ok

. him 11564 -xollild.tk

( HeLa) - xk Held E e
- ok

. 115cm - xollild Hk )

Thmz :( [ Bayani , Montanari , 2011 ] ) .

Lee assumptions a) - e) holds
,
Lee 4 '

- IR
-

→ IR be

any pseudo - Lipschitz function .
i.e

. 141×1-4411 E K - llx-ylk.CH/lxlktHylk )
.

Then almost surely

¥1, I ¥, 4hAM . xoii )=E[4lnlXotT*G ; dats ) ; '

Xo ) )
.

Remark : similar analysis and results for a wide range of problem .

Za synchro .

Generalized linear models
.

Plans for remaining lectures
.


