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Lecture 17
.

Random matrices and Stieltjes transforms

① Motivation
.

Many quantities of interest are of form

¥2
,
Ef( tic Al ) = Ef

,#MIA Cdd) , tabby - k¥7 faith
.

where A is some random matrix .

Example : In double descent of linear model ( Lecture lb ) .

Biasi BCN = N' ES
,,z¥p etxtxldldx) .

A -- XTXID

Var : VIN = d. E)µ¥y. rixtxld Ldn)
.

Hope to characterize eixtxld ( da) for large n
.

② Stieltjes transforms and Stieltjes functions .

-
-

Def : Prob
.
measure MEPUR) ,

the Stieltjes transform 'S

S : PUR) → F- ( e )

u 1-3 Slu) = M

m : El suppler) → E is the Stieltjes function associated withµ .

- singular in support

m (z) = f 1- u(dx) .

X - Z

Rmk : ST is not transforming
' '

z
' ' to

"
m Cz)

" Stieltjes trans .← Fourier trans
.

Stieltjes ← Characteristic
ST is transforming

"

u C- PUR)
"

to
"
me Fte)

"

.

func .

functions

will consider u=u^a
.

⇒ m Cz) -- nttr@ A - -215'] .

Properties of Stieltjes functions ( fix u , talk about property of m ) .

④ Let 2- = A tin ,
d, n E IR .

then

zmmczs = f Im uldx) = §rcf+yTMldx) . ] By Cauchy- Riemann ,
one almost determines

remcz, = f Re# nldxk Sir Mdx )
-

the other
.

④ When y > o , 1mm LZ) 70 .

So m maps Q → Clt



⑦ '

c: tuns'÷Mn*±n⇒.
⇐Im mlz) = Spca - x) uldx) .

: density of u* Cauchy com) .

Imaginary part is the smoothified version of u .

Less and less smooth as n → o

④ For ZE El suppler) .

l

Im # I s ftp.#uldx) E-dist Cz , supplies ) ⇐ ITE 'T
.

m
'

Cz) = ftp.#zyuldx)
l

Im '
# Is ftp.#zuldx)EdisTzsuppuT-ITE=tT .

M on { 2- E Et : Im Z Z no ) is yto - Lipschitz . ( no matter what isu) .

④ m is an analytic function on El suppler) .

Meaning : a) Its Taylor series locally converge to itself

b) If (zinnia, E D open set , Zin→ Zo ED .

M (Zn ) = MT (Zn) ⇒ MLZ) = Tn (Z) on D
.

④ Suppose supply ) E C- M ,
M]

,

then WEEK with HI >M ,

⇒ met = I,r¥zuldx) = - Z
- ' JR ( t - ¥5 '

uld x)

= -z
-' FREIE )kuldx) = - ⇐o z -Kt ) fxkerldx) .

In particular , mot) = - ¥ + 01¥ ) for large Izl
.

Prop ( Stieltjes inversion ) : For any asb
where the CDF ofer

is continuous . Mcca , b]) = thing fabtztmmldtin ) da
It for XEIR , I'¥f↳×2m ME) exists

,
the µ has a density at x ,

which is fix) = z¥¥→× # 1mm G) .

Intuition : 'q1m m ( Nim ) = u * Cauchy (o, n ) →u as 7.→ o .



Similar to characteristic function Ica) = ffcx) e- '
'

Mdx
IR

"

Fourier transform
"

. fix) = # fpnfuye.im/dd .

Implication : If we know two distributions have the sage

Stieltjes function ,
then the two distributions are eguia.

Actually , we can replace "
same

"

by " approximately same
"

.

" equal
"

by
"

approximate equal " .

Thm : Let Cunha , E PCR) with Stieltjes functions ( man )nz , EFCE -1 ) .

If there exists m : E
'
→ et se

.

• For each ZEE' ,
Mn (z) → M Cz)

• m is the Stieltjes transform of a prob . measure it.

then un →u weakly .

Rmk '
. If our goal is to compute the limit

Iim Fn -- lim KE
,
E (FLA CA ) ) ]

,

where A is R .
M

.

n→p h-70

we can proceed with the following steps .

④ Figure out the limit

mcz) = time.MN#I-limInhEECJIzuAldx) )
has my

= things ECTRCCA - 2-151 ) ] In
.

show the concentration of Mn
.
( so that as convergence) .

④ Express Fn as a function of mn
.

i. e
. F : PGR) → IR

.

Fn -- Flinn ) = lim f fix) # Im mn(at in ) dan-70
-

sometimes has a simpler form .

e.g . Bn (a) = of - mil- n)
.

④ Show continuity property of tf ,

so that hints Fn = of (m) .



③ Limiting Stieltjes transform for GOE matrix .

Wr GOE (n )
, Wij n Noth) I Ei cj en

Wii n N lo , In ) I si En
.

Wji = Wij

Semicircle law i

w - Ia Ex I Exec-2,233 .

=#
Thin -

. Let Wr GOELn) .
Then almost surely as n→o,

un = In EE, Smw, converges weakly to the semicircle lawn .

Rmk : Generalizable to Wigner matrix :

symmetric matrix having independent entries ( lower - left triangle part )
with matching first and second moment with W- GOEln )

.

( and other Higher moment conditions ) .

Idea : Show the convergence of mncz, to m
← Stieltjes function of Semi-circle law .

F4 ( satisfy m't Zm -11=0 )
.Mft ) = z

Heuristics :

④ Mnet -- ht tr ( (W - z1)
-t )

④ Block matrix inversion formula
.

( EET -

- ("
' 'I''
""
"

II
wi E ( Wsi )s± ;

EIR
"

, W
" '
= ( W'se) s, ;

EIR
"""""

A = Wii - Z ,
BT=C= Wi

,
D= W
"
-ZI

.

(W - 2-1)
- ti ; = Wii - z - wit @

" '
-z1)

-'
wi

I

④ mnlz) = In Fe
,
(W - tht

-
'

ii
= In ?E

,wii-z-w.cwlis-zLTWT.NO
te : Wii , wi . W" are mutually independent ,

2- = 04)
,

Wii = Oct) = o (i )
.

E- ( wit (W" ' - z 15' wit w"] = trlw" ' -2-15' ] In
-

concentration : wit (W" - z1 )
- 'with

z tr@ W" ' - -21 ) "]/n a Mn (z )
.



④ Self consistent equation

Mn Lz) I
1- ⇒ Mnlz)

-

TZ- Mintz) t Ik O
.

- z - Mintz)

Mn Lz) → MIZ)
,

Mhz)
'
t Z . MIZ) -1.1=0 .

Proof of -1hm :

④ Lemmas : We have a.s . convergence .

Iim sup / Cwi, (W" - z1)
- '
wi > - tr ( CW"' - 2-15

'

) In 1=0
neo iefn]

Proof :

Lemma ( Hanson - Wright inequality ) .
Lee A EE

"" be deterministic
,⇒:÷:÷÷÷:÷÷÷÷÷÷÷

A = (W " ' - z IT
'
, g = rn w ;

HA Hop E mja.fm, / (w") - z)
- ' I ⇐ Iz = IT

.

HAVE E rn H Allop E FI
.

⇒ IPC law ; , ( W
"' -2-15'

wi > - trunk ' - 2-15
' ) 1h17 In )

E 2 exp { - C - n - min ( 55 , 4S) }
.

⇒ IPC fief] .
I Cwi , @

" ' -2-15
'

wi > - tr ( (W" - 2-15
' ) In I zsnf )

E 2h . exp f - c - n - min ( n's
'
. ys ) } .

D

④ Lemma 2 : For any deterministic symmetric
W EIR
"" and minor

matrix W" ' ERM - "X"" ,
we have

I # trcw - zu - nttrlw
"
- ZHI Ent ( 217M¥72 -1¥, )

.

When W - GoEln ) ,
this → o a.s .

To prove
this

, we use eigenvalue interpolating property .

Lemma : If WEIR
""

symmetric and W "' EIR"
-" ×"" is the minor matrix

Let d. (W ) 7 ACW) Z - - *nlw) be eigs of W

di Cw") IX. (w" ' ) Z - - - 2dm (W") be the eigs of W
"

Then MCW) x x, (W" ) Zdzlw ) Z - - Z kn- ICW ) 2dm (W "') Zdnlw)
.



# eigs of W

Xx eigs of w" '

Proof use Courant - Fischer min - mex formula (variational formula for eigs) .

④ This gives Mn# = YET wii-tz-cwi.cwm.zzy.tw#
I

=-

-z - Mn Lz) - rn (Z)

where me) → O a. s . ( for fixed 2- EET )

mn# = -CZtrnHDIF
.

When rn# small , choose
"

t
" for MHz) EEE

.

⇒ him mnczl = -Zt# a- S
.
I


