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Lecture 17
.

Random matrices and Stieltjes transforms
Tao . Topics in RMT

AGZ .

RMT

① Motivation
. ( Anderson , Guionnet , Zeitoun;]

Many quantities of interest are of form

¥2
,
Ef( diCA) ) = Ef

,#MIA Cdd) , tabby - hi, Eilat .

where A is some random matrix .

Example : In double descent of linear model ( Lecture lb ) .
Xij -Nlol) .

Biasi BCN = N' E)k¥5 ttxtxldlds ) . A=xT×/d

Var : VLN = o
'

. E)µ¥y. iixtxld Lds)
.

Hope to characterize uixtxldlds ) for large n
.

② Stieltjes transforms and Stieltjes functions .

[ Marchenko
.
Pastier

, 1967)
-
-

Def : The Stieltjes transform 5 .

S : PCR) → FCE )

u N m-- 5cm )
.

Prob
. measure u C-PCR) .

m : El suppler) → E is the Stieljtes function associatedwithin .

m Cz) = f uldx)
.

2- = - X
Rmk :

u = una = In is CA) .
A-XTX

me) = fxtzualdx) = IIE, ,sI=htTr( LA
- z1)

- t)
.

Intr ( LxTxtHY) .

Properties of Stieltjes functions ( fixer , talk about properties of m ) .

⑦ Let Z = A tin ,

X.MEIR .

Im me) = ftp.#uLdx)--f1HTI.mLdx)-M (x- z)Lx-ZT

-

- f ¥7tnldxl -- ftp.pnldxl
Rema) = ftp.cx?-#uldx) .

④ When M > o , Im Mhz) 20 Imtmtz) = Im MET

So m maps Clt → Get = { ZEE '
. Imz > o }

.



⑦ Interpretation of Im me) .

Cauchy co , 71 density pox, -- tax

¥ Im mcz) = fpcx - E)uldx) . = density of ur* cauchlo.nl .

X nu, Wr CauchyCom) , IT 1mm# = density of Xtw

1mm# is a smooehified version of density ofµ .

④ For 2- EEL suppler ) .

Im# l E ftp.#zuldx)EdistLzsypnyE2mtT-- IT
.

-
-

al-MA
m

'# =

-

fpyxtzmldx) •
Z

MAH E ftp.x#zpuldx) E ht . ' Rez

( m
"# l E CKD ! 't

④ m is an analytic function on Cllsupplu ) .

Mean : a) Its taylor expansion converges to itself locally .

b) If (Zn)nz , E D E Et Loper set
Zn → 2 * ED

.

Mlzn) = mTzn) ⇒ ME)=mTz) on D
.

⑦ Supp tu ) E C- M , M]
.

then V- ZE K with HI >M
,

MEI = f ¥zmIdx) = - E' fir ( I - Iz )-'mldx)
IR

= - z
-' Sk Eeo E) kuldx) =

- IE z-"" ' Jxkeldx)
Tuley ) = mlyy) = - EE Ylktllfxkeeldx)

m# = - ¥ to ( Ip)

Prop ( Stieltjes inversion ) For a < b where the CDF of u

is continuous . µ ( Ca , b ]) = him, fab ¥ Lm menin) da .

Intuition : ¥ Im matin) = u* Cauchy Con) → u as 7 to .



Implication : If we know two distributions have the sane Stieltjes

function
,
then they are equal .

"

same
" ← ,

"

approximately sane
"

" equal
'

←
"

approx . equal
"

.

Thm :
Let (Mn )nz ,

E PUR) with Stieltjes functions (mnjnz, EFC,c+)

If there exists m - : Et → Gt se .

• For any Z E Et
,

Mnlz ) → M La)
.

* m is Stieltjes function of some prob .
measure µ .

then un → u weakly .

I
t fixed f- E CCIR)

.

If nldx) → ffcxsercdx) as neo

Rmk : Goal i high Fn = Linton Eh, f-( di CAD A random matrix
.

④ Figure out the limit

met ) -- high ECmnCzD= high th Et, ECS# ialdx))

= things El tr ( LA -2151 ) ) In .

Show Mnla) concentrate

④ Express Fn as a function of Mn i.e
. Eg : Fleet) → IR

Fn = G. Cmn ) = him. J fla) tztmmnldtin ) da

Bnld) = if - Mn
' L- x)

.

④ G- Show continuity of B .

so that tinny
,
Fn = Blm )

.



③ Limiting Stieltjes transform for the GOE matrix .

Wr GOE (n )
, Wij n N both) I si cj En

Wii n N lo , In ) I si En
.

Wji = Wij

Semicircle law i

uldxl = Ia Ex I Exec-2,233 .d×
=#

Thin -

. Let Wr GOELn) .
Then almost surely as n→o,

un = In EE, Smw, converges weakly to the semicircle lawn .

Rmk : Generalizable to Wigner matrix :

symmetric matrix having independent entries ( lower - left triangle part )
with matching first and second moment with W- GOEln )

.

( and other Higher moment conditions ) .

Idea : Show the convergence of mncz, to m
f Stieltjes function of Semi-circle law .

mcz ) = T4jZ ( satisfy m't zm -11--0 )
.

Heuristic :

④ Mn (z) = ht tr ( ( W - ZZ )
-t)

.

WE IRMM Win) e IRN-1)x (n - i ) .

win; = Wij

WA ~ In GOE (n - D
re

intr( (W
"
- Hat, " ) Eth trccw - zg

- i ) .

Hwi

④ a - zit . E.
⇐ B. f- ( ' "I"

"" I \
Wii

wi E ( Wsi )s+ ;
ER

""
,

W
" '

= ( Nst )
s ,#i

EIRE -" " K
- "

AA = Wii - Z
,

BT = ( = Wi
,

D= Wi ' - 2- Im ,

I

(W - 2- IT! ; = wi¥WzLntTwi
.



④ mncz) -

- Intr ( (W - H) " ) --tnIEwii-z_wiT@z1n-iTwTEfwiTCwM_ztn.i)
- '
wi / w'"] = ht tr ( (W" - a- In. . 5' )

.

= Mn G )
.

wit (W" - then,)
-'
wi

⑤

Z = OCD
.

Wii - NIO , I )
.

(Wii 1=0 ( tpp) .

r
Mn Cz) I ¥ t only .

Mutt) ( z + Mn Cz) ) t / KO
.

Mintz)
-

t z . mnlz) + I Tu O .

③

① : Hanson -Wright inequity .

A- = ( W " ' - -215 '

, g - rn -wi
.

lpgyuo.mn/KgiAgHn-trCAHnlzI)

e z . exp C- c - min ( fait , ftp. ) ) .

114N
" '

- -22)
- ' Hop E 'T F- 2mA) .

H @⇒ - EHHF s tf
.

sup kg
"

.

' A''
' '

g%n - tr CA'T' Inl a OC
iefn]

.

② Eigenvalue interpolacing .

W EIR
""

.

W"' EIRIK "" symmetry

WYj = Wij Isi j en- I

d. (W ) x x- CW) E
- - - Edn (W )

X. (WY) x - - - 7 In - ICW
"' )

.

⇒ X. (w ) z X. (W")zXdW ) z - - - 7- An - ICW)tdn-ilw%dnlw)

dilw )

XXX
Xi (WHT



③ MNCZ ) = yz.mn#rnczT rn#→ 0 as
.

Mn# =

- ( 2- + ME) ) -1 Inner# C- Et
2

↳ m# =


