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Double descent and generalized linear models.

① Double descent in linear models
.

Training dataset : ( Xi , Yi ) iecn, E
IRD X IR

.

Linear model : Yi = Lxi , Bo > t wi .

where Xi Niid N lo , Id ) wi ~ iid NCO, o - )
.

Further assume Po n N lo , f- Id )

Linear ridgeless regression :

= argpmin In Hy
- XBHETZY-HBHi-cxtxtddttx.ly .

Bo = lim B, = Xt y = { OLS solution

mot Min norm interpolating Sol
'

n n

Test error : Eff x. BI - Cx , Bo >5) = HB,- Both .

Rli , r .
d) ± dish Epo,×,w[ H Ba- Potti ]

diner

Bias - Variance Emf - Bhi = EH Xtdit )
- '
XTX - Id )PtXTXtdd1 )

- '

x wth)
decomposition

: ''

= EC HKXTX -1daL)
- ' X'X - 7-d) PHI] TECH Extdat)

- 'X'
'

wth)
.

÷
Bk)

Theorem : [ Hastie , Montanari , Rosset , Tibshrani , 2020]

[ Dobriban . Wager , 2015) .

Under the assumptions above
,
as n , d →o

and dln → r , we have

B. lol→ ( t - f) I {r > I }

Viol→ o
- (# Hrs 13 -1 # Ilr > 13]

.

r

so Rcr . a) = {
" (Fr ) .

rel .

( I - F) tarty ,

r > I .

* Easier to calculate finding. Bla) ,
harder to prove laity, Bto) .
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Double descent curve
.

Approach 1 : Spectrum of the Wishart matrix
.

Blk) = Emll ( HTXtdxH
- ' X'x - 1) pili -- t'd Extrlxtxt xD

-Y
.

= AKE ( J
. .. ,

iilds) ) od : Empirical distribution
of eigenvalues .

where

in Lds) = at ¥, Sxjlxtxld )

VHF E[ It *xtdxttxwt.li] = d- ECtrllxtxtdxt.at
-

4TH]
iv.X

X

= 6
' Eff 5- iilds))
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Thm : (Marchenko - Pastur law )

Assume d
,
n →o

, din → REE ( o , I ) .
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- ( It rn )
-
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Nice functions 4,6) = ¥5 ,

Khs) = ¥5
.



Approach 2 : Stieltjes transform of Wishart matrix .

Lemma : Define S( t.N-trf-LXTX-d.nl Id )
-Y

,

then at SH . d) = - tr ( ( XTX edited)
- -

( XTX ) ]
,

2x Sct . D= - tr [ ft XT Xt da Id)
-

2) xd .

So that BCN =
- it x 2x SCI , d)

VIX) = - o
-

X 2+5 ( a. x)

(A) Calculate the asymptotic of
5. (tix)

(B) Show that 2x SH . X) and at Stix)

converges to 2x , at of asymptotic .

( only d>o ) .

(A) Apply CGMT
.

Ex SH . d) =Extr[ ( t XTX t d. x. Id )
-' ] xij~Nlo.it .
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Eg- [ < g- , Ctxxtd - d - Lee)-157]
X

zoic5.tt#--Suueppd(2cg.u7-Lu.Au
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.
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' '''h
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= Eg .nl guy. info 2 Itfxa - 1¥ - naphtha) tip
'
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-

]

a sand; info @ ftp. - ztplrr) xttp
'
- xo )

= inf ( (At-tP/F5_ + + p2 ) = sit . x) .
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Calculus problem : Ling.fi . 2x sci , xD = ( I - f) 1Er > o}
.
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Lifo, Code sci , as ) = f
← In rel

,

g
- 1-

r 71 .r - I

(B) If him. fali) -- Ha) ,

how to show things fails) -- ft) .

Need : high Eaff ''d call cos .

Approoh 3 : The free energy approach .

Recall the setting of LASSO example .

Y = A Xo t w .

Wi ni id N lo, 62)

Aij ~ N lo, th ) . Xo
, i wi id Po

I = angry in Id H Y - Axllit DIED
,
I (xi )

Interested in (hi , xoi) as d-20 and nld → 8

fth) = ldi.my/EfmixnfIally-AxllitEa.E..Itxilth-ddEi4Cxisxoi ) )) .

⇒ f'( h) IET 4cxni.xo.it -- TEC 4 ( I , Xo ) ]
B
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"* ' gates'I% + s
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.

p = t ( I - 8- ' E ( n' ( Xo tease ) ) )
.



I = Ix' , ⇒ n ( x ; t ) = min Icu
-x )'t En'

= Txt 2×7 Hit) --¥
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It at
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{
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For 8 > I
,

diff
,
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, T*=¥g,

For Sal
,

lim 1¥ =
SIE
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'
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s
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⑦ How to apply ( GMT to generalized linear models
.

?

Aij - NIO , ht ) .

Xo.in Ipo
.

p(Yi -- II ai ) ⇐ 6 ( C ai . x > )
.

min L ( x )
-

- min# Eh,llYi , Cai, x >) t dt¥,
Ilxi )) .

LHy.vt-moifpft-LCY.tl convex in v

= min muaxftn Fe, ( Lai , x > Vi - LH Yi , Vil ] -14¥ ,
Ilxj )}

max su , Ax >In - ht ¥, LH Yi , Vi ) t ta JAE, Ilxj )}
.
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Denote Po = i Pot -- Ld - Po
.

Si = n Nco , 's)
.

Yi = fKai , Xo >i Zi ) = f( 3 ; Hxslk ; Zi )

bi - Po Ai = Si TYIOII Ci = Potai = ai - Si Xo

bi are independent of Ci . B -

- ( big ,

C- ( fi! ) ,
S = ( sigh)

A- = A Pot A pot = Btc C is independent of (B , y ) .

= min muax {
< v. APEX > t Lu , A Pox >

- In ÷, e- ( flsillxolkizi ),
Vi ) t to Fda, Icxj ) ) .

= min min myx f LV ,
C Potx > t Lu , 3 74×1×07111×011,

I X:<Xo, X>=L

- In ÷, e- ( flsillxolkizi ),
Vi ) t to Fda, Icxj ) ) .

For any fixed 11×0112
,
5
,
Zi ,

Gaussian process where randomness from C .

z min min may { Itpotxlksg.us/rn-llvlksh.Potx7/rntx:Cxo.X7=t
y L U , 3 7 ( X , 407/11×011,

- In ÷, e- ( flsillxolkizi ),
Vi ) t to Fda, Icxj ) ) .


