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Lecture 15 .

C GMT and LASSO Asymptotic .

[ Seojnic , 2013]
[Thrermpoulidis ,
Oymak ,

① Convex Gaussian minimax theorem .

Hassi bi , 2015 ] .

Thm ( C GMT)
.

Let Su ERM , Su ER
" be compact sets , 4 be

continues on Su X Su
,
and G C- RMM

, g C- Rn
,
h C- IRM

,

with Gij , gj , hi vii.d N lo . D
.

Define # (G) = tunein
.

Taegu Su .
Gu > + 4 luv) ( Po)

419in = urging Feaf Hulling , u > t Hulk h . u> 741am ) (Ao)

(a) V T EIR

IPC ECG) E t ) E 2lP( 4cg , h) ET )
.

(b) Further assume that Su
,
Su are convex set

and 4 is convex -concave on Suxsv ( Strong duality hold )
Then for all c. ER .

IPC ECG ) Ze ) E 2 IPC 4cg , h) Ze ) .

In particular , tu EIR , t > 0,

PC I #CG) -ul > t ) E 2 - PC 10cg .hu/zt )
.

Steps to apply CGMT.

(A) Figure out how to transform the original
problem to primary problem .

(B) Write down the auxiliary optimization problem
.

(C) Analyze the auxiliary problem .

(D) Extract information from the auxiliary problem .

← Derivation
of formula

.

(E) Proof
.



② The LASSO risk

Signal : Xo E IRD ,
Noise : W E IR

"

, Sensing matrix : A E lRn×d .

Response : y = A Xo t w EIR
"

,
Aijniid N lo , ht) , Wi ~ .

- id N lo . G)
, Xoj - iid Ipo

LASSO estimator : I = argmxin # Hy - AxHit # 11×11
,] ,

we have seen in the replica derivation : 4 : IR
>
→ IR

lim E Fe, Y ( Ij , Xoj )) = Ex. . a) npoxwio.pl/(MlXotT*GiAxT*I.XoD
.das

uld→ s

where (T* , thx) solves some self - consistent equations .

Denote In = at ¥, Sejm , xoj ) , tea be the distribution

of ( n ( Xo t -46; data ) , Xo) when do . G) nlPoxN Coil )
.

Then rid → Td in some weak sense.

Definition : ( Wasserstein-2 distance )
.

u , V E Park)
.

W- cu , u) =L ninety ,u, SH x
-Yllirldxdy )]± .

Remark : ① laing W- (Md ,M*) =o ⇐ lairds ffcxhhncdx) -- ffcnnehddx)
tf Hex) - full EL - (Hlxltlyl ) H-yl .

② Waltz ,¥8xj ,# ¥98 yj ) E H x - ytkld .

A control of Euclidean distance gives a control of Ws .

Theorem ( ( Mio lane , Montanari , 20183 )

OC Amin < dmax so , Ntn = 8 .

B so
,

7- C, C constants depending on ( S , 63 Be , Amin , dmax ) , s -t
.

31%+3 Place.fm?n.Pama.,W-lix.ix5ze)eI.expL-cdeYlogTe
,]

,

a

Benefit : Non - asymptotic , uniform in Xo and X
.

Asymptotic formula is still correct when d is adaptively chosen
.



③ Derivation of the LASSO risk ( calculation instead of proof ) .

Goal : derive m*= ldingsefd.E.4cxi.xo.it] .

when nld→ S
.

Free energy approach (P 's) : the perturbed
LASSO objective .

fth) = ldi.my/EfmijnfIally-AxllitaIHxllath-ddE4Cxisxoi ) )) .

( need to argue why limit and derivative can be

exchanged D
.

⇒ f- '( o ) = lairs. ECI ¥+4 ( Ii . xo.it] .

Derivation :

①

fth) Xd = um Ypg [Ill Autwlktdllxotull . t h ¥,
4C xj , xoj ) )

①:takeu=x-x

umei7rdmIfrn@uiAu7tsu.w> - I Hulk't d Hxotull . th ¥,4lxj.x.is/-QCu.u
) in ( GMT

②:£HzHE=Suup&v,z>-z'HuHi],Z=Autw
③

I umeind Yea,fn [ Hulks 9.us/rnt1lulkLh ,
u > Irn

M-- ¥114 xoj )

+ su , w > - E Huth + all xotull , th - M )

30iCGMTwithG-FXA.lt/u.uI=rmxQCu,u).Needtruncationargu
¥

muffed Yayo ( (H Hulk gtrniow-lktch.us)
x P - Ers

'

w=ow-

+ all Xo + uh , th M ]
.

I ~ NIO, 1a)

40i.mgxfhs-nfafonmff.pt



um TrampFo l
x n + ch .

us ] xp - Ep
.

+ X H Xo tall , t h M .

O5://thfnhgeowlk-d-HNlo.HU#to7Ln)lkar
E min max min f n x (Et Hunt + o' ) ) * ch , u > } xp

UE IRD p 70 I 76

- I B
'

t X H Xo t all , * h M

⑥ : Ta = min { IT + ⇒
,

a-- Hundt #
T > 0

Why this transformation ? We hope the objective function

:÷÷÷÷÷:÷÷÷÷÷÷÷:÷:÷÷÷÷:÷÷÷÷÷÷:
f- ( ¥, Nuj ) ) = eux.tn#m)tM(dE,0lujI-mD--enxtfMEI4lujj-fTj

d x mopey.
min { ( Ey it-4¥ - E P't
Te

Minn (at ¥, (¥ Uj
'

t Phjuj t d l ujtxoj I th 4 lujtxaj . xo; ))))

oi÷::::÷:÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷:Just think about them as
"

ext
"

Explaining why is the task during proof , not derivation .

E d x max min { ( t c) PI - Z p
-

B 70 I

+ Exo , a ) - poxmay [ runienpf If u
'
- PG u t d l ut xol th Hut Xo, Xo ) ))}

.



⑧ : Uniform law of large number

.÷÷÷±÷÷÷÷÷¥:¥:i÷÷÷±:÷nUniform over B and E . inequality and truncation
argument

⇒ Hh) → mpazxo min ( ( Ett )# - EP
'

+ Ecxo
. a) npoxnfo.gl mum ( ITU' - PGutdlutxolth4lutxo.to)D} .

⑨ n

Ect ¥, 415J . Xo; )) = f' lo ) = Ecxaa , [ 4L X ,
Xo ))

BI = argmuin (⇐ u2 - pautdlutxol ) t Xo

= M ( Xo t T*G 's -4¥ ) .

Tx , Pa solves

q
e
-
= at 5

' E ( ( NX. TTG ; TF ) - Xo)
' )

.

P = Ill - 8- ' E ( n' ( Xo TT as IF ) ) ) .

Coincide with the replica prediction .

Remark : i ) ( GMT only handles optimization problem

where
.

Replica method can handle Bayes inference problem .

2) ( GMT analysis is rigorous , and non-asymptotic .



④ Ws convergence .

③ , ⑤ , 70 , ⑧ . ⑨
.

-

Straight - forward ¥Need careful
treatment

.

Problem of ⑨ :

We need Ws convergence ( uniform for all psedo
-Lipschitz test )

instead of looking at a specific test function 4
.

A few steps in showing Ws convergence :

Denote

Original problem : & (u) = Id H Autw HE tall utxoll ,

Gordon problem : I
' (u) = (El EI ) that ) G- EPI + xllxotulh

after simplification

( G MT gives
§* = asymptotic LASSO

risk
.

D tf s ( almost compact )

IP ( ruining Ecu) e#te) s lP( mains Flute #* te )

2) when T is convex ( almost compact )

BC Hein, Ecu)
- E. He ) EPL Heinkel - E.He )

.

* Take T -- Rd
,

S = SE Rd ) { W- Giunta
." ,uT*) 78 }

Suppose we show IPC min Flu) e et * te) → o
.

*

ness

then IPC min Icu) Eminem Elul te ) → o

U '- Wold cutxoxo) . Xx) ZE

⇒ For a = ang min Elul ⇒ W- Cattani
,
xo) , tix ) E S uh -p

helped



To show * ,
suffice to show the strong convexity

of Tcu) near global min , since

W- ( iicutxo . xo) ,
in) E Hu - vie Hild

where vie = ang main Icu) .


