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Lecture 14
.

Gordon 's inequality .

① Gordon 's inequality .

Theorem [ Gordon 't inequality ] Let 5. T be two finite set
.

Let ( Xstlses
,
-LET ,

(Tst ) ses .
-LET be two

Gaussian processes with EC Xst ) = EE Ys-1=0 ,
and

{
EC (Xsti - Xsta ) - ] E E ( ( Yost

,
- Ystz ))

,
V-ti.tn ET, SES

④ ( ( Xs .
-L .
- Xsih)

' ) Z E ( ( Yat , - Ys.to)) , V-s.ts.ES . t.is ET.

Then ① For any deterministic function Qls . -L )

Efsmeisnmaxfxsttocs , -43 }EE{ smeinmaeyksttQG.tl ] } .

② If we further have ECXSE ] = ECYSI ) ,

then

tf t EIR ,
function QG.tl , we have

IP ( Finney Hse + QG.tl) ZT ) EP( zijn 7¥, CYsttQG.tt) 't) .

Remark I : If 151--1 , this reduces to Skpianlsudakou - Fernigue .

Remark 2 : This -1hm also holds when S
, T are compact subsets

of Euclidean spaces , and Q (site
) is a continuous function

.

Proof of ② :

Take fix ) = Its [ I - ¥,L{ xst-QG.tk T }]

⇒ ECFCX) ]= IP ( rgcinmaexp ( xst-QG.tk ) .
Want to apply Kahane 's inequality .

Problem : LEX et } is not smooth .



The 4 E CIR) with 441=0 .
+ so, 4th -4 , I > I

,

4 't)zo .

Take felx) = Tf - It,4( ( xse-Qls.tt -e) le) )SES

Define n= 1st . ITI
.

A = ( ( ( Si , ti ) , Css , ta) ) : S , # Sz ES , ti ik C- T }
.

B = { ( CS
,
ti ) , Cs , th) : SES

,
ti

, tu ET }
.

⇒ tf ( i.j ) E A , 2i2jfLx) Zo

f ( i.j ) EB ,
2- Jj ft) E O .

Apply Kahane 's Lemma ( see Lecture 13 )
.

⇒ Ecfecx) ] E Effect )]

Take ↳o ⇒ lpcnszinsmeaeyxse-QG.tt Zt )

← PC smeinsmeax, Ystt
QG.tl ZT )

.

D

② Example ( smallest sigular value of Gaussian Rim .)

Thm : Lee AE Rmm ,

m >n
, Aijniid N lo , l )

.

Denote comin CA) = umeignm , 77¥, < v. Au >

the smallest singular value of matrix A .

Then EkinLAI ] Z Tm - rn .

Remark : If X E IRM
'm

, Xij vii.d N LO, mt )
,

m > n
,

nlm =P.

we have shown that

I - fr e Eccominlx) ] E E ( comaxlx) ] E Itf ."÷÷÷:÷÷÷÷:÷i÷÷a.*
when m>>n , HXTX - In Hop = max { 6maxTx) - I , I - comin (x)} Yr Fhm



Proof : S = Sm
'

, T = S
""

,
Yuu = ( u, Au >

.

El Yuu ]= 0 ,

E[ (Yuu - Ywz ) ) = ECLAT , uut- zur >I = Hunt
- zw
- HE

= 2 - 2 ( V , z > L
U, w >

.

The next step requires some creativity .

Define ( Xuv ) cu,nes×T: Xuu = Lg , u > tch , u >

where gnNlo , Im ) and h n Nco , In ) 9th

Then EC nu]=o,

E[ (Xuv - Xwz)) = Ekg , u-w5]tEKh, u - z >I

= Hu - w tht Hu - 2- HE = 4 - ku, w> - Zhu , z > .

⇒ E( (Xuu -X wz)'T - E uu
- Ywz)]=2 - Zhu ,w >-24,2-7+2 Law > cuz >

= 24- su.ws) ( I - Luiz>) .

To apply Gordon ,
"

E
"

is enough
1) When u -_ W E Sm

' '

⇒ Eccxuu - Xuz 5) € E [ ( Yuu - Yue ) )
.

2) When u 't w
.

⇒ E [ ( Xuv - Xwz IT 2 EC (Yaz - Ywz )) .

By Gordon
,
E Comin CA) ] Z EC feign, FEY, < 9. u> tch , us]

= Ecllglk] - EC 11h11 .]

m
' rm arn

z Fn - Fi .

sina.EC/lgHEJ-rnisincreasingin



③ Convex Gaussian minimax theorem ( CG MT)
.

[ Seojnic , 2013]
[Thrermpoulidis ,
Oymak ,
Hassi bi , 2015 ] .

Many problems can be written as

# (g) = min Max Lu , Gu > -14 ( u , u )
.

U Esu VE Su

m n G E RMM
, Gijriid N toil) .where Su EIR

,
Su ER ,

4 : IRM × Rn → IR
.

Example : LASSO problem

y -- A Xo tw , Aj NN lo , ht )
.÷÷÷i:÷÷÷:i:i:::"*m⇒.¥= umeiinrd muffin < u , Au > t Lu, w>
- E Hulk't all xo -uh ,

.

T
-

Need to be resealed
.

Huw )
.

The Gaussian process to be compared with .

4cg ,
h ) = min Max Hulks g. u > t Hulk h . u > +4 luv)

.

UE Su VES v

gnwlo.tn ) , h n N lo, Im)
.

Simpler to analyze .

Thm ( CANT)
.

Let Su ERM , Su ER
" be compact sets , 4 be

continues on Su x Su
,
and G C- RMM

, g EIR
"

,
h C- IRM

,

with Gij , gj , hi vii.d N lo . I)
.

Define §(G) = tunein
.
YEE Su - Gu > + 4 luv) ( Po)

419in = urging muggy Hulks g. u > t Hulk
h
.
u> t 41W ) (Ao)

(a) V TER

IPC ECG) et ) E 2- lP( 4cg , h) ET )

(b) Further assume that Su
,
Su are convex set



and 4 is convex -concave on Swxsu ( strong duality hold )
Then for all c. ER .

IPC ECG ) > t) E 2 IPC 4cg , h) Ze ) .

In particular , fer EIR ,
t > 0 ,

IPC I #CG) -ul > t ) E 2 - PC 10cg .hu/zt )
.

Proof : La ) Xuu = Lu , Gu > t 2- Hulk Hulk Z NN lo , l )
.

Yuu = Hulk . Lg , u > t Hulk - Chiu >
.

EC Xuv ] = E [ Yur 3=0 .

EC Xiii ] = HurtHE t MultihullE- 2 HulkHulk ,

E C Yui ]= Hull: Hulk't Hulk 11415=2 Hulk Hulk .

O

? (ECC Yum
-Yumi ] - ECL Xun . - Xun.IT ) 12

ECXumxu.ir ) - EC Yum Yum]

= Cui , us > s vi. Vz ) t Hulk Hulk HulkHulk

- su, ,u. > Hulk Hulk - Lu , v . > Hulk Hulk

= ( Hull . Hulk - Cui , uh>) ( Hulk Hulk - < vi.Vas)
.

←
' '

so" is enough to apply Gordon .

1) When Ui = Us , 8=0
,

z) when uit us , D 70
.

By Gordon : IP ( 4cg , h) ZT )

IP ( main may kuut-4lu.us ) Ze) E IPC main mgx ( Yuu -14 luv ) ) ZT) .
-

IPC ECG) ze) = lPCmuinmgx@v.GuSt4lu.u )) Ze Iz co )

E IPC min muax @ v. au > t z HulkHulk -141mV )) Ze Iz co )

= 2 - Ip ( min muax ( su , Gu > t z Hulk Hulk t 4 Lu , u) Ze , 2- do)

E 2 . IP ( min mgx ( Xuv -14 (un ) ) Ze )

E 2 - IP ( 4 (g. h ) z t ) .

(b) When Su
,
Su ane convex and 4 luv) is convex - conceive

.

Strong duality holds
.



Muff
.
YES,

< v - Gu> + 4h , u ) = muafsumuitfs.su . Gu > t 4 luau )

= - mines
, muffs

.
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T
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.

Apply Gordon to this

04 Example : LASSO problem .

L = umeiinrd muffin < u . A u > t Lu, w>
- E Hulk't all xo -uh ,

.
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< u , G u > Irn to, w > - Ellullit X11 xo

-uh
,

ca MT

I umeitfd TERN Hulk < 9 ,
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①

may f a, u > e b Hull . - £11415 ]
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⑤
arg mainer (X H Xo - uh , te Hulk
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E n x gegion mix ( E ( Cs toys + e)I + In Hnlxotfh Ill
,

+ us [ Hl*+EhniEtxo - s ] -uf4Hhn↳d - e]

⑥
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Taking derivative w - r - e . 3
,
e
, er , u and ignore C IH

( can be verified )

✓ + ( s -167£ t e = 0
.

| -⇐ + """" + e) "± = O
'
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,

s = s
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-
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M
-
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I
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"
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'
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.

÷ → Iz tis. - 'E[ I nlxotife ; a. EH ]



⑤ Technical steps in applying ( GMT .

(A) Figure out how to transform the original
problem to primary problem .

(B) Figure out the auxiliary optimization problem
.

(C) Calculate the auxiliary problem .

(D) Extract information from the auxiliary problem .


