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Lecture 13 : Gaussian comparison inequalities .

① Motivation .

② Stepan 's inequality and Suda Kou - Fernigue inequality .

③ Examples : Wishart matrix and spiked GOE matrix .

③ Proof of Stepan 's inequality .

④ proof of Suda Kou - Fernigue if time permitted .

① Motivating example : the LASSO problem

Signal : Xo E Ird ,
Noise : W E IR

"

, Sensing matrix : A E Rmd .

Aijniid N lo , ht) , Wi ~ .
- id N lo . a)

Response : Y = A Xo + W E IR
"

. -important .

'

LASSO estimator : I = argmxin In Hy
- AxHit # 11×11

,

d

Goal : derive m*= ldignefd.E.4cxi.xo.it] .

when n/d→ S
.

Free energy approach (P -- o) : the perturbed
LASSO objective .

tch) = ldi.my Efmjn ( In Hy - Ax hit # 11×11 . that Fathi , xoi ) )) .

( need to argue why limit and derivative can be
⇒ f'( o ) = Mt . exchanged D

.

Question : how to derive f- ( h ) ?

Intuition : F = mxin {I Hy - Axl lit XHXH , }
.

= mxin may < Alxo - x) -1W , u > - z' Hulk tolllxll ,
T
t
fixed

Gaussians

OL ( x , u ) = ( Ako - x ) tw , u > - z' Hulk -1×11×11 ,

Gaussian process on Rdx Rn indexed by x
,
v

.

Need some machinery to analyze the extremism of Gaussian processes .

Gaussian comparison inequalities .



② Stepan 's inequality and its applications .

Definition ( Gaussian process) . A stochastic process (Xt
) -LET

is called Gaussian process , if A finite subset To CT .

the random vector has normal distribution .

Remark : a Gaussian process can be completely characterized

by its mean function ult) = ECXT]
and covariance function

Ele , s) = ECXEXD .

We will often consider continuous Gaussian

process where Xe is a continuous function of t a. s
. ,
and T is a

separable space .

This leads to EC stuff X-D
-
- EE, EC SEE, X-D .

finite

Example : Xt = Lt . g > ,
t es
"

, g NN lo , La) .

Theorem [ Stepan 's inequality and Sadako -Fernigue's inequality ] .

Let T E IRD
.
Let (Xt) -LET and (Yt )-Let be two Gaussian

processes with E[Xt ) = EH] ,

and EC (Xt - Xs)'] E ECHT - Ys )] .

Then
.

① EC {¥,
Xt ] E EE Eff Tt ] .

[ Sudakou - Fernigue ] expectation
bound

② If additionally we have ECXE ] -- ECYE]

⇒ VEER ,
Pl Eff Xt ZT) ftp.IYZL.cslepian ] .

may give agood
concentration bound .

③
Example I ( Norm of Gaussian random matrices )

.

Proposition : Lee A EIRMM , Aij ni id - N toil)
.

Then E CHA Hop] E Tm tf .

( so when man , ECH Atr Hop ] E FF ti = OU) ) .

Proof : Variational representation of operator norm

11 Allop = Max Lu
,
Atv > = Max Xuu

UE SM (UN) ET
-

✓ E Sm
-I tcaussian

process
where T= S

"-'

x SM
'

,
Xuu = Lu , Atv >

.

Ecxuv ]= 0 , Ecxui] = ELLA , vii.5) = Hurtle -- Hulk
'

INE -- I
.

Eclxuv - Xwz ) ) = FL (SA ,
wut- zur >I = Hunt - z w- HE

= 2 - 2 L U , z > L
U, W >

.



The next step requires some creativity .

Define (Yuu )@net
: Yuu = Lg , u > tch , u >

where gunto . In) and h n Nco , Im)
.

9th

Then EC Yuu] -- o, EE Yui] - EKgiu53-ECsh.us]=2 .

EC (Yuu - Ywz)) = Ekg , u- w5) + EKH, u - z >I

= Hu - w HEI Hu - 2- HE = 4 - ku, w> - 2.Luiz > .

⇒ E( (Yuu - Ywz)J - E uu
- Xwz)]=2 - Zhu ,w >-24,2-7 -122mW > cuz >

= 24- su.ws) ( I - Luiz>) 70 .

To To

By Sudakov - Fernigue inequality , we have

ECHA Hop ] E E [ using < 9. u > tch .us]

✓ Esm
-I

,
quite tight .

= Ecllglk] TECH E Ecllgtk]±tECHhE]±

= Fit rm
.

I
.

& The key is to smartly find a Gaussian process Yuu .

Example 2 ( The spiked GOE matrix )
.

Proposition : O E S
"- t

,

d Zo ,

Wr GOE(n)
.

( wii~Nlo.nl
, wij~Nlo.tn ))

y=xOOTtW C- IRM
.

Denote Imax(4) = Sytsma 467 .

Then
lime,gpELHYHop3 E ( III

.
i
.

Proof : xma×LY ) = esoypgn, Lt , wt > t
tht

,
05

-
Xe

Ye = In Cg , t > t act, 05 .

9~Nlo.IN)

EC (Xt - Xs)
- ] = E [ SW ,

ttt - sst 5] Gijnlvloil)

= f- EC LG ,
tet- Sst >I

= f- Htt'- s s' HE = -4N ( l - Lt. S5)



EC (Ye - Ys )) = the Ekg , t- s 5) = # ht- ski - ¥6 - Kt , s >)

E ( ( Xt - Xs )) - E ( ( Ye - Ys )) = # ( I - Lt , s >770 .

⇒ ECH Yllop ] EEC Ecupsn, Yt ) .

III.Yt Eisnfsup ⇐f9 't > + act . 05 - shek - ID
= inf ( Ig . ( SL - root) - 'g > + 3)

>x

ECinf-ZC373sizfECZ.ES
Ecllyllop]EE⇐¥, 't ] E int E ( the g. ( s t

-doo'T's > +5 ]
>A

= insta 's trc 51 - doo-15
' ) -15 .

oneway.is/ueht-rf(5L-xooTj-y-
Some cruder bound :

① when d -- O .
take 5=1

,
⇒ EC 11W Hop ] E 2 .

② When del , take 3=1
,
⇒

ECHY Hop ] E th t 'T ta t 1=2-1 ÷⇒
⇒ linmsup TECHY Hop ] E 2

③ When d 71 , take 5 = Attn ⇒

ECHY Hop ] E Iit F- t http .

⇒ lineup ECMHop] Ext #
.

D



④ Proof of Stepan 's inequality .

& Lemma : ( Kahane , 1986 ] .

Let X= (Xi) ic.cn, and Y - ( Yi )ieq, be Two Gaussian vectors, with EX -- EY .

Denote A = {Cj ,k)Eln5 : E (Xj Xk) s Ef 'f- 'he] }
.

B E { Cjk) EM
'

: E CX; Xk] > EC 's
- YD} .

Let fix) = fcxi , - - - , xn ) E C
- ( IR" ) satisfies (Efdidjfcx)) can be well defined

for Gaussian X )
.

{ Trjdkfcx) Zo ,
k) EA .

252k£63 SO , Cj , K) E B
.

Then we have Ecflx)] E ECFCYD .

Proof idea : interpolation method
.

Proof : W .
L

- O .

G
,

we assume that FLEX]=ECy]=o .

Define 210 ) = X cosOt Y sin O for OE OEIL
.

and TCO) -- ECFCZLOI)) .

⇒ flo ) = ECFCXD ,

94) = ECFCYD .

Hope to show 940) so ,

tf OE CO, -142] .

940 ) = E fc2.CO) ) , Z' (O) >]

= FI
,
[- since Efxidifczco))] + cos O - ECYi2ifC2lo ))))

.

Interrogation by part :

IEC Xiaifcxcosotysino )]
= asO IE E[Xixj] -Effi 3-f-(2101)]

.

1

EC Yi aifcxasotysino )] = Sino sE[Yi Yj ] -Ecdidjfczlo ))]
.

= cosO - since . FE, EC2i2jf(2101)] { ECYI 'S] - E- [Xixj )) . ¥0
By assumption D

.

Remark : If ECX]=EfD=u to , just define Ttx)=f(x-u) .



n

Corollary : Let X. Y EIR be n - dimensional Gaussian

random vectors
,

with EX]=EC'D .

Assume that

ECX;D -- El Yi
']

,
Vi C- En) ,

and ECXIXJJZECY.- Yj ] Vij Ecn ] .

Then

(1) For any real Y is - -
-

s Mn ,

PL Xi - Yi , ti ) Z LPC Yi - Yi , Vi )
,

K ) IPC miff Xi 77 ) E IPC 7¥,
Yi 7h ) .

n] n]

(3) E[ miffy, Xi ]
E EC7E¥, Yi ] .

Proof : clearly 11 ) ⇒ (2) ⇒ (3)
.

To prove
d )
. conceptually we want to take

^

I { Xi Chi } .f-(Xi, - -
-

,
Xn) = It,# Not smooth

.

The 4 E CIR) with 441--0 .
t so, 441=1 , t > I

,

4 't) so.

n

Take fefxi . . -
- xn) = ¥,

4 ( Gi -Mike ) .

⇒ 2i2jfe 20 .

⇒ Ecfecx ) ] E Effect ))

⇒ send ⇐ o and apply monotone convergence 7hm .

I

Remark : For (Xt)-LET Gaussian process ,

when T is finite ,
it directly gives the theorem .

When T is uncountable but separable ( has a countable dense

subset )
,
when Xt is a continuous Gaussian process ,

we have ELSIE, Xt ]
-

- +3¥,
El sup Xt )

.

LETO

finite



⑤ Proof of Sudakov - Fernigue .

Proposition [ Sudakou -Fernigue's inequality ] .

Let Xi 's EIR
"

be two Gaussian random vectors with FLEX ) = ELY] ,

and EC ( Xi - Xj)
'] EECCY.

- Tj 5] .

Then
.

Ecmiaxxi ] E Ecmax Yi ] .

C-In) i' ECM

Proof : Let u= EX -

- EY
.

Define 5 -- X -µ ,
I = Y - u EIR"

.

and 210) = ago . It Sino - Ft u

Fix B > 0 .
define Fp : IR

"
→ IR

Fp Cx ) E P
' '

log ( IE, emi ) .

For OE Co . Eh ]
,

let ft) = EC Fp (210) )) .

T
r N

y' co ) = cost since IT, ECIIII-x.CZ lol)) - {ECYIYJ ] - tcxixj ]}
tame calculation as before
Define pix) =

2x ; Fp Cx ) = eBEj , epxj , prob dise on IRN
.

⇒ Cx) = ( PC Pik)
- pick) if i=j

- Ppi Pj Cx) if i
.

3¥57.cn/EFTiTj3-ECxixT33
= p II, Pik) ( ECT) - ECE

. ]) - p II Pik' B'G)( ECT - ECI I]
-

=L PimplyCECE] - Ef t EC - ECI'D ) .

= Ez it, Pik) Pjlx) ( ECG.

-

yj ))
- EC (Xi - xD) ) 70 .

⇒ EC Fplx) ) E Effects]
.

P -so ⇒ Ecmiaeynxi ) E EC Feaf, Yi ) .

D


