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Lecture 12 : The LASSO risk .

① The LASSO problem .

Signal : Xo E Ird ,
Noise : W E IR

"

, Sensing matrix : A E lRn×d .

Response : y = A Xo t W E IR
"

,

Assumption L : Aijniid N lo , ht) , Wi ~ .
- id N lo . d)

,
I,¥Sxo; → Bo ( potentially sparse)

.

Goal : observe Y and A
,

estimate Xo
.

LASSO estimator :

I = angmxin In Hy - Ax Hit # 11×11 . .

② Main result ( to be shown using the replica method today) .

Theorem : consider the asymptotic regime nld → SE lo , cs)

as d → co .
Lee CA , Xo , w . Y) be a sequence of

problem instances satisfy Assumption 1 .

Lee I be the LASSO estimator .

(A) We E is w - r.
-L
.

A ,
w .

Iim Ell I - Xo HEID = Ecxo
, a) npoxwco , ,y[( 7LXotT*G;T*t*) - Xo ))

d. n→ is
Hd→ 8

where muss ) = sign Cx) - ( txt - s) + is the soft thresholding function .

← shrink to 0
.

Here
, we define a function Ica) to be the largest solution of

T2 = at St Eko
,G) npoxnlo.DCCNXot-G.tt ) -*}

-

§ Self consistent
and denote at by the unique non- negative solution of

equation .

d= x - TK) - { I - S
- '
E [y

'

( Xo t Tk) G ; a -2K) )] }
.

I

Hereby we define T* = Tk*) . Xo Npo
,

f- Xo -1 TAG

(B) Moreover , for any pseudo - Lipschitz function 4 : R'→ IR
.
we have I = ply ;y*T*)

Iim E[td¥4lxj . Xoj ) ) = Ego ,a) npoxwcon, [ 4 ( M ( Xott*Gid*T* ) 's Xo )]
.

das -

nld→s The solution of a one dim problem

Heuristic result : ( Guo , Baron .
Shamar , 2009]

,
[ KabaShima , Wakayama, Tanaka,wo9]

Rigorous proof : [ Bayani , Montanari , 20103
.

← AMP

Alterative proof : CaMT , leave- one-out .



← a positive mass at O .

Xo distribution #
O

'

* C - tx
i i
'

; i

* xot # a
-

q
i n

E- my;a*ad¥€
Application : want to estimate the support of Xo

S = { j : Xoj to}
,

using the support of Lasso solution

5W = { j : In,j to} .

False discovery proportion :

FDP (d) = lljixa.jto.xo.jo/#
I { j : In; ¥031

True positive proportion :

Tpp (x) =
KJixa.jt-0.xo.jo#

I { j : xoj 1=031
FDR Power

Goal : choose a d ,
sit EffDPW] Ex, ECTPPG)] as large as possible .

-
-

Under the model assumption ( Aij
'

Nlo.hn)
,
wi

'

Nw, )

tdcj : Kaj to , Xoj -- o}/= at ,⇐, I { In,j to ,
Xo,j=o}

→ IP ( Xo --0 , NXott*G;a*# to) .

d- Ifj : Kaj to } I = to Ed, I { I to }
×" "? 1- G~Nlo.tl

→ IP ( n ( xotT*Gsx*¥Eo ) .

IP ( Xo -- O , M (Xo -1 T*G;a*aa) # o)
⇒ him ECFDP ( x)) =-

das p ( n(Xott*Gsa*t*) to) .

Similarly for TPP (x)
.

This gives a
"

simple
"

expression for the power .



③
.

The free energy trick and the replica trick

The configuration space : so = IRD ,
Vo = Lebesgue measure

Hamiltonian : Ha,hLx) = I Hy - Ax Hit d 11×11 , th Ed, 4lxj . xoj )
Randomness : Y ⇐ It Xo t we 2 source of randomness

.

free entropy density : ftp.x.hf-ldimoftalogfpdexpl-BHa.nlxigdx)

Limiting ensemble average :

g-
The free energy trick .

aliens ELITE, 4C xo;D = 2h Linscott ftp.t.hD/h=o

(A) The d -so limie
.

S ( k .
B. d , h ) = limo 'T log E[ ( ftp.dexpl-ptta.hlxbdxlk] .

(B) The k→o limit
.

Y ( B .
X
,
h ) = fine,o[ is Stk , B. x , h )) .

(C) The h differentiation and B →a limit

m* ( x) = {2h finds(Ff ( B.d. h ))) tho .

④ The calculation

(A) The d →a limit
.

( nld → S )
.

XO = Xo C- IRD

w - r . -1 .
A , w

E[2nk]=E¥×k exp { - p II Hy- Axa 1h42 - Puiallxall , - Ah dE.my?.xg..xgBII,dxa
I

= firaxis E ( exp { -BEE, Hy - Axa 115/2} )
a"

wine.
x expf - Pdatllxall , - Ah ¥4449. . x; )} '

II,dxa
A ,
w



y
writ. A . w

Eg @xp f- CEE - ' Gd )
E-G) = E [ exp f - B Ea HY - Axallik 3)

= detlef
= EC exp { - p Ea, 11W - Ako - xall.li/z3 ]

= E ( exp f - p KH w Hitz t B Sw , ¥,
A exo- xa) > - Iz E.

11 A exo - xa) 1h42}]
f density ofwww.t

.E fkn Eton exp f - PKHEIKK - B se, II, Acxexa , >} de
A [Gaussian integration
E is dummy for W

X exp f - I ¥,
HA ( xo - Xa) 115 } ]

.

E=÷
= ( k fo 't ' x E[ exp { p

- HEE
,
Acxo- xa) I % - IE

.
11 A exo - xailhlz}]

.

-

cnn.IE?A=lIEt.ginii!mqj?I,.HAcxo-xaslE--E.iCuitcxo-xWin.t.

unNlohyE[ exp { R E,
u exo - xa - I II Cutcxo - xa )] ' } ]

"

DefineGa=uTCxo_x9,ThenE[GaGb]=(x0-Xa5(xo_xb)/n=T
= Cn ' (↳÷eej expfp- (E. Ga)-Ek - E- Eh, Gi - GT -2-'Gh}da ]

"

d¥yofG[
Gaussian

= Cn - [det ( E - ' t BLK - p - E - Iraqi ) det (E ) )
-F

integration

= ( It Kps -J
- I { dee (Ik t E ( PIK - p- E - Lk 1kt ))}

- £

Define ( x ) = ( L X's Xb > Id )
a.back]

.

it (x) = ( L Xa, XO > Id ) a c- Ck]
.

p = 11×01151d

⇒ E (x) = Cx) - Gtx) List 1kEUR t p LKLKT
.

⇒ E-(x) = E ( ⑤ Cx) , thx) )
.

← abuse notation

introduce

⇒ E[ Znk ) = ftp.dxkECQLH.tk) ) 1=5 SCE -a) sci -a)dodu .

Xexpf - Poiallxall , - Ah ¥4449. . x's. )} '

II,dx9

=fdQ du ECQ , m ) x Ent ( Q ,u )

s Ck , P - ish ) ÷ as
,

up [ flog E- (Qiu DX ⇐ log Ent CQ.nl)
.

m



where Ent (Q , µ ) = J S ( EG) - Q) SCH -

u)

Xexpf - poiallxall , - Ah ¥4449. . x; )} '

II,dx9
S=④

d- log E (Qu ) = - { log Clt Kpd) - { log det [ 1kt (Q -MITT Li't put)lB1k
- B
-

EILT) )
.

-

ecQ.ee) E -

-

By delta identity formula t saddle point approx :

Ent (Qu) = fat f exp f
- Tag Rab (d. Q ab -5×9×71/2 - AE Sa (d -Ma - Cxa. xos)

Baird "

- p,,¥⇒×aµ ,
- ph Idf,4Cxg , XI )} FI"

Errol

= ext Ttf exp - Tag rab( Qab - xaxb )k - Ea Satria- xaxjo )rabisafi" ""
f

- page
,
Kal - ph 4ha , x-D } idk) )

Law of large numbers . flog Ene -- eye I T¥, log Mlxjo, r)→ eft Exonp. [ logmlxo.tl] .
y
uniform in Rab, 3a

⇒ 'absent -sear:{ Exo lost
.
Pl -I;÷÷f¥Y;i%÷;÷÷;

"" '

⇒ sck.p.am = f.Yt (econ ) tent can ,
r. S ) )

. Qg;efYI
r
, 5

where

d- ) = - { log ( ltkpo ' ) - { log det [ Int (Q -UE't Iit PIE'll PIK
- B
-

EILT) )
.

E- =
It KPEZ

entf ) =E×o( log ) exp f - Tag Rab ( Qab - xaxb )/z - AE Sa ( Ma - xoxo )
IRK

- Pia
,
Hal - Ah 4Cxa , xo ) }

'

II
,

dxa )
( B) The K → o limit

.

Replica symmetric ansatzs .

a- iii. it .

- f:: : a it:L
.



Consider that later we 'll take B → co
.

do reparametrization here .
.

will be clear later .

% = 9
,

9 , = ftw ,

ro =p
-

p ,

r,=p
-

p - Pu

m -

-u , 5 -

- PS

PS z E E

⇒ him.# e = - I log ( Hwy) -* (p -zutqt So )

Need to use logdee (a#b LIT ) = Lk - 1) log b t loglatkb)

and
ent = - [ p - k

-

pg - Pku g + Pk Pw
- ku w]/z - k PMS

+ Exolfogfexpf II. Eat,xa5 - EEE,

'

toss EE
,
xaxo

IRK #

- Pia
,
Hal - Ph 4ha , xo ) }

'

II
,

dxa]

usetf.es#IxalG)=expf-ELE.xay
= - [ p - k

-

pg - pkvq + Pk Pw
- ku w]/z - k pas

log Egffexpfpfp . I,xaG - Pu II Ya t p 's EE, xaxo+ Exof in -

])- Pia
,
Hal - Ph 4Cxa , xo ) }

'

II
,

dxa

= - [ pikpq - pkvg + Pk Pw
- know]k - k Pas ¥?o¥j!g¥%

1- Exo log Eg ((f,µexpfBfFx -G - Li# B. 3. x. xo - Pdlxl - Ah 4Cx. xo )) dx)④)
⇒ lim tent = - f - pxgtppw - u w]/z - Pms

k→o ent

fro ( ro - ri ) H

t EG
, ( log feexp G - DE#④ 3. x. xo-⑧ txt -①h4Cx, xo )}d×)

naan -- gyu! e- + exit 'E¥Y¥f;÷;?"
v. 3



(C)
.

flash) = Ipi?. - FNB . Ah )
-

-

g::(hi:# est him. I - teal) .

v. 3

tiny E) = ÷,
( p -zutqt so)

bing.ftsex.tt - uatewi. as ti÷Idm¥"¥"
- Ea

.

!.fm#rp.x?g--I.xts.x.xo-nlxI-h4Cx.xoD }
⇒ f- (x , h ) = e.It fmf (x,h 's 9.win . f. v. 3) .

9WMfv3

fmfh.hj9.w.u.p.us)=T ( p -Zu Sd) 1st us

- EG.xofmxax@p.x.G-zV.x2t5.x.xo-dlxI-h4Cx.x . )) }
SIT -

- ¥,
- E -

- o
, 3tn = -# +3=0

% v =3 = ¥

⇒ flash ) -- eyot fmf ( ah ; p , ow,
" 4- ' IS .

fmtlx.hip.io/---(pt8oYtP- ( f - l )
- EG.xofmxax@p.x.G-t.x2tv.x.x0-dlxI-h4Cx.x . )) }

2¥,h)lh=o= 2hfmt( Rih's RV )/h=o = Ea
. xo ( 4 ( I. xo )]

I = angryax f- Ex't xcuxotra ) -Nxt ]
= angry in ( I (

x - Cxotf GI)
-

t 1*1 ]

= M ( x. + IG ;
I)

.

← soft - threshold ing function
u V c.f. The Theorem

.

where V , P is sit
. fmf ( x , o ; P . V ) is stationery .



f nlxot EG ;E)

Jp fmf = I ( T - I ) -÷ LF[ I G) → integration by part .

= SE ( f - i ) - I E[ 2 ncxoe Er G 's D= o

Zu fmf = I Cpt s o ') - II t E [ ¥ - Xo I ]

= I E ( X -Xo)
- ] t I 6

'
- IT. = 0

.

⇒ gut = o 't s
- t EC ( n Hot EG 's

- Xo))

( f.
= t
'

v = I - St EC 27 (Xo # EG ; A ) - Xo )] .

u = I
v u AT

.

This recovers the self consistent equation of the theorem .


