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Lecture 11
.

Zz synchronization and replica symmetry breaking .

⑦ Zz synchronization .

Signal : O EIR" . O ii. d
.
Unit ( {It } )

.

Azo
.

Observation : Y= FOOT +W E RM
.

W - 60 Ecn )
.

Estimator : 8 (Y ) = ( 07pm = Ez! PANK) .

MLE p =p

Gibbs measure: Parco) A exp { p co, y , >guy,
f Bayes A- dk

An issue : pp.dk) = Pp .nl - o) ,

⇒ < 67ps,×=o .

A solution : prior Ve on Oi

It E

O : =/ I
,

W -P -2 .

- I , w.pt
.

E is very small .

Pamela a exp { Bo , Yo> }ve(o )

Limiting observables 4 : IR
'

→ IR , sufficiently smooth

m*Cp ,
,y= lim lim

,
EK-h.IE/uki.OiDp.x.e)

E → Ott n
-

s
* ( pm ) = lim lien El that Koi >p.ae ,

Oi ) ]
.

E→Ot n u

Ignore this E issue for now
.

This doesn't affect much the replica calculation .



Formalism ( all the results are in the sense of taking Pan . .

and then send e → o )
.

(A) mitts ,d) = things EK Erkki , Oil 7%,] In
-

E E { It }
= LEG

, O f HEE npctanhkpxuxotzpfha)) (Q O )) } ( ECE] -- tanhkpxuxotzp#G)
No!) ThitCHB)

9* = Ea
. @
( tanh ( 2B du* 0+2959*6 )]

Mi = Ego ( O tanh ( 2PM-Ot 2B E G )]
.

Mt > 0 .

Actually -
. In ¥, Hoi . Oi ) → EC 415 ,

O ) ) in probability under ECL . >a,]

Interpretation : the
,
S⇐ , o;)

→ Law of CE , O )

-

O ~Unif( {It } ) ,
GNN toil ) teh D (tanh Grant 072959*61)

Need more
(B) 5*1 B.x) = things EC 4150 i 7pm ,

Oi ) ) In work to

= Ea
. o
[ 4 ( tanh cap .lu#Otzprg*G ) , Oy] ,

show this
.

Interpretation : In FE, 8 (so; >pm ,
o ; , →

Law of cm . o )

O n Unit ( III ) )
,
G - NIO , t)

. IMI - tanh ( 2PdM*Ot2PJq*G )

m -- ECE] .

'

A cheating principle :

when replica symmetric ansate holds . suppose we have

f y : IR
'

-7112
,

smooth test function

twins
.

ECE 's .¥4ki , Oi ) >p ] = Eo ,×[ Een Dco,×, [ 415 , OD)

⇒ f 4 : IR
'
→ IR

,
smooth test function

Iim EC the, 446: >p .
Oil) = Eax ( 4( Equinox,CEI , O )) .

Ntp



② Free energy trick
and replica trick for m*( pm) .

A quick review of
the last lecture

.

D= Zan
,

Vo = Unit f perturbation .

Hanks) = - Lo , Wo > - do . 051N - h Ee
,
4 ( si . Oi )

.

Znlp ,d. h ) = frexpl - B Hanks) ) Volda ) .

ftp.x.h ) = him
.

the Clog Znlp - ah ) ) .

m*Cp , d ) = t - 2h ftp.t.hl/.h=o
.

a) SCK , B. d. h) = things ht log Ef2n( B.a,h)k ]
.

Then limit
.

b) ftp.X.h) = tiny task . B. d. h ) .
The k limit

.

c) m*Lp , a) = b- 2h ftp.dshl/h=o The h derivative
.

a) The new limit

s ( K . f. d , h ) =
ext Uli , Q )
hi ,

Qi
,
- =L QEIRKXK

C- IRK 0-70
Onuniflftl ) )

K (on Unit CHIK)
.

)
vii. a) = - px.E.ir: - B

-E. 9 :b
1- log E (expfzpd Eiinaoao -145 9aboaabtphII.4ka.gs }]

0,8 .

b) The k → o limit

ftp.d , h ) = lim ¥ ext Ubi,Q )
.

k→o Q to

Qii - I
ii.

Trick o : Replica symmetric ansatz .

ma = u
,
Isa Ek{ gab = 9 , is a # b Ik .

Utu , a) =
- Paku

'
- B
'

( Kt klk - A ) 9- ) t 2B
-

( I - a) k

t log Ego[ expf pants , GO -129291¥, Gatt Phi, Hoa , o) ) )-



Trick L : Gunton ) , Egle " GEEK] = exp EE
.
say}

=
- Paku

'
- p
-

( k t k Ck - t ) g
') +2pct- 9) k

+ log Eg
,

exp { zpdntaoaO-sprg.GE?6atPhEI4l6a.O ) } ]

= - Bakri - p
-

Ck t kik- 1) g
' ) + spy , - g) k ( 6,0 ' d-Unit III ) )

+ log Ea,o[ (Es [ exp { zpxuoo + 2 Prg Got Ph 416,0134k]
Trick 2 : Lingo TL log E×[ 241k] = Exc log ZCXD .

= t p 'll-912

⇒ lim Iucn , g) = - Bai - p -G- gytzp
-

CI- g )
K-20 #

+Ea
.of log E. [ exp 12PM60*2 pfqaotpkluk.org ] }

E ULM , q ; p , × , h ) .

(G. O , o ) ~ Nhl) × Unit ( { It } ) x Uniff {± , } )

⇒ ftp.x , h )= ext ul 9. u ; B. a , h )
Msg

uol.eu ; B. x. h) = - Bam
'

t p
-

( I- 95

+ Ea.oflogE@Lexpf2pnu6Ot2pfgG6tPh4Co.O) ] }
c) The h derivative

f- 2h ftp.dshl/h=o=pI2nUlm.9iP.x,hl/C9--9*.u=h*.h-- o)
= E Eocexpkkiuqgoeser.gs#.oD)G'O (

E - ( expfzp u*oO -12959*663 ]

= Ea
.oCEonDE4lEoDJ.ECEf-tanhl2BduxOt2PftG7@xt.9H_argue.xgt Ulm , ohhhh ) tho

.

⇒ u*=Eg
. @ ( O . tanhkdenotzp EG ) ]

. FEI :
(
9. = Ea

.

of tanh KPHO -1459*95)
.

Ex



④ The free energy trick
and replica trick for 5*1 B. X) .

ourgoalisx-CB.ME/ninsbEChE4lsoisp.x.Oi
Observation '

. Let (o '
,
o
'

,
-
- - 6N ) ~ Pp,

N

.

N # of replicas

⇒ fixed i : IT IF 9 " Loi >p ,× .

(Law of large number) .

⇒ t.INT#a6ia.Oi ) he ¥, Hoi >mi , Oi )

Define < fld , - -
-

,

6N ) >man = from f-( s'

,
- -

-

,
6N ) ATI

,
Ppa Ids)

.

SHANI himself ¥,
Hoi >ex .

Oi ) ) - fig
.

twins
.
EK-EE.ME#a6ia.OiD*..D

.

⇐ him
.

him
.

El - -
- 3

.

Free energy trick :

"

E - replica
"

t

od = 5h
N

. VI = Vo④N
,
I = (6'

,
62
,

- - 6N )
.

Hah ,NIE) = ⇐ Haka) - h Ee, 4C ¥
,
Gia

,
Oi )

µ

ftp.x , h . N ) = thing
.
thbgfrexps - P Han ,wLE ) } Velde

' ) &

an ftp.x.o.N ) = him
.

E (C Ee
,
41k¥

,
Sia , Oi ) >p.x.nl/n .

We expect : ↳ ( B. d) = things E [ ET 4h57pm ,
Oi ) ] In

= whim
.
2h41 B. d. o , N )

.

In fact , we will show that :

lnimnEK-LE.4CFE.fi , Oi ) h ., ) = 2n ftp.x.o.nl

= EGO (EEai.int . Dctanhlapauuotzprqa )) ( 41¥ 'VE, ETO ))) .

⇒ him 2h ftp.d.o.N/--Ea.oC4LtanhL2BdM*Ot2pr9aG ) . O ) )
.

N -30



Replica trick . then limit .

a)
. SCK.p.d.h.lv/--hinfonIlogEffeexpl-PHx.n.nlEDuoldoD!

b)
.

9C B. i. h , N )
= kinfolk Slk , B. d. N ) .

the K limit
.

c )
.
S*CB , d) = lwim→f2h ftp.x , o . N ) . the h derivatives

.

a) The n limit
.

⇐ [ znky
HANNAH Hanka) - hee, 4C g. a. a. )

N
= E nkexpf -BE, #Hankab) tph.E.ME?oi9b0iDtgaTIIIuoldoab)b a

Two types of replicas . form k groups .

64 -
- 61N Group I

introduced' ! ou - - - saw Group 2
,

I

in the
.

'

replica trick gkl - - -
-

- 6kW Group K
.

auxiliary
' '

A - replicas
"

→

replicas introduced in thefree energy trick
"

E - replicas
"

If h=o : all the replicas are symmetric .

If ht o : symmetry is broken .

Invariant if exchange replicas in the same group V

Invariant if exchange groups ✓

Non- invariant if exchange replicas in different groups .

X

SCK.p.si , h .
N ) = sext U ( Je .

Q )
M, QZO

Qii -- I

N N

Utu . a) = - BAE Ea
,
# - B

-

E ⇐ 9 :b
by

b b. b'y , a' =/ ,
a' b

'

1- logEafexpfzpi.EE?MaboabOt2f5Ei.E.9ab.cibioaba:b
'

tph 4.tn?.gab.oB]



• = ( sub )¥g¥y
,

d-
Unit ( ( Il ) )

,
O ~ Unit ( III ))

- - - - 711
, Nk

Q = (
" "

!
"

-

) Ju -- (Mn , -
- -

, Mark )
.

{ KNK , it - - - TNK
, NK

b) The k→o limit
.

Replica symmetric ansatz 4=3 , N
-

- 2)
I 9 ,

90 So I

% I / 90 %
'
% ) Group L

- - y
-

-
- y
- - -

a-- f . iii. if :÷:q i s ! I 9 ,O l O l

l l l 9 , a

Group 1 Group 2 Group 3

in = (Min , M ,
-- u )

U ( K . 91 , 9. , u , NK - Pinkie - B
-(Nkll -9.5-1 N- KG .

-9.)IN
-kg; - 2h-HNK]

1-= { tlogEgofexpfzp.lu ⇐ sabo -12919 ,
-HE ,
I

+, iii."*⇐mom
ECexpfxGOEEoablj-expf-EC.EE I}

1- = log Es . ( exp ( 2pm Gabo +2mg .
-g.) FILE, Gaby4¥

+ ph-E.tl 's MOB)NK o o

• C- { II ) /
-

= log Eo.a.CC#sexpC2pnuFE.6aoi-2p4g.-a.)CE,oa5@
✓ T t 2PM

. Got, sa + ph 4L 'T a. O )} )k)
• EIIBN I



= log E ( pyexpfzpnueoaotzpa-a.G.TT0.90¥"'

+
spirit a E. sa + ph 4L 't a. OB )")O O

9C B. a , h . N ) = HI. sq.nl?ntTsUlk.9n9o.uiNI=u,g7,tUl9b9ouu;B.d.h.N)Go 90

Ula , so ,MiB .
i. h , N ) I 111,0 # Ulla , 9. . % , MN)

= - pan - p
- [ N U- 9 . )

-

+ N' ( 9 , -9 .)
-
- 24 - 9.) N )

+ Eo
. a. ( log Es, a. [ exp ( 2pm ,

690 -12pA . G . ⇐ sa

1- 2pA. a. Eat Ph 4C # Eoe , o )) )
.9=1 a-- I

c)
.
2h ftp.d, h , N ) = 2h UH , ,9o , u ; B. X. o , N )

E. a. ( expkpxuFE.ioaotzpffofntro.io/Eiia34HuE.4oJGof-
= €0

' (
Eaa

. (expfzpan.IzoaotzpcraET.a.trox.HE.FI ]
.

where M* , 9¥
,
9.* = ang ext U ( 91 , so

,Msp id, o , N )
M 191,90

.

"

Obviously
"

.
there exists a stationary point S.t.( i

'

iii. na . . . . . .
.

9. M

This is the correct stationery point
for some region ( B . X) .

) The replica symmetric phase .

= Eaa Eta d. Dctanhlapauo + space ) )
( 41k€79 OD)

⇒ salpa ,
things2h ftp.x.o.NHEo.af.4ltanhlzpxu-otzNEG ) . O ))

.



④ I - RSB prediction of Zz sync free entropy density .

D= Zan
,

Vo = Unif

Ha Lo) = - so , we > - do . O 5 In

Znlpid ) = firexp I - B Halo) ) Volda ) .

ftp.x ) = him
.

th EC log Znlp . x ) ) .

a) SCK , B. d , h) = things ht log El 2n ( B.a,h)k ]
.

Then limit
.

b) ftp.x.h) = taiyo Ik s Ck . B. d. h ) .
The k limit

.

a) The n→ co limit

s ( k . f. d , h ) =
ext Utu, Q )

.

K Z K 2

Uli
.

Q) = - BAE,
Ma - B

-

E , 9ab

+ log Es
, o (expfzpdEIMaoaotzp.EE/aboaab }] .

b) The k → o limit

9C B. d , h ) = lim ¥ ex
-Lucie , Q )

.

u
k-IO

Q to

Qii - I

Replica symmetric ansatz doesn't always hold .

Here we assume I - step replica symmetric breaking ansatz .

a.

'""

i÷÷÷÷÷÷÷H÷÷:
"""""

o p
o

O O

÷
Group 1 Group 2 Group ko

ie = (M, Ms - - -

u)
.



Ucu , go ,q , ko, k) = - Bd km! p
- [ talk - ko) 9ft KC ko - 119 ,

-

t k -2Gt .)k)

+ log Ego [ exp {spam Ii sabo
T { +Ei¥tzp-

ca . - a.) EilEab5 ]

T = log Ego,µd[ exp ( 2pdµ¥g,
Ii oabo

tpEE- zp
-

Cq - g.) Ei ( ¥joab5 )

= log Eo
,
a. ( (Egxplzpduatioao

1- zprqoa.EE
,

sa izz)
"

)

= log E o
,
↳ ( (Eaa

, @xp ( 2 Pintado
tap # a. Eisa + zpG¥,oY) )

"

)

= log E o
,
a. ( (Ea.IE#Pl2MMOqq.sgykoy) " )1- zpfqo Go 6 t 2B G

,

= log Eo , a. ( ( Ea
,
( cosh ( zpduotzpraoaotzpqfqoa.jo ] )"

")

⇒ tiny
,

¥ Ulm . 90,91 , ko , k ) = Ulu , 90.9 .
, Ko , B. a) .

=
- part - p

- Eko 9ft (ko - 1) 9,2 - I -24-9 . ) )

+ to Eo
, a. ( log Ea .

[ coshGpxuotzpfqoao-2PF-goa.lk))

⇒ ftp.x ) = ext Ulu , 90 , oh , ko ; f. X)
Ms 90,9114

range of ko E CO 'D
.



I tkpskp , E
- - - HE f k .

Remark :

osk.sk ,
E . - Kps t

.

2- RSB ansate .

Q = 92

¥¥÷i÷
The ground state of 5k model when a-

o

is co - RSB
.

-

u Cdg) = tacky &÷g, Sasa , sbsln .

tig ← EPC )
.

I → P( go , D)
.

¥5 , (Kj - Kj . . ) 89J


