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Lecture 9 Replica methods and 212 synchronization .

⑦ Zz synchronization .

Signal : O EIR" . O in iii. d .
Unit ( {It } )

.

Azo
.

Observation : Y= FOOT +W E RM
.

W - 60 Eln )
.

Estimator : 8 (Y ) = Iz.no PP.dk ) MLE p =p

Gibbs measure: Pp .dk) x exp ( B Lo. Y 6 > }
.

f Bayes A- Nz

Limiting mild) = thing ELLIE, Hoi , Oi ) >p.nl/n .

observables 's
* ( pm) E things EC HE, 4k a' 7pm ,

Oi ) ] In
.

Formalism ( Our goal today )

(A) mxtB.N-hinfnEK.IE/46iiOil7p.a3/n
-

E E { It }
= ④ G. Of ④ Enpctanhkpxuxotzpfha)) (Q O )) } ( ECE]=tanhkpxu*Ot2pf¥G!

9* = Ea
. @
( tanh ( 2Bdu*O -12959*6 )]

M* = Eg
. @ ( O tanh ( 29dm- O -12pA G )] .

Actually .
. In ¥, Hoi . Oi ) → EC 415 ,

O ) ) in probability under ECL . >a,]

Interpretation : In ,¥
, 8€. . o;) →

Law of CE , O )

-

O ~Unif( {It } ) ,
GNN toil ) teh D (tanh (2paM*Ot2PJ*G ))

(B) 5*1 Pm) = thing.EC/4soi7p.a , O ; ) ] In Need more
work to

= Ea
. .
[ 4 ( tanhczp.lu#Ot2pfgG ) , O )]

.

show this
.

Interpretation : In FE, 8 (so; >pm ,
o ; , →

Law of cm . o )

On Unit ( f -113 )
,
G - NIO , t)

. IMI tanh ( 2PdM*Ot2PJq*G ) ,

m -

- ECE] .

I



Example 1 : fca , ok (a- of .

(B) ⇒ high ECHO >pm
- 011531N -- Ea,o[Ltanhlpinxotzfa) - O ))

Example 2 : 9( a , O ) = ( sign (a) - O )
'

(B) ⇒ things E[ II sign @ 07pm) - ONE]/n=Ea.o( ( sign (tank - - I ) - O )) .

② Free energy trick
and replica trick for m*( B.d) .

D= Zan
,

Vo = Unit f perturbation .

Hanks) = - Lo , was > - do . O 5th - h Ee
,
4 ( si . Oi )

.

Znlp ,d. h ) = frexpl - B Hanks) ) Volda ) .

ftp.x.h ) = him
.

th EC log Znlp . x. h ) ) .

m*lp , it = t - 2h ftp.t.hl/.h=o
.

We will show :

ftp.x , h )= ext ul 9. u ; B. x , h )
Msg

uol.eu ; B. x. h) = - Bam
'

t p
-

( t - 95

+ Ea.oflogE@Lexpf2pau6Ot2pfgG6tPh4Co.O) ] }
(G , O , o ) n N lost ) x Unit ( { It } ) X Unit( {± , } )

a) SCK , B. d. h) = things ht log Ef2n( B.a,h)k ]
.

Then limit
.

b) ftp.x.h) = tiny task . B. d. h ) .
The k limit

.

c) m*Lp , a) = b- 2h ftp.dshl/h=o The h derivative
.

a) The n limit
.

Same as before . except the entropy term .

E [ Znk) = E ( ( for exp { - P Hank) } Volda))
"]

.

= E[ Joe expf - BE,
Hanka) ) voldoa ) ) .

= for , Kexp ( P (Ei that. E. 414. . oil ) } .

xE[ exp { P It
,

Wsa >3) II. volda)
-

E



K

E = exp { p
-

%,
L 69 , Sb 951N } Same as Spiked GOE .

El 2n ( B. x. b) k)

k
= Ofry. exp { PIE,

a t p
-

EE,
Coa , ob >Yn

+ Ph II, Ee, 4169 . Oi ) } II, Volda) .

µ "T "" t =/ ( < "" " > • " "" ¥5 S """ " " "" """" "b)
rt

k

sup exp ( pan EI 9.it An Easy 9 :b ) x Ent
>

Q Io

Qii -- I

a) aEsk)

Ent E J, g)KATI, S ( so ,
6 a > - n Toa )

,eat,Slc 69 ,
Sb> - n 9 ab)

x exp (Ph EE, Ee, 4169 . Oi ) } II. volda) dk%%n
calculation

Exercise !

1nlogEnt-inffCQ.AH2tlogEo@xpf-II.o 'lab 9912 - Ph EE, 416A , oo ) ) ) }
A E1RlkttKCkti1where@aIoeae.k n Uni fl fell)

⇒ SIK , p . a. h ) = sup int U ( Q , A )
QZO
Qii -- I

ULQ
,
A) = BATE

,
%: t B

-II
,
9 :b

+ L Q ,
A 7/2 1- log Efexpf -⇐ daboasbktpkzg4ka.at}]

,



Difference : ① Additional 4 term .

② The expectation doesn't have an analytical form .

b)
.

The k limit

9C B. d , h ) = limits Supa inn ULQ .
X. Ap )

.

K-Io Q
Qii - I

÷÷÷÷÷÷÷÷÷÷:i÷÷÷÷÷÷" iii.÷:

Take derivative win- E . 90A
.

9ab
.

Noa = - 2 Pd Goa .

Is a Ek
,

Aab = - 4 P
-

fab
.

. Is a , b Ek .

K

ULQ) = - BAE,
%: - B

- Eka
,
9 :

T log Efexpfzpd Eat
,
9oaoaootzp.EE/aboaabtBhII4l6a.oo) }]

.

( f9oa= n .
Is a Ek

, )
9 ab = 9 , I E a Fb Ek .

= - p n Kei - B
'

( K t k Ck- A ) g
- ) t z p

-

( I - a) k

t log Eg [ exp f Panta ,

Sasi -12 pig
⇒
Gast Ph II

,
416am ) )
-

Problem : How to calculate limo# ULQ) ?



Trick L : Gunton ) , Eg ( e" GEEK] = exp Eisa)) -- exp I II. oasis}
.

=
- Pd Kei - p

-

( k t k Ck - I ) q2) + zp
- ( kg ) k (← Coo . - - - ok) - United

+ log Eg, [ exp { zpduiaoaootspfg.GE, Gat Ph II 416A , so ) } ]

= - Bakri - p
-

Ck t kik- 1) g
' ) + spy , - g) k 6,0

'd'Unit III )

+ log Ea ,of Eo [ exp { 2pm so + 2PM Got Ph 416.0133
"]

Trick 2 : Lingo TL log E×[ 241k] = Exc log ZCXD .

= -1941-912

⇒ lim tu (u, g) = - Bai - p -G- gytzp
-

CI- g )
k-20 #

+Ea
.of log E. [ exp 12PM60*2 pfq Got PRY' G. o ) } ] }
I Uhrig ; p , x. h )

.

⇒ ftp.t , h ) = ext Ulu , q ; P . x. ht (A) is derived
.

M , q

c) The h derivative

f- 2h ftp.dshl/h=o=pI2nUlm.9iP.d,hl/C9--9*.u=h*.h-- o)
= E ×t¥)G'O (

E - ( expfzp u*oO -12959*663 ]

= Ea .o( Eof 416.01) ) ,
ECE] -_ tanh (2Bdu*Ot2Pf*G?

@* . 9*1 = argue,xgt Ulm , ohhhh ) tho
.

⇒ (guy
= #
a. o ( O . tanhkduotzp # I ]

.

= Ea
.

of tanh KPHO -1459*95)
.



Example : 46, O ) = 6 . O
.

EKO ,
O >In] = E ( s ¥,

aOil >ran ]/h=o
"E Ea

, o ( Eon Dco , a , GOT]
= Ea

. @ ( O - tanh ( 2pdu*O -12959*61) =µ* .

④ The free energy trick
and replica trick for S*LB , d) .

Observation : Let (o '
,
o
'

,
-
- - on ) ~ Pp,

N

.

⇒ * ¥7, of Lo : >p ., ( Law of large numbers) .

⇒ In II. 41 East . Oi ) In EI 4 ( coifs . .. . Oi )

Define L f- (G , - - - Gu ) Jp ,an = Jason f- (Q . - - , ow )
'

II
,
PpaLds)

.

SHAN = him
.
EC.IE, 4 Koi >e.x. Oil ] In = him

.
HumanEKE,

41k¥55 Oi )%,]
€ twins
.

thing
.

ECC i¥4fnE ,
Sia , oil >man ]

Free energy trick :

A = 5h
N

.

No = Vo④N
,

I = (6'

,
62
,

- - 6N )
.

-

-

Han ,NIE) = E
,
Hata) - h Ei

,
4K¥,

Gia
,
Oi )

µ

ftp.x , h . N ) = thing
.
th log feexp { - P Ha,mule ) } Velde

' ) &

an ftp.x.o.N/=LImwEff.Ei4ltnE,
Sia , Oi ) >p.x.nl/n .

We expect : S* Cp , d) = things E [ ET 4h57pm ,
Oi ) ] In

= whim
.
2h41 Bid , o , N )

.

In fact
,
we will show that

2h ftp.t , aw ) = EGO (FL Eai.int. Dctanhlapauuotzpfqa ) ) ( 4 ( TINE, ET O ) ))
so that 5*6 . x ) = Ea,o[4( tanh GBdµ*Ot2pr9aG ) . O ) )

.



Replica trick . then limit .

a)
. SCK.p.d.h.lv/--hinfonIlogEffzexpl-PHx.n.nlEDuoldoD!

b)
.

9( B. i. h , N )
= kinfolk Slk , B. d. N ) .

the k limit
.

c )
.
S*CB , d) = tiny 2h ftp.x , o . N ) . the h derivatives

.

a) The n limit
.

⇐ [ znyk
HANNE ) ' Hanka) - h Ee, 4C g. a. o ; )

N
= E nkexpf -BE,(⇐ Hankab) tph.E.ME?si9boiDhaTIIIuoldoa9b a

Two types of replicas . form k groups .

64 -
- 61N Group I

introduced' ! ou - - - saw Group 2
,

I

in the
.

'

replica trick on - - -
-

- 6kW Group K
.

→

replicas introduced in thefree energy trick

If h=o : all the replicas are symmetric .

If ht o : symmetry is broken .

Invariant if exchange replicas in the same group V

Invariant if exchange groups ✓

Non- invariant if exchange replicas in different groups .

X

SCK , B.n , h .
N ) = , sup U ( Je .

Q )
M, QZO

Qii -- I

N N

Uli . a) = - BRE Ianni - B
-

E ¥9:b
by

b b. b'=p , a' =/ ,
a' b

'

1- logEafexpfzpi.EE?MaboabOt2l5Ei.E.9ab.cibioaba:b
' tphzg4.IE?gab.oB]



• = ( sub )¥g¥y
,

d-
Unit ( ( Il ) )

,
O ~ Unit ( III ))

- - - - 711
, Nk

Q = (
" "

!
"

-

) Ju -- (Mn , -
- -

, Mark )
.

GINK
, it

- - - TNK
, NK

b) The k→o limit
.

Replica symmetric ansatz 4=3 , N
-

- 2)
I 91 / 92 ! oh } Group L% I

a- f- Iii: 3am. .
. - i

- -

9. '

,
k i t 91 ) Group 3

\ l l 9 , a

Group 1 Group 2 Group 3

in = (Min , M ,
-- u )

Z
z

U ( K . 91 , 9. , u ,
N ) = - pink - B

- ( Nkll -9.) + N- KG .
-9.) + N'K'gi]

+ logEgofexpfzp.in ⇐ sabo +zpNkt¥¥ab

+ 29927%
,

Gaba'b' tph TE,4(HE,oab , O )}]

= - pink - p
- ( NKCI- g. It N - kC9 , -925-1 N' 1595 - 24- 9.) Nk )

+ by Egg,o( exp ( 2pdµFg6abO + 2p4g ,
-g.) ¥ , ,÷±, oibsab

+ 2PM G. It, ,

crab tphE.4LIEsab.be )})

=
- pink - P

- ( NKCI- 9.)IN
-

Kei , -92ft N' 1595 - 24-9 .
) Nk)

N
+ log Egg

.

( (Esexpfzpoiu E. do -12519 .
-a.) Iago's "

+ 2PM. G. Eat, sa tph 4L 't a. O )} )k)



ftp.x.h.N ) = Hito In tzblk . 9.

sohu.nku.ge?tg.Ul9b9s.u;B.d.h.N)Ul9n9s.uiB.i.h.N)=111,0 # Ulla , 9,92, MN)

= - BAN - p
- ( Nlt - 9,5in - Lg , - g. 5 - 24 - 9.) N]

+ Eo.GL/ogEo(expCzpauEoao+2pTq-gjE..,6a6aI"

+2pA G. Essa t Ph 41k¥69 , O ) ) )
= - pan - p

- [ N u- 9 . )
-

+ N' ( 9 , -9.5 - 24 - 9.) N ) )
L

+ Eo
. a. ( log Es,a. [ exp ( spine,

690+2 pariah Ga sa

-

-

1- 2pA a
. E. sat Ph 4C # EE

,
, O )) )

.

c)
.
2h ftp.d, h.lv/--2hUl9i.9a,uiB.X.o.N )

E. a. ( expkpxeEE.isaoezpffafutra.a.IE?a34HuE.oa.oJ-= ⇐O' a' (
Eaglexpfzpan.IzoaotzpcraETG.trwa.IE#3]

.

where M* , 9¥
,
9.* = argext U( 91,92 ,Msp id, o , N )

d) 91,92
.

"

Obviously
"

.
there exists a stationery point S.t.( i:* : : ÷.eu . . . . . . .E¥¥ .

9. M

This is the correct stationery point
for some region ( B . X) .

) The replica symmetric phase .

= Eaa Eta d. DC-ianhlapano-sprqagyl4HNE.io . OD)
⇒ 5*6×1
{
him
.

2h ftp.x.o.NHEo.al4ltanhlzpxu-otz#G )
.
O ))

.



Remark : Sometimes even when h -- o
,
there is

spontaneous replica symmetry breaking .

The ansatz

I 91 / 92 ! oh } Group I% I
- - y

-
-

- y
- - -

a-- f . iii. if } ::::9. ' k ' I 9 ,I l

l l l 9 , a

Group 1 Group 2 Group 3

should be used when replica symmetric ansate is
not correct . This is called 1- step replica symmetry

breaking . (1-RSB)

2- RSB ansate .

Q=
'

g .? 92¥ 93I:¥¥I92
I 9

,

9 , I

The ground state of SK model when a-
o

is co - RSB
.


