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Lecture 10 : Replica methods and Zz synchronization .

⑦ Zz synchronization .

Signal : O EIR" . O in iii. d .
Unit ( {It } )

.

Azo
.

Observation : Y= FOOT +W E RM
.

W - 60 Eln )
.

Estimator : 8 (Y ) = Ez.no PP.dk ) MLE p =p

Gibbs measure: Park) e exp ( B Lo. Y o > } .

f Bayes A- Nz

4 : IR
'
→ IR

Limiting mild) = things ELLIE, 419 , Oi ) >p.nl/n .

observables 's
* ( pm) E th''The EL FE, 4K a' 7pm ,

Oi ) ] In
.

Formalism : ( our goal today ) .

(Al mills . x) = tiny ECC E,
146in Oil >pm )

= EGO ( EE~DCtanhlzp.no/-zprq*al ) ( 415 , O ) ] f

Gn Niall ,
O - Unit ( IIIs)

.

Dcm) is a distribution .

Ez -Dcm, [ E) = m Supp Dlm ) = III ) .

Actually : hims E. 41£ ,
Oi kn = EC - - - ]
]

Interpretation : Ln .FI, Sca. . Oi , → Law of ( E, O )

On Unifcftl ) ) an Nco , D
.

J - D( tanh (2Pdu*Ot2pfG ) )

( B) http . d) = his.EC 4kg >ax ,
Oi ) ]/n .

= Ea
.
of 4 ( tanhlzpxm-O-zprq.GL , O ) ] .

Interpretation : ht Ea Ska. >pm , Oi ,
→ Law of CECE ] , O )

.

Example 1 : Ha , O ) = Ca- OK .

(B) ⇒ Limo EC Has ONE ]/n=Ea.o[( tanhkpxuaotzpr.ci -OB

Example 2 ! 4 ( a, O ) = ( sign Ca) - O )
'

(B) ⇒ Limo EC Il sign so>p, - Olli ]/n= Ea,o[ ( sign Ltanhtl ) - O ))
.



u* = TECO tanh ( spx Atx O + 2B FA G )){ 9* = E C tanh ( 2AM-Ot 2B 59*65] .

Example 3 : 4 ( a , O ) = a o

(B) ⇒ Inigo E [ Eisa >an Oi In ] = ECO tanh (29*0+2159*61)
.

= tin
.
ECC cam .

o >3h
= in

.

< 6>p,×= O .

¥,# Cesari . 053k
- = n: (pancake:p!, ?o."" )

② Free energy trick
and replica trick for m*( B.d) .

D= Zan
,

Vo = Unit f perturbation .

Hanks) = - Lo , Wo > - do . O 5 In - h Ee
,
4 ( si . Oi )

.

Znlp ,d. h ) = firexp I - B Ha , h (o) ) Volda ) .

ftp.x.h ) = him
.

th EC log Znl B. a. h ) ) .

I

m*Cp , it = t - 2h ftp.t.hl/.h=o
.

We will show :

,
only correct in some ( Bd)

ftp.x , h ) = ext u ( 9. u ; B. x , h )
Msg

uol.eu ; B. x. h) = - Bam
'

t p
-

( I- 95

1- Ea
, of log E, [ expfzpuiuootzpfg Got Ph 4k. }
(G , O , o ) n N 10,1 ) x Unit ( { It } ) X Unit( {± , } )

Replica trick :
a) SCK , B. d , h) = things ht log El 2n ( B.a,h)k ]

.

Then limit
.

b) ftp.x.h) = Kiyo Ik s Ck . B. d. h ) .
The k limit

.

c) m*Lp , a) = b- 2h ftp.dshl/h=o The h derivative
.



a) The n limit :

EC Znk ] = E ( for exp f- A Han (d) voldo Dk ]

= E ( from exp f - p ¥2
,
Ha

,
n Loa) III.olds) ) .

= from exp ( p ( at x<an + h E
,
¥

,
416.9

,
Oi ) )}
-

X E ( exp I B EE Coa, w sa > 3) III. voldoa)
-
-

E

E = exp f p
- It

,
so a , o

" 51N )
.

LF [ Znk]

= for. exp f p E,
a so.gai-tp-E.ca, on 5h

-

+ Ph Ii ¥
,

4 ( of , Oi I } IT Vold84 ..
-

( I = IT'S ( < O ' " > - n 9" ) T Sl '" " > - Mab)" d '" 9M

S = exp I pan ¥ ,
goi t ring,

9a5 ) X Ent

Ent E fuk ATI
,

8 ( so ,
sa > - n Goa ) IT 8 ( Coa , ab> - ngab )

x exp hat
,
¥ 4167 , Oi ) / T Volda) .

Exercise !

O = ( 60, 6
'

,
- - 6k ) E 112kt '

th tog Ent =
, ,,t*, ,×µ, (

( Q ' AM Sia d
. Unit cell )

.

+ log Ee( exp f- ab 696% + Ph EE, 4696.0 ) ) )

S ( k . P , d .
h ) = Liz.tn/ogE2nk--suapinafU ( Q .

A)

UIQ
, A) = BRIE ,

bit PIE
,
tab

1- < Q .
A 7/2 t log E [exp f - Eto hab Sade Ph 469691)

- , a =
- I (a)

.

a



b) The k limit
.

ftp.x.h-kigotzsfp in,f U ( Q .
A)

.

IT = ( I ¥ ] TT permutation .

N

:÷÷÷÷÷"÷÷÷:÷
Igou ULQ , N = O ⇒ Noa = - 2Pd9oa ,

leask
.

29ab UCQ ,
a) =O ⇒ slab = - 4p

-

gab
,

I Eatbsk .

slk.P.x.nl = eff ULQ)

HQ) -- - PXE
,
goi - p- EE ,

tab

+ logE[ exp 12Pa a¥%asao°t2MaE,
gab sad

1- Ph EE, 469073 ]

Gaa = µ ,
I Ea Ek

{ as = 9 ,
IE atb Ek .

U ( k , u, g) = - PXkit - P
-

( Kt klk-1) q2 ) t 2pct- a) k

+ log E[ exp I 2pm EIoaoo-izpg.IE ,

sad +phiz, 469691)
-

Umg ; Ad,h)= lim IV (kin . 9)
.

He

Trick 1 : Elena Eisa ] = exp lE⇐idT) = exp I Ea ,
oaobl

.

Ulla , er , g) = - Bd kn
'
- B

-

( Kt K-1) g- ) +294talk

+ log Eg
,

( explainer do + 2PM Eisa -1M¥,
469.013]

.

Grunion .
or unites# II s -To

.
- - skin unit CHIK )

.



= - p x Kei - p
-

( k t Ck - l ) q2 ) t 2B
'

CI- g ) k

k

+ log Ea
, of KE, exp I zpxuoo t 2PM Got Ph 416,013) )

GNN will O ~Unit (ti) ) 6 ~ Unit ( III ))

Trick 2 : limo To log E [ 243k] = EC log UX) ) .

= u ( 9. us B. x , h )

finite 04am , 9) = - paid + p
-

( I- g )
-

+ Ea ,o[ log Es [ explzpdu 60 -12pA Got Bhplo, ODD
ZCX) = Es ( exp ( z PdmsOt 2pA 66 th P 416, O ) ) ) .

ftp.d, h ) = ext ul 9. us B. x , h )
9. M

c) The h derivative
.

m*cp ,a) = Lp 2h ftp.doh/=tp2nUL9yujp.d.o)/q=a.
why ,

an ulcer 's B. d. o ) -- Ea .pl#etPMM9EL)
,

Es Cexpfzpxu- O -1295g 661)

= Ea
. O ( EonDltanhlzpvrtzpraa ) ) ( 416,0 ) ))

MiLB . X)
.


