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General motivation

v

Bayesian inference: high dimensional integration is hard!

v

Variational inference: integration/summation — optimization.

A popular objective function: “mean field free energy”.

v

Applications: topic modeling, stochastic block model, low rank
matrix estimation, compressed sensing....

.. within which “MF free energy” is known to be not optimal.

v

Today: introduce the optimal objective “TAP free energy”, and
provide rigorous results.
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7.5 synchronization

» Signal:

x=[z1,...,2,]" €Z3, s Unif(Zs), Zo={+1,-1}.
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7.5 synchronization
» Signal:
Tr = [561, NP

2T €7p, ii.d
» Observation: for 1 <3< j3<n

~

Unif(Zz), Lo = {+1, —1}

Y;j = ﬁmimj + Wij.
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.
7.5 synchronization
» Signal:
x=[z1,...,2,]" €Z3, s Unif(Zs), Zo={+1,-1}.
> Observation: for 1 <7< j73<n

A
Y;j = ﬁ.’l)ﬂ)j + Wij.

» Noise W;; ~ N(0,1/n).
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7.5 synchronization

» Signal:
T n id.d. .
x=[z1,...,2,] €Zy, xz; ~ Unif(Zz), Z={+1,-1}.
> Observation: for 1 <7< j73<n
Y, = }\m + Wi
1] — ﬁ zm_j 27

» Noise W;; ~ N(0,1/n).
» SNR X € [0, 00) fixed, dimension n — oo.
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7.5 synchronization

» Signal:

x=[z1,...,2,]" €Z3, s Unif(Zs), Zo={+1,-1}.

v

Observation: for 1 <1< j3<n

A
Y;j = ﬁmimj + Wij.

v

Noise W;; ~ N(0,1/n).
SNR X € [0, c0) fixed, dimension n — 0.

v

In matrix notation:

v

Y = iaz:a:T—i-W.
n
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7.5 synchronization

» Signal:

x=[z1,...,2,]" €Z3, s Unif(Zs), Zo={+1,-1}.

v

Observation: for 1 <1< j3<n

A
Yij = ﬁmimj + Wij.

v

Noise W;; ~ N(0,1/n).
SNR X € [0, c0) fixed, dimension n — 0.

v

In matrix notation:

v

Y = iaz:ar:T—i-W.
n

v

Task: given Y = (V;;), estimate = (or say X = zz ).
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Bayes estimation in Z, synchronization

> Settings:
x ~ Unif(23), Y =(O/n)zz" +W.
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> Settings:
x ~ Unif(Z3), Y =(\/n)zx’ + W.

» Estimate X = xx' with loss:

6X,X) = (1/n?)1X - X|I3.
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Bayes estimation in Z, synchronization

> Settings:
x ~ Unif(Z3), Y =(\/n)zx’ + W.
» Estimate X = za ' with loss:
(X, X)=(1/n?)|X - X|I7

» For A < 1, estimation is impossible.

» For A\ > 1, estimation is possible and efficient, e.g., spectral
estimator (Baik, Ben Arous, Peche phase transition).
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Bayes estimation in Z, synchronization

> Settings:
x ~ Unif(Z3), Y =(/n)zz’ +W.

» Estimate X = zz" with loss:
(X, X) = (/)X - X3

» For A < 1, estimation is impossible.

» For A\ > 1, estimation is possible and efficient, e.g., spectral
estimator (Baik, Ben Arous, Peche phase transition).
» The optimal estimator is the Bayes estimator (also minimax

estimator):
XBayes = E[z2"|Y].
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Bayes estimation in Z, synchronization

> Settings:
x ~ Unif(Z%), Y =O\/n)zx’ +W.
» Risk:
MSE»\(X) = (1/n*)E[||lz2" — X|3].

—— Bayes MSE
——PCAMSE |7

1

09r

081
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IN———————,,.....
Compute the Bayesian estimator

» The Bayesian estimator

X Bayes = E[za"|Y] =

oCZy

Z oo p(o|Y).
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Compute the Bayesian estimator

» The Bayesian estimator:

XBayes — ]E[wa‘Y Z oo p U|Y)
oCZy

» The posterior distribution:

pol¥) = , exp{(o, Vo) /2}
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[
Mean field variational inference
» The posterior distribution:

p(alY)

7 exp{){(o,Y o)/2}.
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Mean field variational inference

» The posterior distribution:

1
p(o]Y) = - exp{)o, Y 0)/2}.
» Approximate p(o|Y’) by g € Pur:

Pur —{a(0) = [ 9:00) : s € P(Za)} = [-1, 17,
=1
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Mean field variational inference

» The posterior distribution:

pol¥) =  exp{(o, Vo) /2.

» Approximate p(o|Y’) by g € Pur:
Pur ={a(0) = [T (o) : ¢ € P(Z2) | = [-1,1]".
=1

» Minimize the relative entropy between ¢ and p(o|Y):

min D Y)).
min Dugllp(e]Y))
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Mean field variational inference

» The posterior distribution:
1
p(o]Y) = - exp{)o, Y 0)/2}.
» Approximate p(o|Y’) by g € Pur:

Pur :{Q(U) = ﬁ 2i(03) 1 q: € 73(22)} [-1,1]™
i=1

» Minimize the relative entropy between ¢ and p(o|Y):
min D Y))
min Du(glp(oY)

> Equivalently minimizing min,,c(_1 1j» Fur(m)

Fur(m ——Zh (m;) — X(m,Ym)/2 > —log Z,

_ 1-m -m 1+m 1+m
where h(m) = —=5 log (L 57) — —5 log(=5™).
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[
Mean field variational inference
» Mean field free energy:

n

Fur(m) = — Z h(m;) — A\(m, Y m)/2.

=1
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Mean field variational inference

» Mean field free energy:

Fur(m) = —> h(m;) — \(m,Ym)/2.
=1
» For m, = argmin,,, Fyr(m), we hope

m,m,] & Xpayes = E[za"|Y].
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Mean field variational inference

» Mean field free energy:
Fur(m) = —> h(m;) — \(m,Ym)/2.
=1
» For m, = argmin,,, Fyr(m), we hope

m,m,] & Xpayes = E[za"|Y].

» It was shown that m,m] % E[xzx|Y] [Ghorbani, Javadi, and
Montanari, 2017].
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Mean field variational inference

v

Mean field free energy:

Fur(m) = —> h(m;) — \(m,Ym)/2.
=1
» For m, = argmin,,, Fyr(m), we hope

m,m,] & Xpayes = E[za"|Y].

v

It was shown that m,m/ % E[x2"|Y] [Ghorbani, Javadi, and
Montanari, 2017].

The assumption that posterior distribution can be approximately
factorized into the product of marginals is wrong!

v
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E———————————————
The TAP free energy

» Thouless, Anderson, and Palmer (1977) proposed the TAP free
energy when they study the Sherrington-Kirkpatrick model, whose
Gibbs measure gives

Gy (o) = 5~ exp{Blo, Yo

where Y;; ~ N (2 /n,1/n).
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» Thouless, Anderson, and Palmer (1977) proposed the TAP free
energy when they study the Sherrington-Kirkpatrick model, whose
Gibbs measure gives

Gp (o) = z,; exp{flo, Y o)}

’

where Y;; ~ N (A/n,1/n).
» When § = ), the Gibbs measure of SK model is the same as the
posterior of Zs synchronization

Song Mei (Stanford University) September 19, 2018 9 /29



The TAP free energy

» Thouless, Anderson, and Palmer (1977) proposed the TAP free
energy when they study the Sherrington-Kirkpatrick model, whose
Gibbs measure gives

Gp (o) = z,; exp{flo, Y o)}

’

where Y;; ~ N (A/n,1/n).
» When § = ), the Gibbs measure of SK model is the same as the
posterior of Zs synchronization

» The TAP free energy (when § = ) gives

n 2 2
n ml|572
fTAP ——E hm:L ml > 4[1_||’n||2j|
Onsager’s correction term
Fur
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E———————————————
The TAP free energy

» The TAP free energy

m - Iy

Onsager’s correction term

n
Frap(m) = —Zh mi) — 5 m,Ym) - ”

FMF
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E———————————————
The TAP free energy

» The TAP free energy

m - Iy

Onsager’s correction term

n
Frap(m) = —Zh mi) — 5 m,Ym) - ”

FMF
» For m, = argmin,,, Frap(m), we hope

m*mI ~ YBayes = E[:B:BT|Y].
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E———————————————
The TAP free energy

» The TAP free energy

]

Onsager’s correction term

n
Frap(m) = —Zh mi) — 5 m,Ym) - ”

FMF
» For m, = argmin,,, Frap(m), we hope
m*mI ~ TX’\Bayes = IE[:)::BT|Y].

» Our main theorem shows that this is correct.
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Proof of the main theorem

Theorem (Fan, M., Montanari, 2018)

Denote C , = {m € [-1,1]" : VFrap(m) = 0, Frap(m) < —2%/3}.
There exists Ag > 0, such that for any A > A, we have

1 =
: T 2
lim E[ sup —|lmm’ — Xpayes||7 A 1] = 0. (1)
n—0o0
mECA,n
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Proof of the main theorem

Theorem (Fan, M., Montanari, 2018)
Denote C , = {m € [-1,1]" : VFrap(m) = 0, Frap(m) < —2%/3}.
There exists Ag > 0, such that for any A > A, we have

. 1 =
lim E[ sup —2HmmT — X Bayes||% A 1] =0. (1)

=Y meCi n

v

All the critical points (below a threshold) are close to the Bayesian
estimator.
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ES————————
Relationship with AMP

» Another way to construct the Bayes estimator is approximate message
passing [Donoho, Maleki, and Montanari, 2009], [Bolthausen, 2014]:

mFT =tanh(O\Ym* — \?[1 — ||mF||2/n]mF1).

Song Mei (Stanford University) TAP free energy September 19, 2018 12 / 29



ES————————
Relationship with AMP

» Another way to construct the Bayes estimator is approximate message
passing [Donoho, Maleki, and Montanari, 2009], [Bolthausen, 2014]:

mFT =tanh(O\Ym* — \?[1 — ||mF||2/n]mF1).

» Fixed point of AMP is a critical point of the TAP free energy.

Song Mei (Stanford University) TAP free energy September 19, 2018 12 / 29



Relationship with AMP

» Another way to construct the Bayes estimator is approximate message
passing [Donoho, Maleki, and Montanari, 2009], [Bolthausen, 2014]:

mFT =tanh(O\Ym* — \?[1 — ||mF||2/n]mF1).

» Fixed point of AMP is a critical point of the TAP free energy.

> The risk of AMP iterations converge to the Bayes risk [Deshpande,
Abbes, and Montanari, 2016], [Montanari and Venkataramanan, 2017]:

. .1 i —
lim lim —2||7”n,k(m,’°)T —zx' || = lim MSE,(Xpayes)-
k—ocon—oon n—oo
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Relationship with AMP

» Another way to construct the Bayes estimator is approximate message
passing [Donoho, Maleki, and Montanari, 2009], [Bolthausen, 2014]:

mFT =tanh(O\Ym* — \?[1 — ||mF||2/n]mF1).

» Fixed point of AMP is a critical point of the TAP free energy.

> The risk of AMP iterations converge to the Bayes risk [Deshpande,
Abbes, and Montanari, 2016], [Montanari and Venkataramanan, 2017]:

. .1 i —
lim lim —2||7”n,k(m,’°)T —zx' || = lim MSE,(Xpayes)-
k—ocon—oon n—oo

> But it is not known if AMP will converge to a fixed point (It is still an
open problem).

Song Mei (Stanford University) September 19, 2018 12 / 29



Related literatures in spin glass theory

TAP free energy in unbiased SK.

» TAP equations: [Talagrand, 2004], [Chatterjee, 2009], [Chen, 2011],
[Auffinger and Jagannath, 2016], Posterior means/Pure states satisfy
TAP equations.

» TAP free energy: [Chen and Panchenko, 2017], constrained TAP
minimum are exact.

Calculating the complexity.
> [Auffinger, Ben Arous, and Cerny, 2010], [Subag, 2016].
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Proof of the main theorem

Theorem (Fan, M., Montanari, 2018)

Denote C , = {m € [-1,1]" : VFrap(m) = 0, Frap(m) < —2%/3}.
There exists Ag > 0, such that for any A > A, we have

1 =
: T 2
lim E[ sup —|lmm’ — Xpayes||7 A 1] = 0. (1)
n—0o0
mECA,n
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Proof idea - Count the number of critical points
» Recall

=1
» Define some important statistics of m:
B(m) = Frap(m)/n, Q(m)=|lm|3/n, M(m)= (m,z)/n.
» For any U C R3, define

Crit,(U) = #{m : VE(m) = 0,(Q(m), M(m), E(m)) € U}. (2)

Proposition

E[Crit,(U)] < exp {n sup S.(q,p,e) + o(n)}.
(g:p.e)€U
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Proof idea - Count the number of critical points

S*(qy%e) = S'Llp lnf S(q:(p1a1e;/")’/: T: 7))
a€R (#7V7T17)€R4

where
1l ra ﬂ)\‘PQ 2 2
(9,90, 1, v,7,7) 4ﬁ2[q . B( Q)]
2
—q#—tpv—aT—[—%(1—q2)+g—67+10g1,
and

e (z - BAp)?
= /,oo g P~ g

+ ptanh®(z) + vtanh(z) + 7z tanh(z) + -y log[2 cosh(a:)]}da:.
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Proof idea - Count the number of critical points

» Key proposition: for ' C R3,
T(U)

E[Crit,(U)] < exp{n sup 5.(q,,€)+o(n)},
(g,0,8)€U
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Proof idea - Count the number of critical points

» Key proposition: for ' C R3,
T(U)

E[Crit,(U)] < exp{n sup 5.(q,,€)+o(n)},
(g,0,8)€U

» For any U such that T'(U) > 0, there could potentially be critical
points of Frap in U.
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» Key proposition: for ' C R3,
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E[Crit,(U)] < exp{n sup 5.(q,,€)+o(n)},
(g,0,8)€U

» For any U such that T'(U) > 0, there could potentially be critical
pOiIltS of ]:TAP inU.

» For any U such that T'(U) < 0, there is no critical points of Frap
in U, with high probability.
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Proof idea - Count the number of critical points

v

Key proposition: for U C R3,
T(U)

E[Crit,(U)] < exp{n sup 5.(q,,€)+o(n)},
(g,0,8)€U

» For any U such that T'(U) > 0, there could potentially be critical
pOiIltS of ]:TAP inU.

» For any U such that T'(U) < 0, there is no critical points of Frap
in U, with high probability.

» If we admit the key proposition, suffice to show that T'(U) < 0
unless U contains a neighborhood of the Bayes estimator.
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Proof idea - the complexity function S,

> S.(e) = SUPg,, Si(g,p,€).

lambda = 2
T T

Complexity

2.3 22 -2.1 -2 -1.9 -1.8 -1.7 -1.6 -15

> A.t €x, S*(e*) - 0.

it

S
»
?
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IN———————,,.....
Proof idea - the complexity function S,

> 5.(p) = supy . S:(q, 9, €).

0.03

lambda = 2
T T T

Complexity

> A.t ‘p*, S*(w*) — 0.

o & = = Qa0
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Proof idea - the complexity function S,

> S.(q) = sup, . S.(q, v, €)-

lambda = 2

0.02 -

Complexity
o

-0.02 -

> A.t q*, S*(q*) — 0.

o & = = Qa0
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Proof idea - the complexity function S,

There exists Ag, for A > Ao,

> S*(Lﬂ Psxs e*) = 01 where (q*7 Pss e*) ~ (Q(m*)) M(m*)7 E(m*))
for X Bayes ~ m*mI.

> S*(qr v, e) < 0 for any e S _)‘2/3 and (q1 v, e) 7£ (q*l <p*,e*).
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Proof idea - the complexity function S,

There exists Ag, for A > A,

> S*(q/\*: Psxs e*) = O) where (q*7 Pss e*) ~ (Q(m*)i M(m*)7 E(m*))
for X Bayes ~ m*m*T.
> S*(qr v, e) < 0 for any e S _>‘2/3 and (q1 v, 6) # (q*) ‘0*;6*)'

The proof of these two properties is more than calculus. It requires
bounds using concentration inequalities.
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Proof idea - the complexity function S,

There exists Ag, for A > A,

> S*(q/\*: Px, e*) = O) where (q*7 Px, e*) ~ (Q(m*)i M(m*)7 E(m*))
for X Bayes ~ m*m*T.

> S*(qr v, e) < 0 for any e S _>‘2/3 and (q1 v, 6) # (q*) ‘0*;6*)'

The proof of these two properties is more than calculus. It requires
bounds using concentration inequalities.

Combining with the key inequality it is easy to show the main theorem.

E[Crit,(U)] < exp {n sup S.(q,p,e) + o(n)}.
(9:0,6)€U

Now suffice to show the key inequality.
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Calculating the Crit: Kac-Rice formula

Lemma (Kac-Rice formula, c.f. [Adler and Taylor, 2007)

] Let f : R? — R be a “sufficiently regular” random morse function. Let

pm(2) be the density of Vf(m) at z. For any Borel measurable set
T C R4, denote

Crit(T) = #{m € T : Vf(m) = 0}.
Then

E[Crit(T)] =E[/T | det V2 f(m)| - 6(V f(m)) .dm]

:/E“detV?f(m)”Vf(m) = 0] prm(0)dm.
T

> |det V2f(m)| is the correct weight function so that each critical point
count exactly once.
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Dealing with determinant of Hessian
» The conditional Hessian is distributed as (up to some scaling)

[V2Frap(m)|V Frap(m) = 0] 2 D + W + low rank perturbation,

where D = diag(d;), and W ~ GOE(n).
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Dealing with determinant of Hessian

» The conditional Hessian is distributed as (up to some scaling)

[V2Frap(m)|V Frap(m) = 0] 2 D + W + low rank perturbation,

where D = diag(d;), and W ~ GOE(n).
» The low rank perturbation has vanishing effects. Therefore, we
just need to calculate E[|det(H)|], with

H=D+W.
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Dealing with determinant of Hessian

H =D + W = diagonal + GOE.

%log E[| det(H)|] = lelogE[i:r[l X(H)|| ~ %log [1;[1 X(H))|

:r,lliz::llog\ki(ﬂ)\ = /Rlog lz| - pr(dz) ~ E[/Rlog\my ) ,U'H(da:)}.

where upr = (1/n) Y2y (A(H)).
» Approximate equalities are due to concentration.
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Dealing with determinant of Hessian

H =D + W = diagonal + GOE.

%log E[| det(H)|] = lelogE[izl_[l X(H)|| ~ %log [1;[1 X(H))|

:r,lliz::llog\ki(ﬂ)\ = /Rlog lz| - pr(dz) ~ E[/Rlog\my : ,U'H(da:)}.
where ppr = (1/n) Y1y S(X:(H)).

» Approximate equalities are due to concentration.

» The Stieltjes transform of prr can be approximately calculated
using free probability theory.
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Free convolution of two distribution

Let A€ R™™ and pa = (1/n) Y 6(Ai(A)). For any z € C., the
Stieltjes transform of p 4 is defined as

1 1 1
= dz) = — —_—
9a(z) ,/R z— z’uA( z) n Z Ai(A) — 2z

=1
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Free convolution of two distribution

Let A€ R™™ and pa = (1/n) Y 6(Ai(A)). For any z € C., the
Stieltjes transform of p 4 is defined as

Lemma (Due to free probability theory)
Let D = diag(d;) be a diagonal matriz, and let H = D + W . Then

1

~ 1
Egr(z) :ﬁ; T En )+on(1) (3)

v
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Dealing with determinant of Hessian

H =D + W = diagonal + GOE.

%log E[| det(H)|] = lelogE[i:r[l X(H)|| ~ %log [1;[1 X(H))|

:r,lliz::llog\ki(ﬂ)\ = /Rlog lz| - pr(dz) ~ E[/Rlog\my ) ,U'H(da:)}.

where upr = (1/n) Y2y (A(H)).
» Approximate equalities are due to concentration.

» The Stieltjes transform of prr can be approximately calculated
using free probability theory.

» Once the Stieltjes transform of uzr is known, the quantity
E[fR(log |:E|);1,H(dm)] can be computed.
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Calculate E[f log |z| - pm(dz)]
» Define
B(t) = IE/Rlog(:n _ it)um(de).
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Calculate E[f log |z| - pm(dz)]
» Define
B(t) = IE/Rlog(:z: _ it)um(de).
» We have

RB(0+) =E [ loge| pr(de),

B'(t) = —iE [ [1/(e — i®)lpsa(de) = —iElgn(it)]
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Calculate E[fg log |z| - pgr(dz)]
» Define
B(t)=F /R log(z — it)um(dz).
» We have

RB(0+) =E [ loge| pr(de),

B'(t) = —iE [ [1/(e — i®)lpsa(de) = —iElgn(it)]
» We guess a formula

B(t) = - log(d: — it ~ Egn(it)) + 5 [Egn (it)]*

=1
Then B(t) satisfy all the conditions that B(t) approximately
satisfy, so that B(t) = B(t) + on(1).
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Calculate E[fg log |z| - pgr(dz)]
» Define
B(t)=F /R log(z — it)um(dz).
» We have

RB(0+) =E [ loge| pr(de),

B'(t) = —iE [ [1/(e — i®)lpsa(de) = —iElgn(it)]
» We guess a formula

= 1 , . 1 .
B(t) = . Zlog(di — it — Egm(it)) + §[EgH(7,t)]2.
=1
Then B(t) satisfy all the conditions that B(t) approximately
satisfy, so that B(t) = B(t) + on(1).
» Hence )
—log E[| det(H)|] = B(0) + on(1).
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Dealing with determinant of Hessian

H =D + W = diagonal + GOE.

%log E[| det(H)|] = lelogE[i:r[l X(H)|| ~ %log [1;[1 X(H))|

:r,lliz::llog\ki(ﬂ)\ = /Rlog lz| - pr(dz) ~ E[/Rlog\my ) ,U'H(da:)}.

where upr = (1/n) Y2y (A(H)).
» Approximate equalities are due to concentration.

» The Stieltjes transform of prr can be approximately calculated
using free probability theory.

» Once the Stieltjes transform of uzr is known, the quantity
E[fR(log |:E|);1,H(dm)] can be computed.
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Summary

» TAP free energy is accurate for Zs synchronization.
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Summary

» TAP free energy is accurate for Zs synchronization.

» Can be generalized to topic modeling, low rank matrix estimation,
compressed sensing, etc...

» It is interesting to study and apply variational inference beyond
mean field.
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