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A Added details and proofs for Sections 1 and 2

A.1 Discussion of sampling model for BV functions

We clarify what is meant by the sampling model in (1), since, strictly speaking, each element f € BV(2) is really an
equivalence class of functions, defined only up to sets of Lebesgue measure zero. This issue is not simply a formality,
and becomes a genuine problem for d > 2, as in this case the space BV (£2) does not compactly embed into C°((2), the
space of continuous functions on €2 (equipped with the L>° norm). A key implication of this is that the point evaluation
operator is not continuous over BV ().

In order to make sense of the evaluation map, x — f(x), we will pick a representative, denoted f* € f, and speak
of evaluations of this representative. Our approach here is the same as that taken in Green et al. (2021a,b), who study
minimax estimation of Sobolev functions in the subcritical regime (and use an analogous random design model). We let
f* be the precise representative, defined (Evans and Gariepy, 2015) as:

1
lim ——— / f(2)dz if the limit exists
f*(.’l?) = =0 M(B(JZ, 6)) B(xz,e€)
0 otherwise.

Here i denotes Lebesgue measure and B(z, €) is the ball of radius e centered at z.

Now we explain why the particular choice of representative is not crucial, and any choice of representative would
have resulted in the same interpretation of function evaluations in (1), almost surely, assuming that each x; is drawn
from a continuous distribution on (2. Recall that for a locally integrable function f on €2, we say that a given point
x € (lis a Lebesgue point of f provided that lim._, (fB(Le) f(2)dz)/u(B(z,€)) exists and equals f(z). By the
Lebesgue differentiation theorem (e.g., Theorem 1.32 of Evans and Gariepy, 2015), for any f € Lt (), almost every
x € Q) is a Lebesgue point of f. This means that each evaluation f*(x;) of the precise representative will equal the
evaluation of any member of the equivalence class, almost surely (with respect to draws of x;). This justifies the
notation f(x;) used in the main text, for f € BV(Q) and z; drawn from a continuous probability distribution.

A.2 TV representation for piecewise constant functions

Here we will state and prove a more general result from which Proposition | will follow. First we give a more general
definition of measure theoretic total variation, wherein the norm used to constrain the “test function” ¢ in the supremum
is an arbitrary norm || - || on R?,

TV(f; Q- ]) = Sup{/gf(x) div ¢(z) dz : ¢ € CHGRY), ||o(x)]| < 1 forall z € Q} . (S.1)

Note that our earlier definition in (2) corresponds to the special case TV (f;€2, || - ||2), that is, corresponds to choosing
[[- 1] =1 -]l2 in (S.1). In the more general TV context, this special case is often called isotropic TV.

Proposition S.1. Let Vi, ..., V, be an open partition of ) such that each V; is semialgebraic. Let f be of the form

f=30:-1v,
i=1



for arbitrary 01, . . ., 0,, € R. Then, for any norm || - || and its dual norm || - || (induced by the Euclidean inner product),

we have
n

vl =Y ([ pnlano) i - 05

ij=1
where n;(t) is the measure theoretic unit outer normal for V; at a boundary point t € OV;. In particular, in the isotropic
case || - || = || - [l2

V(I l2) = Y HTHOViNOV;) - 10 — 65].
ij=1
Remark 1. The condition that each V; is semialgebraic may to weakened to what is called “polynomially bounded
boundary measure.” Namely, the proposition still holds if each map r +— H9~1(0V; N B(0, r)) is polynomially bounded
(cf. Assumption 2.2 in Mikkelsen and Hansen, 2018). This is sufficient to guarantee a locally Lipschitz boundary (a

prerequisite for the application of Gauss-Green) and to characterize the outer normals associated with the partition
Vi,ooo, Vi

Proof. We begin by deriving an equivalent expression of total variation of piecewise constant functions.

TV(f; 9, 1)
:sup{/ f(x)divp(x)dx : ¢ € CHOQ;RY), |6« < 1Vx}
= sup {Z/V 0; div ¢(x)dz : ¢ € CHURY), |4l < 1 Vac}
= sup {Z 92/ (), n; (1)) dHITL(t) : o € CHO;RY), (|6 < 1 Vx} (S.2)
—su - n; d—1 _ " d—1
= p{wzl ( S (o(t), i ())dH(t) + 0; /avmavj ((t), n;(t))dH (t)>

(S.3)
P L GO mO) I 0) 6 € CHOR o] < 1\#}

=0; (¢ compactly supported)

= sup { S [ - 600 0) s 6 € CHLRY, o]l <1 w} (s4)
=17 ovinav;
we obtain (S.2) by applying the Gauss-Green Theorem (Evans and Gariepy, 2015, Theorem 5.16); (S.3) by observing
that when the boundaries of three or more V; # V; # V}, # - - - intersect, the outer normal vector is zero (Mikkelsen
and Hansen, 2018, Lemma A.2(c)); and (S.4) because when the boundaries of exactly two V; # V; intersect, they have

opposing outer normals (Mikkelsen and Hansen, 2018, Lemma A.2(b)). Apply Holder’s inequality to obtain an upper
bound,

VI -1D
<sup{ Sl lel. m(t)Hcmd-l(t):¢ec§m;Rd>7n¢*sm}
3,j=1

_ |/ Insllan ),

where recall |||, ||- ||* are dual norms. Finally, we obtain a matching lower bound via a mollification argument. The
target of our approximating sequence will be a pointwise duality map with respect to ||-||, but first we need to do a little

bit of work. Define the function ¢ : Uj';_;0V; N 9V — R? by

¢o(t) € {g/llgll : g € F(ni(t)),t € V; NOV;},



and its piecewise constant extension to £, ¢ : 2 — R% by
o(z) = ¢ (t € argmin{||lz — |2 : t € U}, _,0V; N 8VJ}) ,
t

where for a Banach space E and its continuous dual E*, we write F' : E — P(E™) for the dual map defined by

F(xo) = {fo € E* : || foll g~ = l|lzoll & and (fo, o) (p,5+) = llzoll% } ,

and moreover when E™ is strictly convex, the duality map is singleton-valued (Brezis, 2011). Observe that gb € LIOC( )
1 < p < o0, so there exists an approximating sequence ¢ € C°(2,R?), k = 1,2,3,.. ., such that limy_, o0 ¢ — &
p-a.e. We invoke Fatou’s Lemma and properties of the duality map to obtain a matching 1ower bound,

TV )
= sup{ > 16: - 6] (B(t),ns(£))dHI (1) : 6 € CHEOUERY), 9] < 1 W}
=1 aViNav;
> Z 0: — 0;|lim inf (dr(t), ni(t))dHI(t)
ij=1 =0 Joav;naV;
> 0; — 0, 1 f dHIT
f”21| |/Bwvj<mm J().n <>> (0
= 0; — 0, 1 dH!
Z| o <kggo u(thnlt) a1 1)
= 0; — 0, ni(t))dHI!
;1| i /8 CORROIEA0
3 16— 6] / In @l 0,
i,j=1
establishing equality. O

B Proofs for Section 3

B.1 Roadmap for the proof of Theorem 1

The proof of Theorem | consists of several parts, and we summarize them below. Some remarks on notation: throughout
this section, we use oy, for the constant c; appearing in (24), and we abbreviate || - || = || - ||2. Also, we use C'*(2) and
C?(9) to denote the spaces of continuously differentiable and twice continuously differentiable functions, respectively,
equipped with the L>° norm.

1. Anedge {7, j} in the Voronoi graph depends not only on x; and x; but also on all other design points z, k # 4, j.
In Lemma S.1, we start by showing that the randomness due this dependence on x, k # i, j is negligible,

Il 1 (d+2)/d
E[(DTV(f;w") — Unvar()*] < € oMl E:f’;n) , (85)

for a constant C' > 0. The functional U, vo,(f) is an order-2 U-statistic,

Un,Vor(f) = %Zz‘f(xz) - f(mj)’HVOr(xinj)’

i=1j=1

with kernel Hyo,(x,y) defined by

Hyor(z,y) = E[HYH(0Vi N OV))|as, 5] = / (1 - pal2)) " do.



Here L = L, is the (d — 1)-dimensional hyperplane L = {z : ||z — z|| = |ly — 2|}, and p,(2) = P(B(z, ||z —
z||)). (Note that p,(z) = p,(z) for all z € L).

2. We proceed to separately analyze the variance and bias of Uy, vo, (f). In Lemma S.2, we establish that U,, vor(f)
concentrates around its mean, giving the estimate, for a constant C' > 0,

(logn)®
n

Var[Up vor(f)] < C £ 1171 (- (S.6)

3. Itremains to analyze the bias, the difference between the expectation of Uy, vor(f) and continuum TV. Lemma S.3
leverages the fact that the kernel Hy,,(x, y) is close to a spherically symmetric kernel—at least at points z, y
sufficiently far from the boundary of 2—to show that the expectation of the U-statistic U,, vor(f) is close to (an
appropriately rescaled version of) the nonlocal functional

TVek (fi U h) = /Q /Q |f(x>—f<y)|Kv0r<”i(;;” ”)h(x)dyd:a (S.7)

for bandwidth £(z) = (np(x))~'/%, weight h(z) = (p(x))@D/? and kernel Ky, (t) defined in (S.13).
Lemma S.4 in turn shows that this nonlocal functional is close to (a scaling factor) times [, ||V f||. Together,
these lemmas imply that

lim E[Up vor(f)] = ovor /Q IV £(2)|| da S.8)

n—oo
Combining (S.5), (S.6), and (S.8) with Chebyshev’s inequality implies the consistency result stated in (24). In the rest
of this section, across Sections B.2-B.4, we state and prove the various lemmas referenced above.
B.2 Step 1: Voronoi TV approximates Voronoi U-statistic
Lemma S.1 upper bounds the expected squared difference between Voronoi TV and the U-statistic Uy, vor (f).

Lemma S.1. Suppose x1., are sampled independently from a distribution P satisfiying Al. There exists a constant
C > 0 such that for all n € N sufficiently large, and any f € C*(f),

(log n)(d+2)/d

nl/d

2
E[(DTV(f,wV) _ Un,VOr(f))2:| < C”fHCl(Q)

Proof of Lemma S.1. We begin by introducing some notation and basic inequalities used throughout this proof. Take
c0 = (logn/n)*?. Let B,(z) := B°(z, ||z — z||) denote the open ball centered at z of radius || — z||, and note that
by our assumptions on p, we have p,.(z) := P(B,(z)). We will repeatedly use the estimates

Pmin

pa2) = P gl — 2|1,

and therefore for c; = P52 g,
(1= pa(2))" < exp(—cinfle — z[|).

It follows by Lemma S.18 that for any constants a, ¢ > 0, there exists a constant C' > 0 depending only on a, c and d

such that | | < Cen) .
_ n r—y||<Cey 1
/Lm(l epz(2))" < C( nd=1)7/d + n5>'

We will assume n > 8, so that the same estimate holds with respect to n — 4 > n/2. Finally for simplicity write
Awi, ;) = |f(xi) = f2)[(HTHOV: NOV)) — Hvor (@i, 25)).

We note immediately that, because x1.,, are identically distributed, it follows from linearity of expectation that

n

E[(DTV,0vor(f:0") = Unvor())?] = (2)E{(A($17x2))21

+ (Q)E[A(m,xzm(m,xsﬂ



N (Z)E[A(ml,xg)A(mg,Mﬂ

(o) (i)

We separately upper bound |7} | (which will make the main contribution to the overall upper bound) and |T5| and |T3|
(which will be comparably negligible). In each case, the general idea is to use the fact that the fluctuations of the

Voronoi edge weights Hi-1 (0V41 N OV4) around the conditional expectation Hvy,, (1, z2) are small unless 21 and x5
are close together.

Upper bound on 7. We begin by conditioning on 1, z2, and considering the conditional expectation

E[(A(wl,l‘g))2|1‘1,$2] = |f($1) — f($2)|2VaI‘(,Hdil(8V1 N 6V2)|$1,5€2).

By Jensen’s inequality,

Var(HEH0VE N OVa)|z1, x0) < HEH(LNQ) / Var(1{P, (B, (z)) = 0}|z1) dz
LNQ

=HIHLNQ) / (1= pa, (z))(n_z) dz

LN
1 1
< C(Wl{llxl — 22 < Ceo} + E)

Taking expectation over x; and x5 gives

11810 2 1117 @)
n<cC H@D)jd H =y H{llz — y[| < Ceo} dy dx + 5

(d+2)

< C(”f”cl(g)% n ||f||Loo(Q))

— n(dfl)/d ns

_C ||f||%71(9)(10g”)(d+2)/d Hf||2<>o(9)
- ( n(2+1/d) + nd )

Upper bound on 75. Again we begin by conditioning, this time on x1.3, meaning we consider
E[A(z1, 22)A(z1, 23)[w13] = [ f(21) = fz2)l|f (1) — f(a3)|Cov [HIH (VL N OVa), HTH(OV1 N OV)|1.3].

We begin by focusing on this conditional covariance. Write L = {z € Q : ||z — z1]| = ||z — 22|} and likewise
L'={z€Q: |z — x| = ||z — z3||}- Exchanging covariance with integration gives

‘COV [H1(0V1 N OVa), HEH(OVA M OV3)|z1.5]

</ |Cov [P (Ba, (2)) = 0}, H{Pa(Ba, (=) = 0} ] | 2’ d=

@  Pay(2) + Pay () (73 ,
/// 5 ) dzdz

_ Py (n=3)r1 _ v (n—3) ! dz
[ ] 0= pa )= ()Y

1 1 1 1
< C(ml{ﬂﬂh — 22| < Ceo}t + ﬁ) (ml{Hxl — 3] < Ceo}t + $>

1 1
< C(wl{”ﬂ?l 22| < Ceo}l{[|z1 — x5 < Ceo} + E)

(8.9)

The inequality (%) follows first from the standard fact that for positive random variables X and Y, |Cov[X , YH <
E[XY] + E[Y]E[X], and second from the upper bound

/ ) )
E[1{Pu(By, () = 0}, 1{Pu (B, () = 0}] < (1= P(Buy(2) U Bu () )



Taking expectation over 1.3, we have

11121 @ ||f||L°° )
72 < O (s [ [ [ =l =l < Ceabi{l ==l < Coo} dedyde + )
2(d+1
< C(”fHCl(Q 50( ) n ||fHL<>°(Q )
= 2(d—1)/d 5
L S LA S
B n? n’ '

Upper bound on 75. Again we begin by conditioning, this time on x.4, so that
E[A(z1, 22) A(ws, 24)|w1a] = [f(21) — f(22)||f(23) — f(24)|Cov[HI (VL NOVR), HY 1 (0V3 N OVy)|w14],

Write L = {z € Q : ||z — 21|| = ||z — 22|/} and likewise L' = {z € Q : ||z — x3]| = ||z — x4||}, we focus on the
conditional covariance

Cov[H*H(0ViNOVa), HO ™ (OV3NOVa) |21.4] :/L/ Cov[1{Pn(By, (2)) = 0}, 1{P,(By, (2)) = 0} z1.4] d2’ d=

We now show that this covariance is very small unless x and x5 are close. Specifically, suppose |21 — z3]| > 0. Then
either ||z — z1|| > €0/3, or ||z’ — x3|| > €0/3, or By, (2) N By, (2') = 0. In either of the first two cases, we have that

|Cov [L{Pu(By, (2) = 01, 1{Pa(Buy (=) = 0} o]

Pmin Pmin
< 2exp(=— = (n = 4)[|l1 — z||*) exp(— g v Dlles = 21}

min C
< 2exp(—p4d (n—4)ed) < =

In the third case, it follows that P(By, (z) U By, (2')) = pa, (2) + pu, (2). Assume x3, 24 € By, (2), and likewise
x1, T2 & By, (2'), otherwise there is nothing to prove. We use the definition of covariance Cov[X,Y] = E[XY] —
E[X]E[Y] to obtain the upper bound,

|Cov[L{P.(Ba, (2)) = 0}, 1{Po (B, () = 0}
= (1= (s (2) £ Py (D)™ = (1= iy (D01 = i ()|

— n—4 n— Pay (z)pla (z) (n—4)
= (1= pa, (2)) ™D (L = pg, () D (1 “ T ma _p%(z))) - 1‘

< (1= 90y ()" = iy (2)) " iy (2)pag ()0

Pmin Pmin
< Pt exp(~ 5 (n = 4) s — 2*) exp(= B2 (n = )z — 2| |er = 2I|las — 2/|*n
< Cexp(—P2 (n = 4)]jar — =) exp(~E22 (0 — 4) ez - 2| ")e3"n

Integrating over z, 2/, it follows that if ||x; — x3|| > &, then

g2d 1
|Cov [HA=1 @V NaV2), K (OVs NV ] | < C(—sz) 7 l{lles =22l < Ceobi{lles —aall < Ceob+ ).

Otherwise ||z1 — x3|| < €0, and using the same inequalities as in (S.9), we find that

’COV [’Hd_l(aVl NoVa), HI (V5 N OVy)|w1.4] ‘



1

< C(Wl{”xl

1
—2a|| < Ceo}l{|lzs — z4l] < Ceo {21 — 23] <0} + ﬁ)

Taking expectation over x.4, we conclude that

611 1IE g
T3<C(dz)/o(l)////||x—y||||h—z||1{5C—y|<050}1{|h—z||<C’ao}dhdzdydx

112
+zengs [ =il = 211 =yl < copi{lh = 21 < Ceo.la = bl < o} dhdzdy do
N ||fL°°(Q))
ns
<C(||chl(Q AN i PPN IIfI%oc(Q))
= (d—2)/d n2(d—1)/d no
17112 g (log m) 44274 £12 _ o
=C( = + 5 )
n n
Combining our upper bounds on 77-T5 gives the claim of the lemma. [

B.3 Step 2: Variance of Voronoi U-statistic

Lemma S.2 leverages classical theory regarding order-2 U-statistics to show that the Voronoi U-statistic Uy, vor(f)
concentrates around its expectation. This is closely related to an estimate provided in Garcia Trillos et al. (2017), but
not strictly implied by that result: it handles a specific kernel Hv,, that is not compactly supported, and functions f
besides f(z) = 1{x € A} for some A C (2.

Lemma S.2. Suppose x1., are sampled independently from a distribution P satisfiying Al. There exists a constant
C > 0 such that for any f € C*(Q),

(g n)?

Var [Up v (f)] < C ||fucl(m (S.10)

Lemma S.2 can be strengthened in several respects. Under the assumptions of the lemma, better bounds are available
than (S.10) which do not depend on factors of log n. Additionally, under weaker assumptions than f € C*(£2), it is
possible to obtain bounds which are looser than (S.10) but which still imply that Var[Un,Vor( f )} — 0asn — oo.
Neither of these are necessary to prove Theorem |, and so we do not pursue them further.

Proof of Lemma S.2. We will repeatedly use the following fact, which is a consequence of Lemma S.18: there exists a
constant C' > 0 not depending on n such that for any z,y € €,

1 1
. _ |14 - _ —
Hyeor(2,y) < /Lm exp(—(pmin/2d) | = 2|*) dz < O (=771l =yl < Ceo} + ). (S.11)

Now, we recall from Hoeffding’s decomposition of U-statistics (Hoeffding, 1948) that the variance of U,, vo,(f) can be
written as

Var[U, vor (f)] = i(n(n — 1)Var[h(x1,z2)] + n(n — 1)(n — 2)Var[h1(x1)]) (S.12)

where h(z,y) = |f(2) — f(y)|Hvor(2,y) and by (z) = E[h(z1, 22)|z1].
We now use (S.11) to upper bound the variance of h and h;. For h, we have that

Var[h(z1,z2)] < E[R?(21,22)]

2
< Pl /200, / / ly = 22 (Hyor () dy da

1

1
< ClflE @) <nz(d_1>/d /Q/Q ly — «|*1{||z — y|| < Ceo} dydx + n4>



3d| ¢||2 ”f”%‘l(ﬂ)
<O 1 fIEr @) + i)

For hy, we have that for every x € €2,

()] < [[Flor (@) Pma /{ Iy — al| Hyor (v, ) dy
e, 1 1 < CegVdy +
<Clfllcro @-n/d Qly—xll {lly —z|| < Ceo} y+ﬁ

1
< Ol flles oy ( ; n)
Integrating over = € 2, we conclude that
1
Var[hy (21)] < E[(h1(21))?] < C|If[|21q) < ad | n4)

Plugging these estimates back into (S.12) gives the upper bound in (S.10). O

B.4 Step 3: Bias of Voronoi U-statistic

Under appropriate conditions, the expectation of U,, vor(f) is approximately equal to (an appropriately rescaled version
of) the nonlocal functional (S.7) for bandwidth &1 (x) = (np(x))~1?, weight (p(x))( @1/, and kernel

o0 2 d/2
Kvor(t) :/ exp<ud{t4 +s } >sd2 ds. (S.13)
0

Lemma S.3. Suppose x1.,, are sampled independently from a distribution P satisfying Al. For any f € C1(Q),

I fllc Q))

Proof. We will use Lemma S.17, which shows that at points x,y € € sufficiently far from the boundary of 2, the
kernel Hy,,(x,y) is approximately equal to a spherical kernel. To invoke this lemma, we need to restrict our attention
to points sufficiently far from the boundary. In particular, letting h = h,, be defined as in Lemma S.17, we conclude
from (S.93) that

B log n)3+1/d
E[Un,VOr(f)] = ”(dﬂ)/d% TV Kvor (f§ va(d+1)/d) + O(Mgn)

/ / |fy z)|Hvor (2, y)p(y)p(x) dy dv =
L [ 160 = sttt pmpte) dyds + 0l fllevey ). 14
Qy JQ

where we have used the assumption f € C1(£2) and (S.93) to control the boundary term, since

/ / |f(y )| Hyor (2, y)p(y)p(x) dy dx
N\Q,

C3pmax77d—2||f|‘cl(Q) ||y — J;H
< pd-1)/d /Q\Qh /Q lly — x| Kvor Conl/d dy dx

® CsCy" P2 s fllon
S 30y Pmax'ld 2Hf||c (Q)/ / HhHKVor(”hH)dhdx
Q\Qy, JRE

n2

(S.15)
u) C C d+1 /d 2 — _ ! -
pmxng 2nd—1|flle (Q)/ / t Kyor (t) dt d:
n Q\Qp,

zu) CHfHCq
< T (Q\Qh)

< Chllfllore

T’



where () follows by changing variables h = (y — x)/C3n'/<, (i) by converting to polar coordinates, and (iii) upon
noticing that fo t4 Ky (t) < 00.

Returning to the first-order term in (S.14), we can use (S5.92) to replace the integral with Hv,, by an integral with
the Voronoi kernel Kv/,,. Precisely,

/Q/ Iy )| Hvor (2, y)p(y)p(z) dy dx
”(Zd 1?“/ /'f |KVOr(|xg(1)y|>p(y)(p( 2)Y dy dz

< //If |dydz>
<logn //|f {||zy||<c(10gn/n)1/d}dydz>

= n(Zd li/d/ /|f |K\for(|x€;)y|>p(y)(p( ))Udd dzx

Hf||01 o) , (logn)3t1/d
+O< S 21174 I fllcr o)

_Nd-2 lz —yll 1/d
= - 1)/d//|f )| Kv. or( = p(y) (p(x)) " dydz
I fller@) | (logn)3tt/d Ml fller
+0< vt Wlew + =5 ) (S.16)

with the second equality following from the upper bound (S.39), and the third equality from exactly the same argument
as in (S.15). Finally, we use the Lipschitz property of p to conclude that

L 1w = s or<”“””€(1)y”)p<y>(p< o) dy do

rT—Yy d+1)/d [fllcr o
//If |Kv0r( = )(p(sc))( ! dydx+o<n(d+2§/; S

[ 100 = s (E= ) = o) o)y

o
< Ol fllen epii / / ||y—x||2KvOr('y')d p

SCWC%WW// 12 Evor (1)) dh da

1d (2+d)/d

”fHCl(Q pmaxnd 1 d+1
=C 1/d @ty / / 7 Kyor(t) dt de

since

||fHC1(Q)
= era/d

with the last inequality following since fooo t9H1 Kyor (t) dt = C' < oo. Combining (S.14), (S.16) and (S.17) yields the
final claim. O

Finally, Lemma S.4 shows that the kernelized TV TV, i (f; €2, h) converges to a continuum TV under appropriate
conditions.

Assumption A2. The bandwidth ¢(z) = &,g(z) for a sequence &,, — 0 and a bounded function g € L>°(Q)). The
kernel function K satisfies [~ K (t)t**! dt < co. The weight function h € L>((2).



Note that Assumption Al implies that Assumption A2 is satisfied by bandwidth €(;), kernel Kv,, and weight
function h = pldt1)/d,

Lemma S.4. Assuming A2, for any f € C?(1Q),

lim (£,) "IV, k(f;Q,h) =0K/ [V f(2)||h(z)(g(x)"*" da (S.18)
where
= 2’“ 2/ K(t)td dt. (S.19)

Proof. The proof of Lemma S.4 follows closely the proof of some related results, e.g., Lemma 4.2 of Garcia Trillos and
Slepcev (2016). We begin by summarizing the major steps.

1. We use a 2nd-order Taylor expansion to replace differencing by derivative inside the nonlocal TV.

2. Naturally, the nonlocal TV behaves rather differently than a local functional near the boundary of 2. We show
that the contribution of the integral near the boundary is negligible.

3. Finally, we reduce from a double integral to a single integral involving the norm ||V f/].

Step 1: Taylor expansion. Since f € C?(£2) we have that

Fy) = f(z) = V@) (y = 2) + Ol fllez(o ly — =)
Consequently,

Veklfi0uh) = [ [ (1970 0+ 0l e 1 (1L

. ) h(z) dy da.

We now upper bound the contribution of the O(||y — x||?)-term. For each x € (),

2

y_x

/ ||y—x||K(” ” )dy<05n<x>|d+2 [ I el) dz < Clen(@)] 2 < Clen(@)*
Q 5(33) R4

with the final inequality following from the assumption fooo t4T1K (t) dt < oo. Integrating over ) gives the upper
bound

[ [ otslezoly - ol (y( )z)h(z)dydfﬁ=0(|f||c2(9)5ﬁ+2)7

recalling that h(z), g(z) € L>®(Q).

Step 2: Contribution of boundary to nonlocal TV. Take r = r, to be any sequence such that r,, /&,, — oo, 1, — O.
Breaking up the integrals in the definition of nonlocal TV gives

Vi@ — o) (Y he) dy e = [ 95— oK Iy =Y ) dy e
QJo ( ) 5(95)
- V@) T — o) (=Y ) dy de
/Qr/m ("
n V@) T - )& (T ) dy o
o\Q,. Jo e(x)

= ]1 —f—[g +I3

Now we are going to show that I5 and I3 are negligible. For I5, noting that /() — oo for all =, we have that for any
z € Q,,

L s =ik (Mo < e [ k(L )= slay

10



< fllosioy (et | =11

RA\B(0,r/e(z))

(i) 00
< C fllor o ()™ / LK (1) di
r/e(x))

D ol Fler @y (e (@),

where (i) follows from converting to polar coordinates and (ii) follows by the assumption [~ T K (t) dt < oco.
Integrating over z yields I> = o(|| f||c1(q)€2+?), since h, g € L>(12).

On the other hand for I3, similar manipulations show that for every x € €,

L@ - o (M) an < Clflone ey,
Noting that the tube Q \ €2, has volume at most Cr, we conclude that
I3 < C|lfllor e (@) (@ )\ Qr) < Cr|l fller@)(e(@) ™ = o([[ fller @) (e(@) ™),

with the last inequality following since r = o(1).

Step 3: Double integral to single integral. Now we proceed to reduce the double integral in I; to a single integral.
Changing variables to z = (y — z)/e(z), converting to polar coordinates, and letting w(z) = Vf(z)/||V f(z)|], we
have that

Lvsa@ - o (M) ay = eyt [ i)
— ey ([ 1vsrolans) ([T eiw ar)
= eI ( [ elan ) ([T en i)
— ) vl ([ lolan) ([T exwa)

= ok (e(@) ™V F (@),

with the second to last equality following from the spherical symmetry of the integral, and the last equality by definition
of ok . Integrating over = € (2, gives

I = ottt [ IVA@Ih) o) do

= oxen™! /Q IV £(@)l[a(2)(g(2) ™ do + o(en™ | fller (),

with the second equality following from the same reasoning as was used in analyzing the integral I5.

Putting the pieces together. We conclude that
(5,) DTV, o (f;9Q,h)

e [ [ (1957 - o) (=)o) dy o + 06 e
—e)en [ ( W(ac)T(y—x>|>)K(”i(xf”)h<x>dydx+o<en|f||cz<m>+o<|f||cl<m>

= ox / / IV £ (@)l1A() (9(2) L dz + OGallflloay) + ol fllor )
QJQ

completing the proof of Lemma S.4. O
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C Sensitivity analysis for Section 4

In Section 4, we chose the scale &, ¢ in the k-nearest neighbor and e-neighborhood graphs to be such that their average
degree would roughly match that of the Voronoi adjacency graph, and we remarked that mildly better results are
attainable if one increases the connectivity of the graphs. Here, we present an analogous set of results to those found in
Section 4, where the average degree of the k-nearest neighbor and e-neighborhood graphs are roughly twice that of the
graphs in Section 4. All other details of the experimental setup remain the same.

* In Figure S.1, the estimates of TV by the k-nearest neighbor and e-neighborhood graphs approach their density-
weighted limits more quickly than in Section 4, with slightly narrower variability bands.

* In Figure S.2, we see that e-neighborhood TV denoising is now competitive with k-nearest neighbor TV denoising
and the unweighted Voronoigram for the “low inside tube” setting. In the “high inside tube” and uniform sampling
settings, the performance of k-nearest neighbor TV denoising improves slightly.

As previously remarked, the Voronoigram has no such auxiliary tuning parameter, so the weighted and unweighted
Voronoigram results here are the same as in Section 4. We also note that with greater connectivity in the k-nearest
neighbor and e-neighborhood graphs comes greater computational burden in storing the graphs, as well as performing
calculations with them. Therefore, it is advantageous to the practitioner to use the sparsest graph capable of achieving
favorable performance.

Low inside tube High inside tube Uniform
16+ ___ abur—t 24 === TV(fo) —— Weighted Voronoi

~ 1 ——= TV(fy;p'~¥)  —— k-nearest neighbor
| 18 TV(fo; p2) &-neighborhood

=
IS

-
[N}
N

-
o
L

Total variation
° ° o
B (=] o

o
N}

102 10° 104 10° 102 10° 104 10° 102 10° 104 10°

Figure S.1: Results from the TV estimation experiment, with greater connectivity in the kNN and e-neighborhood graphs.
Compare these results to those in Figure 3.

Low inside tube High inside tube Uniform

—— Weighted Voronoi

—— Unweighted Voronoi
—}— k-nearest neighbor
g-neighborhood

10-14

107" 4

10-2 4

L2(P,) mean squared error

100 10t 10° 10° 100 10t 10? 10° 100 10t 10? 10°
Degrees of freedom

Figure S.2: Results from the function estimation experiment, with greater connectivity in the kNN and e-neighborhood
graphs. Compare these results to those in Figure 5.
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ZV

7 WE&/‘ v %
Rl KN e
= N ) ) %A?SQ\ ANAR]
K AN AT
No. of edges: 3800 No. of edges: 3797 No. of edges: 3799
Average degree: 5.9655 Average degree: 5.9608 Average degree: 5.9639

k-nearest neighbor

No. of edges: 8889 No. of edges: 8711 No. of edges: 8703
Average degree: 13.9545 Average degree: 13.6750 Average degree: 13.6625

e-neighborhood

No. of edges: 9562 No. of edges: 8385 No. of edges: 8266
Average degree: 15.0110 Average degree: 13.1633 Average degree: 12.9765

Figure S.3: Visualization of the Voronoi, kNN, and e-neighborhood graphs, with greater connectivity in the latter two
graphs. (The Voronoi graph does not have such an auxiliary tuning parameter.) Compare these graphs to those in
Figure 4.
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Weighted Voronoi Unweighted Voronoi k-nearest neighbor g-neighborhood

. . 1.5

Conn. comp.: 85 Conn. comp.: 31 Train cc: 30 Train cc: 29
Test cc: 34 Test cc: 29

Low inside tube

High inside tube

Conn. comp.: 71 Conn. comp.: 73 Train cc: 86 Train cc: 143
Test cc: 107 Test cc: 157

Uniform

Conn. comp.: 54 Conn. comp.: 56 Train cc: 78 Train cc: 97
Test cc: 95 Test cc: 111

Figure S.4: Extrapolants from graph TV denoising, with greater connectivity in the kNN and e-neighborhood graphs.
Compare these results to those in Figure 0.

D Proofs for Section 5

D.1 Proof of Theorem 2

From (35), in the discussion preceding Lemma 3, we have

ENf = foll3acey < E[Kalf = foll3a(p,)] + 2E17o = foll3s o) (5.20)
where
M(Vi)>~

The second term is bounded by Lemma 3. We now outline the analysis of the first term. As in the L?(P,) case we
will decompose the error into the case where the design points are well-spaced and the case where they are not. This
is formalized by the set 2" = 27 N 25, where 27, 25 are defined in Appendix F. xy., falls within this set with
probability at least 1 — 3/n*, and notably on this set,

K = 2pmaxn - ( “max
i=1,.

1,....n

max u(V;) < Cylogn/n,
for some Cy > 0, since 25 is the set upon which the conclusion of Lemma S.15 holds. We proceed by conditioning,

E [Kan - fO”%z(Pn)} = 2Pmax (Ez {Ezkc {m?XN(Vi)”é - 90||§} Hzim € 3{}]
(S.21)

+ Ex [Bapy [max ju (V)6 60l3] s & 27} )
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Using the fact that x1.,, € 2, the first term on the RHS of (S.21) may be bound,

~ 1 A
]Ez|1; m;ax,u(Vz)HG — 90”% 1{(151;“ S %} < Cl(logn) Ez‘z |:n9 — 90||§:| . 1{.%’1;»@ S e%}
< Oy (logn) (MZHOH n logn ”) , (S.22)

where the latter inequality is obtained by following the analysis of Lemma 1. For the second term on the RHS of (S.21),
we apply the crude upper bound that u(V;) < u(Q2) = 1foralli = 1,...,n. Then apply (S.70) to obtain,

E.le mgXM(W)Ilé = Ool3| {z1n & 27} < Eajy [16]1 21013 + 20 DOo 1] v & 27}

= (16” + 2)\||D90”1) 1{371;” ¢ 3{}
< (161 + 40> X[ oo w0 ) H{z1:0 & 2}
< (16n + 4n2/\||90||oo) Wi € X}, (S8.23)

where we also use crude upper bounds on the discrete TV. Substitute (S.22) and (S.23) into (S.21) to obtain,

R log n)\E|| D6 log n)ite
E [K.lF  foll 2o, §03<( 5D fogn) +An2n>{x1m¢%}>

<C, <(10gn))\E||D00|| N (logn)t+e N )\)

n n n?

3/24«a 14+«
<c <a7’n(logn) E|| Doy N (logn) ) ’ (S.24)

n n

where in the final line we have substituted in the value of A\ = cor, (logn)/?**. Apply Lemma 2 to (S.24) and
substitute back into (S.20) to obtain the claim. O]

D.2 Proof of Theorem 3

To establish the lower bound in (30), we follow a classical approach, similar to that outlined in (del Alamo et al., 2021):
first we reduce the problem to estimating binary sequences, then we apply Assouad’s lemma (Lemma S.5). This results
in a constrained maximization problem, which we analyze to establish the ultimate lower bound.

Step 1: Reduction to estimating binary sequences. We begin by associating functions fy with vertices of the
hypercube ©5 = {0,1}°, where S C [m]? for some m € N. To construct these functions fp, we partition ) into cubes,

1, ) 1 . . .
Qiza(zl—l,zl)x~-x E(zd—l,zd), for i € [m]?,
and for each f € Og take fy to be the piecewise constant function

folz):==a- Z 010, (x), (S.25)

€S
where 1g, () = 1(x € Q) is the characteristic function of ();. Observe that for all § € Og, letting € := 1/m,
TV (fo) < 2da|S|e*™", and || fs|z(o) < a. (S.26)

So long as the constraints in (S.26) are satisfied {fy : 8 € ©g} C BV (L, M), and consequently

2.d R
inf Eop(0, 0 27
i max 0p(0,0), (8.27)

. iy . N a
inf sup Efollf = follZ2(q) > inf max gl f — foll72(0) >
f fo€EBVa(L,M) ECE
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where p(0,0") = >, |0 — 0;| is the Hamming distance between vertices 0,0’ € ©g. The second inequality in (S.27)
is verified as follows: for a given f, letting

. 1, if ¢ fla)de>a/2,
91‘ = Qi
0, otherwise,

it follows that

IF = follZepy = D IF = follZaqn

i€[m]?

>3 N = foll 320
ies
a26d

> = > O #6:).

€S

Step 2: application of Assouad’s lemma. Given a measurable space (Z,.4), and a set of probability measures
M ={up:0 € O}on(Z,A), Assouad’s lemma lower bounds the minimax risk over © g, when loss is measured by
the Hamming distance p(0,0) := >, |0; — 6;|. We use a form of Assouad’s lemma given in Tsybakov (2009).

Lemma S.5 (Lemma 2.12 of Tsybakov (2009)). Suppose that for each 6,0’ € Og : p(0,0") = 1, we have that
KL(ug, por) < o < 0. It follows that

inf sup Eep(é\,ﬁ) > g max(é exp(—a), (1 — \/a/2)).

6 0cOg

To apply Assouad’s lemma in our context, we take Z = (2 x R)®", and associate each § € Og with the
measure /L(e" , the n-times product of measure 1y = Unif(2) x N(fp(x), 1). We now lower bound the KL divergence

KL(,u(g ), g )) when p(6,6’) = 1; letting ¢ € S be the single index at which 6; # 6.,

KL(pg, por) = /kalog<((yfa((z))))>¢(y — fo(x)) dy dx

L
o (S

ela?

2 )

and it follows that KL(u (”), é?)) < neta?/2. Consequently, so long as (S.26) is satisfied and

716:@2 <1,
we may apply Lemma S.5, and deduce from (S.27) that
. 26d a2l
1r;f foeB\S/ip(L " Ef0||f f0||L2 @ > 1nfmax]E9p(9 0) > Wp()' (S.28)
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Step 3: Lower bound. The upshot of Steps 1 and 2 is that the solution to the following constrained maximization
problem yields a lower bound on the minimax risk: letting s = |S],

azeds

16exp(1)’
subject to 1<s<e 9
L
2%

maximize

ase?! <

a< M,

na2€d

2

Setting a = M,e = (2)"/%, and s = Ske=(4=1) s feasible for this problem if 2dM (A7)~ 5 < [ <
2dM (@)1/ 4 and implies that the optimal value is at least %LM (M?n)~1/4 This implies the claim (30)
upon suitable choices of constants. O

D.3 Proof of Lemma 1

In this proof, write 0y := (fo(21),. .., fo(zn)) and E. |, [-] = E[-|21.,]. We will use D to represent the modified edge
incidence operator with either clipped edge weights or unit weights; the following analysis, which uses the scaling
factor 7,,, applies to both. Let

X = 21N Zs, (S.29)

with 27, 25 as in Section F. By the law of iterated expectation,

1, ~ 1 ~
]E[n||9—60||§] :Ex[ z‘z[ 10— 6013 - 110 € 5{}] +E, [Em [~ 16— 0013] 110 %}}. (S.30)

‘We now upper bound each term on the right hand side separately.

For the first term, we will proceed by comparing the penalty operator D to the averaging operator (S.74) and
surrogate operator T corresponding to the graph (S.75). By construction z1.,, € % implies, for (£, ux) the kth
singular value/left singular vector of T, that

A > Cio7,(logn)t/?+e

> max Sm?x\CgP/Q(I)l(D,T,A)-o log 2n* - ZHukHC’O Oy(D,T,A)-0+/2logn ; ,

where the latter inequality follows from combining (S.71), (S.72) with (S.76), (S.77) in the clipped weights case, or
(S.78), (5.79) in the unit weights case, for an appropriately chosen C;. We may therefore apply Theorem S.1 with D,
T, and A, which gives

1, ~ A|[D6 log®
E./, [||9—90||§] My, € 2} < c( |59l log ”) (831
n n n
On the other hand, to upper bound the second term in (S.30) we use (S.70),
1~ 16]|z1.n 2)\ D6
! 2)\\7\1D9 I (5.32)
< (16 + %)1{331:” ¢y

Substituting (S.31) and (S.32) into (S.30), we conclude that

1~ ME|| D6 log®n
| 116~ 6ol3] < c(*Htl 4 2B pe, ¢ )

n
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/\]E”D@QHl i loga n)
n n

<o

1 1/2+aR || D log®
:C(UT”(Ogn) D811 n og n)7 (S.33)

n n

with the second inequality following from Lemma S.13, and the equality from the choice of A = Co7,(log n)l/ e,
O

D.4 Proof of Lemma 2

We prove the claim (33) separately for the unit weights and clipped weights case (recall that they differ by a scaling
factor 7,,. We will subsequently abbreviate f := f; and use the notation DTV ( - ; w®* ") to denote the e-neighborhood
graph TV, having set e = r.

D.4.1 Unit weights

Our goal is to upper bound

E[DTV (f(z1); @V)| =n(n = DE[|f(21) = flaz)1{H (N V2) > 0}].

By conditioning, we can rewrite the expectation above as

P / / @) — F(@)[Bay, (HE (Vo O T,) > 0} dyde, (5.34)
QJQ

where V, = {z : ||z — z|]2 < ||z — ;|| Vi = 2,3, ..., n}, and likewise for V,,. Note that V, and V,, are random subsets
of R%.

We now give an upper bound on the probability that the random cells V,, and V, intersect on a set of positive
Hausdorff measure, by relating the problem to uniform concentration of the empirical mass of balls in R%. The upper
bound will be crude, in that it may depend on suboptimal multiplicative constants, but sufficient for our purposes.
Define r(V;) := sup{||z — z|| : z € V, }. Observe that if ||y — z| > r(V;) + r(V},), then V NV, = (), since for any
z € V,, by the triangle inequality

Iz =yl = lly = =ll = |z =zl > r(Vy)} = {2 € Vi };

therefore - -
{HT (Ve V) > 0y = {lly — | < r(Va) +r(V,)}.

Now, choose z € V,, for which ||z — z|| = 7(V}). Observe that the ball B(z, r(V,)/2) must have empirical mass 0, i.e.,
B(z,7(V:)/2) N {x3,...,z,} = 0 (indeed, this same fact must hold for any r < r(V},)). Therefore,

Pog, {r(Va) 2 t} < Puy, {322 B(=,6/2) 0 {23, ... 20} = 0},

It follows from Lemma S.14 that if ¢,, 5 = ¢(X (dlogn + log(1/4)) e to, where ¢( is a constant not depending on
n, d, then
Py, {32 : B(z,tns/2) N{xs,...,z,} = 0} <6.

Summarizing this reasoning, we have
Pry, {1 (Vo 1) >O}<P$3,L{||y—x||<r )+ (V)
< Poy, {lly = all <2r(Va) b+ Pu Ly — 2l < 20(v,) }
<Py, {31 1Bz iz = yll/4) N {oa, . 20} = 0}
+

Poy., {32 1Bl = yll/4) 0 s, . a}] = 0}
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_f2 eyl <2t
— | 26, otherwise.

Setting ,, = n~(4*1)/4 and plugging this back into (S.34), we conclude that if ¢,, 5, < to, then

]E[DTV (f(xlm) )} <on(n—1 //|f (1{||x—y|| < 2tns.}+ 26, )dydx
< E[DTV(f; w5 19)] + 211/ /Q /Q ) - f(@)] dy da. (535)

Note that since lim,, ;s t5,5,, = 0, the condition ¢,, 5, < to will automatically be satisfied for all n sufficiently large.
We now conclude the proof by upper bounding each term in (S.35). The first term refers to the expected &-
neighborhood graph total variation of f when ¢ = t,, 5, , and by (S.39) satisfies
E[DTVo 1, ,(f)] < Cn?(tns,) ™ TV(f392) < Cn' =4 ogn) VATV (£;9).

The second term above can be upper bounded using a Poincaré inequality for BV () functions, i.e.,
| [150) = @ldyds <2 [ 17(e) = Fla)ldo < €TV 9).
Plugging these upper bounds back into (S.35) yields the claimed result (33) in the unit weights case. O

D.4.2 Clipped weights

We now show (33) using clipped weights. Our goal is to upper bound
]E[DTV (f(xlm); wvﬂ = n(n-l)]E[|f(x1)—f(x2)|max{con—w—l)/dl{}zd—l(vlm’/z) > 0}, 1L (VinTa) .

By conditioning, we may rewrite the expectation above as

P [ [ 1) = F@)[Bay, [mclen™ DV, 0V, > 011V V)] dyde, (836)

where V, = {z : ||z — 2|2 < ||z — x4|| Vi = 2,3,...,n}, and likewise for V.. Note that V, and V,, are random
subsets of R, We now focus on controlling the inner expectation of (S.36). Upper bound the maximum of two positive
functions with their sum to obtain,

Eg.n [ max{con™ @D/ UMV, 1 V,) > 0}, 1O (V1 V)]
< con”TVAPIYITN(V, N V,) > 0} + B[R (V. N V)] .

(S.37)

We recognize the first term on the RHS of (S.37) as having already been analyzed in the unit weights case; we now
focus on the second term. The latter “Voronoi kernel” term may be rewritten,

Ea,, [HO (Vo Ty)] = / (1= pul2))"2dz,

where L = {z : ||z — z|| = |ly — 2||} and p.(2) = P(B(z,||z — z||)). Observe by Assumption Al that p,(z) >
Pminftal|z — 2||%, and therefore

/ (1= pa(2))™? < exp(—enlz — 2|19,
LN

for some ¢ > 0. Apply Lemma S.19 with @ = 2 to therefore bound,

L _ 1/d
E,,. [Hd—l(VI nv,)] < (1{”33 yll < Ca(logn/n) } n2> ’ (S.38)

n@d-1)7d
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for constants C', Cy > 0. Substitute (S.38) into (S.37) and (S.36) to obtain,
E[DTV (f(z1.); )|
<t [ [ 150) <n /By (H(V, N T,) > 0}

—yll < 1/d
+ ¢, Mz =yl < Collogn/my | )d i
’I?,

n(d=1)/d

< Praon™ VI [DTV(f(10); 6V)] + 90 i~/ E [DTV(f(xm)w%%(logn/n)“d)}

4 p2nCh / / F(y) — f(2)] dy da

We bound each of the terms above in turn. The first term appeals to (33) in the unit weights case, which we have already
proved.

=T +1Tp +T15.

Ty = p?naxcon_(d_l)/dE [DTV(f(xln)a wv)]
< anf(dfl)/dn(dfl)/d(log 7,L)lJrl/cl TV(f)
= Cs(logn) " YITV(f).

The second term refers to the expected e-neighborhood graph total variation of f when ¢ = Cy(logn/ n)l/ 4, which
by (S.39) satisfies,

T = pIQnaXCIn_(d_l)/dE [DTV (f(ggl n); weeC2(log rL/n)l/d):|
< C4n*(d*1>/dn2(1og n/n)(dJrl /d TV(f)
< Cy(logn) THVITV(f).

The third term can be controlled via the Poincaré inequality,
T3 pmaxcl/ / |f f f_ f($)| dy dx
< / (@) - fl da
< C;TV(f
where f := f, f. O

D.4.3 c-neighborhood and kNN expected discrete TV

Lemma S.6. Under Assumption Al, there exist constants c¢,Cy,Cy > 0 such that for all sufficiently large n and
fo S BV(Q),

» The e-neighborhood graph total variation, for any € > 0, satisfies
E[DTV (fo(xl:n; w))} < O TV (fy). (S.39)
e The k-nearest neighbors graph total variation, for any k € N, satisfies
E[DTV (fo(xl;n; wk)>] < Cy (nl_l/dk(‘“‘l)/d +n? exp(—ck)) TV (fo). (S.40)

Proof.
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e-neighborhood expected discrete TV. This follows the proof of Lemma 1 in Green et al. (2021a), with two
adaptations to move from Sobolev H?(£2) to the BV (£): we deal in absolute differences rather than squared differences,

and an approximation argument is invoked at the end to account for the existence of non-weakly differentiable functions
in BV(Q).
Begin by rewriting,

> 1fte) = el e - ol < 2} | ="V g0y - seo (FZ20)]0 san

4,j=1

where X and X’ are random variables independently drawn from P following Assumption Al and K (t) = 1{t < 1}.
Now, take ' to be an arbitrary bounded open set such that B(z, ¢g) C Q' forall 2z € Q.

For the remainder of this proof, we assume that (i) f € BV (€Y') and (i) || f||sv(o) < C'||fllBv(a) for some
constant C’ independent of f. These conditions are guaranteed by the Extension Theorem (Evans, 2010; Section
5.4 Theorem 1), which promises an extension operator E : W1P(Q) — W1P(Q) (take p = 1 and the BV case is
established through an approximation argument). We also assume that f € C'°°(2), which is addressed through via an
approximation argument at the end. Since f € C'*°(2), we may rewrite a difference in terms of an integrated derivative:

f@') — flz) = /0 Ve +t — ) (2 — z)de. (5.42)

It follows that

e 1) - seo (22 < [ e - s (2 avad] . sa

and the final step is to bound the double integral. We have

[ [ = s (=) avas
- /Q/Q \ /01 Vi +ta —2)T (@ — x)dt‘K (W) dz'dz (FTC)
< /Q/Q/O1 Vf(z -+t —x)" (' —2)|K (Haz’g—x) dtdx'dx (Jensen)

1
:// / |V f(z+tez) " (e2)| K (||2])edtdzda (z= (2" —x)/e)
Q JB(0,1) Jo
1
=5d+1// /\Vf(x—l—tez)Tz|K(||z||)dtdzdx
QJB(0,1) Jo
1
gsd“// /|Vf(i)Tz|K(Hz||)dtdzdi (@ =z + tez).
»JB(0,1) Jo

Next, we apply the Cauchy-Schwarz to |V f() " 2| to obtain,
Jo JTF@ AR < [ 9@
B(0,1) B(0,1

=|Vf(@ ||/ ||Z||K |21 d=
=Cq|Vf(Z

Substituting back in to the previous derivation, we obtain

/ () — f(@)|K ('x‘””) da'dz < Cge+l /1||Vf(5c)||1dtd£
QJa € 0

944
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= Cae™ | DY)
< CaC'e™ | DFY()

Hence,

E |23 1w fa)l -l < 2| < "V cucrepgi@)

ij=1

< Con?e™ | DFI(9)

Finally, we provide an approximation argument to justify the assumption that f € C*(€2’). For a function f € BV ('),
we may construct a sequence of functions f, € C'°°(£2) via mollification such that f, — f u-a.e. (specifically, at all
Lebesgue points) and || D f||(Y') — ||Df]|(€') as k — oo (Evans and Gariepy, 2015; Theorems 4.1 & 5.3). Via an
application of Fatou’s lemma, we find that

n

E| 2 3 17 — fla)l - Wl — 2l < )

ij=1
1 n )
=E|3 3 | feled = fua)l- 1o =2 <)
i,j=
R IR .
=E |liminf o > [fe(xi) = frlz;)] - || — 25 < e} (Continuity)
k—oo 2 i1 ’
<timinf | 1Y 1Al - Ao Wle - a2} Fatou's lemma)
< limin 2 2 (2 () z; — x| <e atou’s lemma
< lim inf Cn2eTY|| D f1.]|(Q)
k—o0
= Cn?e™ D)
k-nearest neighbors expected discrete TV. Let ey () := ||z — 24 (2)||2 and ex(x,y) = max{er(z),ex(y)} be

data-dependent radii. Notice that

n

DTVas(f) = 3 37 W) = f)l - 1{lles = o] < 2aoa, )},

i,7=1

By linearity of expectation and conditioning, the expected k-nearest neighbor TV can be written as a double integral,
E[DTV(f;0%)] = n(n — DE[|f(z:) = £ ()| 1{lles — 25 < enlai )}
= n(n — DE[E[|f(z:) = £ (o) W{llws = 25 < enlas,z) Yo, 23] |
<ato=1) [ [ 176) = 1) B{lle =l < ut)}y dady
<nn-1) [ [ 156~ $@] (Blz ol < 2@} + B{lo ~ vl < eu(a)}) dwdy
aJo

(The first inequality above is nearly an equality for large n, and the second inequality follows by a union bound.)
We now derive an upper bound P{ ||z — y|| < e, (z)}. First, observe that the event ||z — y|| < x(z) is equivalent

to |B(z, |ly — z||) N @1.n| < k. Suppose ||y — z|| > C(k/n)"/? for C = (-—2<—)'/, Then

PminMd

Pmin 2k
pr(a,y) = P(B(x, [ly — 2]))) = =~ ually — || > p
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and applying standard concentration bounds (Bernstein’s inequality) to the tails of a binomial distribution, it follows
that

P@Bumy—mexmA<k}=P@Buww—mexul—m%@w><k—mmwyﬁ

3 c(npr(z,y) — k)?
= eXp( npk(x,y) + [npr(z,y) — k>

< exp(—ck).
Otherwise if ||y — z|| < C(k/n)'/%, we use the trivial upper bound 1 on the probability of an event. To summarize, we
have shown
1, if [z —y[| < C(k/n)"/",
P(llz — yll < ex(2)) < .
exp(—ck), otherwise.

It follows from (S.40) that

E[DTV(f;w")] < 20 //\f @) (1fllz — vl < OCk/n)/}) + exp(—ch)) dz dy

yL/d

< O(EDTV(f;w =k /™M 4 n? exp(—ck)TV(f,Q)); (S.44)

the first term on the right hand side of the second inequality is the expected e-neighborhood graph TV of f, with radius
C(k/n)'/4, while the second term is obtained from the Poincaré inequality

/ / \f(y) — fz)| dy de =

where f = fQ x) dz is the average of f over 2. The claimed upper bound (S.40) follows from applying inequal-
ity (S.39), with ¢ = C(k/n)"/?, to (S.44). O

— f(x)|dydx < C(TV(f;Q)), (S.45)

D.5 Proof of Lemma 3

Recall that ||| 12(p) < pmax|lgllr2(.) for any g € L?(u) and note that || fol| () < M with probability one. By
Holder’s inequality,

Ellfo = foll22u < E[Ifo = follzruy - 1o = follzs ]
< 2M E||fo — follr1 (),

and the problem is reduced to upper bounding the expected L' (1) loss of fy. By Fubini’s Theorem we may exchange
expectation with integral, giving

Mﬁ—mmm:/wﬁm—hmwx
/ / |foly) — fo(z)IpSM (y) dy da, (S:47)

where p( )( ) is the density of x(;)(x). We now give a closed form expression for this density, before proceeding to
lower bound (S.47).

(S.46)

Closed-form expression for p( ), Suppose P satisfies Assumption Al. Forany y € Q2 and 0 < r < dist(y, 992), we

have

Plaq (@) € By.r)} <nP{m € Bly.r)} (Blas ¢ By —2])) "

< Wt (B, 1) (1= P(BLa Jy —21)) "

Taking limits as » — 0 gives

P () = T 2@ € B}

(n—1)
r—0 M(B(y,r)) :npmax(l *P(B($, Hy*IEH))) .
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Upper bound on (S.47). There exists a constant Cy such that for all x,y € €,

P(B(x, |y — ) > TG u(Bl, ly — al) = ZE=y - o]

This implies an upper bound on the density of z(1)(z),

(n—1)
Pmin
P () < n(l - C"dyzd>
d

< nex _pminﬂd(Hy_'rH>d

~ p Cd n‘l/d B}
where we have used the inequality (1 — z)™ < exp(—nz) for || < 1. Using the inequality, valid for all monotone
non-increasing functions g : [0, 00) — [0, 00), that g(t) < 1{t < to}¢(0) + g(to), we further conclude that

1
PV (y) < nlflly — ] < eV} + —

for el = (pQ.ch (logn/n))'/?. Plugging back into (S.47), we see that the expected L' (1) error is upper bounded by

the expected discrete TV of a neighborhood graph with particular kernel and radius, plus a remainder term. Specifically,

E||f0—f0HL1(M)<n//\f0 @)1y — 2]l < eW} dyd + © //|f0 Fol)| dy dae

<n//\fo @1l —all < &0} dy e+ TSR (5.48)
LETv(forweety)) 4 SV,

where (S.48) above follows from the Poincaré inequality (S.45). We can therefore apply (S.39), which upper bounds
the expected e-neighborhood graph TV, and conclude that

r (logn)' /4 1 L(logn)t*t/d
Inserting this upper bound into (S.46) completes the proof of Lemma 3. O]

D.6 Proof of Theorem 4

The analysis of the e-neighborhood and kNN TV denoising estimators proceeds identically, so we consider them
together. Henceforth let D denote the penalty operator for either estimator and f denote their INN extrapolants. Follow
the proof of Theorem 2 (given in Appendix D.1) to decompose the L?(P) error for some C > 0,

Alogn E|| Dby || N (logn)ite LM(logn)Hl/d)

- - 17 (5.49)

B (17 - folfan] < (

where we have applied Lemma 3 which controls the 1NN extrapolation error. Lemma S.6 provides that under the
standard assumptions, there exist constants Cy,C] > 0 such that for all sufficiently large n and 6y = fo(21.n),

fo S BV(Q),

* setting € = ¢; (log® n/n)/9,

E[[D*0o]l < C1n“"D/?(logn)* /T TV (fo); (8.50)

* setting k = ¢ (logn)3,
E[|D*6o|1 < Cin'=1/4(log n)* /4 TV (fo). (S.51)
Take these values of ¢, k and A\ = co(logn)'/2~%, ¢ = ¢y, ), and substitute (S.50), (S.51) into (S.49) to obtain the
claim. O

Note that the L?(P,,) in-sample error may be obtained similarly, beginning with an analysis identical to that of
Lemma | to obtain the preliminary upper bound,

E (17 - folrn] <€

MDA (ogn)+
n n '
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D.7 Proof of Theorem 5

In this section we prove the upper bound (39). The proof is comprised of several steps and we start by giving a high-level
summary.

* We begin in Section D.7.1 by formalizing the estimator fwave alluded to in Theorem 5, based on hard thresholding
of Haar wavelet empirical coefficients.

* Section D.7.2 reviews wavelet coefficient decay of BV (Q2) and L>°({2) functions. These rates of decay imply
that the wavelet coefficients of fy € BV, (L, M) must belong to the normed balls in a pair of Besov bodies,
defined formally in (S.58). Besov bodies are sequence-based spaces that reflect the wavelet coefficient decay of
functions in Besov spaces.

* Section D.7.3 gives a deterministic upper bound on the squared-¢2 error of thresholding wavelet coefficients
when the population-level coefficients belong to intersections of Besov bodies. This deterministic upper bound is
based on analyzing two functionals—a modulus of continuity (S.101) and the tail width (S.102)— in the spirit
of (Donoho et al., 1995); the difference is that we are considering intersections of Besov bodies.

* The aforementioned modulus of continuity measures the size of the £2-norm || — ¢’||» relative to £>°-norm
|10 — €| - In Section D.7.4, we give an upper bound on the £°° norm of the difference between sample and
population-level wavelet coefficients.

¢ Finally, in Section D.7.5 we combine the results of Sections D.7.3 and D.7.4 to establish upper bounds on the
expected squared-¢2 error of hard thresholding sample wavelet coefficients. The same upper bound will apply to
the expected squared-L2 (Q) error of fyayve, by Parseval’s theorem.

D.7.1 Step 1: Hard-thresholding of wavelet coefficients

To define the estimator fwavc that achieves the upper bound in (39), we first review the definition of tensor product Haar
wavelets.

Definition 1 (Haar wavelet). The Haar wavelet v : (0,1) — R is defined by

W(x) = 1{z € (0,1/2]} — 1{z € (1/2,1)}. (5.52)
Foreach i € {0,1}4\ {(0,...,0)}, the tensor product Haar wavelet ' : (0,1)? — R is defined by
Ui(z) =" (21) ... " (2q), (S.53)

where 9! (z) = 1 (z) and ¢°(x) = 1. To ease notation, let Z = {0, 1}¢\ {(0,...,0)} and K(¢) = [2¢ — 1]%. For each
e NU{0},k € K(¢) and i € Z, put ¥, (z) := 2¢4/2W1 (22 — k). Finally, let ®(z) = 1{x € (0,1)?}. The Haar
wavelet basis is the collection {U, : £ € N, k € K(¢),i € Z} U {®}, and it forms an orthonormal basis of L2((0, 1)%).

We now describe the estimator fwave, which applies hard thresholding to sample wavelet coefficients. For each
e NU{0}, ke K(¢)andi € Z, write
i Y RS i
Oeri(f) :== ; Vi (2) f(z) dz,  Oeni(f) == - Zf(l’j)‘l’w(mj),
j=1

for the population-level and empirical wavelet coefficients of a given f € L?(£2). The sample wavelet coefficient is

@ki(ylm). The hard thresholding estimator we use is defined with respect to a threshold A > 0 and a truncation level
* e NU{0} as

GO {5eki(y1:n) Oui(yrn) > A}, €=0,..., 0% (S.54)

07 ¢ > 10g2(n>/d + 17

and we map the sequence estimate ) = (1/952;6*) :0e N,k e K({),i€ ) to the function

FOO@ =g+ 3 a5 v (), (8.55)

£eN keK(¢) i€
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where y = % >, yi is the sample average of the responses. (S.55) defines a family of estimators depending on
the threshold A, and the estimator fyave is the hard thresholding estimate f (M) with the specific choices A =

8n~1/210g®?(2n/68) and £* = log,(n)/d.
D.7.2 Step 2: Wavelet decay

In this section we recall the wavelet coefficient decay of functions in BV(Q2) and in L*°(f2). For each ¢ € NU {0},
define

0r.(f) = (B (f) : k € K(0),i € 7).
and write 6( f) for the vector with entries (f)¢ := 0,.(f).

Lemma S.7. Let f € L>°(Q). Then for all ¢ € NU {0},
106.(f)lloo < 2742 £l Lo () - (S.56)
Lemma S.8. There exists a constant Cy such that for all f € BV(Q2) and ¢ € NU {0},
10.()Il < CL27A=4DTV(f; Q). (S.57)

The decay rates established by Lemmas S.7 and S.8 imply that if f, € BV (L, M), then 6(fy) belongs to
0%:°(M) and ©L:} (L), where ©%P(C) consists of sequences @ for which

10]|gsr := sup 2H2=d/P)9, 1 < C. (S.58)
¢eNU{0}

The sets ©5:P(C') can be interpreted as normed balls in Besov bodies, since a function f belongs to the Besov space
BgP if and only if its coefficients in a suitable wavelet basis satisfy ||0(f)||g:r < oo.

The conclusions of Lemmas S.7 and S.8 are generally well-understood (see for instance Giné and Nickl (2021) for
the upper bound on wavelet decay of L>°(2) functions when d = 1, and Cohen et al. (2003) for the wavelet decay of
BV(Q) functions). For purposes of completeness only, we include proofs of these results in Appendix G.3.1.

D.7.3 Step 3: Deterministic upper bound on ¢>-error

In this section, we analyze the ¢2-error of the hard-thresholding estimator e, Specifically, we upper bound the
magnitude of [|[§*¢") — @(fo)||2 as a function of the £>° distance between the (truncated) sample and population-level
wavelet coefficients, i.e the quantity

€n = H(G(yln) - G(fo))SZ*HOm
where .
O, if ¢ < 0%,
0, otherwise.

(9§Z*)imc = {

Note that this upper bound is purely deterministic.

Proposition S.2. Suppose 0(fo) € ©%°(M) N OLL(L). Then there exists a constant Cs that does not depend on

n, M or L for which the following statement holds: if A > 2e,, then the estimator g of (S.55) satisfies the upper
bound
LAmax{1,1/M,logy(M/N)}, ifd=2

A

O —0(f)|12 < 4C LM27Y + Oy - 2/d
|| ( 0)”2 — 1 3 L2/d)\4/(2+d) —|—LM(M> 7 l‘fd 2 3

(S.59)

The proof is deferred to Appendix G.3.2.
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D.7.4 Step 4: Uniform convergence of wavelet coefficients

Lemma S.9 gives an upper bound on the maximum difference between sample and population-level wavelet coefficients
that holds uniformly over all £ = 0,...,logy(n)/d, k € K(¢) and i € Z. Its proof is deferred to Appendix G.3.3.

Lemma S.9. Suppose we observe data (x1,1y1), - - -, (Tn, yn) according to (1), where fo € L>°(Q; M). There exists a
constant Cy not depending on n such that the following statement holds for all § > 0: with probability at least 1 — C40,

~ 0/2"'L oglzn
nwmw—whmmﬁwam<“gz§/“+“”MG§@/®. (5.60)

=0,

D.7.5 Step 5: Upper bound on risk

We are now ready to prove the stated upper bound (39). In this section we take A = 24,, and £* = log,(n)/d.
Combining Proposition S.2 and Lemma S.9, we have that with probability at least 1 — Cy9,

2L6, max{1,1/M,log,(M/26,)}, ifd =2,

4C1 LM
+C5- 2/d (S.61)
i/d 3 12/4(26,)4/+a) 4 LM(%) . ifd> 3.

16X — 0o (£)]13 <

The following lemma allows us to convert this upper bound, which holds with probability 1 — C4d, to an upper bound
which holds in expectation. Its proof is deferred to Appendix G.3.4.

Lemma S.10. Let X > 0 be a positive random variable. Suppose there exist positive numbers Ay, ..., Ak, a1,..., a0k,
b1,...,bx > 1 and B such that for all § € (0,1),

K
]P’(X > ; Ay log™ (by /5)) < B

Then there exists a constant Cy depending only on a1, . . ., ai, and B such that
K
E[X] < C5 ) A(logby)™.
k=1

Now we use Lemma S.10 to complete the proof of Theorem 5. Note that for any a > 0,

a

59 < ((log(2n/5))3a/2 + M\/log(Qn/(S)).
NG
Thus we may can apply Lemma S.10 to (S.61), which, setting 57 = % ((log 2n)3/2 4 M log(n)1/2), gives
AC LM 2157 max{1,1/M,logy(M+/n)}, ifd =2,
g — 2 o 2 : . S.62
Eljo bo(Nllz < —7a— + Co LP/4(267)4 4D LM(QJ\Z”)Z/dv ifd > 3. (5:62)

where Cg = 2C5C5. N R
Finally, we translate this to an upper bound on the expected risk of fyave = f* ). Since {¥}, ¢ € NU {0}, k €
K(€),i € I} u{®} forms an orthonormal basis of L?((2), by Parseval’s theorem we have

17 = follzago) = @ — ELfo])® + 18X = 6(fo)5.

Taking expectation on both sides, the claimed upper bound (39) follows by (S.62), upon proper choice of constant
C = max{4C1,16Cg}. O
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E Analysis of graph TV denoising

In this section, we review tools for analyzing graph total variation denoising. Suppose an unknown 6, € R™ and
observations y1, . . . , Yn,

yi:60i+zi7 Z':L...,TL (S63)
where z; ~ N(0,02). The graph total variation denoising estimator 6 associated with a graph G = (V, E), [V| = n, is
given by

6 = argmln ||y1n 6|2 + || D81, (S.64)

where D € R™*" is the edge incidence matrix of G.

The initial analysis of graph total variation denoising was performed by Hutter and Rigollet (2016) for the two-
dimensional grid. Sadhanala et al. (2016) subsequently generalized the analysis to d-dimensional lattices, and Wang
et al. (2016) provided tools for the analysis of general graphs. These techniques rely on direct analysis of properties of
graph G and the penalty D in induces, which is tractable when G has a known and regular properties (e.g., it is a lattice
graph).

Unfortunately, direct analysis on D may not always be feasible. It may be possible, however, to compare the operator
D to a surrogate operator whose properties we analyze instead. For our purposes, we compare D to a linear operator
which first takes averages on a partition, and then computes differences across cells of the partition. Comparison to
this type of surrogate operator was used by Padilla et al. (2020) to bound the risk of graph total variation denoising
in probability; the following theorem provides an analogous risk bound in expectation. We note that elements of the
“surrogate operator analysis” are also found in Padilla et al. (2018).

Theorem S.1. Suppose we observe data according to model (S.63) and compute the graph TV denoising estimator 6
of (S.64). Let A € R™*" denote an averaging operator over N groups of the form,

ny 1,1} 0 . 0
e 0 11n21n2 0 |
0 0 *11nN 1

with M := max; n;, and let A € RVNX" be the same matrix with redundant rows removed. Further let T € R™%N pe
a surrogate penalty operator, with singular value decomposition T = ULV T, such that

|TAG|, < ®1(D,T,A)|| DOy, (S.65)
(I — )y < ®2(D, T, A)|| D)1, (S.66)

Sor quantities ©1(D, T, A), ®o(D, T, A) that may depend on n, for all § € R™. If the penalty parameter

N
A > max{ 8MY2®, (D, T, A) - o, |log(2n?) Z “kHOO ,®2(D, T, A) - 0/2log(n) (S.67)
k=2

where uy, is the kth column of U and £, the kth diagonal entry of X, then there exists a constant C' > 0 such that
<A||D90||1 . Mnullity(T))
- .

(S.68)
n

1 .
E [nue—eon%} <c

Proof. We follow the approach of Padilla et al. (2020), with adaptations to provide a bound in expectation rather than
in probability. From the basic inequality,

10 — 6013 < 2(210, 0 — 60) + A(||Dbo]l1 — | DI]|1),

where 2., € R” is the vector of error terms z;, 7 = 1, ..., n. We provide two deterministic bounds under the “good
case” that the error term falls into the set,

_ A
Zy =< 21., : Max M1/2<I>1(D,T,A) sup [(Z1m, AOY|, ©o(D, T, A)||21mllo p < = ¢, (5.69)
Aferow(T):||TA0||1<1 8

where z1,, € R has entries Z15; i = n (Az1 n)j> and under the “bad case” that z1.,, & Z).
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Upper bound in the “good case”. Decompose the first term on the RHS,

<Zl:na 0 - 00> = <lenaé - Aé> + <Zl:na A00 - 00> + <len7A(90 - é)>
< (21n, A0 = 0)) + llz1alloo (1 (1 = A)0]11 + (1 = A)o]|1)
< (21ms A0 = 0)) + |21l oc®(D, T, A)(|[ Do |1 + | DI]|1),
where the final inequality follows from (S.66). Observe that we may rewrite, for any 6 € R",

N nj

(Z1:n, A0) = Zzzln(z’ lnk)+z(A9)

j=1:i=1

N
4 Z n;/Qzlmj (AG)j
j=1

= (210, AO) < MY/?|(z1, AD)|
< M/? | (projy (Z1m), A0) + (projy .« (Z1m), A6) |
< MY |[projy (z7m) 21| 46]]> + (projy .+ (77:m), 46)|
< M2 (lprojy (zra)llal16]l2 + [projy + (1), A6},

where z1,, € RY has independent (0, 02) entries and V = null(T'). Substitute back in to obtain,

16— 6013 < 20 2(|lprojy- (i) ll2l16 — boll2 + [{projy-s (Z1a), A(6 — 60))])
+ 2| 210l oc ®(D, T, A) (|| Dbo 11 + | DE]|1) + A([|Dbolx — | DE]1),

and consequently,

16 — 6o]|2(116 — Bol2 — 202 || projy (Zim) =)
< 22| (projy + (21), A9 — 60))] + 2210l o« (D, T, A)(| Doy + 1DAI|1) + A(| Do | — 1 D6]1)

Case 1. |10 — o||2 < 4M"/?|[projy (1) |2-
Case 2. || — 0p||2 > 4M*'/?||projy (Zin)||2. Then,

16 = 6oll3 < 4M2|(projy+ (Z1:m), A0 — 00))| + 4l[z1:0 | (D, T, A) (|1 Doll1 + |DO]1) + A Dollx — [ DO]]1).-

‘We then bound,

[(projy- (z5m), A(6 — 8))| = ‘<projw<zlm>7 ‘4(9‘“”> ITAG — 00,

ITA(6 — 6o)
< sup |z, AOYITA(G — 60) 12
AGeVL:||TA0|:<1
< sup |z, A0)|@(D, T, A) (| D]y + [ Do),

AgevL:||TA0|:1<1
where the last inequality follows by (S.66). Conditioning on 21.,, € 2y, we find that under Case 2,
16— 6ol3 < %(HDéHl + (| Dbol1) + %(HDéHl +[|Dolly) + A([[1Dbo|l1 — || D6]|1)
< 2X[[ Db
Therefore, conditioning on z1., € Z) and combining Case 1 and Case 2, we obtain that

16 = 6o]13 < 16M |projy- (i) 13 + 27 Dol
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Upper bound in the “bad case”. On the “bad event” that z7.,, € Z), we apply Holder directly to the basic inequality
to bound,

16 — 0l13 < 2l|z1:0 12110 — Boll2 + Al Dbo]l1,

and rearrange to obtain, R
16 — 6oll3 < 16]|z1. 13 + 27 Dbo 1. (S.70)

Combining the “good case” and ‘‘bad case’ upper bounds.

1 .4 1 A N
~E[|0 — 003 = —E |10 - 00l31{z1n € 22} + 16 = 60l131{z10 ¢ 21}

n
1 .
< [E [16M [projy (z12) 113 + 2A Dol1] + E [(16]|z1:0]13 + 2A[ Do) 1{z1.0 & 22}]]
1 . /
1

< [16Mdim(V) + 4N Dby + V3n - Playn & Z,\]}

It remains to bound the probability of the bad case,

P{z1.n & 25} <P{ MY/? sup |(Z1m, AOY| > N/8D(D, T, A) p +P{||z1:n]l00 > A/8®(D, T, A)}
AGeVL:||TAd|1 <1
<P{M'2®(D,T, A)|[(TT) " Zrmllco = A/8} + P{®(D, T, A)| 21:n]l00 > A/8}.

Standard results on the maxima of Gaussians provide that,

HukH2

N
P MY2® (D, T, A)(TF)  Zmlloe > M'/?01(D, T, A) - 0| log(2n2/5) - Z

P {<I>2(D,T, A)21mlloe = ®2(D, T, A) - o1/log(2n2/6)

——
IN
(o9

Recalling the choice of penalty parameter,

N
A > max { 8MY2®,(D, T, A) - o, | log(2n4) Z Huk”“,@g(D,T7 A)-o+/2log(n) p,

we conclude that 5
IP){Zl:n ¢ Z/\} S ﬁv
completing the proof. O

We now state a well-known result controlling certain functionals of the lattice difference operator. These quantities
have been analyzed by others studying graph total variation denoising on lattices, e.g., Hutter and Rigollet (2016) and
Sadhanala et al. (2017).

Lemma S.11. Let T be the edge incidence operator of the d-dimensional lattice graph N elements per direction.
Denote n = N¢. The left singular vectors of T salisfy an incoherence condition,

[ [P \f J

for some Cy > 0, and its singular values satisfy an asymptotic scaling,
ca(i/m) <& < Ca(i/m)Me, j=2.m,

Sfor some 0 < cq < Cy. Consequently,

- u;l|?, logn d=2,
BITIE Cd{lg - (8.7



F Embeddings for random graphs

We begin by providing a result that controls the number of sample points that fall into each cell of a lattice mesh.

Lemma S.12. Suppose x1, ... ,x, are sampled from a distribution P supported on (0,1)? with density p such that
0 < Pmin < P(T) < Pmax < 1 forall x € (0,1)4. Form a partition of (0,1)? using an equally spaced mesh with
N = Cy(pminn/ log® n)l/d, a > 1, along each dimension. Let Cy denote the (th cell of the mesh, and let |Cy| denote
its empirical content. Then for all x1., € X1, with P{x1.,, € 21} > 1 —2/n%

max ICe| < C3log®m, (S.72)

mzin [Ce| > cqlog™ m, (S.73)

for n sufficiently large, where Cs, cqy > 0 depend only on puin, Pmax, d-

Proof. From standard concentration bounds (e.g., Von Luxburg et al., 2014; Proposition 27) on a random variable
m ~ Bin(n,p), forall § € (0,1],

P{m > (14 d)np} < exp{fééznp},
P{m < (1 —=9)np} < exp{—ééan}.

Apply these bounds with p = P{x € C,} to obtain that,

)

max o 1 @
P{m?X|Cg| >(1+ 6)Cfp—log n} < Nexp {—352Cf log*n

min

1
P {mein ICe| < (1 —6)Cf log” n} < NZexp {—3620{1 log” n} ,

for all § € (0, 1). Setting the RHS to 1/n?,

Cfpminn 1 2 ~—d a 1
m@Xp{-gé Cl log TL} < ﬁ

1
10g(Cpunin) — log(log® n) — gégC’fdloga n < —5logn

1
= 562C’fdlogo‘ n > 5logn + log(C{pmin) — log(log® n)

10g(C{'pmin)  log(log™ n)
log®n log®n

5% > 3C{l (5 log'™®n +
0> Cq log(l_o‘)/2 n,

for some Cy > 0 for all n sufficiently large. Therefore deduce that,

max « max « 1
P{mguxwg > galmax oo, 1 odo,Pmax (1 >/2n} < =

min pmln n

1
P {méin Co| < Clog® n — CLCy logtH)/2 n} <

Recall that o > 1 by assumption, and choose C'3, ¢4 > 0 with n sufficiently large to obtain the claim. O
The following lemma establishes embeddings from certain random graphs into a coarser lattice graph.

1/d

Lemma S.13. Partition the domain (0,1)? using an equally spaced mesh with N = C1 (pminn/ log® n)/? elements

per direction. Suppose that x1.,, € Z1, with x1., re-indexed such that

L1y, T)c4| € Cy,
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T|Cy|+1s - - > Tiey|+]Ca| € Ca,

xzé\;dl,l Col+17 ,Tna € Cpa.
Consider the averaging operators,
[ NEND A 0 0
0 |c2|—11|(;2|1|22| 0
A= : . ) , (8.74)
0 0 |CNd‘_11‘CNd‘1‘—ENd‘
and the lattice difference operator T based on the graph
Gr=({1,...,N%}, Ep), (S.75)

where (i, j) € Er if the midpoints of C;,C; are 1/N apart. Also, let A € RN"X™ pe the matrix obtained by dropping
the redundant rows of A.

* Build the Voronoi graph from x1.,, and let DV denote the edge incidence operator with edge set EV and edge
weights wyj' = max{con*(dfl)/d, w%}for each i, j. Further condition on the set 25 such that the result of
Lemma S.14 holds with probability 1 — 1/n* (equivalently, the set that the result of Lemma S.15 holds with
probability 1 — 1/n*). Then there exists a constant Cg > 0 such that for all § € R™,

|TA8]|, < Cen'=Y/4|DVg||;. (S.76)
(I — A)0]), < Cs(logn)*nd=1/4| DV, (S.77)

* Build the Voronoi graph from 1., and let DV denote the edge incidence operator with edge set EV and edge

weights wx = 1 for each i, j such that wy ; > 0. Further condition on the set 2> such that the result of

Lemma S.14 holds with probability 1 — 1/n*. Then there exists a constant C; > 0 such that for all § € R",

ITAf||y < C7||DVO];. (S.78)
I(I = A)f[ly < C7(logn)*[|DVE]1, (S.79)

* Build the e-neighborhood graph from x1.,, with € > 2\/&/N . Then with the constant cy from Lemma S.12, it
holds that for all 0 € R,

- 1
ITABNl1 < 57— 1 D"0l1- (S.80)
cilog™n
2
I-A)0 < ———|D%0 S.81
I = 400l < —oaellD701). (81

* Build the k-nearest neighbors graph from x1.,, with k > Cslog® n. Further condition on the set 25 such that
the result of Lemma S.14 holds with probability 1 — 1/n*. Then with the constant c, from Lemma S.12, it holds
forall € R,

1

ITA8|1 < 5—5—D"6||1. (S.82)
cilog™n
2
I— A — = _||D*# S.83
(¢ )01 < 0410g0‘n” ll1, (S.83)

Proof. c-neighborhood graph. First, we prove (S.80) and (S.81). For the former, observe that

T SR A S Y

(k,Z)GET 1€Ck JjECy
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SR D S

(ke)eﬁr ‘CkH(%|'e|Ck|je\Cd
o XX o
(k: 0)EET i€Cy,jECy
1
HD89||17
log

ase = 2vd /N. For the latter, similarly deduce that

=8l =316 — e Y 6
i=1 jec()
<S04

=1 JEC(4)
SZ Dt 16—
i=1 JeC(i)
N4
= 1™ Y0 > 16 -0
=1 iECszC[
< Z > 16— 05
€4 log (=1i<j€C,
2 &
< ——5—[ID0|x.
cqlog®n

k-nearest neighbors graph. Recall that we have conditioned on the set 25 such that the result of Lemma S.14 holds.

In particular, (S.86) gives that
o\ 1/
. N k
pinen() = 0 () !
where £, (2;) := [|2; — 2() () ||2. The results (S.82) and (S.83) then follow by observing that on the event .25, the
k-nearest neighbors graph with k& > Cs log® n dominates the e-neighborhood graph with & = 2\/&/1\7 .

Voronoi adjacency graph. We will prove the results (S.78) and (S.79) by providing a graph comparison inequality
between the e-neighborhood graph with ¢ = 2v/d/N and the Voronoi adjacency graph. The results (S.76), (S.77)
follow from the inequality || DV8||; < ¢5 'n(@=1/4||DV|, forall § € R™,

Intuition and outline. The central goal of this proof is to show that

ID=0]l < C(n) | DYO]1,
for all € R™, where C'(n) is at most polylogarithmic in n. This will be accomplished by
(i) verifying that for any {z;,z;} € E°, there exists a path {x;, , }, {T,, ko }s - - -, {75} € BV, and

(ii) showing that if one uses the shortest path in the Voronoi adjacency graph GV to connect each {z;, x i} € E*,
then no one edge is used more than Cy log®® n times, where Cy is a positive constant and o > 1 may be chosen.

Step (i). Consider x;, z; such that {z;, z;} € E°. We will show the existence of a path between z; and z; in Gv
and also characterize some properties of the path for step (ii).
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By definition, ||z; — z;|| < . Denote

L x +x;
T = ——2L,

2

rij = llw — @i
Consider the subgraph G% = (Vi E%), where

Vij = {Vk . Vk N B(I’i]‘,’f‘ij) 7é @},
EY = {{Vi, Vi} : Vi, Vi € VI3 HIZ1 OV, N 0V;) > 0},
where B(z;;,ri;) is the closed ball centered at ;; with radius 7;;. By construction, z;, z; € V%, and by Lemma S.16,
G is connected. Therefore a path between x; and x; exists in the graph G% (one can use, e.g., breadth-first search or
Dijkstra’s algorithm to find such a path).
Step (ii). For any {z;,z;} € E°\ EV, we create a path in GV as prescribed in step (i). With these paths created,
we upper bound the number of times any edge in £V is used. We do so by uniformly bounding above the number of

times a vertex xj appears in these paths (and since each edge involves two vertices, this immediately yields an upper
bound on the number of times an edge appears in these paths). We split this into two substeps:

(a) first, we derive a necessary condition for z;, to appear in the path between x; and z;;
(b) then, we will upper bound the number of possible pairs x;, ; such that this necessary condition is satisfied.

Step (ii a). For xy, to appear in the path between x; and x; as designed in step (i), it is necessary for V}, € V.
Consider z € Vi, N B(x;j,7;;). Since x belongs to the Voronoi cell V4,

[ = @l < min{flz — ], [l = 2;]},

but since x also lies in B(x;;, r:;),
[ = @5l < rij.

It follows that,
2k — 2| < |z — 2k || + [|2 — 24|
<l — x| + [l — 24|
<z =zl + l|zi — 2| + |z — 245

< 3rija

thus if Vj, € V', then it is necessary for zy, € B(z;;,31:5).
Step (ii b). Recalling ¢ = 2v/d /N, where N = C}(pminn/ log™ n)l/ ¢ we have a uniform upper bound of

log® n) 1/d

max 1 < Cy
{zi,z;}EE" “

for some Cyg > 0. Thus, we conclude that for an edge of xj, to be involved in a path between x; and x;, it is necessary
for

xij € B(xy,3Cs(log n/n)l/d),

or more loosely,
i, x; € B(xy,4Cs(logn/n)t/ %),

recalling that r;; = ||z;; — x;|| = ||zi; — ;|| and the uniform upper bound on r;;. Therefore, the number of paths in
which any z;, may appear is bounded above,

(nP,(-,4Cs(log®™ n/n)l/d))2 < Cy logzo‘ n,

where the final inequality is obtained by (S.85). O
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G Auxiliary lemmas and proofs

G.1 Useful concentration results

The following is an immediate consequence of the well-known fact that the set of balls B in R? has VC dimension
d+ 1, e.g., Lemma 16 of (Chaudhuri and Dasgupta, 2010).

Lemma S.14. Suppose x1, ..., x, are drawn from P satisfying Assumption Al. There exist constants C1-Cs depending
only on d, pmin, and pymax such that the following statements hold: with probability at least 1 — 6, for any z € (),
1 log(1/6)\ "/
(1B {ar, .. e} = 0} —> {r<cl<°g”+7;’g</)) : (S.84)
and 1/
—c k — Cs(dlogn + log(1/8) + \/k(dlogn + log(1/0)))
r
? n (S.85)
= {|B(z,7) N {x1,...,x,}| < k}.
In particular, if k > Cy(log(1/6))? logn, then
o\ /4
(B o a2 ) = {rzcg(n) } (536

G.2 Properties of the Voronoi diagram
G.2.1 High probability control of cell geometry

The following lemma shows that with high probability, no Voronoi cell is very large. Let r(V;) := max{||x — x| :
x € V;} be the radius of the Voronoi cell V;.

Lemma S.15. Suppose 1, ..., x, are drawn from P satisfying Assumption Al. There exist constants C and Cy such
that the following statement holds: for any § € (0, 1), with probability at least 1 — §
1 log(1/6)\ /*
max (Vi) < Cy (W) , (S.87)
and 1 log(1/4
max p(Vi) < G (W) . (5.88)

Proof. If z € V;, then | B(z, § ||z — z;]|) N {1, ..., 3, }| = 0. (Note that the same holds true if 1 is replaced with any
a € [0, 1)). Taking x to be such that ||z — z;|| = r(V;), it follows by Lemma S.14 that

1 logn—Hog(l/(S))l/d

1
57 = 3lle -l <

2 n

with probability at least 1 — §. Multiplying both sides by 2 and taking a maximum over ¢ = 1,...,n gives (S.87). The
upper bound (S.88) on the maximum Lebesgue measure of V; follows immediately, since V; C B(z, r(V;)). O

G.2.2 Connectedness of the Voronoi adjacency graph

The following lemma relates graph theoretic connectedness to a kind of topological connectedness that excludes
connectedness using sets of 7%~ !-measure zero.

Lemma S.16. Let Q C R be open such that there does not exist any set S C Q with H?~(S) = 0 such that Q \ S is
disconnected. Let {V1, ..., V,,} denote an open polyhedral partition of ). Then the graph G = ({V1,..., Vi, }, E),
where

E = {{Vi, i} #i @V nov;) > 0},

is connected.
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Proof. Assume by way of contradiction that GG is disconnected. Therefore there exists sets of vertices C1, C2 such that
HITLVinV;) =0, (S.89)
forall V; € Cy, V; € Cy. Next, define
= Uviee, Vi)',
= (Uyjee, V)"
such that {1, 2} constitutes an open partition of 2. Let

S =0\ (9 UQy) (S.90)
— QN (9920 N 9% U ((25)° N (25)°))
— QN (02 NI U (2N Q)
=0 NoN NON,. (5.91)

From (S.89) and (S.91) we see that H%~1(.S) = 0. On the other hand, (S.90) yields that Q\ S = Q; U, is disconnected
(€21, Q5 are open and disjoint). O
G.2.3 Analysis of the Voronoi kernel

Recall that in the proof of Theorem |, we compare Voronoi TV to a U-statistic involving the kernel function

Hyor (2, ) = E[HO1(8V,, 0OV, )|y = 2,29 — 3] = / (1= pa(2) ™2 dz.
LNQ

The following lemma shows that this kernel function is close to a spherically symmetric kernel.

Lemma S.17. Suppose x1, ..., x, are sampled from distribution P satisfying Al. There exist constants C1-Cy > 0
such that for h = h,, = C1(3logn/n)?, the following statements hold.

e Forany z,y € Qp,

_ —T 1 logn)?
Hyor(w,y) = TMQd,_lKVOr<||yH) + 0(3 + (log n) H{llz —yll < Cg(logn/n)l/d}) (5.92)
(np(x)) 2 £ n n
e Forany z,y € ),
Cs ly — |
HVor(x7y) S n(dl)/dKV0r< C’4n1/d . (893)

Proof of (§.92). We now replace the integral above with one involving an exponential function that can be more easily
evaluated. Then we evaluate this latter integral.

Step 1: Reduction to easier integral. LetQ, = {z € Q : dist(z,0Q) > ||z — z| }. (Note that LN Q, = L NQ,.)
Separate the integral into two parts,

/er (1 B pI(z))(niz) de = /me <1 - pw(z))(nﬁ) dz + /Ln(ﬂ\m) (1 - pm(z)) " e,

We start by showing that the second term above is negligible for z,y € ;. For any z € Q \ Q,, it follows by the
triangle inequality that
dist(z,99Q) < ||z — z|| + dist(z,Q) < 2|z — z||.

Since € Q, it follows that p,(2) > (Pmin/2d) ||z — 2|7 > (Pmin/2971d)(dist(z,002))? > (pmin/297 d)R.

Integrating over z € Q \ 2, implies an upper bound on the second term,

(n—2)
/ (1 — px(z)> dz < / exp(—(n — 2)p.(z)) dz
LO@\2) LAR\Q.)
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= O(exp(— (pmin/27 2 d)nh?))
1
with the last line following upon choosing C1 > (Pmin/ 2d+2d)*1/ @ in the definition of h.

On the other hand, if z € €, then B(z, ||z — z||) C Q. Consequently, letting p,. () := p(z)uallz — 2%, it follows
by the Lipschitz property of p that

p2(2) — Pa(2)] < /( ) p(2) = p(x)|dz < Cpal|z — z[|**,
B(z,||z—=z

and
|eXp(—nng(z)) — exp(—nﬁz(z)ﬂ < Cuqgllz — deHn.

Additionally recall that exp(—np) > (1 — p)™ > exp(—np)(1 — np?) for any |p| < 1. Combining these facts, we
conclude that

/er, (1 —pz(Z))n dz = /er exp(—npy(2)) (1 + O(np,(2)?)) dz

@

_ / exp(—npa(2)) (1+ O(llz — a) + O(nllz — 2]*+1)) dz
LNQ,

—~
<.
a2

1 1
[ ep(onpouale - 2l dz+ O(=5 + 11{lx ] < Callogn/m})
LNQ, n n

i 1 logn)?
D [ exp(-mplopuale — 21 dz + 0 (5 + EE L 1{lo - ] < Cattogn/m)/1}).

n

(5.94)
We prove the last two equalities, which control the remainder terms, after completing our analysis of the leading order
term.

Step 2: Leading order term. Letr = || — y||/2. Due to rotational symmetry, we may as well take z = re;,y =
—re1, in which case the integral becomes

/Lexp(—np(x),udux_ZHd) dz:/

exp(—np(a:),udﬂrel — sz) dz
{0} xRA—1

= [ exp(-npla)na(r? + 2172 dz,
Rd—
with the latter equality following from the Pythagorean theorem. Converting to polar coordinates, we see that
[ee]
/ exp(—np(x)ud(r2 + HZHQ)d/Q) dz = / / eXP(—np(x)Md(TQ + t2)d/2)td_2 de dt
Rd—-1 0 Sd—2

= a2 / exp(—np(x)pa(r® + )22 dt
0

Nd—2

— [ ) )+ )
- 77di_QaL—lf(Vor <||y—a:||) :

(np(z)) T cm)

with the second to last equality following by substituting s = ¢/(np(z)) =1/

Controlling remainder terms. We complete the proof of (S.92) by establishing (¢) and (4¢) in (S.94).
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Proof of (i). Take eg = (4log 1/ ptapminn) /%, and note that if ||z — z|| > ¢ then exp(—panp(z)||z — z[|*) < 2.
Recalling the definition of p(z), we have

n/ exp(fnﬁm(z))ﬂzfxﬂd*l dz :n/ exp(f,udnp(x)Hzfa:||d)||zfod+1 dz
LN L

"

HEWLNQ
Sn/ GXP(—udnpmmHz—wlld)llz—de“der#
LNB(z,e0) n

HIH (LN
< nedH / exp(fpdnpminﬂz — :cHd) dz + 7(3 )
LNB(z,e0) n
HIH (L NQ)

< nedMHITY(L N B(x,e0)) + 3

(5.95)
For any z,y we have H* (L N B(z,20)) < pg_160~*. If additionally ||z — y||/2 > o then L N B(z, ) = 0, and
so HY(L N B(x,&0)) = 0. Compactly, these estimates can be written as

HHL N Bz, 20)) < pa—11{]le — yll < 2e0}ef
Plugging this back into (S.95), we conclude that

~ HIYLNQ
w [ ep(onin(@) - ol d < g1 e - < 200} + EEOD
LN,

< (LB — g < Coftomn/m) ¥y + ).

for Cy = 2(4/(Pminpta))*/ . This is precisely the claim.
Proof of (i7). Recall the fact established previously, that if z € L \ Q, then ||z — || > h/2. Therefore,

/ eXp(fnﬁT(z)) dz < / eXp(fudnpminHz - sz) dz
I\Q.

I\Q.
< / exp (—panpminllz — =||?) dz + / exp(—papminn(h/2)?) dz
L\B(w,2) (LNB(2,2)\Q%)

HY(L N B(x,2
< / exp<_,udnpmin||z - x”d) dz + ( 3 ( )) ’
L\B(z,2) n

with the last inequality following upon choosing C; > 2/(ftgPmin )"/ in the definition of . The remaining integral is
exponentially small in 7, proving the upper bound (47). O

Proof of (§.93). Note immediately that

Frvor () < / exp(—nps(2)) dz < / exp(—nptapumlle — 2%/2d) dz
LNO L

We have already analyzed this integral in the proof of (S.92), with the analysis implying that

d—1
_ o — 11 _ ma—2(2d) T ly — |
/Lexp( n:u/dpmm”w ZH /2d) dz = (npmin)(dil)/d KVor (an/pmin)l/d .

This is exactly (S.93) with C3 = 14— (2d/pmin) ¢~ 1/? and Cy = (2d/ppmin) /<. O

G.2.4 Compact kernel approximation

The kernel function Hv,,(z,y) is not compactly supported, and in our analysis it will frequently be convenient to
approximate it by a compactly supported kernel. The following lemma does the trick. Let g¢ := (logn/n)/<.
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Lemma S.18. Let x,y € Q, and L = {z : ||z — z|| = ||y — z||}. For any a,c > 0, there exists a constant C > 0
depending only on a, c and d such that

JLETEL I 596

B _d
/ng exp(—cn|lz — z||*) dz < C( n(d-1)/d * no

where ¢ := (logn/n)'/?.

Proof. Let &y = Cgq for C; = (a/c)'/?. The key is that if ||z — z| > &, then
d 1
exp(enlle — =) < .

Now suppose ||y — z|| > 2&;. Then ||z — z|| > &; for all z € L, and

d-1
/ exp(—cn||z — z||4) dz < w
LNQ

na
It follows that
~ HI-H LN
[ explente =z <1y ol <220} [ exp(enfe — 2|z + £ 0D
LNg LN n

< Hlly — =]l <280} exp(—enllz — 2|*) dz + 2

Ba_1((w+y)/2,%0) ne

Hlly — =[] <28}

HI-WLNQ
exp(f||z||d) dz + 2#
d—1

n(d—l)/d
Hlly — = <25} 1
§C2( n(dfl)/d +E .

for Cy = max{ [p.1 exp(—|z[|*) dz, 2H*~(LNQ)}. Equation (S.96) follows upon taking C' = max{2C1,C}. O

G.3 Proofs of technical lemmas for Theorem 5
G.3.1 Proofs of Lemmas S.7 and S.8
Proof of Lemma S.7. Foreach k € IC(£) and i € Z, it follows from Holder’s inequality that

105 ()] < 1 | @ 15l e @) = 11l @2 Y2,
and taking supremum over k € K(¢) and i € Z gives the result. O

Proof of Lemma S.8. The proof hinges on an application of an integration by parts identity (S.97), valid for all
f € CY(Q). We thus first derive (S.57) for all f € C(€2), before returning to complete the full proof.

Now, taking f € Cl(Q), a simple calculation verifies that for eachi = 1,...,d, and all \If}k such thati € Z, we
have

/ f(2)V, (z)dx = — / D, fI; U, () da. (8.97)
Q Q

Here I f(z) = [} f((t,22,...,34))dt is the partial integral operator in the Ist coordinate, and I; are defined
likewise. Now, we introduce some notation: for all x,y € (2, and foreachi = 1, ..., d, take

Ki(wy)= > V@)%, Ay = > V@)L ,(y).
keK(0),i€Z; keK(0),i€Z;

By definition, K} is the integral operator such that

Paf@) = 3 0L () = / ) K. y) dy,

keK(6),i€T;
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and we may use the integration by parts identity (S.97) to obtain

&J=—/DJ@M%wMy (S.98)

Taking absolute value, integrating over €2 and applying Fubini’s theorem, we determine that

|wmm@s44mmmmmmmw
< |Difllzr () - sup HAé('vy)HLl(Q)
yeN

<IDiflei - sup D> Wil - 1L ()]
Ve jeK (o) i€ty

< 2927 D; f| 2 o -

Now, foreachi =1, ...,d, take _ _
0p.(f) = (0u.(f) - k € K(0),i € T;),

where Z; C 7 contains all indices i € 7 for whichi; = O forall j <4, andi; = 1.
Using the L?(£2) orthogonality property of the Haar basis and applying Holder’s inequality gives

165.(F) = 1165 (Pea )l < 1Peifllrey - Il Y- Wikllioeio) < 22 PeifllLico)-
keK €T,

and summing up over i = 1,. .., d gives the desired upper bound on ||0.(f)||1-
Finally, a density argument will imply the same result holds for any f € BV(2). In particular, there exists a
sequence {f,,} C C*(Q) for which

li_)m Ilfn = fllLr) — 0, li_>m TV(fn; Q) = TV(f; ), (5.99)
see, e.g., Evans and Gariepy (2015, Theorem 5.3); consequently

10k-(FH)ll1 = lim |0k (f)]1 < d272°C=4/2 . lim TV (f,; Q) = d292/C=V/DTV(f;Q),
n—oo

n—oo

and the proof is complete upon taking C; = d2¢. O

G.3.2 Proof of Proposition S.2

The proof of Proposition S.2 follows in spirit the analysis of (Donoho et al., 1995). First we upper bound the £2-loss by
the sum of two terms, a modulus of continuity and tail width, then we proceed to separately upper bound each term.
The primary difference between our situation and that of (Donoho et al., 1995) is that we are working with respect to
intersections of Besov bodies rather than Besov bodies themselves.

For the rest of this proof, take § = §*¢") and g, = 0(fo).

Step 1: Upper bound involving modulus of continuity and tail width. We are going to establish that

10— 0ollo < (% (2M) N OL! (2L), 0 + A) + A(O%2(M) N OL (L), '), (3.100)
where (O, €) is the modulus of continuity

Q(0,¢) := esgge{lle =02 10— 0]l < e}, (S.101)

and A(©, ¢) is the tail width
A(O,0) == sup [0 — O (5.102)
0co
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Observe that by the triangle inequality,

19 — Goll2 < 1|6 — fo,<¢-

2+ |60 — 0o, <e

2.

The second term on the right hand side of the previous expression is upper bounded by A (0% (M) N OL} (L), ¢*).
We turn now to upper bounding the first term by the modulus of continuity. Observe that for each index, we are in one
of two situations: either

I%I < A= 10| =0 and |0 — 9(i),1zk| = |96,2k| <A+ én,

or
~ . ~ 1~ 1~ ~ .
100 k| = A =100 o] > 00| — €n > §|9Zk| = §|91€k| and 0o — 05 g5 | < €n-

It follows that for every £ € NU{0}, k € K(£), we have [6,| < 216} ;.|, and so 0 € 0% (2M)NOLL(2L). Moreover,

the above calculations also confirm that ||§ —00.<¢* |loo < A+ €. Thus

0 — 0o,<¢

2 <QOLX°2M)NOL (2L), 60 + N),
establishing (S.100).

Step 2: Tail width. Fix 6§ € ©%°°(M) N OL(L). For each ¢ € NU {0} we have

16113 < 10e.ll110e-lloc < C127LM,

with the first inequality following from Hoélder, and the second inequality from Lemmas S.7 and S.8. Summing over
C=0+1,0+2,...gives

[e.°]

10— 0<e- 5= 63 <201 LM277,
=041
and it follows that
A(O%=(M)NOLNL), ) < /20, LM27 /2. (S.103)

Step 3: Modulus of continuity. Fix 6,0’ € ©%:>°(2M) N O} (2L) such that || — 0’| < €. Foreach ¢ € NU {0} we
have

102, — 07115 < min{2°(|0p. — 07|12, 10c. — 07 [l 16c. — 67111}
< min{2/e2, 20 L2422~ 40, M L2274},

with the final inequality following from the triangle inequality, i.e. |0 — 6’| < ||0| + ||¢’||, and Lemmas S.7 and S.8.
The three upper bounds in (S.104) divide N U {0} into three zones, based on the indices ¢ for which each upper
bound is tightest.

(S.104)

* The first dense zone contains £ = 0, . .., [logy(2C1 L/€) - 2%1] =: Njp. In the dense zone, the extremal vectors
are dense, i.e. everywhere non-zero.
* The second intermediate zone contains { = Ny + 1,..., [logy(2M /€) - 2] =: Ns. In the intermediate zone, the
extremal vectors 6 are neither dense nor sparse.
* The third sparse zone contains £ = Ny + 1, .. .. In the sparse zone, the extremal vectors are sparse, i.e. they have
exactly one non-zero entry.
Summing over £ € N U {0} gives
o0
16— 6113 =D 116e. — 0715
£=0
Ny N2 o
< ¢ Z 2t 4 90 Le Z 2~ t(1=4/2) L AN CLL Z 2!, (S.105)
£=0 £=Ni+1 ¢=N2+1

where we use the convention that Zévj N+l = 0if Ny > Ns. There are three terms on the right hand side of (S.105),
and we derive upper bounds on each.
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¢ For the first term, recalling that N_ at = +_1*1 for any ¢ > 1, and noting that [b] < b + 1, we have
g =0 1 y g

d\N1+1
2224,1 ( (29 1+1 1) < 4d€2(201L)2/d — 40 (20 A2/ AA ),
€

* For the second term, we obtain separate upper bounds depending on whether d = 2 or d > 3: when d = 2,

No
2C1Le Y 270742 = 201 Le(Ny — (N1 + 1)) 4 < 2C1 LeNy < 201 Le(logy (2M /€) + 1),
¢=N1+1

and for d > 3,

2C, Le Z 9~ t1=d/2) < 90 LeaWatD(d/2-1) < 940 e = o 1=2/do LM (M~ te)?/ e,

{=N;+1

(2M>1—2/d

¢ For the third term,

AMCL Z 270 = sMCy L2~ M) < amen i
¢{=Ny+1

€\ _ 4G —-1.\2/d
QM) = S L,

Combining these upper bounds, we conclude that for an appropriate choice of constant
Cy = 3max{4(2C1)%4,20y, 28+ =2/4C 40,22/},

Lemax{1,1/M,log,(M/e)}, ifd=2

/12
— < .
16 =0z < Cy 12/d. A/ (2+d) +LM(M)2/ . ifd>3.

Since this holds for all 6, ¢, it follows that the modulus of continuity is likewise upper bounded, i.e.

LA max{1,1/M,log,(M/N)}, ifd=2

{Q(@&“(ZM) NOLY(2L), e, + /\) }2 < Cy- (S.106)

2/d
L2/d/\4/(2+d)+LM(%) . ifd>3,

where C3 := 21+2/ 4y, and we recall the assumption A > 2¢,, which implies ¢, + A < 2\. Combining (S.100),
(S.103) and (S.106) gives the desired upper bound (S.59). O

G.3.3 Proof of Lemma S.9

We are going to show that

- . 35
P(|02 (s1:n) — O (fo)] > 0n) < = (S.107)

From (S.107), taking a union bound over all £ = 0,...,logy(n)/d, k € K(¢) and i € Z implies the claim with
Cy := 2(4+2) noting that |Z| = 2¢ — 1 and so

é log, (n) % log, (")
dooqzik@ <2t Y 2t <2y,
£=0 £=0

It remains to show (S.107). For ease of notation, in the remainder of this proof we write 6(-) = 5} L()and 0(-) = 65, (-).
Decomposing y; = fo(z;) + z;, we have

10(y1:n) — 0(fo)| < |0(yrin) — 0(f0)| + |0(f0) — O(fo)], (S.108)
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and we now proceed to give high-probability upper bounds on each term in (S.108). To do so, recall Bernstein’s

inequality: if 1, ..., x, are independent, zero-mean random variables such that |z;| < b and E[z?] < o2, for all
i=1,...,n,then
1 — L2
Pl|= z|>t] <2exp| ——2——). S.109
(‘ng Y= >_ p< U2+§bt> ( )

Term 1 in (S.108): response noise. To upper bound |6(y1.,) — 8(fo)| = |8(21.n)|, We condition on the event
Z= {_PllaX z; < \/4log(2n/6)},

which occurs with probability at least 1 — §/n. Note that the following statements hold conditional on Z:

1. The noise variables z; are conditionally independent, z; L z;|Z, and have conditional mean E[z;|Z] = 0.
2. The conditional variance of z; ¥}, (;) is upper bounded,
i i 2 i 2
Var (2, W), (2:)|2) < E[27 (V) (1)) | 2] < 2log(2n/0)E[(¥),(2:))"|Z] = 2log(2n/d),
with the last equality following from the L?(£2) normalization of i, , along with the independence of z; and ;.

3. Foreachi =1,...,n,

|20, (25)] < /2log(2n/6)2°Y/? < \/2nlog(2n/6).

We may therefore apply Bernstein’s inequality (S.109) conditional on Z, and conclude that for d; , = 4 log®/? (2n/d8)/+y/n,

P(18(10)] = 81,0 ) < P(Z°) + P(8(z1:0)] 2 81,0]2) <

=8

. (S.110)

Term 2 in (S.108): empirical coefficient. To upper bound |6( fo)—6(fo)|, observe that the random variables ¥, (z;) fo(x;)—
0(fo) fori =1,...,n are mean-zero and independent. Additionally,

Var(fo(a:i)\lli@k(xi)) < M?

and )
| fo(z) Wiy ()] < 22 M.

Applying Bernstein’s inequality (S.109) again, unconditionally this time, we conclude that for 8, ,, = V12M \/log(2n/d)/+/n,

~ 1
P — > < —. 111
(1810) ~ 00} > 82.0) < (S.111)
Together (S.110) and (S.111) imply (S.107), noting that §,, = 1, + 02 . O
G.3.4 Proof of Lemma S.10
Set f(8) = Zé{:l Ay log™ (b, /). We use the identity
E[X] = / P(X > t)dt < f(1) +/ P(X > t)dt. (S.112)
0 fF(

Note f~1(f(1)) = 1, f~(c0) = O and f'(8) = Sr_, Apa(logb/8)™ 1 /6. U-substitution with t = f(8) gives

Mﬂ=—AP@>ﬂMf@M

apAyg /01 ]P(X > f(é))w dé

I
]~

=
Il

1
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<BZakAk(/ (log by /8)2~ lda)

1
< BZ apAg max{zak7 1}<(log bk)ak—l + / (log 1/5)ak—1 dé)
k=1

0

K
= B ap Ay max{2°, 1} ((1og b~ F(ak)>,

where the last inequality follows by the algebraic fact (z + y)* < 2%(z* 4 y®) for all @ > 0, and the last equality
comes from substituting & = log(1/§). Combining this with (S.112), we conclude that

K K
E[X] < > Ax(loghi)®™ + B ap A, max{2, 1}((log b+ F(ak)>

k=1 k=1
K
<C Z (log by, )*
k=1
for Cs := 2B maxg—1 __ x{ar2%}. 0
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