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Abstract

This paper establishes a unified framework for understanding the methodology and
theory behind several different methods in the conformal prediction literature, which
includes standard conformal prediction (CP), weighted conformal prediction (WCP),
nonexchangeable conformal prediction (NexCP), and randomly-localized conformal
prediction (RLCP), among others. At the crux of our framework is the idea that con-
formal methods are based on revealing partial information about the data at hand, and
positing a conditional distribution for the data given the partial information. Different
methods arise from different choices of partial information, and of the corresponding
(approximate) conditional distribution. In addition to recovering and unifying existing
results, our framework leads to both new theoretical guarantees for existing methods,
and new extensions of the conformal methodology.

1 Introduction

As machine learning algorithms become increasingly embedded in prediction systems, it has
become increasingly important to address a question of reliability: how can we quantify our
uncertainty in the predictions that are produced by black-box models? Conformal prediction
(Vovk et al., 2005) is a framework for providing predictive inference around the output of a
black-box algorithm, offering a guarantee of predictive coverage that relies only on assuming
the data points are exchangeable, without placing further assumptions on the distribution of
the data or any assumptions on the algorithm used for modeling.

To be more precise, conformal prediction works in a setting in which we observe training
data (X1,Y1),...,(X,, Ys) € X x Y, where each X; is a feature (e.g., a vector of covariates)
and each Y; is a response. We also have a test point (X,,11, Y,,11), where the feature X,,.; is
observed, and our task is to predict the unobserved response Y, ;. Many different methods
from statistics and machine learning can be applied to produce a fitted model f X — )Y to
(often accurately) predict Y from X. How can we build a prediction interval around f(X,;1)
to quantify our uncertainty about Y, 117 To answer this question, conformal prediction relies
on the assumption that the data is exchangeable, i.e., the assumption that the distribution of
(X1, Y1), .., (Xnt1, Yny1)) is invariant to permuting these n + 1 data points. Section 2 gives
more background on this method.
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In recent years, the conformal prediction literature has seen a flurry of development. Some
of this work features new choices for the score function—a key component of the conformal
framework, or specialized (efficient) implementations for certain prediction algorithms. While
these developments can lead to substantially improved performance in practice, they do not
represent fundamental modifications of the conformal framework. Other recent developments
have extended the framework itself, to handle different relaxations of exchangeability. These
extensions are the focus of our work, and include the following:

e Weighted conformal prediction (Tibshirani et al., 2019), which applies likelihood-based
weights to accommodate settings where the training and test data come from different

distributions, with a known shift. Tibshirani et al. (2019) focus on the case of covariate
shift, while Podkopaev and Ramdas (2021) study the problem of label shift.

e Nonexchangeable conformal prediction (Barber et al., 2023), which applies a different
sort of weighting to improve the robustness of the prediction sets to mild but unknown
violations of the exchangeability assumption.

e Localized conformal prediction (Guan, 2023) and randomly-localized conformal predic-
tion (Hore and Barber, 2023), which modify the method to place higher weight on data
points closer to the test point X,,,, in order to aim for better locally adaptivity, i.e.,
coverage which approximately holds once we condition on X, .

e Generalized weighted conformal prediction (Prinster et al., 2024), which offers a gener-
alized view through the lens of understanding distributions of all possible permutations
of the data, to handle arbitrary forms of nonexchangeability; earlier work by Fannjiang
et al. (2022) treats an important special case arising in experimental design.

Our contributions. In this work, we construct a unified theory that brings together these
methods and their supporting theory. At a high level, this unified view follows a simple but
general recipe: given a dataset Z = ((X1,Y1),...,(Xn11, Yni1)), we suppose that we observe
partial information U about Z. The construction of a conformal prediction set then relies on
calculating the (exact or approximate) distribution of the test point (X, 11, Y,41) conditional
on the partial information U. For example, in standard conformal prediction, we define U to
be the unordered collection of the data points in Z, and the test point (X, 11, Y,+1) is equally
likely to be any one of the n 4+ 1 data points in this collection, due to exchangeability.

We will see that this unified view recreates the existing extensions of standard conformal
prediction highlighted above, offering a shared theory that explains these seemingly disparate
generalizations which have been discovered in the recent literature. We will also see that the
unified view allows us to fluidly derive new results, ultimately leading to broader applicability
of the conformal prediction framework.

Additional related work. While the focus of our work is on unifying various extensions of
conformal prediction under departures from exchangeability, many other new developments
have been recently made in the literature on conformal prediction.

While conformal prediction can be paired with any modeling algorithm (to make predic-
tions), and any score function (to measure the predictive model’s accuracy), the utility of the
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method relies on choosing this pairing appropriately for the problem at hand. There is by now
a rich literature investigating different choices, and we highlight just a few contributions. For
the setting of a real-valued response Y, popular options include the residual score and scaled
residual score methods studied by Lei et al. (2018), the quantile score studied by Romano
et al. (2019), a method for identifying regions of high density by Izbicki et al. (2022), and a
nearest-neighbor method studied by Gyorfi and Walk (2019). For the setting of a categorical
response, various novel score functions have also been proposed and studied by Sadinle et al.
(2019); Romano et al. (2020); Angelopoulos et al. (2021), among others.

Other lines of work focus on developing methodology and/or theory in different contexts.
We highlight two such lines. First, if the data in fact follows a specified model (which can be
known exactly or approximately), then it is possible to derive theory which ensures that the
conformal prediction method is competitive with model-based methods; see, e.g., Chapter 5 of
Angelopoulos et al. (2024b) for an overview of results of this type. Second, in the presence of
arbitrary (possibly large and discontinuous) and unknown distribution shift, we can no longer
rely on any of the extensions described above which consider deviations from exchangeability.
In this setting, the work of Gibbs and Candes (2021) proposes an online variant of conformal
prediction that offers a weaker guarantee—coverage is guaranteed on average over the stream
of data. These ideas have been further extended by Gibbs and Candes (2024); Zaffran et al.
(2022); Bhatnagar et al. (2023); Angelopoulos et al. (2023, 2024a), among others.

2 Background

In this section, we review background material on (standard) conformal prediction. We also
review an alternative formulation of conformal prediction using the language of hypothesis
testing, which will be used to construct our unified framework in the following sections. For
more background on the ideas explored in this section see, e.g., Vovk et al. (2005); Lei et al.
(2018); Angelopoulos et al. (2024b).

2.1 Conformal prediction for exchangeable data

Given training data (X1,Y)),...,(X,,Y,) € X x Y, and a test covariate X, 11 € X, suppose
we would like to predict the corresponding response value Y,,,; € Y. Conformal prediction is
a framework for producing a prediction interval, or more generally, a prediction set C(X,,+1)
that aims to contain the test response Y, 11 with some prescribed coverage probability 1 — a.
To run conformal prediction, we need to specify a score function:

s (X x)Y)x (X xY)"T =R,

which compares a data point (z,y) to a given dataset of points z; = (z;,y;), it =1,...,n+ 1.
Larger values of the score indicate that (z,y) does not “conform” to the trends observed in
the dataset. A canonical example is any score function of the form

s((2,9), (21, .-, 2e1)) = Uy, f(2)), for f=A(21,. .., 2011), (1)

where /£ is a loss function on ) x ), and A is a regression algorithm (e.g., we could use least
squares regression in the real-valued case, ) = R) which inputs a dataset and outputs a fitted

model f: X — ).



Given the score function s, denoting each training point by Z; = (X;,Y;), we define for
arbitrary y € ) an augmented dataset ZY = (Zy,..., Z,, (X,11,)), and define scores

SY=s(Z!,2Y), i€n+1]. (2)

where here and throughout we write [N] = {1,..., N} for an integer N > 1. The conformal
prediction (CP) set for Y, is then given by

C(Xpin) = {y €Y : S8, < Quantile, (SY,... ,Sg+1)}, (3)

where Quantile (P) = inf{x € R: P{V <z} > 7} denotes the level-T quantile of a random
variable V' ~ P, and we use Quantile_(vy, ..., vy) = Quantile (5 SV 8,,) to abbreviate the
quantile of the empirical distribution associated with a vector v € R¥.

Next we state a well-known, finite-sample guarantee underlying conformal prediction.

Theorem 1 (Vovk et al. 2005). Suppose Z1, . .., Z,.1 are exchangeable, and the score function
s 15 symmetric in its second argument:

s((x, Y), (z1,. .., zn+1)) = s((x, Y), (Zo(1s - - - ,Zo-(n+1))), for all o € S,11, (4)
where S,41 1s the set of permutations on [n+ 1]. Then the CP set in (3) satisfies
P{Yn+1 € C(Xn+1)} 2 1—a.

To take a closer look at this symmetry condition on s, in the example of the loss-based
score function as in (1), this is equivalent to requiring the algorithm A to be symmetric in

the training data—that is, the function f = A(zy,..., z,41) is unchanged if we permute the
data points z1, ..., 2,1 in the training set.
The bag of data. For a given z = (21,..., 2,41), we write [z = ]z1,..., 2,41 to denote

the unordered “bag” of data, that is, the (unordered) multiset obtained from the (ordered)
vector z € Z"L. For example, if z = (1,2, 1,5), then {z{ conveys the information that the
dataset contains two 1s, one 2, and one 5, but does not specify the order in which these four
values appear. Since Theorem 1 assumes s((x,y), (21, -, 2nt1)) is invariant to permutations
of the values 2y, ..., 2,11, we can write the score function under this condition as

S((2,9), 122 211 ).

Validity of CP. With the bag notation in place, we next review the proof of Theorem 1.
Though there are by now several different ways of writing the proof, the key intuition is as
follows: under exchangeability, conditional on observing the bag {Z§ =121,..., Z,, Z,:1¥,
the test point Z,,11 = (X411, Yny1) is equally likely to be any one of the n + 1 elements. (See
also Dobriban and Lin (2023) for a discussion of CP from this conditional perspective.)

Proof of Theorem 1. Write S; = s(Z;, 1 Z1, ..., Zy110), for i € [n+ 1]. Recalling (2), we can
observe that S; = ;™' (taking y = Y,,1). Hence, by construction of the CP set (3),

Y1 € C(Xnt1) <= Spe1 < Quantile,_(S1,...,S041),
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thus we need to prove that [P {Sn+1 < Quantile;,_,(S1,...,S041)} > 1 — a. By definition of

the quantile, we must have - >""*11 {S; < Quantile, _ a(51, oy Spi1)} > 1—a, and so

+1
1 n+1

—— Z]P’ {Si < Quantile, (S, .., 5n+1)} >1-—a,
i=1

after taking an expectation. Our last step, then, is to verify that for each i € [n + 1],
P {Sn+1 S Quantilel_a(Sl, N Sn+1)} =P {Sz S Quantilel_a(Sl, <y Sn+1)} )

We will prove this by showing that the vector of scores is exchangeable, i.e., for all 0 € S,,11,

(St Sn41) = (So(a)s- -+ Sonan)):

This is a consequence of the exchangeability of the data, together with the assumption of
symmetry of s. To be more precise, define a function f : Z"*! — R**! by

f(2) = (s(21,125), - - (24, 120)).

Because the bag of data does not change when the data points are permuted, we can observe
that f commutes with permutations—that is, for any o € S,,11,

(Sh ey Sn+1) = f(Zl, . ,Zn+1) g (50(1)7 ce ,Sg(n+1)) = f(ZU(l), ey Za(n-‘,-l))-

We therefore have for any 0 € S,,11,

d
(Sh SRR S?’L-‘:-l) = f(Zla SRR Zn—H) = f(ZU(l)a SRR ZU(n+1)) = (SU(l)’ SRR Sa(n-l-l))a

where the first step holds by definition of the scores, the second step holds by exchangeability
of the data, and the last step holds since f commutes with permutations. O

2.2 Reframing conformal via hypothesis testing

CP provides inference in the form of a prediction set, but the idea can be equivalently cast in
the language of p-values and hypothesis testing. To develop this equivalence, we define what
is known as a conformal p-value: for arbitrary y € Y, this is

S 1{s! > Sy+1}
n+1

ply) = ()

for SY,..., S}, as defined in (2). Informally, p(y) is often viewed as a p-value for testing the
hypothe31s Y11 =y, given exchangeable (X1,Y1), ..., (Xn, Yn), (Xpni1, Yos1). The following
result explains the connection between conformal p-values and prediction sets.

Proposition 1 (Vovk et al. 2005). The conformal prediction set C(X,+1) defined in (3) can
be written in terms of the conformal p-value p(y) defined in (5), as

C(Xnt1) ={y €Y :ply) > a}.
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In order to prove the proposition, we need a result relating p-values and quantiles. Its
proof is given Appendix A.1.

Lemma 1. Let Q) be a distribution on R, which is supported on finitely many values. Then
for any a € [0,1] and z € R,

Po{X >z} >a <= 2z < Quantile;_,(Q).
Proof of Proposition 1. By definition of the conformal prediction set, we have

. 1 n+1
y € C(Xpy1) <= Sy, < Quantile,_, (n——l—l ; 533)

where recall n%l ?:11 dsv is the empirical distribution of the scores S,..., S, ;. Applying

Lemma 1, we have that for any s € R,

1 n+1 1 n+1
S S Quantilel_a (n—ﬂzésf) < n—HZH{SZy Z S} > Q.
=1 =1

Taking s =S¥, and combining with the calculation above, we have

1 n+1 . .
yEC(Xn1) = ;]l{si > SV} > a,
which by definition of p(y) in (5), completes the proof. O

The coverage result in Theorem 1 can therefore be translated into the following statement
about the conformal p-value.

Corollary 1 (Vovk et al. 2005). If Zy, ..., Z,+1 are exchangeable, and the score function is
symmetric as in (4), then the conformal p-value defined in (5) satisfies

P{p(Yoi1) <a} <«a, forall ae|0,1].

One way to interpret Proposition 1 and Corollary 1 is that the conformal prediction set is
effectively given by inverting a permutation test, leveraging the fact that all (n+ 1)! orderings
of the dataset Z = (Zy,..., Z,.1) are equally likely (due to exchangeability). To make this
more explicit, observe that the conformal p-value in (5) is equivalently

ZO’ESn+1 1 {S(Zg(n—l—l)’ Z}Tl) Z S(Zngl? Zy)}

where recall 7Y = (Z1, ..., Zy, (Xn+1,Y)), and we use ZY = (Zg(l), e Zf;’(nﬂ)) for the result
of permuting its entries under o. If we think of p(ZY) =s(Z7,,, ZY) as a test statistic of the

dataset Z¥, then the above reveals that p(y) is precisely a permutation p-value based on ¢:

2oes,y L1p(Z28) = 9(2)}
(n+1)! '

ply) =
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The conformal prediction guarantee now becomes familiar: by the classical theory of permu-
tation testing, we immediately know that p(Y,1) is a valid p-value since Z¥Y*+! = Z has an
exchangeable distribution.

We note that the connections between conformal prediction and hypothesis testing extend
beyond standard CP to its many variants, such as WCP and NexCP. While these and other
extensions are typically directly via prediction sets, they can also be represented through the
language of conformal p-values. Our unified framework (Sections 3 and 5) will also use the
language of hypothesis testing, to allow for a simple and clean exposition. When we apply
the unified framework to derive specific variants of CP (Sections 4 and 6), we will verify the
equivalence of its original formulation and p-value representation, in each case.

3 A unified framework

We are now ready to build our unified framework for conformal prediction methods. Recall
that, in the standard exchangeable setting, the premise of conformal prediction is that after
conditioning on the unordered bag of data | Z{ we know the distribution of Z—it is simply
uniform over all possible permutations of the elements in the bag. For our unified framework,
we will generalize this idea in two ways: first, we will allow for settings that are more general
than exchangeability, and second, we will allow for conditioning on more information than
the bag of data {Zf. To begin, we will need the following two ingredients:

e Partial information about the data, encoded by a random variable U € U on which we
will condition to perform inference. We will assume that U always contains sufficient
information to reveal the unordered bag of data [ Zf, that is,

1Z§ = h(U) almost surely,

for some function h. In many cases, we will simply have U = [ Z{, but in others U will
contain additional information. Further, U may be equal to a deterministic function of
Z (such as U = | Z7), or may contain auxiliary sources of randomness.

e A score function s : 2" x U — R. As in standard CP, the value of s(Z, U) is intended
to reflect the nonconformity of the last data point Z, 1, relative to the observed data.
That is, a large value of s(Z, U) indicates that Z,; is likely an outlier.

We next need to determine the distribution of the statistic s(Z, U), in order to compute a
p-value. Essentially, we proceed by approximating the conditional distribution of Z | U, and
then computing a p-value for the observed statistic s(Z, U) using this conditional distribution.
This requires a third ingredient:

e An approzimation @z of the conditional distribution of Z | U. Notice that the true
conditional distribution of Z | U is supported on the finite set {z € Z"™!: 12§ = h(U)}
(as 1Z§ = h(U), almost surely). We assume @)z also has support contained in this set.

With these ingredients in place, we then define the p-value

p=p(Z,U) where p(z,u)=Pq,,_ {s(Z,u)>s(zu)}. (6)
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As explained in Section 2.2, conformal prediction methods can equivalently be written in
terms of conformal p-values, thus predictive coverage guarantees for P{Y, ;1 € C(X,4+1)} can
be obtained by bounding P {p < a} for the p-value constructed in (6).

3.1 Main theorem

In order to examine the event p < «, it will be useful to define the quantity

ta(u) = Quantile, ,(Qsju=u),

where ()gjy—, denotes the conditional distribution of the score s(Z,u) for Z ~ Qzy=.. By
Lemma 1, since Qgjy—, is a distribution with finite support, it holds that

p(z,u) < a <= s(z,u) > ty(u). (7)

We now have the following guarantee for the p-value from the unified framework. Here and
henceforth, dry(+,-) denotes the total variation (TV) distance between two distributions.

Theorem 2. Suppose (Z,U) ~ Pzy. Let Psr be the induced joint distribution on (S,T) =
(s(Z,U),to(U)). Then the p-value defined in (6) satisfies

P{p<a} <a+ glf drv(Ps,r, Qsr),
U
where the infimum is taken over all distributions Qu on U, and where Qs denotes the joint
distribution of (S,T) = (s(Z,U),t.(U)) induced by drawing (Z,U) ~ Qzuv = Qzuv X Qu.

Before giving the proof, we pause to comment on some alternative versions of this bound
that are implied by the theorem.

Remark 1. As (5,7) = (s(Z,U),t.(U)), we must have dry(Psr, Qsr) < drv(Pzu, Qzu)-
This follows from a standard property of the total variation distance, which we will refer to
as information monotonicity:

dov(Prwy, Qewy) < drv(Pw, Qw) for any distributions Py, Qw and any function f.

(Here Py denotes the distribution of f(W) for W ~ P, and similarly for Qfuy).) Conse-
quently, Theorem 2 implies a weaker bound,

P{p<a}<a+ inf drv(Pzu, Qzu)-
U

The same argument holds more generally. For example, since (S, T) is a function of (S, U),
we also have dry(Psr, Qsr) < drv(Psy, Qsv). In the applications examined later, we will
use various versions of this type of weaker bound, as convenient for each example.

Remark 2. Let Pz denote the conditional distribution associated with the joint Pgzy. If
Qzjv = Pzy holds almost surely, i.e., our choice for the conditional distribution of Z | U is
exactly correct in implementing the unified conformal method, then by taking Qy = Py, we
obtain Qzy = Pz and therefore drv(Pzy, Qzu) = 0 which leads to

P{p<a}<a.
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3.2 Proof of Theorem 2

To build up toward the proof of the unified result, it is helpful to first recall some standard
properties of hypothesis testing. Suppose that we observe data Z, and we have a prespecified
test statistic—a function ¢ which maps data Z to a value p(Z) € R (with the convention that
higher values indicate more evidence against the null). Fixing a null hypothesis Hy : Z ~ @
for a distribution (), we may compute a p-value p(Z), where p(z) = Pg {p(Z) > ¢(2)} is the
probability of observing a statistic at least as large as ¢(z) under the null (for a one-sided
test). By construction, the following holds:

if Z ~ @ then P{p(Z) < a} <aq, (8)

for all & € [0,1]. But it can also be of interest to study the behavior of the p-value p under a
different distribution, for which we have the following classical fact:

if Z ~ P then P{p(Z) < a} <a+drv(P,Q). 9)

The above fact is often interpreted as a statement about power, i.e., if P and () are close in
TV distance, then our test cannot have high power for rejecting () in favor of the alternative
P. However, we can also view (9) as a statement about robustness to model misspecification:
if the null hypothesis of interest is Hy : Z ~ P, and we only have access to an approximation
() of this null distribution, then the test may have inflated Type I error—but this inflation
cannot be larger than the total variation distance dry (P, Q).

With this intuition in place, we are now ready to prove the theorem. At a high level, the
proof can be viewed as a conditional version of the standard bound (9) above.

Proof of Theorem 2. By the standard fact (8) about p-values (applied with @7y, in place
of @, and the score function s(-,u) in place of the test statistic ¢), we have

Po e, {p(Z,u) < a} <a.
As this holds for each u € U, by averaging over U ~ @y, for any marginal distribution Qy,
P, {p(Z,U) <o} <a.
Therefore, by definition of Qg r, along with the equivalence (7) relating p-values to thresholds,
Posr {5 > T} =Po,, {s(Z,U) > ta(U)} = Pq,, {p(2,U) < a} < a.
Finally, observe that by (7) once again,

Pp,,{p(Z,U) < a} =Pp,, {s(Z,U) > t.(U)}
=Pp, . {§>T}
<Pqsr 1S > T} + drv(Psr, Qsr)
< a+drv(Psr,Qsr),

where the next-to-last step holds by definition of total variation distance. m



4 Special cases: known results

In this section, we examine a range of special cases in which the unified framework is able to
reproduce known results in the literature. In each subsection below, we review the setting
underlying a particular conformal method, the definition of the method itself, the associated
theory, and then demonstrate how this can be viewed from the lens of the unified framework.

4.1 Standard conformal prediction

Standard conformal prediction (CP) (Vovk et al., 2005) works in the setting where the data
Zy, ..., Zni1 are exchangeable. This method was already described above in Section 2.1, but
we briefly review it again here for completeness before describing its reformulation under the
unified framework.

4.1.1 Method and theory

Fix any score function of the form s((z,y), | z]), which assigns a value to a single data point
(its first argument), based on a bag of data points (its second argument). For arbitrary y € ),
we define the augmented dataset ZY = (71, ..., Z,, (Xu41,v)), and scores

SY=s(Z?,12Y7), i€n+1].

We define the CP set at coverage level 1 — a by

. 1 n+1
C(Xn1) = {y €Y : 5,11 < Quantile, (n—+1 ; 53}‘) } (10)

Recalling Theorem 1, if the data points Z1, ..., Z, 11 are exchangeable, then CP provides a
marginal coverage guarantee P{Y, .1 € C(X,11)} > 1— .

4.1.2 View from the unified framework

We now describe how CP fits into the unified conformal framework.

Choices of U and Qzy. We define the partial information as U = {Z§. In standard CP,

given the bag u = 1z, the score assigned to z depends only on z,.;. Overloading notation,
we can thus write the score function as

s(z,u) = s(zp41, [2)).
Next we take the choice of the conditional distribution @z to be
Qo= gy 2 0
U= ()
068’n+1

This is the uniform distribution over all permutations of z, i.e., all vectors consistent with
the observed bag z{ of data points.
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P-value. Under these choices, the p-value in (6) is

p = ﬁ Z 1 {S(Zg(n.H), zZD > S(Zn-&-leZD}
= — Z]l{s Zi, 125) 2 $(Zni1, 129)}

where the second line follows from the fact that, for each i, there are n! many permutations
0 € Spy1 with o(n + 1) =i. As we can see, this is the conformal p-value p(Y,,11) defined in
(5). By Proposition 1, the event p > « is equivalent to Y, 11 € C(X,41), or, in other words,
bounding P {p < a} (as we will do next via the unified theory) is equivalent to providing a
predictive coverage guarantee for CP.

Validity. We present an alternative derivation of the standard conformal prediction theory
in Theorem 1, based on the unified result in Theorem 2.

Proof of Theorem 1 via the unified framework. Recall that U = [Z§. As have assumed the
data is exchangeable, the true conditional distribution is given by

n+1 Z Oza

O'ESnJrl

Pziy=1.s =

i.e., after observing the unordered bag of data [ Z{ = ]z{, each permutation of z is equally
likely. Since Pz = Qzu, this proves (recalling Remark 2) that P {p < a} < a. H

This template—providing a predictive coverage guarantee by bounding the Type I error
of the associated p-value—is used in all variants of conformal prediction in this section.

4.2 Split conformal prediction

Split conformal prediction is a widely-used variant of standard conformal prediction where a
data split is used in order to facilitate computation. Split CP was proposed by Papadopoulos
et al. (2002) and studied in Lei et al. (2018), among many others. The problem setting that
we consider here is precisely as in the last subsection: we assume exchangeable 73, ..., Z, .
(We note that split variants also exist for all conformal methods that will be discussed in the
coming subsections, but for simplicity, we only study it as a variant of standard CP.)

4.2.1 Method and theory

We first partition the dataset (Z1,. .., Z,11) into two parts, written as Z) = (Z1, ..., Zn,),
and Zay = (Zngt1, - - - » Zny1). Similarly, for any z € Z"t!, we will write z(g) = (21, .. zno),
and z1) = (Zng+1,- - - Znt1)- The idea of split conformal predlctlon to train a model on Z(g),

then compute scores for all remaining data points in order to build a prediction set for the
test point. Concretely, we will work with a score function of the form

s((,9), 2(0))-
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This accommodates choices of the form s((z,y), zo)) = {(y, f(a)), for f = A(zqy), as in (1).
Notice that A here is not required to treat its 1nput data points symmetrically. The split CP
set at coverage level 1 — v is then given by

1 n
C(Xn1) = {Z/ €Y :s((Xn+1,9), Z()) < Quantile;_ a)(1+"11)(n1 Z 5S(Zi,Z(0))) }7 (11)
1=ng+1
where we write n; = n — ng. Split CP is known to have training-conditional coverage under
exchangeability.

Theorem 3 (Vovk et al. 2005). If Z1, ..., Z,+1 are exchangeable, then the split CP set given
in (11) satisfies
IP’{Y”HGC n+1 ’ Z(O)}>1—Oé

almost surely. In particular, this implies P{Y,,1 € C(X,11)} > 1—a.

4.2.2 View from the unified framework

We now describe how split CP fits into the unified conformal framework.

Choices of U and Qzy. Unlike in standard CP where we simply take U = [ Z¥, here we
will use a different choice of partial information U: for split CP, we define U = (12§, Z(y)).
(Notice that an equivalent choice would be U = (1Zx)f, Z(0)), since this would contain the
same information about the data Z.) Overloading notation again, we write the score for any
u= (12, 20) as
s(z,u) = s(Znt1, 2(0))-

That is, the score assigned to z depends only on comparing z,.1 (the last observation) to the
first portion z( of the training data. Next we define

QZ\U:QZLZ(O)) (ny +1 Z 6Z(U> zw)le)

0ESn +1

This is the empirical distribution on all permutations of z consistent with z)—that is, this
distribution places equal weight on each vector of the form (z(), [#(1)]»), which preserves the
first ng entries of z (i.e., () in their original order, and allows the remaining n, + 1 entries
(i-e., z(1)) to be permuted arbitrarily.

P-value. Under these choices, the p-value in (6) is

1
p=—"0 Z 1 { a (n1+1)> Z(O)) > S(Zn+1’ Z(O))}
(nl + 1)‘ 0€Sn 41
1 n+1
= 1 Z ]]_{ ZZ,Z (Zn+172(0))}7
i=nop+1

where the second line follows similarly to the simplification used in standard conformal.
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To see that this corresponds to split CP, recall that by Lemma 1,

n+1
. 1
p>a <= s(Zyt1, Z0)) < Quantllel_a<n Z (55(21.72(0))).

R
Next we will need an elementary fact about quantiles: for any values vy, ..., v41 € R,
U1 < Quantile;_(vi, ..., Ump1) = Umyr < Quantile gy q41/m) (V15 V).

This implies that

1

i=ng+1

The right-hand side above can be directly seen to be equivalent to the event Y1 € C(X,41)
for the split CP set in (11).

Validity. We prove Theorem 3 using the unified result in Theorem 2.

Proof of Theorem 3 via the unified framework. Since Z = (Zy, ..., Zy41) is exchangeable, it
also holds that Z(1y | Z(o) = 2 is exchangeable, for almost every zq). Fix any z(g for which
this conditional exchangeablllty holds. Let Py denote the distribution of Z | Z) = z(), and
recalling that U = ({27, Z(o)), write Pz as the induced joint distribution on (Z,U). Then
we can calculate the true conditional distribution as

(ny +1)! Z Oz lele)

Uesn1+l

Priv=21,20)) =

because the distribution of Z(;y conditional on Z) = z(g) is exchangeable. We therefore see
that Pz = Qzu, which proves (recalling Remark 2) that P {p < a} < a. O

4.3 Weighted conformal prediction

Weighted conformal prediction (WCP) works in a problem setting where 73, ..., Z, are i.i.d.
from F, whereas the test point Z,; is drawn independently from G.! While ' and G are
generally unknown, we additionally assume that we have knowledge of the distribution shift
relating the likelihood of G to F,

dG
97 (& Y)-

As our knowledge of this shift might be only approximate, we will work with a user-specified
weight function w that approximates w*. WCP was introduced by Tibshirani et al. (2019),
who focused on covariate shift (where w*(x,y) depends only on z). It has also been studied
in other settings, such as label shift (Podkopaev and Ramdas, 2021), causal inference (Lei
and Candes, 2021), and survival analysis (Candes et al., 2023).

w*(z,y) = (12)

IThe results for WCP hold under a weaker assumption than what is stated here, called weighted exchange-
ability, as defined in Tibshirani et al. (2019). For simplicity, we work with independent data in our treatment
here, but we note that the unified framework can also encompass the weighted exchangeable setting.

13



4.3.1 Method and theory

Fix any score function of the form s((z,y), [z]) (as in standard CP, the score here treats the
dataset z symmetrically). For arbitrary y € Y, define as usual Z¥ = (Z1, ..., Z,, (Xu11,9)),
and scores

SY =s(Z!,12Y0), i€ [n+1].

Given the user-specified weight function w : Z — (0, 00), we define the WCP set at coverage
level 1 — « by

Zz 1’(1}( ) 5Sy+w(Xn+17y) 6Sy

n+1

S w(Z) + w(Xnt1,y) ) } (13)

WCP is known to have exact coverage if w = w*, and approximate coverage if w ~ w*.

C(Xpnt1) = {y ey:8,, < Quantilel_a<

Theorem 4. For independent Zy,...,Z, ~ F and Z, 1 ~ G, where w* = dG/dF, the WCP
set in (13) satisfies the following:

(a) (Tibshirani et al., 2019). If w = w*, then P{Y,11 € C(X,11)} > 1— a.

(b) (Lei and Candes, 2021). Assuming Er [w(X,Y)] < oo, and defining a normalized ver-
sion of w by w(x,y) = w(x,y)/Er [w(X,Y)], we have

P{Y, €C(Xp)} >1—a— %EF 10(X,Y) — w*(X,Y)].

4.3.2 View from the unified framework

We describe how WCP fits into the unified conformal framework.

Choices of U and Qzy. Define U = [ Z, and overloading notation again, write the score
function for u = 12§ as

S(Z, U) = S(Zn+l> 125)

Next define
dean w(za(n+1)) -0z,

ZO’ESn+1 w(za(nJFl))

which is the weighted empirical distribution that places weight proportional to w(24(n41)) on
each permutation z,.

Qzu=1:5 =

P-value. Under these choices, the p-value in (6) is

Y vesnns W Zomin) - 1{5(Zom11), 1Z5) 2 8(Zn11,129) }
Zaesn+1 w(ZO(n+1))
_ Sl w(Zi) - 1{s(Z:,125) = s(Zns1,125)}
Z:LJrll w(Z;) ’
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where the second line follows from the fact that, for each i, there are n! many permutations
o € 8,41 with o(n + 1) = 4. To see that this corresponds to WCP, note that by Lemma 1,

S w(Z) - 5s<Z¢,zZD>
n+1 ’
Zi:—: w(Zi)

The right-hand side above can be directly seen to be equivalent to the event Y, 11 € C(X,41),
for the WCP set in (13).

p>a <= s(Zy1, [ Z7) < Quantilel_a(

Validity. We prove Theorem 4 using the unified result in Theorem 2.

Proof of Theorem 4 via the unified framework. Recalling U = [ ZF, define Qp to be the dis-
tribution of {Z{ when Z ~ H, where

For intuition, note that we can interpret this as a mixture: we sample an index i € [n + 1]
uniformly at random, then sample Z; from a distribution F' o w, defined by d(F o w)(x,y) =
w(x,y)-dF(x,y), whereas the remaining n data points are drawn as Z; ~ F, for j #i. With
Qzuv = Qzv X Qu, as usual, we examine the corresponding marginal ()7 on Z: by definition
of Qu and @z, we have

Qz(A) =Ez.n zoesn+1 w(ZU(”+1)> 1{Z, € A}
> vesnis W(Zo(nn)
n, o [SE0Z) Toes,, WZaen) - 1{Z, € A}
| on+l > vesy iy W Zomr1))
—Ey pas -2063n+1 zI}(ZU(W-H)) . ZUESWH w(ZU(ntl)) -1{Z, € A}
i (n+1)! desnﬂ W(Zy(n+1))
S ﬁ 0;1 O Zomin) - 112, € A}

= Egpnss [@(Zp1n) - 1{Z € A}]
= By po(ron [1{Z € A}],

where the next-to-last line holds by exchangeability of F™*!,
Meanwhile, the true distribution on Z is Py = F" x G = F™ x (F o w*). Theorem 2 thus
gives the Type I error bound,

P{p <o} <a+drv(Psr,Qsr) < a+drv(Pz,Qz),

where (recalling information monotonicity, in Remark 1) the last step uses the fact that (S,T)
is a function of Z.
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To complete the proof, we only need to bound drv(Pz, Q7). We have

drv(Pz,Qz) = doy(F" X (Fow"), F" x (F ow))
= dTV Fow FO )
0(

/way

:§EF1 w(X,Y) —w' (X, V)],

z,y)| dF(z,y)

where the next-to-last line applies the well-known L' representation for TV distance. This
recovers the result in part (b). In the special case where w = w* (and so w = w*), we have

Er[|Jw(X,Y) —w*(X,Y)|] = 0, which recovers the result in part (a). O

4.4 Nonexchangeable conformal prediction

Nonexchangeable conformal prediction (NexCP) works in a setting where Z,..., Z,. are
drawn from an arbitrary joint distribution, but there is some underlying structure (e.g., the
samples are indexed by time or space) allowing us to posit a guess as to which of 7, ..., 7,
are “closer” in distribution to Z,, ;1. NexCP was introduced by Barber et al. (2023).

4.4.1 Method and theory

Fix any score function s((z,y), z), which assigns a value to a data point (its first argument)
based on an ordered dataset (its second argument). Notice that this score function is not
required to be symmetric in z, and accommodates choices of the form s((z,y), z) = (v, f (x)),
for a fitted model f = A(z), as in (1), where the algorithm A does not need to treat its input
data points symmetrically.

Given user-specified weights wq, ..., w,.1 > 0, with Zk L Wi = 1, we sample an index
n+1
k=1

We then define, for arbitrary y € ), the augmented dataset Z¥ = (Z1,..., Z,, (Xn11,Yy)) as
usual, and scores
S =522, (21)5), ieh+1],

where for any z € R"*! and k € [n+ 1], we use z* to denote the vector obtained by swapping
the entries in positions k and n + 1 of z, i.e.,

k _ n+1
= (Zh sy Rk—15 24l Rk41y - - - 7Znazk) €z

(and, to handle the case k = n + 1, we simply define 2"™! = 2). We now define the NexCP
set at coverage level 1 — a by

n+1
C(Xny1) = {y €Y : 5P < Quantile, Q(sz gy, K)} (15)

NexCP is known to provide a coverage guarantee for arbitrary joint distributions.
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Theorem 5 (Barber et al. 2023). For Zy, ..., Z,+1 of arbitrary joint distribution, if w,1 > w;
for alli € [n+ 1|, then the NexCP set in (15) satisfies

n+1

P{Yn+1 € C(Xn+1)} >1l—a-— Zwk ’ dTV(g(Z)7g(Zk))7

k=1
where the function g : 2" — R is defined as

9(z) = (s(z1,2), - -, S(2n41,2)).
In particular, by information monotonicity, this implies that P{Y,+1 € C(Xp41)} > 1 —a —
Sty - dpy(Z, Z5).
This result can be interpreted as a guaranteeing that coverage holds at approximately the

desired level 1 — «, as long as the dataset Z—or rather, its corresponding vector of scores,
g(Z)—is approximately exchangeable.

4.4.2 View from the unified framework

We describe how NexCP fits into the unified conformal framework.

Choices of U and Q. Set U = Z*, where K is drawn as in (14). Notice that the choice
of the partial information U in this setting contains additional information beyond the bag
of data. Overloading notation, we write the score function as

s(z,u) = s(znt1,u).

Next define
n+1

QZ\U:u = E Wy - 5uk7
k=1

placing weight wj, on each swapped vector u*.
P-value. Under these choices, the p-value in (6) is

n+1

p=Y wp L{s((Z"), Z") > s(Zns1, Z2%)} .

On the event K € [n], then we calculate
p= > wp-1{s(Zk, Z%) = 8(Zn41, Z5)} + wic + wpsr - 1{s(Zx, Z%) > 8(Z, 11, Z")}
ken]\{K}

using the fact that (Z%), = Z; for all k € [n]\{K}, whereas (Z5)x = Z, 1 and (Z¥), 1 =
Zk. Since wy41 > wg by assumption, we therefore have

p< > wp - 1{s(Z, Z%) > 8(Zoi1, Z%)} + wnir +wic - 1{s(Z, Z%) = $(Zns1, Z25)}
keln\{K)
n+1

— Zwk -1 {S(ijzK) > S(Z’T'L+17ZK)} —. p*.

k=1
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If instead K = n + 1, then by definition we simply have p = p*. Based on Lemma 1, we can
see that Y, 11 € C(X,51) for NexCP (15) is equivalent to p* > «. Since we have shown that
p < p*, note that P{p* < a} <P{p < a} and thus a Type I error bound on p will translate
into one for the NexCP p-value p*.

Validity. We prove Theorem 5 using the unified result in Theorem 2.

Proof of Theorem 5 via the unified framework. By definition of @)z, observe that

n+1 n+1
to(U) = Quantile, ( Z wy, - 55((Uk)n+17U)) = Quantile, ( Z wy, - 5S(U,mU)),
k=1 k=1

and thus, by definition of g,

n+1
to(U) = Quantile, _, ( Z L 59(U)k) :

k=1
Similarly, for any k € [n + 1],
S(Ukv U) = S((Uk)n+1> U) = S(Uk7 U) = g(U)k’

For convenience, define

n+1
hi(v) = <Uk; Quantile, _, ( Z W - 5vk/> )

k'=1
By construction, then, for any k& € [n + 1], we have
(s(U*, U), ta(U)) = hu(9(0).
Therefore, for U = ZX | we have
(8,T) = (s(2,U),ta(U)) = (s(U", V), ta(V)) = hic(9(U)) = hic(9(Z"))-

Since by construction we sample K ~ ZZZ} wy, - 05, independently of Z, note that under the
joint distribution (Z,U) ~ Pz, we have

n+1

Pgr = Z Wi+ Ph, (g(2%))
=1

where P, (y(z+)) denotes the distribution of hx(g(Z¥)) induced by Z ~ Py.
Next, we choose to define Qy = Pz, and now we need to calculate the distribution Qg r.
Since Qzju = Zzg wy, - Oyx, we can therefore calculate that under Qz v,

n+1 n+1
(8, 1) = (s(Z,U),ta(U)) ~ Zwk O(s(UF,U) e (U) = Zwk “ Oy (g(U))-
=1 k=1
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In other words, we have shown

n+1

QS,T = Z Wy, - Qhk(g(U))a

k=1

where Qp, ) denotes the distribution of hy(g(U)) induced by U ~ Qy.
We therefore calculate

n+1 n+1
drv(Ps,r, Qs,r) = drv ( Z Wy, + Py, (g(2%)) Z wy, - Qhk(g(U)))
=1 k=1

n+1

< Z wy, - dpy (Phk(g(Z’f)% Qhk(g(U))>
k=1
n+1

Z wy - dry (Pg(Zk)v Qg(U))
h—1

n+1

= Z wy, - dpy <Pg(Zk)a Pg(Z))a
=1

IN

where the third step uses the information monotonicity property of total variation distance
(recall Remark 1), while the last step uses Qy = Pz. Therefore,

n+1
P{p <a} <a+drv(Psr,Qsr) < a+ Zwk - drv(Pyzry, Pyz)),
k=1
which completes the proof. O]

4.5 Randomly-localized conformal prediction

Localized conformal methods work in a setting where Z1,..., 7,11 are exchangeable but we
seek to go beyond the marginal guarantee P{Y,, 1 € C(X,.1)} > 1 — « offered by standard
CP. A stronger coverage guarantee that holds conditionally on the value of the test feature,
asin P{Y, 11 € C(Xpn41) | Xnt1 =2} > 1 — a, would be a highly desirable (and aspirational)
goal. Unfortunately, when the covariate X is continuously distributed, well-known negative
results by Vovk (2012); Lei and Wasserman (2014) show this is not possible to achieve in a
distribution-free manner, excepting trivial (infinitely wide) prediction intervals.

Researchers have therefore turned to developing procedures with approrimate conditional
coverage over small neighborhoods in the feature space X. Guan (2023) introduced localized-
conformal prediction (LCP), which computes a prediction set by assigning higher weight to
data points that lie closer to the test point X,, ;. LCP gives marginal coverage, and leads to
approximate conditional coverage in practice, but does not have accompanying finite-sample
theory. To address this, Hore and Barber (2023) derived a variant called randomly-localized
conformal prediction (RLCP), which we study in this subsection.
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4.5.1 Method and theory

Fix any score function of the form s((z,y), {2(). For arbitrary y € ), we now define as usual
ZY=(Zy,..., Zn, (Xpni1,v)), and scores

S; =s(Z},12%), ien+1],

The user specifies a “localizing” kernel H : X x X — R,, e.g., in the case X = R, we can
use the Gaussian kernel H(x,z') = e~ 1e=#13/29° /(2752)4/2 We assume that, for any z € X,
H(z,-) is a density (relative to some base measure), with H(z,x) > 0. We then sample

Xn—‘rl | Xn+1 ~ H(Xn+17 ')7
which is then used to define weights in the RLCP set at coverage level 1 — o, defined by?

S H (X, Xia) - 55;/) }
S H (X, Xop1) '

C(Xn1) = {y ey:8., < Quantilel_a< (16)

As X,41 is sampled to lie near X,,,,, we can view it as a proxy for the test point, ensuring
that RLCP will generally place higher weights on data points near the test point.

RLCP is known to have marginal coverage under exchangeability, and an approximate
form of conditional coverage.?

Theorem 6 (Hore and Barber 2023). If Zy,..., Z,1 are exchangeable, then the RLCP set
in (16) satisfies a marginal coverage guarantee P{Y, 1 € C(X,,41)} > 1 — a. Moreover, for
any B C X, RLCP satisfies an approximate conditional coverage guarantee,

P{Yn+1 S C(Xn—‘,-l) | Xn+1 € B} Z l—«

infsg {IF’{HXnH — Xl > €} + P{Xppy € bdQE(B)}}
P{Xn_H S B} ’

where || - || is any norm on X, and where the r-boundary of a set B is defined as
bd,.(B) = {x €B: ing |z —2'|| < r}.
x'eB¢

To interpret the second result, we see that as long as the kernel H is strongly localizing
(i.e., || Xpi1 — Xpy1]| is likely to be small), an approximate coverage guarantee holds when we
condition on X,,,; € B for any set B that satisfies some regularity conditions (so that its
boundary does not contain too much mass). In fact, the proof given later will show that the
unified framework allows us to establish a strictly stronger result:

E [Var(IL {X,41 € B} | Xn+1)]

P {Xn—H & B}

2Hore and Barber (2023) describe a split implementation of RLCP, whereas what we describe here is the
corresponding full-data version.

3Hore and Barber (2023) also derive a result on robustness to unknown covariate shift; this is possible to
obtain via the unified framework as well but for a concise presentation we do not address this here.

]P){Yn+1 c C(Xn+1> | Xn+1 S B} 2 1l—a—
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4.5.2 View from the unified framework

We describe how RLCP fits into the unified conformal framework.

Choices of U and Q. Define U = (17§, X,,11). Note that U here contains additional
information beyond the bag of data. Overloading notation, we write the score function for

u=(1z§,%) as
s(z,u) = s(zns1, 120).
Next define, for z = ((z1,41), -+, (Tns1, Yns1))s
ZUESn+1 H(Q:G'(TL—‘,-I), EE) . 6Z0
ZGGSnH H(xa(n-l—l); )

This is the weighted empirical distribution which places weight proportional to H (%4 (41, )
on each z, (i.e., higher weight if X,,;1 = & has a higher likelihood given X, 11 = Zs(n+1))-

Qzlu=(121,3) =

P-value. Under these choices, the p-value in (6) is

> oesin HXomsn), Xnt) - 1{s(Zo(ns1), 125) 2 5(Zn11,12)}

ZO’ES,,L+1 H<Xg(n+1)7 Xn+1)
S H (X X)) - 1{s(Z0:120) = s(Zni1: 120)}
Z?:—i_ll H(Xza Xn—l—l)

Y

where the second line follows from a similar simplification as in the WCP case. To see that
this corresponds to RLCP, observe that by Lemma 1,

n+1 S
3 H X’Lan . (55 .

p>a = s(Znp, [4]) < Quantﬂela(zu n<+1 +1). <z“zzs>>.
Zi:l H(XiaXnJrl)

The right-hand side above can be directly seen to be equivalent to the event Y, .1 € C(X,41)
for the RLCP set in (16).

Validity. We prove Theorem 6 using the unified result in Theorem 2.

Proof of Theorem 6 via the unified framework. Note that the marginal guarantee is implied
by the approximate conditional guarantee: we can simply take B = X and let ¢ — co. Thus
from this point on, we focus on the conditional guarantee.

First let P} be the distribution of Z = ((X1, Y1), ..., (Xnt1, Ynt1)) (which we assume is
exchangeable), and let Pz be the distribution of Z conditional on the event X, ;1 € B. In
other words, the conditional coverage probability can be written as

Pp: {Yoi1 € C(Xpq1) | Xny1 € B} = Pp, {Viy1 € C(Xny1)} -
Let uw = (12§, %), and write z = ((z1,¥1),-- -, (Tns1,Yns1)). Then

ZO’ESn+1 H(xa(n-‘rl);j:) . 1 {xa-(n+1) c B} . (520
ZGE&LH H(:L‘U(n+1), :i‘) -1 {:L‘U(n_H) € B}

Pru=z1.2) =

Y
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by using the fact that dPy(2,)/dPz(2) = 1 {Zs(u+1) € B} (for z,11 € B), and recalling that
X, 41 is drawn from a distribution with density H(X,,1,-). Therefore,

dTV(PZ\U (125.8) @z1U=(15, ))
< H(xa'(n+1 -1 {270- n+1) € B} H(xcr(n-l—l); j)
<2 |5

sresuns H@orin), 2) - L{Tarinin) € BY s, ,, H(@ornin), 7)

:”Z“< H(zi,%)-1{zi € B}  H(z.,%) )
St Hwe, @) - L{aw € BY 3000 H(w, )

UES»,hLl

n+1 . X
= H .I‘Z, T; B - . o __ _
Z )-1{x; € B} - (ZZ+1H($Z'/,:E)-IL{:E¢/EB} ZﬁlH(%,,w))
S H(w, @) - 1{wi € BY 30 H(w, ) - 1{zi ¢ B}
S H (i, 3) S H (a0, 7)

Next let Py be the marginal distribution of U = (1 Z¥, Xn—l—l) under Pz, and let Qu = Py.

To bound drv(Pzu, Qzu), as Py = Qu, we have drv(Pzu, Qzu) = Ep, [drv(Pzu, Qziv)],
and so

=1-

S H(XG Xos) - 1{X, ¢ B)
ZTH_I H(X27 Xn+1)
ZnH H(X;, Xo1) - 1{X, ¢ B}
S H (X Xo)

drv(Pzu,Qzu) < Ep,

Xn+1 €B

by definition of P, as compared to P;. We can rewrite this as

S H(Xi, Xng1) 1{X:¢B}
EP} [ anlH(XHXnH) 1{Xn € B}}

Pp; {X,11 € B}

Ep; [Pr; { X1 & B 125, Xuni } - Pry { Xoia € B| 125, K }]
B Pp; {Xns1 € B} ’

drv(Pzu,Qzu) =

where the last step holds using similar calculations to the above to characterize Z | U, this
time applied to X1 | U. In particular, using the variance of a Bernoulli random variable,
we can see that

]Ep; [Varpg <]1 {Xn—i-l S B} ‘ ZZS,XTL+1>:|
Pp; {X.i1 € B}

Ep; [VarPE <1 {Xns1 € B} | Xn+1>]
< )
- ]P)Pg {Xn—i-l € B}

dov(Pzu,Qzu) =

where the inequality holds by the law of total variance.
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To complete the proof, we need to show that this last expression results in the bound
claimed in the theorem. First, on the event X,,;; € B°Ubd.(B),

Pp; {XnH cB ‘ XnH} <Pp, {Xn+1 € bdae(B) or || Xns1 — Xnpal > € Xn+1}.
On the other hand, on the event X,,; € B\ bd.(B),
Pp; {Xn+1 ¢ B ‘ Xnﬂ} < Pp; {HXn+1 — Xnp1] > € Xnﬂ}-
Using p(1 — p) < min{p, 1 — p}, and combining the above bounds,
Varp; (1 (X1 € BY | Xn+1)
< Pp, {Xn+1 € bdo(B) or | X1 — Xnpai| > € ‘ X,m}
<Py, {Xn+1 € bda.(B) ‘ XnH} + Pp, {HX,Hl Xl > € f(nH} .
and marginalizing over Xn-i—l completes the proof. O]

4.6 Generalized weighted conformal prediction

In two of the settings considered above—standard CP and WCP—the basic premise is that,
after conditioning on the unordered bag of data {Z§, we know the distribution of the data Z
itself. For standard CP, under exchangeability, this distribution is uniform over the (n + 1)!
possible permutations of data vectors, while for WCP the distribution over permutations is
weighted due to distribution shift. A natural generalization is to consider a setting where we
allow the likelihood ratio between any two permutations of the same dataset to be arbitrary,
but still known; this leads to a generalization of WCP, studied by Prinster et al. (2024).

Specifically, suppose that Z € Z"! has joint density f : Z""! — R, , with respect to any
exchangeable base measure. While f itself may be unknown, suppose that for any z € Z"+1,
we can calculate the ratio

f(z5)/ F(2).

Returning to the earlier examples, under exchangeability this ratio is simply equal to 1, while
in the WCP setting (12) this ratio is equal to w*(2e(n+1))/W*(2n+1)-

As studied in Nair and Janson (2023); Prinster et al. (2024) (building on earlier work by
Fannjiang et al. (2022)), an important application of this generalized view is the problem of
feedback covariate shift (FCS), where data is collected sequentially. At time ¢, the observed
data from past times 1,...,7f — 1 determines a distribution from which the next covariate X,
is sampled—for example, this can arise if our aim is to identify regions of feature space that
are most likely to lead to, say, higher response values. To make this concrete, suppose

X1 ~gx1, Y1 | X~ PY|X:X17
at time t = 1, and then for each time t > 2,
Xe | (X3, Ya)izy ~ A(((X3, Ya)imh),
Yy | (((X3,Y2)i21, X)) ~ Pyix=x,,

=1
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where A is some algorithm mapping the observed data ((X;,Y;))!Z] to a density for the next
covariate X;, relative to some base measure on X. We can calculate the likelihood ratio by

fz5) _ 9x1(Te1) - 1155 [Alza)s -+ Zo0-1)] (o)
f(Z) gX,1($1) : t;rzl [A<2’1, e 7Zt—1)} (xt) ’

which does not depend on the unknown conditional distribution Py|x. In other words, here
f(25)/f(2) is known, and depends only on choices made by the user.

(17)

4.6.1 Method and theory
For arbitrary y € ), we define as usual ZY = (71, ..., Z,, (X,+1,9)), and scores
Si =s(Z},12"5), ie€n+1]
for a score function of the form s((z, %), [zf). Next define’
1zs)

noting that by our assumptions above, each of these ratios is known even if the joint density
f is unknown. The generalized WCP set at coverage level 1 — «v is then defined by

Zn—l—l Wy 655‘) }
Siwy )

2

C(Xns1) = {y €ey: S, < Quantilel_a< (18)

(To reiterate, both standard CP and WCP can be seen as special cases of this construction.)
When f(z,)/f(2) is known exactly, for any z and o, generalized WCP has exact coverage.

Theorem 7 (Prinster et al. 2024). If Z € Z™" has density f with respect to an exchangeable
base measure, then the generalized WCP set in (18) satisfies P{Y,+1 € C(Xp41)} > 1 — a.

4.6.2 View from the unified framework
We describe how generalized WCP fits into the unified conformal framework.

Choices of U and Qzy. Define U = 1ZF, and overloading notation again, write the score
function for u = z{ as

s(z,u) = s(zn41, [2]).

Oy = s [ o) 0oy
Zaesnﬂ f(z5)
Note that this can equivalently be written as
Qzju=121 = 2oesuin F(20)/ f(2) - 0
Yoesun F )/ 1)

which can be computed by the analyst, since each ratio f(z,)/f(2) is assumed to be known.

Next define

4For simplicity, we will assume that the density f is always positive so that the ratio is well-defined, but
the method can be modified in straightforward ways to avoid this condition.
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P-value. Under these choices, the p-value in (6) is

Ses (2 F(2) - 1{S(Zotns1ys 125) = $(Zui1, 125)}
>es, [ Z)]1(2)
S iy F(Z0) ) F(2) - 1{S(2:,129) > $(Zuan 125)}
N S oty £ (Zo) [ £(2)
W 1 {s(Z,149) > 5(Znn, 129)}
S

(2

To see that this corresponds to generalized WCP, observe that by Lemma 1,

I R R
SEwee )

p>a <= s(Zp1, [ Zf) < Quantilela(

The right-hand side above can be directly seen to be equivalent to the event Y, 11 € C(X,41),
for the generalized WCP set in (18).

Validity. We prove Theorem 7 using the unified result in Theorem 2.

Proof of Theorem 7 via the unified framework. Recall that U = ] Z[. Since we have assumed
that Z has joint density f with respect to some exchangeable base measure, this means that
Py = Qzu, by construction. Therefore (recalling Remark 2), we have P{p < a} <a. O

5 Extensions of the unified framework

In this section, we develop several extensions of the unified framework. These extensions will
be used to derive some of the new results on conformal given in the next section. All proofs
for this section are deferred until the appendix.

5.1 Monte Carlo p-values

For our first extension, we develop Monte Carlo versions of Theorem 2, which can be useful
in settings where the computational cost of conformal procedures is prohibitive. Specifically,
in using Monte Carlo, when computing the p-value p we can avoid integration with respect to
@z (which may be computationally hard) by instead sampling with respect to @z (which
may be easier).

5.1.1 Simple Monte Carlo

Given the conditional distribution @z, the p-value p defined in (6) for the unified method
requires integration with respect to Qzy: we can rewrite this p-value as

D —/Z]l{s(z,U) >s(Z,U)} dQzu(2).
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To avoid calculating such an integral (i.e., to avoid calculating a probability with respect to
Qzv), we can instead take a simple Monte Carlo approximation,

. 1 7(m)
p= M+1ZIL{ U) >s(Z,0)}, (19)
where ZW ..., ZO) are i.i.d. samples from Qzy, with (ZW,..., Z®) 1 Z | U, and where
we let Z(®) = Z for notational simplicity. (Observe that, since Q zu is supported on the set
{z € Z:12] =h(U) =1ZS}, each Z(™ must be equal to some permutation of Z.)

Next we give our guarantee for this Monte Carlo p-value p, similar to that in Theorem 2
for the original p-value p in (6). This result is proved in Appendix A.2.

Theorem 8. Suppose (Z,U) ~ Pzy. Then the Monte Carlo p-value defined in (19) satisfies
P{p<af<a+ glf drv(Pzu, Qzv),
U

where the infimum is taken over all distributions Qu on U, and where Qzy = Qzu X Qu.

Remark 3. The guarantee above, with Type I error inflation bounded by drv(Pzu, Qzuv),
is exactly the same as that derived in Remark 1, which is a corollary to Theorem 2. Indeed
the original result of Theorem 2, with Type I error inflation bounded by drv(Psr, @sr), is
strictly stronger: as (S,7) may potentially contain much less information than (Z,U), this
TV distance can be substantially smaller. An analogous refinement can also be derived for
the Monte Carlo case, but we defer this to the appendix; see Appendix A.4.

Remark 4. Just as in Remark 2, if Qzy = Pz holds almost surely (i.e., in implementing
the Monte Carlo method we correctly specify the conditional distribution of Z | U), then by
taking QQy = Py we obtain exact Type I error control,

P{p<a}<a

5.1.2 Importance sampling

When sampling from @) zy is itself a difficult task, we can also employ alternate Monte Carlo
schemes based on importance sampling. Let Rz be any (conditional) proposal distribution.
We will assume that @z, Rz are absolutely continuous with respect to each other, almost
surely. Given a number of samples M > 1, and letting Z(©) = Z as before, we now study an
importance sampling scheme to define the p-value:

ZM dQzy (2™) ]l{s ,U > §(Z, U)}

m=0 dRZ\U Z(m)

(20)

p= ZM dQzjy (Z2(m) ’
m=0 dRyy;(Z(™)

where now ZW ..., ZM) are i.i.d. samples from Rz, and (ZzW, ..., ZM)) 1L Z | U. In the
Monte Carlo literature, this type of construction is often called self-normalized importance
sampling. Notice that this can be viewed as a generalization of the Monte Carlo procedure
above, as the p-value p in (19) can be obtained by simply letting Rzjy = Qzv.

We now present our theoretical guarantee for the importance sampling p-value p. This
result is proved in Appendix A.3.
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Theorem 9. Suppose (Z,U) ~ Pzy. Then the importance sampling p-value defined in (20)
satisfies
P{p<af<a+ glf drv(Pzu, Qzv),
U

where the infimum is taken over all distributions Qu on U, and where Qzuy = Q7 X Qu.

Remark 5. Analogous to Remark 3 for the simple Monte Carlo setting, refinements of this
result are again possible, with an inflation in Type I error bounded by a TV distance between
the (joint) distributions of scores and threshold, but we omit the details.

Remark 6. As in Remark 4 for simple Monte Carlo, if Q)7 = Pz, almost surely, then we
obtain exact Type I error control,

P{p<a}<a.

5.2 Unnormalized @z

For our second extension, we will develop an unnormalized version of Theorem 2. Returning
to the construction of the p-value, we now allow @) zjy—, to be measure on Z, for each u € U;
the difference here is that ()z|y—, is no longer required to be a distribution—that is, we may
have Qzjy—.(Z) # 1. However, as before, we assume that @ zy—, is supported on the finite
set {z € Z"1: 120 = h(u)}, for each w.

We then define

p=ZU) where plen) = [ s 2 sz} dQzuma(s). (21)
z
If @z, is a distribution for each u € U, then note this is the same as the original p-value
constructed in (6). In the general case, we still refer to (21) as a p-value. We will also define
a generalized threshold

tal) =inf {s € R [ 1{s(210 > 5} dQpma(s) <,

which reduces to t,(u) = Quantile, _,(Qgjy=u) When Qzy—, is a distribution. Lastly, given a
distribution Qu on U, we write Qzy = Qzv x Qu for the measure on (Z,U) € Z x U that
is defined as®

Qzu(A) =Eq, [/z 1{(z,U) € A} dQZU(Z):| ;

for measurable A C Z x Y. In the normalized case, where )7y is chosen to be a conditional
distribution, note that this is simply the joint distribution with marginal )y and conditional
Qz v, as before.

We are now ready to present the unnormalized generalization of Theorem 2. Its proof is
similar to that of Theorem 2, and is given in Appendix A.5.

5Formally, in order for this to be well-defined, we require that the function u Qziv=u({z: (z,u) € A})
is measurable, for each measurable A C Z x U; this condition is naturally satisfied in the normalized case,
where Q7| is a conditional distribution.
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Theorem 10. Suppose (Z,U) ~ Pyy. Let Psr be the induced joint distribution on (S,T) =
(s(Z,U),to(U)). Then the p-value defined in (21) satisfies

P{p<a}<a-+inf sup {PS,T(A) - Q&T(A)},

Qu ACRxR

where the infimum is taken over all distributions Qu on U, and where Qg denotes the joint
measure on (S,T) = (s(Z,U),t,(U)) € R xR induced by the joint measure Qzu = Qzju X Qu
on (Z,U)e ZxU.

When @z is a conditional distribution, this reduces to the bound in Theorem 2, since
then Qg7 is a distribution and so we have drv(Ps1, Qs,1) = sup gcpriFsr(A) — Qsr(A)}.
Before moving on, we make one further remark about information monotonicity.

Remark 7. Just as before in Remark 1, information monotonicity implies simpler but coarser
versions of the bound in Theorem 10. For example, because (S, T) is a function of (Z,U), we
have the weaker bound

P{p <a} <a+inf sup {PZ,U(A) - QZ,U(A>}~
Qu ACZxU

6 Special cases: new results

We now present new results which can be derived as special cases of the unified framework
for conformal prediction. We will focus on developing extensions of the conformal approaches
and theory in Section 4; our intention to provide a flavor of the types of extensions possible
and not to derive an exhaustive set of new results. Some of these examples will rely on the
extensions of the unified theory from Section 5.

6.1 WCP with unnormalized weights

We return to weighted conformal prediction (WCP) as considered in Section 4.3, for handling
distribution shift. As before, we will assume that the training data Z;,..., 7, are i.i.d. from
F, the test point is drawn independently from G, and we have access to a weight function w
that approximates the likelihood ratio in (12). Recall, the WCP set (13) is defined by placing
a weight on point ¢ which is proportional to w(Z;), where the weights are normalized to sum
to 1. Here we study an alternative construction, where the weights are applied without such
a normalization step, and we will derive a validity guarantee using the unnormalized theory
from Section 5.2.

6.1.1 Method and theory

Fix any score function s((z,y), {2f). Defining the data points Z! and scores S} exactly as in
Section 4.3, the unnormalized WCP set at level 1 — « is defined by

n+1 AN Y
C(Xpt1) = {y eY:S5,, <inf {s eR: 2izy W(Z) - LS > 5) < oz}}. (22)

n+1
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To compare to the usual (normalized) WCP method, we can observe that the original WCP
set (13) can equivalently be defined as

C(Xns1) = {y eY:S), <inf {s ceR: Do W z;nﬂ)wzlz{j;y > 8} < a}}, (23)

since this infimum is simply equal to the quantile,

Y w(ZY) - 1{S} > s} _ }
<a
Zn—i—l (Zy) —
n+1 n+1 Yy
. 1 Sy < Z Oy
iz <n+1) { S} >1- a} = Quantﬂela(z n+1< ) 5 )
> w(ZY) >in w(Z)
The only difference between the unnormalized WCP method in (22), and the original WCP
method as expressed in (23), is that the former divides each weight w(Z!) by n + 1 rather
than anll w(Z}). To motivate this, notice that for the true likelihood ratio w* = dG/dF,
we have. E [w (Z )] = 1 for each i € [n], and so the original denominator Z;Lill w(Z7) has

expected value approximately n + 1.
The unnormalized WCP method has guarantees analogous to that for WCP.

Theorem 11. For independent Zy,...,Z, ~ F and Z, .1 ~ G, where as before w* = dG/dF,
the unnormalized WCP set in (22) satisfies the following:

(a) If w=w*, then P{Y,11 € C(Xs11)} > 1 — .
(b) For any w, we have P{Y,11 € C(X,11)} > 1—a—Epr[(w"(X,Y) —w(X,Y)),].

To take a closer look at part (b) of this result, note also that if Ep [w(X,Y)] =1 (the
user-specified likelihood ratio estimate w is normalized at the population level), then

inf{sE]R:

:inf{seR:

P (Y1 € CXai)} 2 1 a = 3B [l (X,¥) — w(X, V)]

since, for any random variable V € R with E [V] = 0, we have E (V)] = E[(V)_] = 3E[|V]].
This result now appears identical to the guarantee of Theorem 4 part (b), for the normalized
case. But there is a subtle difference: here w must already be normalized (at the population),
whereas for normalized WCP, the result always holds (since it applies to w in place of w).

6.1.2 View from the unified framework

We describe how unnormalized WCP fits into the unified conformal framework.

Choices of U and Q. Define U =7, and write the score function for u = 2§ as

s(z,u) = s(znt1, [25).

Next define

desnﬂ w(za(n+1)) -0z,
(n+1)!

which is a measure (not necessarily a distribution), supported on permutations of z.

Qziu=1:5 =

)
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P-value. Under these choices, the p-value in (21) is

2068n+1 U(”H'l -1 { U(n-‘rl)? ZZS> > S(Zn+17 zZS>}
(n+1)!
_ S w(Z) - 1{s(Z:,12]) = s n+1,lZ§)}7

n—+1

p:

where the second line follows from the fact that, for each i, there are n! many permutations
o € 8,41 with o(n + 1) =i. To see that this corresponds to the unnormalized WCP set, we
have

p>a<:>s(Zn+1,ZZj)§inf{s€R: |

it w(Zi) - 1{s(2:,12)) > s} _ }

by Lemma 3, which is an unnormalized analogue of Lemma 1, and is given in Appendix A.5.
The right-hand side above can be directly seen to be equlvalent to the event Y, 11 € C(X,41),
for the unnormalized WCP set in (22).

Validity. We prove Theorem 11 using the unified result in Theorem 10.

Proof of Theorem 11 via the unified framework. As in the proof of Theorem 4, part (a) is a
special case of part (b), so we only prove part (b). First we define @y as the distribution of
U =1Zf when Z ~ F""'. We can then calculate the measure Q7 as

Qurl4) =, | [ 1{(0) € A)aQap(2)]

o [ St 0 Zewin) 1{(Z,,120) € 4}
- (n+1)!

Yoes,e Breer [W(Zon) - 1{(Z, 12) € A}]
B (n+1)!

= ]EFnJrl [w(Zn-‘rl) -1 {(27 zZS) € A}] )

where the second step holds by definition of @y and 7y, and the last step holds since F mtl
is an exchangeable distribution. On the other hand, since P; = F™ x (F o w*), we have

PZ,U(A) = IEDF”><(Fow*) {(Za ZZX) S A} = Epnt [w*(Zn-l-l) -1 {(27 zZD € A}] :

Then

sup {Pzu(A) —Qzu(A)} = sup B (W (Zn11) = w(Znia)) - 1{(Z, 1 Z]) € A}]

ACZxU
< sup Epnss (0" (Zu) = 0(Znan))-].

Applying Theorem 10 (together with Remark 7) completes the proof. O
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6.2 WCP under distribution drift

When we studied WCP previously in Section 4.3, and then again in Section 6.1, our model
for the data was that the training points 7, ..., Z, are drawn i.i.d. from some distribution
F, while the test point Z, 1 is instead drawn from G. In this subsection, we will extend to a
more challenging setting: we will allow for the training data to exhibit distribution drift, as
well. To formalize this, suppose Z; ~ F;, i € [n], and Z,.1 ~ G, all independently. In other
words, there is distribution shift between training and test sets, and in addition, the training
set consists of independent but not necessarily identically distributed samples.

6.2.1 Method and theory

The method is exactly the same as before, in Section 4.3—fixing any score function of the
form s((x,y), |2f), we will consider the WCP set in (13), with a prespecified weight function
w(z,y). At a high level, the idea is that WCP should achieve approximate coverage as long
as the training data are approximately i.i.d. (i.e., Fi,..., F,, are similar each other), and w
approximates the distribution shift (i.e., for each i, we have w ~ dG/dF;).

As our next result shows, WCP has approximate coverage in this setting with training
distribution drift.

Theorem 12. For independent Zy ~ F\, ..., Zy ~ Fy, Zpi1 ~ G, assuming Ep [w(X,Y)] <
oo under the mizture F = L 3""  F;, the WCP set in (13) satisfies

n

P{Vyy1 €C(Xpi1)} >1—a— % > {Er [(wi(X,Y) = (X, V), | +drv(F, ),

i=1

where we define
dG

ap, @) e,

wi (z,y) =
and where w(z,y) = w(x,y)/Ep [w(z,y)].

Comparing this to the original result for WCP, we can see that the bound in Theorem 4
can be derived as a special case with F; = F' and consequently w; = w, for each i.

6.2.2 View from the unified framework

We describe how WCP under training drift fits into the unified conformal framework.

Choices of U and @Qzpy. The unified view here is the same in Section 4.3, for WCP. For
concreteness, we set U = [ Z(, and define

ZO’GSnJrl w(zo—(n""l)) ’ 620

QZ U=z —
o= ZUESn+1 w(za(nJFl))

P-value. Since the choice of U and Q7 is exactly the same as in Section 4.3, we again
have that p > « if and only if Y,,11 € C(X,,11), for the WCP set defined in (13).
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Validity. While the construction of the method is identical to that in Section 4.3 (i.e., we
are simply using the same WCP method), the proof is now different because our assumption
on the data is more general, allowing for drift.

Proof of Theorem 12 via the unified framework. We choose QQu to be the distribution of U =
1Z§ when Z ~ H, where

dH (=) = ni S> (e A X x By x F)(2)

(Note that H is a distribution—i.e., the above definition integrates to 1-—by definition of F
and w.) The result of Theorem 2 (together with Remark 1) tells us that

P{p <a} <a+drv(Ps.,v,Qz0);

because (S,7T) can be expressed as a function of (S, U), which in turn can be expressed as a
function of (Z,41,U). To be clear, here @z, ., v denotes the distribution of (Z,,+1,U) induced
by the jOth distribution QZ,U = QZ|U X QU-

We now need to bound the total variation distance, which we can express as

drv(Pz, 0, Qzppv) = SUP {Pzn+1,U(A) - an+1,U(A)}-
AcZxU

First, observe that by definition of Qy and Q v,
QZn+1 U(A) ]P)QZ U {( n+1, ) S A}

=B | ¥ S i 120 € 4)

O'ES +1 o ESn+1 ( /(TL+1))

_E, _g%wz,m e A}

> w(Z) Z w(Z;)

n+1 i=1 Zyill w(Zj)
n+1

Zw )-1{(Z:,125) € A},

1{(%,12]) € A}

= IEjF1><~~~><Fn><F

= IIEF1><~~~><Fn><F

n—l—l

where the next-to-last step uses the definition of H. Therefore, we can split the TV bound
into two types of terms:

drv(Pz,.. v, QZnH v) <

n_li_l ;fup {PZn-H U(A) IEF1>< X Fp, ><F[ ( ) ]1{(Zz,zZS) S A}]}J
+ T {PZn+1,U(A) —Ep wxr, < [0(Zns1) - L{(Zp41, 1Z9) € AH},
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In Appendix A.6, we will verify that
Term i < By, [(w](X,Y) = 9(X,Y)), | + drv(F, F), (24)

for each i € [n], and
1 ¢ . _
Termn+1< — 2—1 Ep, [(wi (X,Y) — (X, Y))+] . (25)

Combining these calculations, we then have

n

A (Prpn 0, Qe x Qo) < - S {Br, [(wi (X,Y) — (X, 1)), | + (R, P},

i=1

which completes the proof. O

6.3 RLCP with feature resampling

We now return to randomly-localized conformal prediction (RLCP), introduced in Section 4.5.
Recall, in that method, after sampling a noisy version of the test feature Xn+1 ~ H(X,11,),
the conformal set is defined by placing weight o< H (X, XnH) on each data point ¢ € [n + 1],
placing higher weight on data lying near the test point. Here we introduce a different version
of the method: the weights will be centered at Xk for some random choice of K € [n + 1],
rather than at a synthetic value Xn—&-l‘ This version of RLCP may be computationally easier
if sampling from the density H (X1, ") is difficult.

Furthermore, we may prefer a version of RLCP which samples among existing observed
covariate values since this may be more interpretable in certain settings. For example, if our
feature points lie on a lattice, then directly sampling X,,+1 may not be a feasible value for
the test feature—RLCP with a Gaussian kernel H leads to a value X,,.; that lies off the
lattice. In contrast, the modified form of RLCP presented here will always reuse an existing
data point instead of sampling a new value, and therefore avoids this issue.

6.3.1 Method and theory

Fix any score function of the form s((x,y), {2(), and a localizing kernel H : X x X — R, as
in RLCP in Section 4.5. Now, given the training features Xi, ..., X,, and test feature X, 1,
we sample a random index K € [n + 1] by

n+1

K | Xla"'7Xn+1 ~ Z-Hn-i-l,k : 5ka

k=1
where for i, k € [n + 1], we introduce the weight

_ H(X;, Xy)
Hik - n+1
Zj:l H<Xi7Xj)
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Defining Z¥ and S, i € [n + 1] as before, we then define the modified RLCP set as

ZTL+1 HK . 5531)}
Zn—i—l HzK :

In other words, this is the same as the prediction set for the RLCP method (16) except with
Xk in place of Xn+1.

Like the RLCP method, this modified construction again offers marginal coverage under
exchangeability. (Approximate conditional coverage results can also be established, analogous
to the results of Theorem 6 for RLCP, but for brevity we omit these here.)

(26)

C(Xnt1) = {y eYy:85,, < Quantilel_a(

Theorem 13. If Z, ..., Z,1 are exchangeable, then the modified RLCP set in (26) satisfies
a marginal coverage quarantee,

P{Yn+1 € C(Xn+1)} 2 1— .

6.3.2 View from the unified framework

We describe how our modified RLCP method fits into the unified framework.

Choices of U and Q7. Analogous to RLCP in Section 4.5, we let U = (1Z§, Xk). Now,
define Qv as follows: at v = (12§, ), with 2 = ((x1, 1), - ., (Tn41, Ynt1)),

Z H(z5(n41):%) 5

0€Sn+1 ZZill H(xv(rH—l):xk) Fo
Z H(zo(n+1),m)

TE€Sn+1 22111 H(Io(nJrl)vxk)

Qzu=(12),2) =

We again write the score function as s(z,u) = s(z,41, [2]) for u = 2.

P-value. Under these choices, the p-value in (6) is

20€$n+1 Zzill (< J:l-t,-ll)(Xk) 1 { a(n+1)7 zZS) > S<Zn+17 ZZS)}

p= Z H(Xy(nt1),XK)
UESn+1 Ezill H(Xo'(n+1)7Xk)

S A {5(2,175) 2 $(Z0s1,120)]

- Zn—i—l H(Xi,XK)
=1 St H (X, X))

_ 2 Hi - 1{s(Z:,12)) 2 s(Zn1, 125)}
ZnJrl H :

similarly to the RLCP calculations. And again as for RLCP, by Lemma 1, this corresponds
to the modified RLCP set defined in (26), since

Z"“HK stz zzn)
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Validity. We prove Theorem 13 using the unified result in Theorem 2.

Proof of Theorem 13 via the unified framework. Fixany z = ((z1,y1), -, (ns1,Yns1)). Then
by definition of the distribution of the random index K, we have

W H (@1, Tk) * 0120,y

U|Z =z~ —
kill H(l'n+1,$k)

Similarly, for any permutation o € S,11, we can calculate (using (2] = 12,) that

n+1
St H iy ) D)

U\|Z =2y~ —
1;_1 H(xa(n—&-l)a Tr)

Comparing these two calculations, since Z is assumed to be exchangeable, we therefore have
Z H(Tg(n41),%i) .
0E€Sn+1 Z:z% H(Ia(n+l)7zk) zo

Z H(‘ra(n+l)7xi)

0ESn+1 S H (g (g 1))

Prio=z1,) =

We therefore see that Py = @z, which proves that P {p < a} < a (recall Remark 2). [

6.4 Generalized WCP with a nonsymmetric score

We revisit the generalized WCP setting from Section 4.6. Recall here the dataset Z € Z"!
has an arbitrary joint density f, and the generalized WCP set (18) is constructed by placing
weight W' =3 ..1y=; f(Z¥)/f(Z?) on point i. The previous treatment assumed the score
function is of the form s(z,u) = s(z,41, [21), i.e., the score assigned to z,,1 is not allowed to
depend on the ordering of the remaining n points in z. However, in this subsection we will
now see that such a restriction is actually unnecessary, from the perspective of the unified
framework. Relaxing it, as we will do below, leads to a generalized WCP set that allows for
any score function, without a symmetry assumption.

6.4.1 Method and theory

The score function now takes the form s((x,y), z), comparing a data point (x,y) to an ordered
dataset z € Z"! (note that s is no longer required to be symmetric in its second argument).
This accommodates, e.g., a score that can depend on the time-ordering of data collected in
the FCS application (with likelihood ratio in (17)). For arbitrary y € ), we define as usual

ZY =(Zy,...,Zn, (Xpni1,v)), and scores that are now indexed by permutations,
SY=5(ZY i1y Z2)s 0 € Snpr.

The generalized WCP set at coverage level 1 — « is defined by

Z‘Tesnﬂ f(Zy)/1(2v) - 653) }
ZaeSnH f(Zg)/f(Zy) ’

where id denotes the identity permutation. This construction with a nonsymmetric score has
the same coverage guarantee, assuming exact knowledge of the density ratio.

C(Xpt1) = {y €eY: 84 < Quantﬂel_a( (27)

35



Theorem 14. If Z € Z"™! has density f with respect to an exchangeable base measure, then

for any score function (not necessarily symmetric), the generalized WCP set in (27) satisfies
]P){Yn+1 S C(Xn+1)} Z 1—oa.

6.4.2 View from the unified framework

We describe how this extension of generalized WCP fits into the unified framework.

Choices of U and Qzy. As for generalized WCP in Section 4.6, we define U = 1 Z§, but
we now write the score function as

s(z,u) = s(zpy1, 2).
(Compare this to s(z,41, [2f) for the symmetric setting of Section 4.6). Define

0  Yoesin So) bey Vs, [)/f(2) 5,
AT TS s F20) Yves f)/f(2)

P-value. Under these choices, the p-value in (6) is

. dean f(ZU)/f(Z) -1 {S(Za(n+1): Za) > S(Zn+1> Z)}
- > vesin [(Zo)/F(2) ‘

To see that this corresponds to generalized WCP, recall that by Lemma 1,

ZaESnH f(ZU)/f(Z) ’ 65(Zo'(n+1)720))
2vesn 1 (Za) [ F(Z) '

The right-hand side above can be directly seen to be equivalent to the event Y, 11 € C(X,41),
for the generalized WCP set in (27).

p>a <= s(Z,41,72) < Quantﬂel_a(

Validity. We prove Theorem 14 using the unified result in Theorem 2.

Proof of Theorem 1/ wvia the unified framework. The proof is identical to that of Theorem 7:
since we have assumed that Z has joint density f with respect to some exchangeable base

measure, this means that Pz = Qzu, by construction, and therefore (recalling Remark 2)
we have P{p < a} < a. O

6.5 Generalized WCP with Monte Carlo p-values

In the generalized WCP setting once again, an important bottleneck that can arise in practice
is that the generalized WCP set (18) can be very expensive to compute, due to the calculation
required for each weight W/: indeed, each W/ here is a sum over n! terms, where each term
requires computing the likelihood ratio f(ZY)/f(Z¥), which can itself be highly nontrivial. Of
course, computational tractability is only made worse in the extension (27) to nonsymmetric
scores given in the last subsection. We present in what follows a Monte Carlo approximation
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to this generalized WCP set, which will improve computational efficiency while preserving
the same validity guarantee as the original construction.

In this subsection, we will specialize to a setting where the covariates have a known but
potentially complex dependence:

X =(Xy,..., Xpp1) ~ Px,

while Y; | X, for ¢ € [n + 1], are independent from a common conditional distribution Py|x.
If f denotes the joint density of Z and fx the corresponding density of X, then observe that

under this model, for any z = ((x1,v1), .- -, (Tni1, Yni1)),
f(za) _ fX(xU(l)a v 7$U(TL+1)) (28)
f(z) fx(T1,. o Tnta)

where this simplification is due to our assumption on the distribution of (Y3,..., Y1) | X.

6.5.1 Method and theory

For arbitrary y € Y, we define Z¥ = (Z1, ..., Z,, (Xus1,y)) as usual, and just as in the last
subsection, define scores that are indexed by permutations,

SY=5(ZY i1y Z2)s 0 € Snpr.

Fixing M > 1, let gx be a user-chosen proposal density, where fx, gx are assumed to be
absolutely continuous with respect to one another. Conditional on ] X |, we can think of gx
as inducing a distribution on permutations, which places probability

9x(Xs)
D ores, i 9x(Xor)

on o € S,41. Let 01,...,0 be ii.d. samples from this distribution, and set og = id to be
the identity permutation, for convenience. Then the importance sampling approximation to
the generalized WCP set at coverage level 1 — « is defined by

M fx(Xom)/fx(X)

) > m=0 X X 5S§m
C(Xni1) = {y eY:S4< Quantllela( J\;X(f;T))cf,iX)(/f;)((X) )} (29)
Zm:o 9x (Xom)/9x (X)

This Monte Carlo set, while computationally cheaper, still has an exact validity guarantee.

Theorem 15. Suppose Z € Z™ has density f with respect to an exchangeable base measure,
with f satisfying (28). Let gx be an arbitrary proposal density (such that fx,gx are absolutely
continuous with respect to each other). Then for any choice M > 1, the importance sampling
approzimation to the generalized WCP set in (29) satisfies P{Y,11 € C(Xp11)} > 1—a.

6.5.2 View from the unified framework

We describe how this importance sampling version of generalized WCP fits into the unified
framework.
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Choices of U, Qz v, and Rzy. We define U and Q7 precisely as in generalized WCP
for a nonsymmetric score, as in Section 6.4. Moreover, we take Rz to be the conditional

distribution corresponding to joint density gx on X = (X7,..., X,+1), namely, for u = 2§
where z = ((z1,v1), - - -, (Tns1, Yns1)),
Zaesn+1 9x (1’0(1), oo 7xcr(n+1)) : 520
Rzw=15 = :
ZUGSnJrl 9x (xU(l)u <o 7xa(n+1))

P-value. Under these choices, the importance sampling p-value in (20) is

M dQzy(Zoyw,)
Zm =0 dR;‘Z(Zom -1 { om(n+1)s Um) Z S<Zn+17 Z)}

ZM dQz v (Zow,)
m=0 dRzy(Zoy,)

p=

)

where we are writing Z(™) = Z, . for some permutation o,,. Plugging in our choices of Q Al
and RZ|U7 then,

M fx(Xop)/fx(X)

> o PR L U {S(Zon)s Zo) 2 $(Znir, Z) }
EM Ix (Xow )/ Fx(X) :
m=0 gx(Xo,,)/9x(X)

p=

To see that this corresponds to generalized WCP, observe that by Lemma 1,

ZM . fxgﬁam%fxgﬁg . 5s(Z )

~ . m=0 gx om )/ 9X om(n+1),4om

p>a <= s(Z,11,7) < Quantllel_a( M s a0 )
m=0 gx (Xom)/9x(X)

The right-hand side above can be directly seen to be equivalent to the event Y, 11 € C(X,11),
for the importance sampling generalized WCP set in (29).

Validity. We prove Theorem 15 using the unified result in Theorem 9.

Proof of Theorem 15 via the unified framework. The proof is similar to that of Theorem 14:
since we have assumed that Z has joint density f with respect to some exchangeable base
measure, this means that Pz = Qzu, by construction, and thus (now using Remark 6) we
have P{p < a} < a. O

7 Discussion

In this work, we presented a unified treatment of different existing methods and theorems in
the conformal prediction literature which handle departures from the standard assumption of
exchangeability. At its core, our unified view of conformal methods is that they are based on
inference about the joint distribution of data Z = (71, ..., Z,4+1) (where each Z; = (X, Y;)),
given partial information U about the data. The partial information U contains at least the
information in {Z§ (the unordered bag of points in Z) and it may contain more. We find that
many existing results can be framed as follows: the user specifies a conditional distribution
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Qzv as a model for the true distribution of Z | U, and then uses @z to form a prediction
set. Our theory provides a coverage guarantee that depends on the total variation distance
between @)z and the true distribution Py .

We also showed that new conformal prediction results follow from the unified framework.
Many others should also be possible to derive. For example, two existing methods, WCP and
NexCP, are both weighted variants of conformal prediction but they appear quite different in
their assumptions and technical motivations. Our work provides a unified explanation for
why they both work; this suggests the possibility of combining the two styles of weights, and
raises an open question of determining problem settings in which such a combination might
be useful. As another example, the results we presented for generalized WCP assume that
the likelihood ratio between different possible data permutations is known exactly; robustness
results (such as those for WCP) would be important to develop, for applications where this
likelihood ratio is unknown or cannot be computed exactly due to computational complexity.
The unified framework not only offers a route towards developing these possible extensions,
but may also enable the development of completely new methods, for settings not currently
covered by the footprint of existing conformal methodology.
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A Additional proofs and technical results

A.1 Proof of Lemma 1

We can assume « < 1 since otherwise the claim is trivial (we would have Quantile,_,(Q) =
—00). Let x; < --- < z,, € R be the values in the support of @, and p; = Po {X = z;} > 0,
for each i € [m]. Then by definition of the quantile,

Quantile;, _,(Q) =inf{t e R: Po{X <t} > 1 —a} = zy-,

k*:min{ke[m]:Zpizl—a}.

i<k

where

Therefore, for any x € R, if v < x4+ then
Po{X >z} = Zpi]l {z; >} > Zpi]l {2 >y} = Zpi =1- Zpi > a,
=1 i=1 i>k* i<k*
since ), . pi < 1 —a by definition of £*. And similarly, if > 2~ then
Po{X >z} = Zpiﬂ{$i > a} < sz]l{xi > xpe} = sz‘ =1- sz' < a,
i=1 i=1 i>k* i<k

since Zigk* p; > 1 — a by definition of k*.
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A.2 Proof of Theorem 8

This result is a consequence of Theorem 9 for the importance sampling setting, obtained by
simply choosing the proposal distribution as Rz = Qzu.

A.3 Proof of Theorem 9

Although we have presented this result as a guarantee for p, which is approximation of the
original p-value p that was defined in (6) and analyzed in Theorem 2, we will now see that
Theorem 9 can in fact be derived (exactly) as a special case of Theorem 2.

We will first need to reset some of our notation. Specifically, we need a new definition of
partial information: instead of U on its own, the partial information will now be given by

U=(U,129,...,20),

and overloading notation, we will let s(Z, ) = s(Z,U). We will also define the conditional
distribution
m=0 dRz|y—,

ZM dQz|u=u (Z(m))

m=0 dRZ|U:u

SN AL (2 6

Observe that the p-value p defined in (20) is exactly the same as the original p-value p in (6)
if we use the new conditional distribution ) 77 in place of the original one Qzv- Applying
Theorem 2 (together with Remark 1), we therefore have the guarantee

P{p<al<a+ inf drv (P, Qzp),
U

where the infimum is taken over all distributions Q5 on U = (U, 12, ..., Z()T) and where

Rz =Qz0 x Qp-

Now we need to work with this remaining TV term. First, we can observe that P, is
the distribution on (Z,U) = (Z,U,12,ZW, ..., Z™)() induced by the joint distribution

(2,U,2W, ..., Z) ~ Py x (Qz0)™,

where this notation indicates tha;ui we first draw (Z,U) ~ Pz, and then conditional on this
draw, we sample ZW, ..., ZOM) X Q. Next, fix any marginal Qy on U € U, sample

(Z7 U? Z(l)a e 7Z(M)) ~ QZ,U X (QZ|U)M7

and define Q as the corresponding distribution of U = (U, 1Z, ZW, ..., Z(M)(). Note that
by exchangeability of Z, Z M ..., ZM) ynder this joint distribution, the induced distribution
of (Z,U) is thus equivalent to Q, 7 = Q 217 % Qp- And by information monotonicity, we have

drv(Py g, Qzp) < drv (Pzu % (Qzu)™, Qzv % (Qziv)") = drv(Pruy, Qzu).

In other words, we have verified that

iQIlf drv(Py g, Q) < glf drv(Pzu, Qzu),
7 U

U

which completes the proof.
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A.4 Refinement of Theorem 8

Theorem 16. Suppose (Z,U) ~ Pzy. Fiz any M > 1 with o(M + 1) > 1. Let Py be the
induced joint distribution on (S,T) = (s(Z,U),ta(U)), where A ~ Betay,, is independent of
(Z,U), for

Betay o = BetaQa(M + 1), 11— )(M + 1)1).

Then the Monte Carlo p-value defined in (19) satisfies

P{p<a}<a+ glf drv(Ps 7, Q1)
U

where the infimum is taken over all distributions Qu on U, and where Qg denotes the joint
distribution of (S,T) = (s(Z,U),ta(U)) induced by drawing (Z,U, A) ~ Qzu X Betay o, for
Qzy = Qzu X Qu.

Proof. Let Qgjy=, denote the induced distribution on S = s(Z,u), under Z ~ Qzjy=,. Since
S € R, we can generate samples from this distribution by using its quantile function—that is,
if V'~ Unif|0, 1], then defining

S = Quantiley (Qgjr=u),

this generates a random draw from Qgjy—,.
Now let V4,..., Vi S Unif{0, 1], independent of (Z,U). Defining S,, = Quantile;, (Qgv)

for each m € [M], we can therefore equivalently define the p-value p as

1+ M 1S, >s(Z,U)}
M+1 ’

D=
By construction, we can observe that, for k = [(1 —a)(M + 1)] € [M],
p<a = s(Z,U) > Su,

where S(1) < -+ < Sy are the order statistics of Si, ..., Sy. Since v — Quantile,(Qgv) is
a monotone nondecreasing function, it holds that Sy, = Quantilev( o (Qsjv)- Therefore,

p<a <= s(Z,U) > Quantiley, (Qsj) = ti-v, (U),

)

where the last step uses the definition of the threshold ¢,(u) = Quantile, _,(Qgjy=.). Further,
by construction, we have Vg L (Z,U), and 1 — Vi) ~ Beta(M + 1 — k, k) = Betayq.

In other words, setting T = ta(U) where we define A =1 — Vj;,) ~ Betayy,o, so far we we
have shown that

PpPgy x (Qzw)"p < o =Pp,, {S > T} .

But by an identical argument, it also holds that

IEDQZ,U><(QZ|U)M {]5 < Of} = PQS,T {S > T} .
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We therefore have
sz,UX(sz)M {p<al= Ppsj {S > f}

<Pq,, {S > T} + dov (P, Qo)

= IP)QZ,UX(QZ|U)M {]5 < a} + dTV(PS,T7 QS,T)
< a+drv(Pss, Qs7),

where the last step holds since, under the joint distribution Q7 x (Qz)™, by construction

it holds that Z, Z(, ..., ZM) are exchangeable conditional on U (because, conditional on U,
these random variables comprise M + 1 i.i.d. draws from @ z), and hence p is superuniform
under this distribution. O

A.5 Proof of Theorem 10

We will need two additional supporting lemmas. The first is due to Lemma A1 from Harrison
(2012), and we transcribe it to our notation here for concreteness.

Lemma 2 (Harrison 2012). Let QQ be a measure on a space Z, which is supported on finitely
many values. Let ¢ : Z — R be a measurable function. Define®

p(2) = Q{p(Z) = »(2)}.

Then for all o > 0,
Q{p(Z) <a} <o

When @ is a distribution (i.e., Q(Z) = 1) this lemma reduces to the standard fact in (8):
a p-value constructed for distribution @ is valid (i.e., superuniform) for data drawn from Q.
The next lemma is similar to Lemma 1, and its proof is similar to the proof of this lemma in
Appendix A.1, hence omitted.

Lemma 3. Let QQ be a measure on R, which is supported on finitely many values. Then for
any o > 0 and x € R,

QX >z} >a <= z<inf{t e R: Q{X >t} < a}.

When @ is a distribution this lemma reduces to the result in Lemma 1. We now give the
proof of Theorem 10.

Proof of Theorem 10. By Lemma 2 (applied with @ zy—, in place of @), and the score s(-, u)
in place of the test statistic ), we have

Qz=ui{p(Z,u) < a} < a.

SFor conciseness, throughout Appendix A.5, for the unnormalized setting we are using capital letters, such
as Z, to define events—for example, {p(Z) < a} should be interpreted as the subset {z € Z : p(z) < a} C Z,
and consequently, for a measure @ on Z, the notation Q{p(Z) < a} should be interpreted as Q({z e Z:

p(z) < a}).
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Since this holds for each u € U, we thus have for any marginal distribution Qy,

]EQU [Qle{p(Za U) < a}} < a.

Next, let Qgjy—, denote the measure on s(Z, ) induced by the measure Q) zjy—, on Z. Then
by Lemma 3 (applied with Qg|y—, in place of @), we have for any x € R,

Qsu=ulS > 2} > a <= = <inf {t eR: Qgu=u{S >t} < a}.
Equivalently, plugging in the definition of Qgy=, and t,(u), we can write
Qzu=u{s(Z,u) > 2} > a = = <ty(u).
Fixing any z € Z and plugging in = = s(z, u), we therefore have
Qzv=u{s(Z,u) > s(z,u)} > a <= s(z,u) < ta(u).

But since p(z,u) = Qzu=u{s(Z,u) > s(z,u)} by definition of the p-value in the unnormalized
setting, given in (21), we equivalently have

p(z,u) > a <= s(z,u) < ty(u).
Therefore,
Eq, [QZ\U{S(Z7 U) > ta(U)H =Eq, [QZ|U{p(Z7 U) < a}] < a,

and hence

Pr,, ((Z.U) < 0} =P, {S(Z.U) > ta(U)}
< a+Pr,, {s(Z.U) > ta(U)} ~ Eq, [Qzir{S(2.U) > ta()}]

The proof is complete by noting that the difference on the right-hand side is bounded by the
supremum in the theorem statement (taking A = {(z,u) € Z XU : s(z,u) > t,(u)}). O

A.6 Additional calculations for the proof of Theorem 12
First we verify the bound (24) on Term 4. By definition of P, we calculate

PZn+1,U(A> = IP)Pz,u {(ZnJrla U) € A} = PFIX"'XFnXG {(Zn+17 ZZD € A} :

We can bound this last expression as

Pr x..xpoxc {(Zns1, 1 Z5) € A}

< PFl><~~~><Fi_1><F><FZ-+1><~~~><Fn><G {(Zn+17 ZZS) S A} + dTV(Fi’ F)

= Py sx Py xGxFopr xox FaxF U Zis | Z5) € A} + doy(F, F)

= Ep xox by xFux Fops s B F W7 (Z3) - 1{(Z3, 1Z5) € A}] + doy (F, F),
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where the second step holds by permuting the variables, and the last step holds by definition
of w;. Returning to the definition of Term 7, we then calculate

Term i = sup { Pz, 0(4) = Epycrxr [0(Z) - 1{(Z,125) € AY] }
A

<509 { (Brsonry e [01(20) - 120 120) € AN + dre( 5, F)
A

~Ererr [00Z) 1{Z012) € )] |
< I[:?;F1><~~><Fn><F’ [(w;“(Zl) - w(ZZ>)+] + dTV(Fiv F)
= Ep, [(w}(X,Y) = @(X,V)), ] + dw(F;, P),

which establishes the desired bound (24). )
Next we verify the bound (25) on Term n + 1. By definition of F,

IEF1><---><F”><F[ ( n+1> ]l{< n+17zZS)€A}]

:—ZEHX ><Fn><F ( n+1) ﬂ{( n+1’zZS>€A}]

And, for any ¢ € [n], by definition of w} we can calculate

Pz, v(A) = Pryxxryxa {(Zny1, 12]) € A}
= Erxxm.xr (W (Zni1) - 1{(Zn11, 1Z7) € A},

and so taking an average,

Py . u(A ZEle By (W (Zny1) - 1{(Zny1, 1Z7) € A}].
Therefore, returning to the deﬁmtlon of Term n + 1, we have

Term n+ 1= sup { Pz, 0(4) = By [0(Zun) - 1{(Zu1.120) € A)] |

—sup {1 ZEM b, 105 (Zun) - 1 {(Zu, 125) € 4)

—-ZEHX ot [0(Z0)  1{Zen120) € )] |
~aup {1 ZEM chns (07 ) = 0(Zar)) - H{(Zurn120) € 4)] |
< ZEF | (Zu) = 0(Zus)),

1 \ _
- ;EFZ. (i (X,V) = w(X,Y)),] .
which completes our proof of the bound (25).
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