Dynamic Programming for Total Variation Denoising, Explained

Ryan J. Tibshirani

In this note, we will explain Nick Johnson’s dynamic programming algorithm for univariate total variation
denoising, also called the univariate fused lasso signal approximator. We consider the weighted problem:

n n—1
o] 2
mipimize 52%(%—9» szi ~ i, (1)

for a fixed regularization parameter A > 0, and strictly positive observation weights w; > 0,i=1,...n.

1 Standard representation, O(n?) complexity
Define 1
fi1(61) = wi(ys — 61)?,

and then define, for all k =1,...n —1,

br(Oky1) = argmin fr(0r) + A0 — Op 1]
0 R

Ik (Ok41) = min fe(0k) + A0 — Ok
k
= fr(br(Or+1)) + Albr(O11) — O]

1
Trr1(Okr1) = gr(Or 1) + §wk+1(yk+1 — Or11)>.

The following result is key.

Lemma 1. For allk=1,...n— 1, the functions fi, gr are piecewise quadratic, convex, and differentiable.
Further, there exists points t,;,tg such that

frte) ==X ) = A
and
tz_ 6k+1 > tz_
br(Oks1) = Ty i (Oks1) = § Orrr Ot € [t 8]
tl; 9k+1 < t]:.
Proof. We first prove all claims by induction, considering first the base case k = 1. The function f; is clearly

a convex, differentiable quadratic. Furthermore, by subgradient optimality, §; minimizes f1(61) + A|61 — 62|

if and only if
f1(01) +As =0,

where s is a subgradient of |01 — 02| with respect to 61, i.e., s = sign(6; — 62) when 61 — 62 # 0, and s € [—1, 1]
otherwise. This optimality condition is satisfied at 6 = by (62) = Ty 4t (602), where f1(t7) = =\, fi(t]) = \.
To see this, check each case:

e when 6y > tf, we have by (02) — 63 < 0, so s = —1, and the optimality condition reads

A4 A (=1)=0;



e when 0 € [t ,t]], we have f](f2) € [-\, ] by definition of ¢, ¢ (and monotonicity of the derivative),
and by (f2) — 62 = 0, so we can choose the subgradient to be any value in [—1,1], and for s = —f](62)/A,
we have

fi(02) + X (= fi(62)/A) =0
e when 0 < t], the argument is similar to the first case.

(We remark that we can explicitly compute ¢; = —\/w; +y; and t] = A\/w; + y;.) Finally, as for g1, note
that f1(01) + A|61 — 6] is jointly convex in 61,65, and therefore g;, which is given by partial minimization
over 1, is convex in its argument 6. It is piecewise quadratic with knots at t{, tf, and in fact we can write
it explicitly as

1y =)+ M0 —tf) 02 >t

1(y1 — 62)? 02 € (ty,t])

wy(yr — )2+ At —02) 62 <t].

g £

g1(62) =

SIS S

From this we can see that it is differentiable because its left and right derivatives match at ¢, tf (they are
equal to —\, A respectively). This completes the base case.

Now assume all statements are true at k—1. Then f;(6x) = gr—1(0)+ 3wk (yx —0k)? is piecewise quadratic,
convex, and differentiable, because gi_1(6x) is. By subgradient optimality, 8 minimizes fi(0%) + A6k — Oxr1]
if and only if

fllc(ak) + As = Oa

where s is a subgradient of |0, — 0541| with respect to ;. By the same arguments as in the base case, at
optimality we have 0y = by (0k+1) = Ty ot (0k+1), where ¢, .t are characterized by f/(t;) = =X, fi.(t}) = A
(Why do such points exist? Note that we can see directly from its definition that gx_1(0%) is linear outside of
(th_1s t;:_l], and hence fr(0r) = gr—1(0k) + %wk (yx — O)? has derivatives approaching +oco as 0 approaches
+00.) Finally, the function fi(0x) + A0k — Ok+1| is jointly convex in 6y, 01, and so gg, which is given by
partial minimization of this function over 6y, is convex in 0y1;. Expressing gi as

Te(0re(Ok11)) + Mok (Ok+1) — Orp1]
Set8) + MOrqr — ) Opga > 8
Jr(Okg1) Op+1 € [t , 1]
Fe(ty) + Aty — Ok1) Ok <Py,

9k (Or+1)

we see that g (0r+1) is piecewise quadratic, with additional knots at ¢, t; It is differentiable on the interior
of [t;, tm because fj is, and it is differentiable at t;,t: by construction: the left and right derivatives match
at these points (with values —\, A respectively). This completes the proof. O

This lemma and the recursive definition of fi, g suggests that we could perform one “forward pass” and
end up with a single piecewise quadratic, convex, differentiable function f,(6,). This function encapsulates
partial minimization of the total variation denoising criterion over all 61,...60,_1, so minimizing f, delivers
the nth component of the solution, 0,,. Once we have this value, we could then perform a “backward pass”,
by evaluating 0), = by (f541) for k =n —1,...1. (The functions by, will be called “back pointers”.) We would
have then have fully enumerated the total variation denoising solution, and can terminate.

The backward pass is operationally clear. The forward pass requires computation of ¢, t;r, the points at
which the derivative of fj are equal to —\, A\, respectively, for each £k = 1,...n — 1. How do we do this? The
trick is to keep track of the knots of fj, and the derivatives of fi at the knots; recalling that f; is convex and
differentiable, its derivative must increase as we move from left to right through the knot points. Hence, for
determination of ¢, , for example, note that

=X € [fr(z1), fr(z2)] = t; € [z1,22].

Therefore if we find the knot points z1, x2 such that the derivative of fi at these points straddles —\, then
we know that ¢, must lie between z; and x2. The next result further describes how to calculate ¢, from
z1, T2, f1.(x1), fi.(22) (and it applies just the same to calculating ;).



Lemma 2. Suppose that q is a quadratic function, and we seek xo such that ¢'(xg) = d. Then, given any
X1, such that ¢'(x1) # ¢'(z2), we can compute xy according to

_ dry —dzy + ¢ (x1)x2 — ¢ (x2)21
q¢'(x1) — ¢'(2) '
Proof. Write the derivative as ¢'(z) = axz + b. We have

To

q(x1) =ax; +b
¢ (x2) = aws + b,

and solving for a and b gives

q'(z1) — ¢'(z2)

a =
1 — T2
b= q'(w2)r1 — ¢ (71)20
X1 — To '
Hence, to have ¢'(z¢) = d, we need o = (d — b)/a, and plugging in a,b gives the result. O

Putting this together, a summary of the dynamic programming algorithm is as follows.

Dynamic programming for total variation denoising, standard form.

1. Begin with k = 1. As f1(z) = 3w1(y1 — ) (a single quadratic), initialize the knot set X = (), and
derivative set D = (). Initialize the back pointers t; = —\/wy + y1, t] = \/wy + y1.

2. Fork=2,...n:

(a) As gk-1(2) = fr—1(bp-1(2)) + Albp—1(2) — 2|, and fi.(z) = gr-1(x) + 3wi(yx — x)?. Append
te 1> t;l'_l to the knot set X, and correspondingly append derivatives —A, A to D. Delete any
knots outside of these two points (any knots to the left of ¢,_;, and to the right of t$—1)~

(b) For all knots x; € K, update its derivative d; € D according to d; + d; + wi(x; — yg)-
(c) Find the location i~ such that —\ € [d;- _1,d;-]; compute t,, using Lemma 2.

(d) Find the location i such that A € [d;+_1, d;+]; compute t; using Lemma 2.
3. Find the location iy such that 0 € [d;,—1, d;,]; compute 6, using Lemma 2.
4. Fork=n—-1,...1:

(a) Let O = bp(6ps1) = T, i Orin).
5. Return él, - én.

This algorithm is clean and simple, but what is its running time? Unfortunately the number of operations
needed is O(n?). One can see this from the forward pass, in Step 2(b), where we must update the derivatives
at all knots. In the worse case, the number of knots is O(k) at iteration k, which makes the whole algorithm
O(n?), quadratic in the number of observations.

2 Tail representation, O(n) complexity

We now describe Nick’s (very clever) tail representation for the derivatives f;,, which guarantees linear-time
worst-case compexity for the dynamic programming approach.

Lemma 3. For each k =1,...n, the derivative of the (piecewise quadratic, convex, differentiable) function
fr can be represented as

mg

fl;((E) = agrSt!I; + b%rSt + Z 1{$ Z xkﬂ-}(am—x + bk,i)a
=1



or equivalently

my
filw) = —af*'e — b = > " Ha < ap i Haki + byi),
i=1
where my, denotes the number of knots, x 1 < < Tk,m, are the sorted knot points. The coefficients satisfy
j .
azrst + Z anj = _a}east Z ks bﬁrst + Z bk,] _b}fast _ Z ka7
— et
forallj=0,...

i=j+1
my, (where the empty sum is interpreted to be 0)

This lemma suggests an elegant implementation of the dynamic programming algorithm. It can also be
proved by induction, which we omit; however we give the details of the implementation next (and comment
on the proof afterward.)

Dynamic programming for the 1d fused lasso, tail form

1. Begin with £ = 1, and m; = 0 (no knots). Set

ﬁrst first
= wq, bl = —w1iYi1,
last

last
af™ = —wy, b =wiys.

2. Compute t; = —A/wy + y1, t7 = A/wy + y1. In preparation for iteration k = 2, set ms = 2, and
set the knots x21 =17, 222 = tT. Also set the coefficients

first first
ay™ =wa, by = —ways — A,
first first
as1 =aj ", by1=b1""+ A,

last last
az2 = ay"", bao =07+ A,

last last
= —waq, b2

as = wayz — A.
3. Fork=2...n—1:

(a) Compute

Ezmin{j e{l,...my+1}: ( first —&—Za;”)x;” (bilrSt +§bk7i> > —)\},

i=1
my mi
u = max{j e{f—1,...my}: (— alst — Z akﬂ')ﬂ?k,j + (— plirst _ Z b;m') < /\},
i=j+1 i=j+1
(where we interpret an empty sum to be 0, and g m, +1 = 00), and
-1
== TA birst — Zz 10ki g A+t 4+ 30 b
E = g :
rqt + 21 | Qi }Cast Zznku+1 ani

(b) In preparation for iteration k 4 1, set my41 = u — £ + 3, and set the knots as

Trt1,1 = Ty,

Thtli = Thori—2 for i=2,...u—~{+2,

__ 4t
Tk+1,mpqp1 = tk

(In words, we are appending ¢, , tz as knots, and deleting all knots numbered 1,...¢ — 1 and
u+1,... mk.)




Also set

first first
Q11 = Wk+1, bk+1 = —Wg1Yht1 — A,
—1 0—1
first first
g1 =ay " + E kg, bey11 =05 + E b + A,
i=1 i=1

k41, = Ok o+i—2, Oky1i = bk epi—2, fori=2,...u—0+2,

mi mi
last last
Uit = G+ D ki Drptme, =+ Y bri+ A,
i=u+1 i=u+1
last __ blast _ Y
Opy1 = —Wk+1,  Ok41 = We+1Yk+1 .

4. Compute
j—1 j—1
io = min {j {1 oma+ 1} (@™ an g )ang + (B + Y bos) > 0},
i=1 i=1

and _—
first 10— .
0 Gy + 21:1 Qn,i

n = = io—1 :
b%rSt + Zi:1 bn,i

5. Fork=n-1,...1:

(a) Let Ok = by(O1) = Ty s (O1)-

6. Return él, ...0,.

The inductive proof for Lemma 3 essentially just follows Steps 1-3 laid out in the above algorithm; the key
point is that only the coeflicients ap11,1, @k+1,m;; and bgy1,1,brr1,m,,, need to be modified in preparation
for iteration k + 1 (see Step 3(b)), and all other coefficients remain the same. Overall, the work required in
the kth iteration is dominated by the computation of ¢, u, and the quantities

-1 -1 my mp
E Qi E bri, E ki E bii-
i—1 i=1

i=u+1 i=u+1

This requires a number of operations equal to the number of knots deleted at iteration k, which is £+ (mg — u).
There are exactly 2n knots in total, and each knot can be deleted at most once, which means that the total
time for forming these quantities across all iterations is O(n). The rest of the algorithm is clearly linear-time,
and so the dynamic programming implementationgiven above is worst-case O(n).
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