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We provide proofs and additional details for the results in “Higher-Order Total Variation Classes on
Grids: Minimax Theory and Trend Filtering Methods”.

A.1 Proof of Lemma

The nullity of AFFD s the number of nonzero singular values of AG+D o equivalently, the Illcumber
of nonzero eigenvalues of (A (k+1) )TA(k“) Following from (9}, and abbrev1at1ng D= Dg d D

>

(AFNYTACD) = pTD@I@--- @1 + I®DTD®--- &1 + ...
+I®I®---®DTD,
the Kronecker sum of DT D with itself, a total of d times. Using a standard fact about Kronecker
sums, if p;, @ = 1, ..., N denote the eigenvalues of DT D then
Piy + Piy + o pigy  d1,.--,0a €{1,..., N}

are the eigenvalues of A(A(k +1))TA(k+1) By counting the multiplicity of the zero eigenvalue, we
arrive at a nulhty for A*+D) of (k4 1)%. Tt is stralghtforward to check that the vectors specified
in the lemma, given by evaluations of polynomials, are in the null space, and that these are linearly
independent, which completes the proof. O

A.2 Proof of Lemma

Let us define

- [ okt .
D= 1d e RYX
(k+1) :
Dyg
where the first k& + 1 rows are given by a matrix C'(*+1) € R(#+D*N that completes the row space,

as in Lemma 2 of Wang et al. [9]. And now, again by Lemma 2 of Wang et al. [9]],

41 =
(HMY ™! = k'D (A.1)

where I 1(’;) € RVXN s the falling factorial basis matrix of order k, which has elements

(HEY),, = hii/N), ij=1... N
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with h;, i = 1,..., N denoting the falling factorial basis functions in (T0).
Let us write the KTF problem in (3)), (9) explicitly as

DM VerIg...0I
I®D<k+1) eI

1 )
min 5 lly —6llz + X : 0| - (A2)

I®I®---@ D&Y )

We now transform variables in this problem by defining § = (H\¥) - .- @ H*))a and using (&),
which turns (A-2)) into an equivalent basis form,

(k) (k)
]0k Hpy ®"'®H1§€1
) o WY |2 H()®IO®...®H()
mﬁgn = ‘y - (Hm -® H, )a”2 + AK! . aof ,  (A3)
acR™ .
(k) (k)
Hyg @ Hyg @-aI° | |
where I° = [0 _g—1)x (k+1) L(n—k-1)]-
Interestingly, the penalty in (AZ3) is not a pure sparsity penalty on the coefficients « (as it is in basis
form in 1d) but a sparsity penalty on aggregated (sums of) coefficients. This makes the penalty a little
hard to interpret, but to glean intuition, we can rewrite the problem once more via the transformation

N
f= Y i iy, @hiy @@ hiy), (A.4)

i1,.ig=1

where recall we are indexing the components of a by «;, .. ;,, foriy,...,iqg = 1,..., N (and the
summands above use tensor products of univariate functions). To be concrete, note that the function
f defined in (AZ4) evaluates to

N

J@) = 30 i )iy (22) - iy (), x € [0,1)°

}Q}E%Z(y(x)— (z) +>\Z > TV(af )>, (A.5)

TE€EZy j=lx_j;€Z4_1

where recall f (+,2_;) denotes f as function of the jth dimension with all other dimensions fixed at
T_j, o Joxk denotes the kth partial weak derivative operator with respect to z;, for j = 1,...,d,
and TV (- d]enotes the total variation operator. To see the equivalence between the penalty terms in
(A3) and @) it can be directly checked that

(e HY @0 1Y )a

contains the differences of the function 9 f /9% over all pairs of grid positions that are adjacent in
the z; direction, where f is as in (A4). This, combined with the fact that 0% f /dx} is constant in
between lattice positions, means that

ol (romeomf)e] = 5 v(HE)

Ok
T_1€ZLq-1 1

the total variation of 9% f /Ox} added up over all slices of the lattice Z, in the x; direction. Similar
arguments apply to the penalty terms corresponding to dimensions j = 2,.. ., d, and this completes
the proof. O



A.3 Proof of Theorem 2

For d = 2, it is shown in the proof of Corollary 8 in Wang et al. [10] that the GTF operator A(*+1)
satisfies the incoherence property, as defined in Theorem|[I] for any choice of cutoff ig > 1, and with
a constant = 4 when k is even and ;4 = 2 when k is odd. It suffices to upper bound the partial sum
term Y17 & 2. Lemmal[A.T| gives the key calculation, where it is shown that for large enough n
and each 79 > 1,
= 1 _[nlog(n/io) fork=0

Z : . nk“io_k fork > 1,

i=i9+1 >
where ¢ > 0 is a constant that depends only on k. For £ = 0, to minimize to the upper bound given
in Theorem [T} we want to balance

O with £\/lognlog(n/io)Ch.
n n

This leads us to choose iy < C), log n, and plugging this in gives the result for k£ = 0.

For k > 1, we want to balance

0 with H\ [logn(n/ig)*Ch.
n n

This leads us to take ig = n*/(c+2) (log n)/ (+2 02/ (*2) 4nd plugging this in completes the proof
for k > 1.

A4 LemmalAdl

The next lemma is the key driver for the sharp rate established in Theorem[2] Here and henceforth,
denote [i] = {1,...,4} for an integer ¢ > 1.

Lemma A.l. Ler & < ... < &,_1 be the nonzero singular values of the GTF operator A¥+1) of

order k + 1. If k = 0, then for any i € [n — 1],

n—1

Z fiz < cnlog(n/ig).

i=ig+1

for large enough n, where ¢ > 0 is an absolute constant. If k > 1, then for any iy € [n — 1],

n—1 1
k41 /:k
E 5—2 <en™ /g,
i=ig+1 Ot

for large enough n, where now ¢ > 0 is a constant depending only on k.
Proof. In the following, we denote by ¢ > 0 a constant whose value may change from line to line, as
needed.

Let us denote by Ay < ... < \,,_; the nonzero eigenvalues of the Laplacian of the 2d grid graph of
size N x N. As shown in Wang et al. [10], the GTF operator A**1 has squared singular values
£ = Af“, i € [n — 1]. We can index the eigenvalues of the Laplacian by 2d grid positions, and we
note (as, e.g., in the proof of Corollary 8 in Wang et al. [[L0]) that they may be written as

. 7T(i1—1) . 7T(i2—1) ..
Niy iy = 4sin? (T) + 4 sin? (T)’ i1,12 € [N].

For the first claim in the lemma, take jo = |[v/%0]. Observe, using sin(z) > x/2 for z € [0, 7/2],
1 1
— <
Ai T Z . i1,i2
1 min{iy,iz}>j0+1 ’

1
Sen DGR Gop

min{i1,iz}>j0+1

—

n—

i=ig+




< 1
cn
= 2 2
‘ 17+
11=7J0 12=1 1 2
N-1 ,.N-1 1
<ecn 5 2ala:
‘ Jo 11+ T
11=Jo0
N-1
1 1 (N-1
=cn — tan -
T 11 11
11=Jo
N-1
1x
Scng —=
A~ i 2
11=Jo

< enlog(N/jo),

for sufficiently large n.

As for the second claim in the lemma, observe, again using sin(z) > x/2 for z € [0, 7/2],

n—1 1 n 1
P DI =
AR

i=ip+1 (i1—1)2+(i2—1)%>ip 1,02

1
< enfHl . |
(i11)24r(2121)2>1-0 ((11 — 1)2 + (ip — 1)2)k+1

1 1
k1  dedy+ .
- /io<x2+y2<2(n1), z,y>0 ((E2 + y2)k+1 Z ingl

( (i1—1)2+(i2—1)2=1q
1 /2 2(n—1) 1 1
<en /0 /\/E 7r2(k+1)rdrd9+7i§“/2

2/ Rt T S
10 ZO

g(%(%ninw)+giﬂ>

A.5 Proof of Theorem

The KTF operator (9), in the current case that d = 2, is simply

Dy @1

&(k+1) — .
+1
I DY

Abbreviate N’ = N — k — 1. Lket1 i, U;, U; be a triplet of nonzero singular value, left singular vector,
and right singular vector of Dg d+ , for i € [N']. We seek the left singular values of A+ e, the
eigenvectors (corresponding to nonzero eigenvalues) of

DDT®I D®DT }

A1) (R +D)T _ [
( ) DT"eD I&DDT

where we abbreviate D = Dglfiﬂ). The vectors
[szzggg; ] ij € [N'], (A.6)
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for i, j € [N'] are (N’)? such eigenvectors. The other eigenvectors are given by

i j 0 . "o
[u%pﬂ’{py@ui}’ ieVl,jelk+1l (A7)

where p;, j € [k + 1] form an orthogonal basis for the null space of D(kH)

The main technical challenge is in establishing incoherence of the vectors in (A.6), (A.7). We note
that, based on the Kronecker product form of these vectors, it suffices to show incoherence of wu;, v;,
i € [N'], and p;, i ﬂf + 1]. Incoherence of u;, i € [N'] is established in Lemma[A.3|and of v;,
i € [N'] in Lemma|A.4} using specialized approximations for eigenvectors of Toeplitz matrices from
Bogoya et al. [T]]. Incoherence of p;, ¢ € [k 4+ 1] may be seen by choosing, e.g., these vectors to be
the discrete Legendre orthogonal polynomials as in Neuman and Schonbach [5]]. We have thus shown
that A(+1) gagisfies the incoherence property, as defined in Theorem T} for any choice of iy > 1.

Now we address the partial sum term ZZ —ig+1 &0 ?. Lemma|[A2]shows that for large enough 7 and a
constant ¢ > 0 depending only on k,

n—1 .
Z 1. .. {nlog(n/zo) fork =0

nk+lisk fork > 1,

just as was the case for GTF. (In fact, this result is proved by tying the singular values of the KTF
operator to those of the GTF operator.) Repeating the same arguments as in the proof of Theorem
gives the desired result. O

A.6 LemmalA.2

This lemma provides a result analogous to Lemmal[A.T] by tying together the singular values of the
KTF and GTF operators.

Lemma A.2. Let&§; < ... < &,_(ry1)2 be the nonzero singular values of the KTF operator Alk+1)
of order k + 1. If k = 0, then for any ip € [n — (k +1)% — 1],

n—(k+1)2
Z 3] < enlog(n/ig).
i=ig+1

or large enough n, where ¢ > 0 is an absolute constant. If k > 1, then for iy € [n — (k + 1) — 1],
g g

n—(k+1)? 1
k+1 /:k
Z e < en® /g,
1=ip+1 T

for large enough n, where now ¢ > 0 is a constant depending only on k.

Proof. Abbreviate D = Dgﬁﬂ), and write GG for the GTF operator of order k£ + 1 defined over a 1d
chain of length N. Alsolet N' = N —k —1,and ¥ = [(k + 1)/2]. Then D is given by removing
the first k1 rows and last ko rows of G, i.e.,

D = PG, where P=[ Onixir In' Onvxir |-

This means

DDT = PGGTPT.
Let B;, i € [N'] be the eigenvalues of DD, and let o;, i € [IN] be the eigenvalues of GGT'. The
Cauchy interlacing theorem now tells us that

Bi > ol ie [N (A.8)

This key property will allow us to relate the nonzero singular values of the KTF operator to those of
the GTF operator, more specifically, to the eigenvalues of the Laplacian of the 2d grid graph.

The squared nonzero singular values of AC+D are the nonzero elgenvalues of (A(kH )TA (k+1),
We can index the eigenvalues of (AK®+1)T A(F+1) by 2d grid positions, as in

Vi, is = Piy + Pis, 1,92 € [N],



where p;, i € [N] denote the eigenvalues of DD, i.e., py = --- = pry1 = 0 and pirrr1 = Bis
i € [N'], where D, f3;,i € [N'] are as above. Also, as in the proof of Lemma|A.1] we can write the
eigenvalues of the Laplacian matrix of the 2d grid graph as

A7;1,1'2 = a’h + aiza Z.171'2 S [N]

where «;, ¢ € [N] is as above. For arbitrary i1, i5 € [N], with at least one i; > k + 2 oris > k + 2,
note that
1 1 1 Qk+1

) . S R ErL = Ykt
djzl,zg le—k—l + Bm—k—l ail—k—l + aiz—k‘—l )\ij_—k—l,ig—k—l

)

where we use the convention S_; = 0 and a_; = 0 for 7 < 0, the first inequality was due to the key
property (A-8), and the second was due to the simple fact (a + b)¥ < 2Fa* + 2Fb*. The last display
shows that to bound the sum of squared reciprocal nonzero singular values of the KTF operator, it
suffices to bound the reciprocal kth power of Laplacian eigenvalues, as was the case for the GTF
operator. Proceeding as in the proof of Lemma/|A. | gives the result. [

A.7 Lemmas[A.3[[A.4, and[A.5]

In this section, the first two lemmas establish incoherence of the left and right singular vectors of
Dy b, They rely heavily on approximation results for eigenvectors of symmetric banded Toeplitz
matrices in Bogoya et al. [1]]. The third lemma relates the eigenvectors of (D1]§ )(DY;H))T to
those of its elementwise absolute value matrix. This is critical for the proof of the first lemma, since,
curiously, (D§ d+ )(Di’fﬁ ))T falls outside of the scope of matrices considered in Bogoya et al. [1]]
(as well as related papers on eigenvector approximations for Toeplitz matrices), but the elementwise
absolute value matrix does not.

Lemma A.3. The left singular vectors u;, i € [N —k —1] 0fD§Z+1) € RV*WN=k=1) 4re incoherent,
i.e., there exists a constant |1 > 0 depending only on k such that

luilloo < =, i€ [N—k—1],

VN

for a constant i > 0 depending only on k.

Proof. For k = 0, the result has already been proved ]in 1Wang et al. [10]]. Assume k£ > 1 henceforth.
As in Lemmaand its proof, abbreviate D = D; d+ ), and N’ = N — k — 1. The left singular
vectors of D are the eigenvectors of DD, which is a symmetric banded Toeplitz matrix with entries

(DD")ij = cji—yy, 5 € [N,

2k +2
where ¢, = (—1)5( +

=0,... k+1
k+1+€)’ €=0,...k+

Let 51 < ... < By be the eigenvalues of DDT. Observe that S < 4F+1 by the Gershgorin circle
theorem.

Unfortunately, the approximation results on eigenvectors of Toeplitz matrices from Bogoya et al. [1]
are not applicable to DD, because DD’ does not satisfy their simple-loop assumption. However,
the Toeplitz matrix

T = 4*1T — abs(DDT),

where abs(A) denotes the elementwise absolute value of a matrix A, does satisfy the simple-loop
assumption, and its eigenvectors are the same as those of DD’ up to elementwise sign flips, as we
show in Lemma[A.5] Thus, it suffices to verify the incoherence property for 7', which we pursue in
the following.

To be concrete, 1" is a symmetric banded Toeplitz matrix with entries
Tij = aj—j, 14,j € [N'],
2k 42

where ag:4k+1~1{€:0}—(k+1+£

)7 0=0,...k+1.



We introduce some notation. Let C denote the complex plane and T the unit circle in C. The symbol
of T is the function a : T — C is defined by

k+1

1 k+1
at)= aet£=4k+1—<2+t+t) :

t=—(k+1)

We define the function g : [0, 27) — R by g(0) = a(e') = 45+ — (2 + 2coso)**+!. (Here we use
t = +/—1 for the imaginary unit, to differentiate it from the the index variable 3.)

It is straightforward to check that a, g as defined above satisfy what Bogoya et al. [1] refer to as the
“simple-loop” conditions: a is real-valued, the range of g is contained in the bounded set [0, 4], ¢
satisfies g(0) = g(2m) = 0, " (0) = ¢g"(27) > 0, and g reaches its maximum of 4**1 at 7 € [0, 2).
Hence, in the notation of Bogoya et al. [1]], we have a € SL® for any o > 4.

For an eigenvalue 7, the characteristic polynomial of 7" is given by

pr(t) = a(t) — 1,
whose 2k + 2 are denoted by zo(7), 21(7), 22(7), . . ., 2z, (7) and their inverses. Following Bogoya
et al. [[1]], we use a labeling convention such that |zo(7)| = 1, and |z, (7)| > 1 for & € [k]. We also
define the function b : T x [0, 7] — (0, c0) by
a(t) —g(s) (24t +1/t)FL — (2 + 2coso)Ft!

b(t, s)

:200557(1+1/t) (2+2coss)—(2+t+1/t)

(Here we are using the simplified form of b in Corollary 2.2 of Bogoya et al. [1]], due to symmetry of
g.) As b is a rational function (ratio of two polynomials) in (¢, s), denoted

P(t,s)
Qt,s)

it has a Wiener-Hopf factorization b(¢, s) = b_ (¢, s)b, (¢, s), where

%:1(1 —t/vi(s))
o (1= t/Gi(s))
for a constant by (s), where v;(s), ¢ € [p] and (;(s), i € [g] denote the roots of P(-,s) and Q(-, s),

respectively, with complex moduli larger at least 1. (The term b_ (¢, s) has a similar representation,
but the specific details are unimportant for our purposes.)

b(t,s) =

by (t,s) = bo(s)

Because a(t) — g(s) is the characteristic polynomial p. (t) with 7 = g(s), the roots v;(s), i € [p] of
P(-,s) are simply 2z9(g(s)), zx(g9(s)), & € [k]; moreover, according to Chapter 1 in Bottcher and
Grudsky [2], the positive Wiener-Hopf factor b (¢, s) in the last display can be simplified to

k
bets) = [T (¢ = 2nlo(s))). (A.9)
k=1
We are now ready to state the eigenvector approximation result. Write 7;, @, for a pair of eigenvalue

and (unit norm) eigenvector of 7', for ¢ € [N']. Combining Theorem 2.5, Theorem 4.1, and Lemma
4.2 in Bogoya et al. [[1]], for each i € [N'], we can represent &; = e;/||e;||2, where

e;=M; + L; + R; + 0;, (A.10)
and for each j € [N'],
z¥7]—+1 zN;_l’j“
M;; = 0i + (=1 N'—i%0i - , (A.11)
! |b4i(204)] =1 |b4:(Z04)|
N'2+1 B b k _;
Ly = 2ot Lo Zodbealo) §~ (1) (A.12)
b1 (204)] =1 o (2 (70)) (2 (730) — 200) (26 (i) — Z04)
Rij=Lini1-;- (A.13)
Here, 0;; = o(1/N"), uniformly over 4, j, and we use the abbreviations b.y;(t) = b (t, s;), where s;
is such that g(s;) = 7, and zo; = z0(7;), 7 € [N'].



The details of the approximation in (A.10)—(AT3) are important for the next lemma, Lemma[A4]
but are not needed presently. By the triangle inequality, for each i, j € [N'],

leigl o IMi| e — Mgl _ 1/[b+i(z00)| + 1/]b+i(Z0i)] n leij — Mij|
leill2 ~ lleill2 leillz — lleill2 lleill2

, (A.14)

the second inequality following as |z;| = 1. Furthermore, by Theorem 2.6 and Lemma 4.2 in Bogoya
et al. [T]], we know that for each ¢ € [N'],

1/2
leslls = VN7 (bﬂ-(zm)*2 T bﬂ-(zoz-)”) +0(1), and (A.15)
llei — Mo ( 1 )
_0 , (A.16)
lleill2 VN’

where the O(1),O(1/+/N’) terms in the above are uniform over 4. Their Theorem 2.6 also shows
that (by;(z0;) =2 + byi(Zoi) ~2)*/? =< 1, uniformly over i. Noting the equivalence of ¢; and £, norms
in R?, we also have that |b;(z0;)| + |b14(Z0;)| =< 1, uniformly over 7, and therefore, combining this

with (A-T4)—(AT16), we conclude

~ |eij| ( 1 )
Uij| = S 0 P
151 = Tl < O\ V&

uniformly over 7, j € [N'], which completes the proof. O

Lemma A.4. The right singular vectors v;, i € [N—k—1] ofDYSH) € RVX(N=k=1) qre incoherent,

i.e., there exists a constant j > 0 depending only on k such that

I

\/N,

[villoo <

i€ [N—k—1],
for a constant i > 0 depending only on k.

Proof. As before, abbreviate D = Dgﬁﬂ), and N’ = N — k — 1. Denote by ;, u;, v; a triplet of
nonzero singular value, left singular vector, and right singular vector of D, for i € [N']. Also denote
by 1;, i € [N'] the eigenvectors of T = 4*+1] — abs(DDT).

Note that by Lemma[A-3] we have the relationship
u; = Su;, 1€ [N/}, (A.17)

between the left singular vectors of D and eigenvectors of T', where .S is the alternating sign diagonal
matrix (as defined in the proof of the lemma). Note also the relationship

VBivi = DTy, i€ [N'], (A.18)

between the right and left singular vectors of D. We will bound the absolute entries of v;, i € [N']
over the interior and boundary coordinates separately.

Bounding the interior elements. Using (A.17), (A.18)), we can translate the expansion in (A.10) for
@; = e;/||eill2, ¢ € [N'] into one for vy, i € [N']. Write w; = D1, i € [k + 2] for the (k + 1)st order
forward difference coefficients. Fix an arbitrary ¢ € [N'] and interior coordinate j € {k+2,...,N'}.
We have, abbreviating j' = j — k — 2,

k+2
VBivig = (=DM T weu; g
(=1
(DM R
= (S T wge i
lleill2
v =1
1)+ k2
Syl > Nwel (M joo + Lijrie + Rijrye + 65 jr ). (A.19)
leill 4=



We first work on the terms in the above sum involving M; j/ 1, £ € [k + 2]. Note that for t € C,

k+2
D fwelt Tt = (L4 )F =B 2g(8), where g(t) = 2+t + 1/6) T2 (A20)
=1

Therefore, recalling (A1), we have

k+2 NS5 g2 N1 k42
Zoi” - (£-1) N'—iZoi. j —(£-1)
> Jwel M jrye = bz E welzg; ™+ (=17 "' Z lwelZo;
/=1 | +1 ZOZ | +1 ZOZ
N'—1_ s N'—1_ .

J R
20;° —(k+1)/2 N'—i 20 ——(k+1)/2
= o7 %0 q(20:) + (—1) T =720 q(Zoi), (A21)
[b44(z0)] ' [b4i(Z0s)| ~° '
where in the last line we have used the fact that ¢(t) = ¢(1/t). Recall also that zo; = zo(7;), where
7; denotes the ith eigenvalue of T', i.e., 7, = g+l _ Bi. By definition, zy; is a unit-modulus root of
the characteristic polynomial

pr(t) =45 — 2+t + 1/ = = 5 = 2+t 1), (A22)
and therefore it holds that ¢(zo;) = ¢(Z0;) = v/B;. Continuing on from (A.2T)), we have
k2
Z we| Mi jr e = ﬁﬁz (ZOz (k+1)/2 + OZ(kH)/Q)Mi,juL (A.23)

Similar logic holds for the terms in (A.19) involving L; j:+¢, R; jo10, ¢ € [k + 2]. First, we reexpress
the definition in (A:12) as
k
Lz] - Z LiKZH(Ti)_]
k=1

Then, again applying (A:20), we have

k42 k
D o lwelLijrre = Linza(7) " a(z(73)).-
=1 k=1

For each « € [k], recall that z,(7;) is a root of the characteristic polynomial in (A:22) with modulus
larger than 1, and hence q(z(7;)) = +/B;. From the last display, this means we can write

k+2 k
> lwelLijore = V/Bi Y OinLinzn(:) 7Y, (A.24)
=1 k=1

for signs oy, € {—1,1}, k € [k]. Based on its definition in (A.13)), we also have

k+2

k
> fwelRijrve = \/Bi ( > UiﬁLimzn(Ti)_(N/_j/)> : (A.25)
{=1 k=1
Putting together (A.19), (A23), (A24), (A.23), and canceling out the common factor of /f3;, we

have

(-1 k+1)/2 k+1)/2 . .
vij =~ (o ) My 4 Y oLz ()

lles]2 —

k S
O‘iNLiliZK Ti —(N"=j") + — .
(S ntuntr o)+

Thus, using the fact that |zo;| = 1 and |2, (7;)| > 1, & € [k],

2 [ |>
vij| < Mijral 4+ > | Lis| + =72
| ]I || || (| 1,5 1| Z‘ I \/E

k=1




It can be shown from the form of the positive Wiener-Hopf factor b, (¢, s) in (A9) that L;,, = O(1),
k € |k], uniformly in . Furthermore, as already shown in the proof of Lemma|A.3| we know that
|M;;/|leill2 = O(1/+/N") uniformly over i, j, and also ||e;||2 = Q(v/N’), uniformly over i. Lastly,
16:51/+/Bi < (2/m)?%%2|5,;;| N?k*2, where we have lower bounded the smallest singular value of D
using (A.8) and the inequality sin(x) > x/2 for small enough z. This does not pose any problems,
because the remainder term ;; is actually smaller than any polynomial in N, uniformly over i, j,
according to Theorem 2.5 of Bogoya et al. [1]]. Therefore, combining all of this with the last display,
we have |v;;| = O(1/v/N’), uniformly over 4 and interior coordinates j.

Bounding the boundary elements. Consider the “inverse” relationship to (A.T8)),
Dv; = «/Biui, i€ [N']. (A.26)
Since 3; < 4%*1, i € [N’], and the vectors u;, i € [N'] are incoherent from Lemma we have
IDvillee < = i€ [N,

VN’
for a constant 1 > 0 depending only on &, or more explicitly,
k+2
Z Wev; jpe—1| < P ije [N'].
= VN

Fix an arbitrary ¢ € [N’], and consider j = k + 1. By the above display, the triangle inequality, and
the observation that |w;| = 1,

k42
c

"
Vigt1] < —— + we| |V k40| < )
| z,k+1| \/ﬁ ;| €|| Z,k+/| \/ﬁ

for a constant ¢ > 0 depending only on k, where in the second inequality we used the incoherence of
the right singular vectors over the interior elements, as shown previously. Continuing on in the same
manner verifies the incoherence property at all positions 5 = k, ..., 1, and similarly, at all positions
j=N’'+1,...,N. This completes the proof. O

Lemma A.5. Abbreviate D = DEE—H) € RIN=k=UXN "and use the notation abs(A) to denote the
elementwise absolute value of a matrix A. Consider eigendecompositions
DDT =UAUT, abs(DD")=U{AU".
Then:
(a) A= AJ’_;
(b) abs(U) = abs(U,.).

Proof. Denote N' = N —k — 1. Let S € RN %N’ be the alternating sign diagonal matrix with
diagonal elements 1, —1,1, —1,. ... Note that S~ = S7 = S. From the relationship

DDT = S~tabs(DD™)S
we conclude that DDT and abs(D DY) are similar, i.e., A = A . From their eigendecompositions,
UAUT = SULAUTST
we also see that U = SU,. which implies abs(U) = abs(U}.). O

A.8 Proof of Lemma

Denote _

Zg={x=(21,...,00) € Zg:x; <1—(k+1)/N,j=1,...,d}.
Pick an arbitrary 6 € H%"!(L), corresponding to discretizations of f € H(k + 1, Lﬁl]d)~ The
bound holds at any 2 € Z, and the fact that 6(N) < ¢L/N is verified by Lemma The KTF

penalty is then
IA®FDG|, = > |(Dye10) (z)| < enLNF71 = L'~ (EFD/4,
mGZd, ’

recalling N = n'/<,
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A9 Lemma

The following lemma follows standard calculations in numerical analysis, e.g., as in Strikwerda [7]].

Lemma A.6. Let f € H(k + 1, L;[0,1]%). The kth order forward discrete difference along a unit
direction v € R%, with step size h > 0, obeys at any point x € [0,1]¢,

1

ak
F (Do) (@) = 5 f(@)| < cLh,

where ¢ > 0 is a constant depending only on k, provided that x + khv € [0,1]? (so that the discrete
approximation is well-defined).

Proof. By Taylor expanding f around x at x, z + hv, x + 2hv, ...,z + khv, we have

f(z) = f(x),
2
flx+ hv) = f(x) + %f(a:)th %%

2 k
@+ 2h0) = f(z) + %f(x)(%) + %%f(x)(Qh)Q P %%f(x)(%)k +r(2h),

2 1 ak k

2 k
f(z+ Ekhv) = f(z) + %f(x)(kh) + %%f(x)(khﬁ +.oF %%f(x)(kh)k + 7(kh),

where r(ih) is integral form of the remainder in the expansion for z + ihv, satisfying
k+1
(k+1)!

, IR k k+l
ir(ih)| = H/0 S () di| < LR, =1,k

(Note that such integrals are well-defined since Lipschitz continuity of 8% f /Ov* implies that the (k +
1)st derivative 9¥ 1 f /Ovk+1 exists almost everywhere and is Lebesgue integrable, by Rademacher’s
theorem.) In the inequality above, we invoked the Holder property, recalling f € H(k + 1, L; [0, 1]%).

Now denote the kth order forward difference coefficients by
: k
;= 71 k+i—1
w; = (=1) i1
Inverting the above (k + 1) x (k 4 1) system of equations (from the k + 1 Taylor expansions), and
inspecting the last equality in the inverted system, gives
ok k+1 k1

gl @ =3 wi(F(@ 4 (i = Do) = (i = 1)) = (Dyed)(z) = 3 wir(i = D).

), i=1,....k+1.

Using our previous bound on the magnitude of remainders, we see

O ook« RS
D,x0 - = | < — | LA™
(D)) — eS| < g S
and dividing through by h* gives the claimed result. [

A.10 Proof of Lemma]

We need only to construct a single counterexample for each k,d > 1. We give such a construction
for d = 2 and k = 1; all other cases follows similarly. Consider a function f : [0, 1]¢ — R defined
by f(x) = Mz + x2, and let € R”™ contain the evaluations of f over the grid Z5. As f is linear, it
is clearly an element of H(2,1;[0,1]2). But, for any z on the left boundary of Zs,

f(x+jvl)+f(x—j;)+f<x+jj> ~3f(z) f<x+j\1[) ~ f(z)

Since M can be arbitrary, this proves the result.

1A@g]|, > = Mn'/?,
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A.11 Proof of Theoremd

We will show that .
® 2
R(HKTU(L,)) = Q(n~w55a [T, (A27)
Taking L,, = C,,/n'~(*+1)/d and applying Lemma 3] would then establish the result.

The result is “nearly” a textbook result on Holder classes in nonparametric regression. A standard
result (e.g., see Chapter 2.8 of Korostelev and Tsybakov [4]) is that, in a model

iid. .
yi = folzi) + &, € < N(0,0%),i=1,...,n
where the design points z; € [0, 1}d, 1 =1,...,n are fixed and arbitrary, we have
. 2 9 _2ki2 2o
inf sup Ellf = follz = Qn~z+25a Li*77), (A.28)
f fo€H(k+1,L,;[0,1]9)
where || - ||2 denotes the L, norm on functions, defined as

5= [ S

Note that we can rewrite the desired result (A.27) as

A~ 2d
inf s E|f - foll2 = QT LT, (A29)
f fo€H(k+1,L,;[0,1]4)
where the design points are {z1, ..., z,} = Zg, the regular lattice on [0, 1]¢, and where || - ||,, denotes

the empirical norm on functions, defined as
1 n
112 = 57 flwa)?
i=1

The proof of (A.28) reduces the estimation problem to a multiple hypothesis testing problem, and
then constructs a sufficiently hard set of hypothesis by taking linear combinations of kernel “bump”
functions and applying the Varshamov—Gilbert lemma (e.g., see Sections 2.7, 2.8 of Korostelev and
Tsybakov [4]], or Section 2.6 of Tsybakov [8]). But in the standard construction, the bump functions
are not only orthogonal with respect to the L5 inner product, but also with respect to the empirical
inner product, since their supports are nonoverlapping. Thus the exact same sequence of arguments
leads to (A.29), i.e., leads to (A.27), provided the empirical norm a bump function is at least of the
same order as its Lo norm, as verified below.

Consider a partition of LO, 1]¢ into m < n®/(2k+2+d) hypercubes, each hypercube having side length

h =1/m'/® =< n=1/2k+2+d) Denote by 2;,7 = 1,.. ., m the hypercube centers and consider bump
functions ¢;(z) = p(z — 2;),7 =1,...,n, where
2 —1
o(z) = hk“K(';j”Q), where K (u) = exp <12) {Ju| < 1}.
—u
In the Lo norm, it holds that ||p; ||2 < h2¥+2+d j = 1,... n. We want to show the empirical norms

are lower bounded at the same rate. By symmetry, it suffices to study one bump function, say, ¢;.
Denote by U the set of grid points lying in a sphere of radius h/(2v/2) around z;. As K (u) > 1/¢?
for |u| < 1/v/2, we have ¢y (x) > h*+1 /e for 2 € U;. But the number of elements in U; is on the
order of nh<, and therefore |1 |2 = Q(h?h2F+2) = Q(h2F+2+d) ag desired. O

A.12 Proof of Theorem 3]

Define a class
Sytt={0 eR": |[AFTVG|; < B} = {§ e R™: 6" L*10 < B2}

Notice that S¥*1(B,,) C T +*(C,,) provided B,, = C,,/\/7, where r < n is the number of rows of
of A*+1) owing to the simple inequality |||, < /722 for z € R™. We will show that

2d
R(SEHY(B,)) = Q(n~ 75w BZFFATT), (A.30)

12



Taking B,, < C,,/+/n would then give the result.

Letting L = UAUT be an eigendecomposition, and note that for any estimator 6 of 6,
16 = Golla = [UT0 — U 6|2,

which means that we may rotate the parameter space and equivalently consider the minimax error
over the rotated class

Skl = {7 ER™: ) M2 < BZ},
=1

where we have denoted the eigenvalues (diagonal elements of A) as A;, i € [n]. We will now seek to
embed a hyperrectangle in the above class and make use of results of Donoho et al. [3]].

Write v = (a, 8) € R x R, and order \; < Xy < ... < \,,, so the above class becomes

syﬂ_{mxneRxwl%}jﬁ“ﬁsﬂﬁ}FRxfwwa

1=2

where we have used the fact that \; = 0. (Here and henceforth, although unconventional, we will
index [ according to components ¢ = 2,...,n, rather thani = 1,...,n — 1, because it simplifies
notation later.) The minimax risk (writing vo = U7 6, and vy = (v, Bo)) satisfies

) 1. o? . |
inf sup —E|I¥ —l3=— +inf sup —E|B - Boll3-
¥ jeedht n B Boeg(By) T

We focus on the second term. The ellipsoid £(B,,) is compact, convex, orthosymmetric and quadrati-
cally convex, the latter property as defined in Donoho et al. [3]. We can therefore use Lemma 6 and
Theorem 7 in their work to conclude that the minimax risk over £(B,,) is at least four-fifths of the
minimax linear risk of its hardest hyperrectangle,

. 14 4 . 1_ A
inf sup —E|8—pBoll5>< sup inf sup —E[B— B3, (A.31)
B BocE(Bn) M 5 HCe(By) Blinear focH T

where the outer sup on the right-hand side is over hyperrectangles H contained in £(B,,). Consider
hyperrectangles parametrized by a threshold 7,

H(r)={BeR" |8 <tir), i=2,...,n},

where for all i = 2, ..., n, using multi-index notation ¢ = (i1, ...,14), we let
k1 .y .
tiy1(T) = B"/(Zi1>~-<7id§‘l' Ai )1/2 i, ... ig <7
0 else.

It is not hard to check that H(7) C £(B,,). The minimax linear risk over H (7) decomposes, and can
be evaluated exactly, as in Donoho et al. [3l],

. 1 1~ ti(r)%0? 1 (r"-1)0°B;
ol s CEIB - foli= Y = N
Blinear BoeH(T) i=2 Rt '

i1,..<,’id§7 2

Lemma([A.7]provides an upper bound on the sum in the denominator above, and plugging this in, we
get
1 (r4-1)0%B2

r2k+2+d )

1 ~
inf  sup —E|f—Bollz>
A BB =l =

Blinear BoeH (1)

. . . . 1 . .
for a constant ¢ > 0. This lower bound is maximized at 7 < (B2 N2k*2)25+2%4  in which case, we

s€e

1 R . 24
inf  sup —E|B — B2 = Q(n~ 7z B,
Blinear BoeH(r) T

Recalling (A.31)), we have hence shown (A.30), and this completes the proof.
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A.13 LemmalA.7

This result slightly generalizes Lemma A.3 of Sadhanala et al. [6].

Lemma A.7. Let L € R™*"™ denote the Laplacian matrix of the d-dimensional grid graph with equal
side lengths N = nY/4 and let

d .
=1
Nipyooig = 4 ) sin’ (%) i1, iq € [N]
=1
denote its eigenvalues. Then for any integer k > 0 and T € [N],

. F2k+2+d
+ s
§ : Aivooia <€ N2E+2

010y tg <T

for a constant ¢ > 0 depending only on k and d.

Proof. The proof follows the same chain of arguments as that for Lemma A.3 in Sadhanala et al. [6].
Using the fact that sin(x) < z forall z > 0,

k+1 m2ht2 9 2\ k1
Y. NS e ((21 —1)% 4.+ (la—1) )
i15,8a ST 010y <T
a2tz T s
T - 12kt
< 4’“N2k+27- Z(z 1)
=1
§ F2kt24d
= Ok
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