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Abstract

We study the problem of constructing probabilistic predictions that lead to accurate decisions when
employed by downstream users to inform actions. Given a single decision maker, developing an optimal
predictor is equivalent to minimizing a proper loss function corresponding to the negative utility of that
individual. For multiple decision makers, our problem can be viewed as a variant of omniprediction in
which the goal is to develop a single predictor which simultaneously minimizes multiple losses. Existing
algorithms for achieving omniprediction broadly fall into two categories: first, boosting methods, which
optimize auxiliary targets such as multicalibration and obtain omniprediction as a corollary, and second,
adversarial two-player game based approaches, which estimate and respond to the worst-case loss in an
online fashion. We give lower bounds which demonstrate that multicalibration is a strictly more difficult
problem than omniprediction and hence the first approach must incur suboptimal sample complexity. For
the latter approach, we discuss how these ideas can be used to obtain a sample-efficient algorithm for our
problem through an online-to-batch conversion. This conversion has the downside of returning a complex,
randomized predictor. We therefore improve on this method by designing a more direct nonrandomized
algorithm that exploits structural elements of the set of proper losses.

1 Introduction

A standard method for fitting a predictive model is to minimize a single loss function measuring its accuracy.
Commonly, this framework is employed under the implicit assumption that accurate predictions are sufficient
to guide the decisions of downstream users. While this may hold true in some examples, in general, predictive
accuracy does not preclude the possibility that the trained model fails on the most decision-critical examples.
For example, neural network classifiers trained using empirical risk minimization have been observed to be
miscalibrated and thus cannot be relied upon to accurately measure outcome uncertainty [Guo et al.l [2017].

In response to this, a growing body of literature has focused on designing predictors that simultaneously
satisfy multiple performance criteria. Rather than solely targeting low empirical loss, multiaccuracy instead
requires the predictor to be unbiased over a collection of reweightings of the feature space [Hébert-Johnson
et al.l [2018] [Kim et al, [2019]. In applications, these reweightings typically include subgroup indicators and
thus multiaccuracy can ensure that the predictor remains unbiased across sensitive subpopulations. This is
strengthened by multicalibration, which further requires the same unbiasedness criteria to hold conditional on
the specific prediction that was issued |[Hébert-Johnson et al. 2018]. Another line of work on distributional
robustness looks to construct predictors that are simultaneously accurate across a variety of covariate shifts
or subpopulations [Mansour et al., [2008| [Blum et al. 2017, [Mohri et al., 2019, [Rothblum and Yonal [2021}
Duchi et al. [2023].

In this paper, we will focus on constructing predictors that provide simultaneously optimal performance
when applied by multiple downstream users to inform decisions. More formally, consider a decision-making
task with covariates X and a binary outcome Y € {0,1}. Let p(X) denote an estimate of P(Y = 1| X), the
conditional probability that Y is equal to one given X, and consider a setting in which a downstream user
will use p(X) to choose an action a € A. Let u(a,y) be a utility function that characterizes the user’s benefit
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from the action a under true outcome y. A natural decision-making procedure is to treat the prediction as
though it were perfectly accurate and select an action

a(p(X);u) € argér;ax By oBer(p(x))[u(a, Y], (1.1)
a
that maximizes the expected utility under Y’ ~ Ber(p(X)). Our goal is to construct predictors that lead to
good decisions when applied in this manner by any downstream user, i.e., to construct predictors that lead
to good performance in when applied to arbitrary utility functions.

A motivation for this framework comes from settings in which a single centralized entity with access to
data and statistical expertise must issue predictions that are useful to a diverse array of end users. This type
of interaction is common in domains such as weather and epidemiological forecasting, where government
organizations regularly broadcast predictions that are utilized by the general public. Alternatively, one may
consider technologies such as language or vision models which are frequently treated as black-boxes by their
users. In these settings, the estimated probability p(X) could indicate the likelihood that the text or image
output by the model contains an error and the user may use this information to decide whether to trust the
model or seek out additional assistance.

Without any further restrictions, obtaining optimal decisions in is as difficult as learning the true
conditional probability function, p*(X) =P(Y =1 | X). Indeed, as we will show in Section |2 the reduction
in expected utility that is suffered by taking action a(p(X);w) instead of the optimal action a(p*(X);u) is
comparable, in the worst-case (over all utility functions), to the L; distance between p(X) and p*(X). By
standard results in nonparametric estimation, this problem quickly becomes intractable when X is of even
moderate dimension (e.g., see Stone| [1982], [Devroye et al. [1996], |Gyorfi et al.|[2002]). As a result, instead of
asking for optimal decisions overall, we will judge p(X) by comparing its performance against the best in a
restricted class of predictors F. More formally, we aim to minimize

Sup sup Elu(a(f(X);u),Y)] — Elu(a(p(X);u), V)], (1.2)

where the first supremum is over all bounded utility function{f] and the expectations are taken over the test
point (X,Y"). Importantly, unlike the standard setup in nonparametric estimation, we place no smoothness
assumptions or other restrictions on the distribution of the data. Additionally, note that in this objective the
comparator in F is allowed to depend on the utility function. On the other hand, the prediction p(X) that
we construct must be universal to all decision-making problems.

By reformulating slightly, our problem can be seen as a special case of a more general framework
known as omniprediction |Gopalan et al.| [2022]. Stated simply, omniprediction is the task of constructing
predictors which minimize multiple loss functions simultaneously. Given a class of losses £ and competitor
functions F, we aim to produce p(X) to minimize

sup sup E[((p(X),Y)] — E[((f(X),Y)]. (1.3)
LeL feF

To connect this to our current setting, let £*(p(X),Y) = —u(a(p(X);u),Y) denote the loss induced by utility
function u. We thus obtain the equivalence

Elu(a(f(X);w), Y)] = Elu(a(p(X); u), Y)] = E[£*(p(X), V)] - E[£*(f(X),Y)].

Further, it is easy to check that p € argmin (o 1) Ey ~Ber(p) [¢%(g,Y)]. Our problem can then be equivalently
formulated as bounding the omniprediction error with £ taken to be the set of bounded loss functions
that are minimized by predicting the true probabilities. In the probabilistic forecasting literature, losses with
this last property are referred to as proper |Gueiting and Raftery], 2007].

Following the initial proposal by |Gopalan et al.| [2022], numerous authors have examined algorithms for
achieving omniprediction. These methods can be broadly categorized into two groups. The first are boosting
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algorithms [Gopalan et al.l 2022} |2023bllal |Globus-Harris et al., [2023] [Kim and Perdomo, |2023, |Gopalan et al.
2024]. These contributions begin by noting that in order to have low omniprediction error it is sufficient for
p(X) to satisfy a corresponding set of multiaccuracy, calibration, and/or multicalibration criteria. Then, a
predictor that satisfies these criteria is constructed in an iterative fashion by identifying and correcting any
criteria which are not currently met. The second class of methods is based on algorithms for what are known
as two-player games |Garg et al., 2024, Noarov et all [2025] |[Okoroafor et al., 2025| |Lu et al.| [2025]. Here, the
omniprediction problem is framed as a game in which one player constructs a mixture loss that serves as a
proxy for the supremum in and the second player constructs the predictor as a best response to this loss.
By drawing on tools from the online learning literature, these two players can be designed to guarantee that
the predictors returned by the second player satisfy an online form of omniprediction. As shown in [Okoroafor
et al|[2025] and [Lu et al.|[2025], standard online-to-batch conversion methods can then be used to obtain a
predictor with low error on i.i.d. data.

As an aside, we note that a third approach for omniprediction that does not directly use the two-player
game set-up, but draws on closely related tools from the online learning literature, is developed in [Dwork
et al.|[2024]. Their method is designed specifically for cases in which compositions of the loss and comparator
functions can be efficiently embedded in a kernel class. In general, this embedding leads to suboptimal rates
for the problems we are interested in and thus we will not focus on this method in detail.

The remainder of this paper is devoted to studying the sample efficiency of algorithms for omniprediction
with respect to the class of proper loss functions. We begin in Section 2] by giving a precise characterization of
the omniprediction error when no restrictions are placed on the comparator class. We show that in this case
omniprediction is equivalent to L; estimation of p*(X), and thus suffers from poor (nonparametric) learning
rates. Section [3| considers the performance of boosting methods under the setting in which F has finite VC
dimension VC(F) < co. We establish that for a sample of size n the sufficient conditions of multicalibration
and calibrated multiaccuracy can be achieved together at a rate no better than \/VC(F)/n +n~2/5. This is
strictly worse than the error bound of O(1/VC(F)/n) obtained by two-player game based methods [Okoroafor]
et al) [2025], where recall the notation O(-) hides polylogarithmic factors in VC(F) and n. Therefore, existing
boosting methods that target these criteria must be suboptimal.

It is interesting to note that the error rate obtained by two-player game based methods for omniprediction
is (up to polylog terms) identical to the optimal learning rate for standard risk minimization of a single loss
function. A classical result in learning theory shows that the best possible error rate for binary classification
with respect to the 0-1 loss is \/VC(F)/n (e.g., see Theorem 14.5 in |Devroye et al.| [1996]). Since the 0-1 loss
is proper, this lower bound also applies to our present omniprediction problem. In what follows, we refer to

VC(F)/n as the optimal rate for omniprediction and we say that any method that achieves this rate up to
polylogarithmic factors is sample-efficient.

Sections [4] and [5] give our presentation of such sample-efficient algorithms for omniprediction. Section []
presents a general reduction of the omniprediction problem into the comparatively simpler task of ensembling
a finite set of predictors over a small collection of loss functions. Here, we draw heavily on the work of [Savage
[1971) and |[Ehm et al|[2016] which demonstrates that all proper losses can be decomposed as mixtures over a
class of weighted 0-1 losses. Section [5| then presents two methods. In Section we discuss two-player game
based algorithms and derive a new variant of such methods which is simpler to compute. Like all two-player
game based methods, this procedure achieves sample efficiency, but does so at the cost of producing a complex
randomized predictor. To overcome this shortcoming, in Section [5.2| we present a new algorithm that more
directly exploits structural properties of the set of proper loss functions to obtain a nonrandomized predictor
that yields the same optimal error rate. This partially answers an open question of |Okoroafor et al.| [2025]
who raised the problem of constructing nonrandomized omnipredictors which achieve sample efficiency.

Empirical evaluation of the aforementioned methods on both simulated examples and a sales forecasting
dataset is given in Section [6] As expected, we find that boosting methods give suboptimal performance when
compared to the other approaches. On the other hand, methods based on two-player games and our direct
ensembling approach realize similar error rates in practice.

While our methods are designed for the binary prediction problem, they can be readily extended to other
targets. In Section |7} we describe a result of |Steinwart et al. [2014] that provides a general characterization



of proper losses for other point prediction targets for continuous outcomes such as (conditional) means or
quantiles. By comparing this result to the binary case, we find that our methods can be applied to construct
point predictors that are simultaneously accurate over all proper losses for a given one-dimensional target (a
single mean or quantile). Estimation of multivariate targets is considerably more challenging and provides an
interesting open direction for future work.

Notation. In what follows, we let {(X;,¥;)}"; C X x {0,1} denote an i.i.d. training sample. We use
(X,Y) to denote a test sample taken independently from the same distribution and p*(X) =P(Y =1 | X) to
denote the true conditional probability function. Throughout, we will work with the class

Ly = {E [0,1] x {0,1} = [0,1] : p € argmin Ey, ger(p) [€(q,Y")], for all p € [0, 1]}7
q€[0,1]

of bounded, proper loss functions. Our goal is to use {(X;,Y;)}, to construct a predictor p(X) with low
omniprediction error (|1.3]) specialized to Ly, i.e., a low value of

OP(p; Lo, F) = sup sup E[£(p(X), V)] = E[£(f(X), Y], (1.4)

where as usual, the expectations are taken over the test point (X,Y).

2 Comparison to nonparametric estimation

To begin understanding the omniprediction problem, it is useful to first consider how behaves when F
is allowed to include all possible competitor functions. First, as a sanity check, let us verify that p*(X) does
indeed achieve the minimum possible omniprediction error in this case. Indeed, for any proper loss ¢ and for
any predictor p(X),

E[t(p™(X),Y)] = E[E[((p"(X),Y) | X]] < E[E[(p(X),Y) | X]] = E[((p(X),Y)],

where the inequality follows from the definition of propriety. Furthermore, since the loss £* induced by an
arbitrary utility function u is proper, the true conditional probability p*(X) is the optimal predictor for any
decision-making problem,

Elu(a(p™(X);u),Y)] = Elu(a(p(X); u), Y)],

where the inequality again follows by conditioning on X and applying propriety.

As p(X) moves away from p*(X) it will no longer give optimal performance over all proper losses. This is
quantified in the following proposition which shows that for a general predictor, the maximum performance
gap relative to p*(X) scales with the L; distance. As p*(X) is always the optimal predictor, this proposition
can be interpreted as giving bounds on the omniprediction error in the case where no restrictions are placed
on F. The proof of this result is deferred to Appendix [A] as will be the default for proofs in this paper.

Proposition 1. For any predictor p : X — [0, 1],

St BlIn(X) — (X)) < sup E[H(p(X),Y)] ~ E[tlp" (X),¥)] < 2E[[p(X) " ().

It is well-known that without parametric assumptions, L; estimation of p*(X) suffers from a strong curse
of dimensionality. For instance, if X is uniformly distributed on [~1,1]¢, and p*(X) can be any Lipschitz con-
tinuous function (with say, a Lipschitz constant of at most 1) then we have E[|p(X) — p*(X)|] > Q(n~1/(4+2)),
where the expectation is taken over X and the training samples {(X;,Y;)}_; used to fit p(X) [Stone, [1982].
In omniprediction, we compare to predictors in a restricted class F, which allows us to circumvent the curse
of dimensionality and recover more tractable rates. Furthermore, we note that this is not the same as simply
targeting the projection of p*(X) onto F. Such a projection will be loss-dependent, whereas omniprediction
requires high accuracy against all losses in £y simultaneously.



3 Omniprediction via multicalibration or calibrated multiaccuracy

Starting with |Gopalan et al.| [2022], various authors have considered algorithms for obtaining omniprediction
via the stronger notions of multicalibration and calibrated multiaccuracy, such as|Gopalan et al.| [2023Dblla],
Globus-Harris et al.| [2023], [Kim and Perdomo| [2023], |Gopalan et al.| [2024]. To define these targets formally,
let G denote a class of functions mapping X to R and p : X — [0, 1] denote a prediction of p*(X). We say
that p(X) is multicalibrated with respect to G if

Elg(X)(Y = p(X)) [ p(X)] =0, for all g € G.
We say that p(X) is calibrated if E[Y | p(X)] £ p(X) and multiaccurate if
E[g(X)Y —p(X))] =0, for all g € G.

We use the term calibrated multiaccuracy to refer to predictors that are both calibrated and multiaccurate.
In essence, multiaccuracy requires the predictor to be unbiased under all reweightings of the feature space by
functions in G, whereas calibration requires that the true and predicted frequencies of Y = 1 match over all
instances where we make the same prediction. Multicalibration goes further by combining these conditions
into a single statement. As a sanity check, one can verify that the true conditional probability p*(X) satisfies
all three of these conditions.

Of course, our estimated predictor will never be exactly calibrated or multiaccurate, and to measure its
discrepancy from these targets, we define multicalibration, multiaccuracy, and expected calibration errors by

MC(p; G) = sup E[|E[g(X)(Y - p(X)) | p(X)]|].

MA(p; G) = sup [E[g(X)(Y — p(X))]

ECE(p) = E[|p(X) — E[Y | p(X)]]],

respectively. It is easy to verify that if the constant function z + 1 is in G, then the multicalibration error of
a predictor upper bounds both its multiaccuracy and expected calibration errors.

To connect these definitions to omniprediction, we will need to study a specific choice of the class G. Let
0Ly ={p— L(p,1) —£(p,0) : £ € Ly} denote the set of discrete derivatives of proper losses (with respect to
theor second argument), and 9Ly o F = {x — £(f(x),1) — £(f(x),0) : £ € Ly, f € F} denote the composition
of these functions with the comparator class F. Below we recall a known bound on omniprediction error.

)

Theorem 1 (Corollary of Lemma 12, Proposition 13, and Theorem 17 in |Gopalan et al.| [2023a]). For any
predictor p : X — [0,1],

OP(p; Lo, F) < MA(p; 0Ly o F) + ECE(p) < 2MC(p; 0Ly o F U {z — 1}).

Despite the extensive study of calibrated multiaccuracy as a vehicle for omniprediction, little seems to
be known about the relative difficulty of these two problems beyond Theorem [I} As we will now argue, the
former is strictly more difficult and necessarily incurs a greater sample complexity. The underlying reason for
this stems from two simple observations. First, in order to construct a predictor (X ) with low calibration
error we must restrict the range of its outputs. In particular, to verify |E[Y | p(X) = ¢] — ¢| is small we need
to have many points X; for which p(X;) = ¢, and this is only possible when p(X) takes on a small number of
distinct values. On the other hand, even for very simple function classes, all (approximately) multiaccurate
predictors must have sufficient complexity to capture the correlations between p*(X) and g(X). These two
considerations create a natural tension between calibration and multiaccuracy resulting in the following.

Proposition 2. Suppose X =R and let G = {x — x} denote the singleton function class containing just the
identity. Then for a universal constant ¢ > 0,

inf sup E[max {MA(ﬁ; g),ECE(ﬁ)}] > en~2/%,

P Px

where the expectation is taken over training samples {(X;,Y;)}1 4 X Pyy used to fitp: X — [0,1].



Proposition [2| evaluates calibrated multiaccuracy over a simple singleton function class. To connect this
choice of G with the compositional class 9L o F appearing in Theorem [T} one may simply note that by taking
F =G ={z+ z} and considering the squared loss we have 2z — 1 = (z — 1)? — 2% € Ly o F. Using this fact,
one may argue that in this case Proposition [2] goes through with G replaced by 9L o F, hence providing a
lower bound on the difficulty of calibrated multiaccuracy when it is used to ensure omniprediction.

After quantifying the difficulty of calibration and multiaccuracy in combination, we will now also give a
lower bound on the difficulty of obtaining multiaccuracy alone. Notably, (up to polylogarithmic factors) this
lower bound matches the upper bound previously derived in |Okoroafor et al.| [2025].

Proposition 3. Let G denote a set of functions of finite VC dimension which take values in {—1,1}. Then
for a universal constant ¢ > 0,

VC(G)

)

inf sup E[MA(p;G)] = ¢
P Pxy n

where again the expectation is taken over training samples {(X;,Y;)}" % Pyy used to fitp: X —10,1].

1=

Once again, by choosing F appropriately, we can connect Proposition [J] to omniprediction. For instance,
note that the standard 0-1 loss £(p,y) = 1{p < 1/2,y =1} + 1{p > 1/2,y = 0} is proper. If the functions in
F output values in {0, 1}, their composition with the discrete derivative of ¢ can be written as

L
+1, f(z)=0.

((f(x),1) = €(f(x),0) = {—1’ f(z)

and the lower bound of Proposition [3| holds with G replaced by Lo o F and VC(G) replaced by VC(F).

More generally, by combining the above two results, we see that for F of finite VC dimension calibrated
multiaccuracy cannot be obtained at a rate better than /VC(F)/n +n~2/5. As we will see shortly, this is
strictly worse than the optimal rate of \/VC(F)/n (up to polylogarithmic factors) for omniprediction. Thus,
methods targeting calibrated multiaccuracy and multicalibration cannot possibly produce optimal algorithms
for the omniprediction problem.

To round out our discussion, we finish this section by giving a new algorithm for calibrated multiaccuracy
which obtains an error bound of Op(\/VC(F)/n +n~1/3). This rate is almost identical to our lower bound,
which has a slightly larger exponent on the second term, and improves on previous methods for this problem
as well as for multicalibration, which typically incur sample complexities of order (VC(F)/n)*/* where k > 4
(e.g.,|Gopalan et al. [2023a],|Globus-Harris et al|[2023], (Okoroafor et al.| [2025]). Unfortunately, the algorithm
we present is not computationally tractable due to the fact that it requires iterating over all functions in G.
Hence, our goal in presenting this result is not to give a new practical method for calibrated multiaccuracy,
but instead to help delineate the best rates one can expect for this problem. We leave it as an open problem
to close the gap between the upper bound provided by this method and our lower bounds. Finally, we note
that while we state the next result for finite function classes, it can be readily extended to infinite classes by
taking an appropriate cover.

Proposition 4. Let G be a finite class of functions which take values in [—1,1]. Then, given i.i.d. training
samples {(X;, Y)Y, C X x {0,1}, there is an algorithm which inputs these samples and outputs a predictor
p(X) such that
. A log(lg) 1
max {MA(5: G), ECE(p) } < op( Ugh L),

At a high-level, our method for achieving calibrated multiaccuracy uses a similar construction to two-player
game based algorithms for omniprediction. Namely, it enumerates multiaccuracy and calibration as a list of
multiple objectives for p(X) and best-responds to mixtures of these objectives in an online fashion. The next
section gives a discussion of methods of this type for omniprediction. Therefore, to avoid repetition, we defer

a detailed description of our method for calibrated multiaccuracy (which provides the result in Proposition
to Appendix [B]



4 Reduction to finite ensembling

In the following section, we will present two methods for obtaining omniprediction at optimal rates. Both of
these algorithms will be based on a simplification of the omniprediction problem that replaces the general set
of all proper losses with a discrete collection. This allows us to reduce omniprediction to an ensembling task
over a finite set of competitors. Structured characterizations of certain classes of proper loss functions have a
long history in the literature dating back to the foundational work of |[Savage| [1971]. In what follows, we will
draw in particular on |[Ehm et al.| [2016].

To begin simplifying the problem, we will first restrict the omniprediction task to the set of losses which
are left-continuous in the prediction. This simplification is not critical and in practice we believe it will have
little effect on the performance of the predictors. For instance, for a finite action space the decision-making
function

a(p;u) € argmax By per(p)[u(a, Y')] = argmax p(u(a, 1) — u(a,0)) — u(a, 0),
ac€A acA

is an argmax over a finite collection of functions linear in p. In particular, this implies that as a function of its
first argument a(p; u) is piecewise constant with discontinuities at the values of p for which there are multiple
optimal actions. To break ties at these points, we may define a(p;u) = limgy, argmax, ¢ 4 By’ per(q)[u(a, Y’)]
as the limiting action over as ¢ approaches p from below. One can verify that under this choice the induced
loss ¢*(p,y) = —u(a(p;u),y) is left-continuous. In general, we believe that the restriction of left-continuity is
benign and captures most practical settings. A brief discussion on potential avenues for extending our results
to non-left-continuous losses is given in Appendix [C]

In addition to this continuity requirement, we will also restrict ourselves to losses that satisfy ¢(0,0) =
£(1,1) = 0. This restriction has no material impact on our results, since given an arbitrary proper loss £ one
may always substitute it with the translated loss E(p, y) = 4(p,y)—£(y,y) without changing the omniprediction
error. In what follows, we use £}, to denote the set of losses satisfying the above restrictions.

Now, our main tool for simplifying £}, will be a representation for members of this class as mixtures of
weighted 0-1 losses. More precisely, for any 6 € [0, 1] let £y denote the weighted 0-1 loss given by

lo(p,y) =01{p >0,y =0} + (1 —0)1{p < 0,y = 1}.

To develop intuition, one can interpret the cases p > 6 and p < 6 as corresponding to predictions that y =1
and y = 0, respectively. The values # and 1 — 6 then determine the relative weights given to errors in each of
these predictions.

It is easy to verify that £y is proper since for any p € [0, 1],

Ey'nBer(p[lo(q,Y")] = 0(1 — p)1{g > 6} + p(1 — 6)1{q < 6}, (4.1)

and thus the minimizers of the loss are given by

[0,6), p<@,
argmin IEY’NBer(p) [69(117 Y/)] = (97 1}7 p > 07
acl0dl 0,1, p=4.

In particular, we see that p is always a minimizer.

The key fact that we will use to simplify the omniprediction problem is the following decomposition of
Ehm et al.| [2016] which shows that any element of £}, can be obtained as a mixture of weighted 0-1 losses ¢,
6 € [0,1].

Theorem 2 (Theorem 1 of Ehm et al|[2016]). For any £ € L), there exists a nonnegative measure fr on [0, 1]
such that u(]0,1]) <2 and

1
tp.y) = / to(p.y) dyu(8), for all p € [0.1] and y € {0,1}.



Applying Theorem [2| to the omniprediction problem we have the equalities,

OP(p; Lie, ) = sup E[((p(X),Y)] - E[((f(X),Y)]

LeLlye, fEF
1
= sup_ [ Blf(6X),Y) = (7). V)] du(6)
w,feEF JO
—2  swp  E[(3(X), )] - Elby(F(X), V).
0e€l0,1],feF

In particular, we find that the omniprediction error equals twice the maximum possible error over all weighted
0-1 losses. To complete our simplification, we will show that it is sufficient to approximate this last quantity
by 6 falling in a discrete set.
Fix m € N. Given an arbitrary 6 € [0, 1] our goal will be to round it to the grid {;- — A ie{l,...,m}}
3

For ease of notation in what follows, let 6; = - — ﬁ Our first step will be to restrict our predictor p(X) to

lie on the grid {0, %, %, ..., 1}. This restriction is completely innocuous and will be guaranteed by all of the
algorithms developed in the subsequent sections. Second, we will assume that the function class F is closed
under all constant translations. The issue we need to avoid is the case in which there is a predictor fy € F
that is optimal under a loss ¢y but its performance cannot be (approximately) replicated under the rounded
loss £y, for 6; taken to be the value on the grid closest to 6. This edge case is ruled out by the assumption of
closedness of F under constant translations (however, this particular condition is not critical, and it can be
replaced by a variety of other sufficient conditions).

Under the above restrictions, we have the following simplification of the omniprediction error.

Lemma 1. Suppose that F is closed under constant addition. Then for any predictorp : X — {0, %, %, cooy 1Y
1
sup  E[fy(p(X),Y)] — E[ly(f(X),Y)] < sup  E[ly, (p(X),Y)] = E[ly, (f(X),Y)] + —.
0el0,1],feF ie{l,...,m},feF m

Using this simplification, we will split our methods for constructing a predictor p(X) into two steps. In
the first step, we find predictors { fgi ™, which empirically minimize the losses {£g, }I,, respectively. If F is
a class of finite VC dimension and we define fgi to be the empirical risk minimizer of ¢y, over a sample of size
n, then standard arguments (e.g., see Theorem 6.8 of |[Shalev-Shwartz and Ben-David| [2014]) guarantee

A VC(F)log(m
up Blta (o (). Y] - Bl (1(3), )] < 0 XEL0E), (1.2
ie{l,...,m},feF n
Then, in the second step we will ensemble { fgi ™, into a single predictor p(X) minimizing

The remainder of this article will be focused on methods for performing the second step . For simplicity
in what follows, we will assume that {fp, }7, are fixed in advance and the entire dataset {(X;, Y;)}™, is used
for ensembling. In practice, and in the examples we consider later, we will split the data into two parts: one
for fitting the base predictors { fgi 7 and the other for ensembling them to derive the omnipredictor.

5 Sample-efficient methods for omniprediction

5.1 Method based on two-player games

We now present our first sample-efficient algorithm for omniprediction, based on a formulation of omnipredic-
tion as a two-player game in which one player maintains a mixture over the omniprediction objectives and the
other player responds with a predictor which performs well on that mixture. To formalize this, let ¢ = (¢;),



denote a probability distribution over {6;}, where ¢; denotes the probability of observing ;. Consider the
mixture over omniprediction objectives given by

E(p7 x y ZQ'L 69 pa —f(fe( ) ))

The goal of the first player in the game will be to maximize the mixture loss in expectation, i.e., construct a
mixture such that

BlUGX), (XY )ig) = _max El6a,(5(X), V)] = El6(fo,(X), V)L (1)
The goal of the second player is to learn p(X) that minimizes the expected mixture loss. Under 7 this is
equivalent to the ensembling step (minimizing the worst-case excess loss against a base predictor), and
by the results of the last section, is sufficient to guarantee that p(X) has small omniprediction error.

In our algorithm, the two players will execute on these objectives in an online fashion. To guarantee ,
the first player will use the well-known hedge algorithm, which learns ¢ using online mirror descent (or more
accurately, mirror ascent) over the probability simplex [Vovk, 1990} Littlestone and Warmuth| 1994} [Freund
and Schapire, [1997]. To respond to ¢, the second player will solve a min-max program that protects against
the unknown distribution of Y | X. More precisely, if we let A,, denote the set of probability distributions

over {0, L poo) i, ..., 1}, then the second player will form its (randomized) prediction at = by solving

E ’'~Ber ~ E ’ 7Y/; : 52
2 Bt el 5 Y0) -

A critical observation underlying the success of this algorithm is the following bound.
Lemma 2. For any x € X, the program in (5.2)) has optimal value at most zero.

Proof. The optimization problem (5.2)) is bilinear in P and p,, and thus by von Neumann’s min-max theorem
[von Neumann et al.l [1944] we may swap the order of minimization and maximization to obtain

7y, _ 7y.
PHGHAnm pirelz[ibxl] ]EY’NBer(py),pNP[g(pa (1:7 Y )7 Q)] - Helé[iéxl] PHGHAH ]EY NBer(py),pNP[g(pa (1:7 Y )7 Q)] (53)

Since each of the losses {fg, }7*, are proper, we additionally have that for each 1,

Ey'Ber(p,) [0 (Pys Y')] — Eyraper(py) [Co, (fo, (), Y')] <0,

thus EY,NBer(py)[f(py, (2,Y");q)] <0. Moreover, it is easy to check that the value of ¢y, (p,,Y”) is unchanged
when p, is rounded to its nearest value on the grid {o,L pro 31, ..., 1} (where ties are broken by rounding down).

Setting P to be the distribution that puts all its mass on this rounded value in the inner minimization on the
right-hand side in (5.3)) gives the desired result. O

After only minor transformations, the optimization problem can be written as a linear program with
m variables and two constraints corresponding to the values y € {0,1}. It can can then be solved by calling
any standard convex solver. However, in the implementation of our two-played game based omniprediction
algorithm, we will need to solve repeatedly, and hence even a slight inefficiency will be magnified when
the solver is called many times. Fortunately, by exploiting the structure of weighted 0-1 losses we can derive
a more direct characterization of the solution, allowing us to solve in O(m) time.

Lemma 3. Fiz any m € N, x € X', and probability distribution q. Define the optimal values

1 2 m m R
0* — max{@ € { S E"”’l} : ;qi]l{ﬁ <6;} > ;qill{fgi(a:) < Hi}},
= it {0 < 0} = S ail{fo.(x) < 0:)

dmo*+1
with the caveat that p* = 0 if * = 1. Then, P* = (1 — p*)dg= + p* 0«11 /m solves (5.2).




Algorithm 1: Two-player game based omniprediction

Input: training samples {(X;, YZ)}l 1, base predictors {fg ™ ., learning rate n > 0

1 initialize ¢;(1) = L, for all i € {1,...,m};

2 fort=1,...,ndo

3 Pi(x) € argminpea, max, cio.1] Ey/~Ber(p,) p~prll ( (z,Y");q(t))], for all z € X;

4 | G(t+1) =q(t)exp((E, _p, x,)llo; (0, Yo)] — Lo, (fo,(Xe), ), for all i € {1,...,m};
5 (t+1)= %ﬁor alli e {1,...,m};

6 return P = Dy y 22

Algorithm [I] now gives a complete description of our two-player game based method for omniprediction.
As stated in Theorem [3| below, this obtains (up to polylog factors) the optimal omniprediction error rate of
v/ VC(F)/n. The proof of this theorem is provided in Appendix The main idea is to combine Lemma
with a regret bound for ¢(¢) that formalizes and guarantees that the learned mixture losses are a good
proxy for the omniprediction objective. These two results are sufficient to control the online omniprediction
error. Generalization to new test samples is then obtained through a standard online-to-batch conversion and
the Azuma-Hoeffding inequality.

Theorem 3. Let F be a function class with finite VC dimension and assume that the base predictors {fgi}?;l
satisfy (4.2). Then, settingm = ©(/log(n)/n) and n = O(y/n/log(m)), Algorithm 1] produces a distribution
P(X) such that the randomized predictor p(X) ~ P(X) has omniprediction error

OP(p; Lie, F) < 0P< VCU”))

n

As discussed in the introduction, we are not the first to propose a method for omniprediction based on
two-player games. |Garg et al.| [2024], Okoroafor et al.| [2025] both develop two-player game based algorithms
that achieve an online omniprediction (up to polylog terms) at the rate /VC(F)/n. As noted by |Okoroafor
et al. [2025], applying an online-to-batch conversion to these procedures then gives an offline omniprediction
method with the same error rate. The main contribution of Algorithm [T] relative to these methods is that it
is simpler to compute and implement. This stems from the fact that we have offloaded the optimization over
F to a separate step where we construct the base predictors { fgi ™ .. In contrast, the methods of |Garg et al.
[2024] and |Okoroafor et al.| [2025] must perform substantial additional computation to handle the entire set
of competitors in F at every iteration of the online algorithm. Nonetheless, Algorithm [I]is similar to existing
approaches. In the next subsection, we go farther and develop a direct ensembling approach which achieves
sample efficiency without randomization.

5.2 Direct ensembling

We develop a new omniprediction algorithm that more directly exploits the structure of weighted 0-1 losses.
The predictor produced by Algorithm [I] is randomized, and to compute the distribution of its prediction at a
given test point X, we must solve a sequence of 2n linear programs (minimally, we require Pt(Xt) and P, (X)
for each t). These issues are not unique to Algorithm ' 11} and other two-player game based algorithms share
similar shortcomings. Recently, |Okoroafor et al.| [2025] raised the question of whether it is possible to achieve
sample-efficient omniprediction without randomization. Here, we answer this question in the affirmative for
proper losses.

5.2.1 Warm-up: ensembling two predictors

To motivate our method, it is useful to consider the simplest case in which we have just two base predictors,
f@h and f@l, associated with parameters 0y, > ;. Recall that for weighted 0-1 losses there are effectively only
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two predictions: namely, given parameter § we may either output the prediction p(X) > 6 or p(X) < 6. The
first (respectively, second) prediction is optimal when p*(X) > 6 (respectively, p*(X) < ¢). Extending this to
the pair fp, (X) and fg,(X) we find that there are four possible cases:

{fo,(X) > On, fo,(X) > 01}, ii. {fo,(X) < O, fo(X) <00},
1ii. {feh(X) < O, fel(X) > 91}7 Iv. {feh(X) > Op, f@l(X) < 91}

In the first three cases, the predictions of fgh (X) and fgl (X)) are consistent with each other, and to obtain a
small omniprediction error we may simply define p(X) to agree with both of them. In particular, in case i we
can set p(X) > 0y, > 6y, in case ii we can set p(X) < 6; < ), and in case iii we can set §; < p(X) < 6. On the
other hand, in case iv the predictions of f, (X) and fp, (X) are contradictory. To resolve this disagreement,
we can examine the data and set

(O, 1), A EL(Y | fo, (X) > On, fo,(X) < 01) > O,
ﬁ(X) S (Ql,ﬁh], lf]gln(y | ‘]igh(X) > gh,.}igl(X) < 91) S (917911},
[0,6:], B | fo,(X) > bn fo (X) < 61) < b0,

where E,, denotes the empirical expectation operator over {(X;,Y;)}"_,. As the following lemma shows, this
definition produces low omniprediction error.

Lemma 4. Fiz any 0;, > 6; and predictors fgh and fgl. Let p(X) be defined as above. Then,

aer{%%h}E[Ee(ﬁ( ), Y)] — E[ly(fo(X),Y)] < Op(\/:)

Proof. For simplicity, we will only consider the case 8 = ;. The case 6 = 0, is similar. Let E = {fy, (X) >
01, fo,(X) < 0;} denote the event where the predictors disagree. By construction, we have

E[£o, (A(X), Y)] = Elto, (fo,(X),Y)] = E[(£o, (B(X),Y) = Lo, (fo, (X),Y) L{E}]
= E[(lo, (1, ) — £g, (0, Y))]l{E}]]l{fE [Y | E] > 0i}

where the last equality follows from the definition of £y,. This last quantity can be bounded using Hoeffding’s
inequality. O

5.2.2 General case: ensembling m predictors

Extending Lemma [d] beyond two predictors requires considerable care. The m predictors { fgi}ﬁl can make a
total of 2™ combinations of predictions (corresponding to each predictor fgi lying on either side of 6;), the
vast majority of which contain some disagreements. Notably, we cannot obtain accurate estimates of the true
probability of Y = 1 under all of these combinations simultaneously. As a result, instead of evaluating these
events individually, we will devise an iterative scheme in which the predictors are ensembled in groups.

The main primitive in these iterations is a merge algorithm that takes as input two predictors py,(X) and
p1(X) which are designed to give low error on losses ¢y for 8 € ©, and 6 € O, respectively. The sets (0, ©;)
are constructed so that 6, > 6; for all 6, € ©; and 6, € ©;. The output of the merge method will be a single
predictor, p,,,(X) that obtains loss comparable to py(X) on all parameters 6, € ©, and comparable to p;(X)
on all parameters 0; € ©;.

This merge procedure resolves disagreements between pp,(X) and p;(X). This is done using the following
iterative scheme. We begin by simply positing that py(X) is a good predictor, and hence set p,,, (X) = pp(X).
This will guarantee that p,,(X) has good performance on Oy, but it leaves open the possibility that it fails on
(a subset of) ©;. To address this, we iterate through the elements 6, € ©; in descending order and examine
the empirical expectation E,[(¢g,(1,Y) — £p,(0,Y))1{X € E}], where E = {x : pn(z) > min O, pi(z) < 6;}
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is the event where the predictors disagree. If this expectation is negative then it means that predicting a high
value gives a low loss and thus p,,(X) will give good performance on £p,. On the other hand, if it is positive
then we need to predict a small value. To account for this, we modify our predictor such that p,,(z) = p;(x)
for all z € E. Notably, due to the hierarchical structure of the weighted 0-1 loss family, this modification will
maintain that p,,(X) is a good predictor on all previously considered parameters § € ©; with 6 > 0;. To see
this, note that for any such 6,

En[(£o(1,Y) = £4(0,Y)) | X € E] =6 — P, (Y = 1| X € E)
>0, -P,(Y=1|X €E)
=K, [(ls,(1,Y) — £4,(0,Y)) | X € E] > 0.

However, it may now give poor performance on some losses in Oy; this is corrected by performing a similar
set of iterations over the parameters in ;. Eventually, after repeating this entire process many times we will
have evaluated all parameters in ©; and ©; and certified the performance of p,,(X) on each of them.

Algorithm 2: Merge
Input: training samples {(X;,Y;)}",, predictors p;, pp, parameter sets ©;, Oy, hyperparameter € > 0
1 Pm = Dh;
2 0, = min Oy,;
3 0 = max Oy;
4 dir = low;

5 while 0; # —o0, 0}, # c© do

6 E:{xﬁh(x) >9[7]§Z(ZL‘) Sel};
7 if dir = low then
8 if |,[(£g,(1,Y) — £5,(0,Y))1{X € E}] < —e then
9 Pm(x) = Pi(x), for all z € E;
10 0, = mln{9 €0O,:0> Hh};
11 dir = high;
12 else
13 L Gl:max{0€®l:9<95};
14 else
// Do a symmetric set of iterations through O, in which we alter the value
| /7 of (X)) if Eu[(Co,(1,Y) — €o,(0,Y))1{X € E}] > e.

15 return p,,

Algorithm [2] gives a summary of the merge method, a more detailed description of which can be found in
Appendix In total, this algorithm will evaluate each element of O and ©; at most once and thus will be
guaranteed to run in at most |0y 4 |0;| iterations. In addition to the description given above, Algorithm
contains one additional hyperparameter e, which gives a buffer on the improvement in the loss that must be
observed before swapping p,,(X) between pp(X) and p;(X). In our theoretical results, correct specification
of this hyperparameter is used to mitigate the sensitivity of p,,,(X) to noise, and ensure its generalization to
new data. The approach we take here is partially inspired by [Deng and Hsu| [2024], who use a similar buffer
hyperparameter in a different context. On the other hand, in our experiments we find that the choise of the
hyperparameter € not crucial and the lowest omniprediction error is achieved when € = 0. As a result, we will
not place a heavy emphasis on the choice of e.

Lemma [5] states our formal guarantee on the omniprediction error of the merge procedure. In this lemma
we assume that the values of py,(X) and p;(X) are restricted to (max ©;, 1] and [0, min ©},), respectively. The
idea here is that p,(X) (respectively p;(X)) only gives information about the parameters in ©,, (respectively
©,) and does not give any signal about 0; (respectively ©},). In our applications of the merge procedure this
assumption will be guaranteed to hold by construction.
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Lemma 5. Let ©y,0; be finite subsets of [0,1], with min © > max ©;, and assume that p;(X) € [0, min O)
and pp(X) € (max Oy, 1]. Then, setting e = O(y/log(|0n] + [64])/n), Algorithm[g returns a predictor p,,(X)
such that

lo lo
max ma Ello (5 (X),Y)] ~ Elfa(p(X),Y)] < o(\/ (O ox(I)),

With this merge procedure in hand, ensembling the full collection of base predictors { fgi M, is relatively
straightforward. Namely, we simply apply the merge procedure repeatedly, joining together predictors with
adjacent parameters until we are left with a single function. Concretely, assume that m = 2* is a power of 2.
Then, we will proceed in k rounds, where in each round adjacent predictors are paired up and then merged
(e.g., in round 1 we merge the pairs (fo,, fo,),---, (fo ., fo. ). In order to guarantee the generalization of
this method, each of these k rounds will use fresh data. This is specified on line 3 of Algorithm [3| where we
use the notation Split({(X;,¥;)}™ ;) to denote a division of the training dataset into log,(m) equally-sized
folds. Here, data splitting ensures that the empirical expectations that appear in the merge procedure stay
uniformly close to their population counterparts. In practice, we find that this is unnecessary and all of the
data can be used at every round without issue.

Algorithm 3: Direct ensembling scheme for omniprediction

Input:Atraining samples {(X;,Y;)}™,, base predictors { fgi};';l, hyperparameter € > 0

1=

1 Py = fo,, forallie{l,...,m};

2 Oy, ={6;}, foralli e {1,...,m}; // D¢; is designed to be "optimal" on O,
3 Di,..., Digg,(m) = SPt({ (X3, Yi) }i1); // Split the data into equally-sized parts
a4 fort=1,...,logy(m) do

5 fori=1,...,5 do

6 L Det1,i = Merge(Dy, Pr,2i—1, Pt,2i5 O, 2i—1, Ot,2i, €);

7 Ot41,i = Or,2i—1 U Oy 9.

]

return p = piog, (m),1

Algorithm [3] states our method formally. In this algorithm, and in what follows, we will assume that fgz
takes values in {0; — ﬁ, 0; + ﬁ} This is always possible since given an arbitrary predictor fp, with good
performance under ¢y, we may always equivalently recode its predictions as

1
2m

. - 1 -

Jou(X) = (0 = 5= ) 1o, (00 < 0} + (6, + 5 ) 1o (X) > 0.},

since we only need fp, (X) to provide information on whether p*(X) lies above or below ;. The next result
establishes that this direct ensembling method achieves the optimal omniprediction error rate (up to polylog
terms).

Theorem 4. Let F be a function class with finite VC dimension and assume that the base predictors {fgi}?ll
satisfy ([£.2). Then, setting m = ©(2U°e2(vVM]) and e = ©(y/log(n)/n), Algorithm[3 returns a predictor p(X)
with omniprediction error

OP(p; L1, F) < op( VC(f))

n

6 Empirical comparisons

We now turn our attention to a set of empirical comparisons. Following the discussion in the earlier sections,
we will evaluate three methods for omniprediction:
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e CalMA: Our first method is the calibrated multiaccuracy scheme proposed in Algorithm 2 of |Gopalan
et al.[[2023a]. This is a boosting method that iteratively updates p(X) by alternating between improving
its multiaccuracy error and improving its calibration error. We will implement this algorithm so that it
targets multiaccuracy with respect to the class G = {x — £(fg, (), 1) — £(fo,(x),0) s i € {1,...,m}}. A
straightforward consequence of Theorem |1| shows that this (combined with calibration) is sufficient to
give low omniprediction error.

The calibrated multiaccuracy procedure of |Gopalan et al. [2023a] has a hyperparameter «, that specifies
the target omniprediction error. The theory presented in that work suggests that this parameter should
be chosen to be of order o = O((log(m)/n)~1/* + n=1/19), In practice, we find that this is needlessly
pessimistic and will prefer to take o = ¢y/log(m)/n for some constant ¢ that we vary.

Additionally, the theory for this method requires extensive data splitting in order to ensure that fresh
samples are available for each of up to O(1/a?) iterations of the algorithm. For the sample sizes we
consider, this would give us only a handful of data points at each iteration with which to improve the
multiaccuracy and calibration error. As this is clearly impractical, we do not perform any data splitting
and simply use all available data at every step. As we will see shortly, this does not appear to be an
issue and the algorithm gives reasonable empirical performance.

e Two-player: Our second algorithm is the two-player game based procedure given in Algorithm [I} We
implement this method with hyperparameter n = ¢y/log(m)/n for varying levels of c.

e Direct ensembling: Our third method is the direct ensembling scheme given in Algorithm [3] Similar
to the previous methods, we implement this method with hyperparameter € = ¢y/log(m)/n for varying
levels of ¢. Additionally, as above, we do not utilize data splitting. We find that although our theoretical
results require fresh data for every round of merging, in practice this method offers robust performance
when all the available data is used at each step.

All three methods are implemented with the same value of m and the same set of base predictors {fp, }7, .
The exact procedure for obtaining these quantities varies for each experiment and is specified in the relevant
subsections below.

6.1 Simulated example

For our first example, we consider a simple simulated dataset which illustrates the core ensembling problem.
Define F = {z — Bo + S12 : Bo, 1 € R} to be the class of linear predictors on R. Take X to be supported on
{0.05,0.45,0.85}, with distribution P(X = 0.05) = 0.1, P(X = 0.45) = 0.6, and P(X = 0.85) = 0.3; then let
Y € {0, 1} be sampled according to P(Y | X = 0.05) = 0.3, P(Y | X =0.45) = 0.9, and P(Y | X = 0.85) = 0.4.
By design, this distribution for (X,Y") has the property that the linear predictor f; € F, optimal under loss
Ly, creates inconsistent predictions as 6 varies. For example, at # = 0.35 and X = 0.05, the optimal predictor
outputs fg35(0.05) < 0.35, while at = 0.75 it predicts f§;5(0.05) > 0.75. This inconsistency in the optimal
predictions is illustrated in the left panel of Figure I} which plots the conditional distribution of Y given X
alongside these optima.

The rightmost two panels of Figure [1| inspect the performance of the three main omniprediction methods
over different sample sizes n and settings of m. To simplify our initial comparisons, the results in this figure
show only a single hyperparameter setting for each method which was found to give good performance (with
details given in the figure caption). Dots display empirical estimates of the average omniprediction error,

Eqx:, vy e prax }E(X,Y)[Zei(ﬁ(X%Y)]—E(x,y)[fai(fei(X)yy)} ;

over multiple draws of the training dataset {(Xj;, Y;)}" ,; error bars show empirical estimates of the standard
deviation of this error. The center panel shows results for a fixed value of m = 16 while the right panel gives
results for m = 2U1°8:(VP)] increasing with the sample size. In both cases, each base predictor fg is obtained
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Figure 1: Illustration of the core ensembling problem for our simulated example (left panel) and realized average omniprediction
error of the calibrated multiaccuracy (blue), two-player game based (orange), and direct ensembling (green) methods for various
sample sizes with m = 16 fixed (center panel) or chosen variably as m = 2lloga (V)] (right panel), for a simulated dataset. Dots
and error bars display the means and standard errors obtained by evaluating the omniprediction error over 2000 test points for a
repeated 40 draws of the training dataset. Hyperparameters for the calibrated multiaccuracy, two-player, and direct ensembling
methods are set according to ¢ = 0.5, ¢ = 32, and ¢ = 0, respectively.

by empirical minimization of the the loss ¢y, over an independent dataset of size 500 (this minimization can
be recast as a mixed integer program).

The figure shows that the method based on calibrated multiaccuracy realizes the highest omniprediction
error across all sample sizes and settings of m. Further, the two-player game based algorithm performs better
than the direct ensembling method at smaller sample sizes, but the two exhibit similar performance at larger
values of n. An advantage of the direct ensembling method is that it offers simplified hyperparameter tuning.
Figure [2] displays the results for the three methods as the scaling constant ¢ varies. We find that the direct
ensembling method always performs best with e = 0. On the other hand, to obtain optimal performance with
the two-player game based approach we must choose an intermediate value of 7. In practice, selecting such a
value may be challenging and could require additional data splitting.

6.2 Sales forecasting

Our second experiment compares the three omniprediction methods on a retail sales forecasting dataset
taken from the M5 forecasting challenge [Makridakis et al.,2022]. In this challenge, competitors were tasked
with constructing quantile forecasts of the daily sales of various items at ten different Walmart stores over a
28-day period. We transform this task to a binary prediction problem in which the goal is to estimate the
probability that at least one unit of an item is sold at a given store on a given day. To do this, we use linear
interpolation to convert the quantile forecasts given by the competitors into estimates of the full cumulative
distribution function of the sales. We then set our function class F to be the corresponding forecasts of the
probability that at least one sale is made. Details of this procedure are given in Appendix [F] In total, the M5
dataset contains quantile forecasts from the top 50 participants in the competition, but to obtain a sufficient
sample size for our experiments, we restrict our attention to the 43 forecasters who issued predictions for at
least 10,000 product-store pairs on day 7.

We evaluate the omniprediction methods in three steps. First, to obtain { fei}?il we randomly select 500
product-store pairs from the day 7 data. Then, for each i € {1,...,m} we set fgi to be the element of F that
minimizes the empirical loss ¢y,, over these 500 samples. With these initial predictors in hand, we then run
the three omniprediction methods on a randomly chosen subset of the data from day 14. Finally, all methods
are evaluated on the data from day 21.

Figure |3 shows the results of this experiment for various sample sizes n and settings of m. Similar to the
previous subsection, the left panel shows results for a fixed value of m = 16 while the right panel gives results
for m = 2U°8:(V")] increasing with n. Also, we display the best performing hyperparameter for each method.
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Figure 2: Omniprediction error of the calibrated multiaccuracy (left panels), two-player game based (center panels), and direct
ensembling (right panels) methods across various sample sizes with m = 16 fixed (top row) or chosen variably as m = 2lloga (vn) ]
(bottom row) as the scaling constant ¢ varies, for a simulated dataset. Dots and error bars show the means and standard errors
obtained by evaluating the omniprediction error over 2000 test points for 40 draws of the training dataset.

Corresponding results for other parameter choices are given in Figure [d] in the appendix. In addition to the
three omniprediction methods discussed above, this figure also displays results for the best performing base
model, i.e., the predictor

R ) 1 <& 1 & .
fe arfgern}_lnie{rlr}?‘fm} n ; 891‘ (fel (Xl)’ Y—Z) n ; 691‘ (fol (Xl)v K)?
that minimizes the empirical omniprediction error on the day 14 data.

As in the simulated example, the calibrated multiaccuracy method once again realizes the largest errors.
Notably, this method is even outperformed by the best base model which offers no omniprediction guarantee.
The two-player game based method again performs the best for small sample sizes and the direct ensembling
method begins to close the gap at larger sample sizes. The two-player game based method has surprisingly
strong performance for even the smallest sample sizes, with an omniprediction error of nearly zero for n = 25
(and varying m). This is likely due to the fact that even before observing any training samples the two-player
game based approach forms an initial baseline ensemble of the available predictors (recall Lemma [3). In this
example, this baseline performs well and thus the method does not require significant training data. On the
other hand, the direct ensembling procedure requires additional training samples to effectively learn how to
resolve disagreements between base predictors.

7 Discussion

This article studied three algorithmic frameworks for constructing predictors with low omniprediction error
over the class of bounded proper losses (subject to minor continuity conditions). Our theoretical and empirical
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Figure 3: Realized average omniprediction error of the calibrated multiaccuracy (blue), two-player game based (orange), direct
ensembling (green) methods, as well as the error of the best base model (red) across various sample sizes with m = 16 fixed (left
panel) or chosen variably as m = 2llogz(vn)] (right panel), for the M5 sales forecasting dataset. Dots and error bars display the
means and standard errors obtained by evaluating the omniprediction error over 2000 test points for a repeated 20 draws of the
training dataset. Hyperparameters for the calibrated multiaccuracy, two-player, and direct ensembling procedures are set using
¢ = 0.5, ¢ = 32, and ¢ = 0, respectively.

results show that methods based on calibrated multiaccuracy lead to larger error rates than those based on
two-player games and a new direct ensembling approach, which takes advantage of the hierarchical structure
of weighted 0-1 losses for classification. The latter two methods provide similar theoretical guarantees, with
the two-player game based methods offering better empirical performance at smaller sample sizes.

7.1 Extensions to other prediction targets

In this paper, we have chosen to focus on binary classification in which the goal is to estimate the conditional
probability function, P(Y =1 | X). Perhaps surprisingly, the algorithms and theory we have developed are
not unique to this problem and can be extended to handle a large variety of estimation targets. To formalize
this, let T' denote a map that takes in a distribution P on ) and returns an estimation target T'(P) of interest.
In the previous sections, we studied Y = {0,1} and T'(P) = Pp(Y = 1). More generally, one may consider
prediction tasks such as estimating the mean, T'(P) = Ep[Y] or 7-quantile, T'(P) = inf{z : Pp(Y < z) > 7}
with ) = R. We say that T is an elicitable property of P if there exists at least one loss function which is
minimized at T(P), i.e., there exists £ such that for all P,

T(P) € arg{nin Ep[l(t,Y)].

It is worth noting that while some popular prediction targets such as means and quantiles are elicitable, not
every property of a distribution can be obtained this way. A notable example is the conditional value-at-risk
which is well-known to be nonelicitable [Gneiting), |2011].

Restricting now to elicitable properties, the goal is to design predictors that estimate T'(Py|x) well under
all possible losses for T'. As above, we say that ¢ is a proper losﬂ for T if T(P) € argmin, Ep[((¢,Y)] for all P
and strictly proper if T'(P) is the unique minimizer. Recall, the key technical tool that allowed us to handle
arbitrary proper losses in binary prediction was Theorem [2| which gave a decomposition of proper losses as
mixtures of a one-dimensional family of weighted 0-1 losses. To extend our results beyond binary prediction,
we can leverage the following result from Steinwart et al.|[2014], which demonstrates the existence of similar
decompositions for other targets. This result requires that T" be strictly locally nonconstant: informally, this
means that slight changes in P can shift 7'(P) up or down. A more precise definition of this property is given
as Definition 4 in |Steinwart et al.|[2014].

TSome authors call loss functions satisfying this condition consistent losses, while reserving the term proper for loss functions
of entire distributions, not just functionals.
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Proposition 5 (Variant of Corollary 9 of [Steinwart et al.| [2014]). Let (Y, A, i) be a separable finite measure
space, let P be a set of p-absolutely continuous distributions on Y and let T : P — R be continuous, elicitable,
and strictly locally nonconstant, for which Tmage(T) C R is an interval. Then, there is a measurable function
V :Image(T) x Y — R that identifies T, i.e., a function V with the property that for all t € int(Image(T)),

Eyp[V(t,Y)] =0 < t=T(P) and Ey.p[V(t,Y)] >0 < t>T(P).

Moreover, all strictly proper losses £ for T that are locally-Lipschitz in their first argument can be written as
Lt y) = / V(0,y)1{t < 0}w(0) dO + k(y), for allt € R and p-almost ally € Y, (7.1)

for some functions w: R — [0,00) and k : Y — R that depend on £.

A key feature of Proposition [5|is the identification function V'; common examples include V (¢,y) =t — v,
which identifies the mean, and V' (t,y) = 1{y <t} — 7, which identifies the 7-quantile. The perhaps surprising
implication of this proposition is that any (appropriately smooth) proper loss for the mean or 7-quantile can
be written as a mixture over such identification functions.

With Proposition [5|in hand, omniprediction algorithms for other point prediction targets can be developed
by replacing the weighted 0-1 losses underlying our methods with the threshold loss £} (t,y) = V (0, y)1{t < 6}.
Similar to the binary case, the loss £} (t,y) is proper and effectively considers only two predictions, depending
on whether ¢ falls above or below 6. By replacing all instances of £y with EQT in the previous sections, we can
adapt Algorithms [T] or [3] to construct predictors £(X) satisfying the corresponding omniprediction guarantee

sup E[0(H(X), V)] —E[((f(X),Y)] < Op( VC(]:))7
L, feF "

where the supremum is over all proper losses for T satisfying appropriate regularity conditions. Making this
statement precise requires some minor additional technical assumptions to ensure that the weight function w
is appropriately bounded and the parameters 6 can be discretized. We do not pursue this here.

A more challenging task is to extend our results beyond point prediction problems. For instance, given a
multiclass outcome Y € {1,...,k}, one may attempt to construct estimates of the entire vector of conditional
probabilities (P(Y =1 | X),...,P(Y =k | X)). However, the class of proper losses in this problem setting is
significantly more complex. While in binary prediction we were able to decompose proper losses in terms of
a one-dimensional family, Kleinberg et al. [2023] showed that the space of proper losses in the multiclass
setting is fundamentally more complex, and it is impossible to construct a finite-dimensional family of losses
that produce a similar decomposition. Determining whether efficient omniprediction algorithms exist in this
setting is an interesting open problem for future work.
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A Proofs for Section [2

In this section, we prove Proposition |1} which connects omniprediction error with unrestricted competitors to

L4 estimation error.

Proof of Proposition[1. To get the upper bound, fix any bounded, proper loss ¢ € Ly. Then,

E[((p(X),Y)] = E[((p"(X),Y)] = E[{(p(X),Y) = £(p"(X), V)] = Eyr|xp(x) [U(p(X), Y') = £(p™(X),Y7)]
+ By xapx) U (p(X), Y) = £(p"(X), Y")]
<E[(p(X),Y) = Up"(X),Y)] = Eyr|xmpix) [U(p(X), Y') = £(p"(X),Y")]
= E[(p"(X) — p(X))(¢(p(X), 1) = £(p(X),0) — £(p"(X), 1) + £(p"(X),0))]
< 2E[[p(X) - p"(X)I];

where the first inequality uses the fact that ¢ is proper to bound the second term by 0.
For the lower bound, let m € N be an positive integer to be specified shortly. Then,

(X)_p(X) zp*(X)H

E[lp(X) —p*(X)]] = 2E||p"

() - POy {0y ) > 2]

=i+§2E[p*<X> OO )4 ) iy > 2 B0y
o 3 R MR N B )

<o 2l - a0 < <) o (0 < <000

S Bl () V)]~ Bl (X), V)

~
Il
=]

where we recall that ¢;,,, denotes the proper loss function given by

Canto) = Safo> Lm0} (- D)afos Suma)

So, rearranging we find that

" Ellp(X) = p*(X)I] 4
ZSgE)E[Z(p(X>7 Y)} - E[Z(p (X)7 Y)] > 2(m + 1) - 2m(m + 1) .
Finally, setting m = | 7E[|p(X) — p*(X)|]7}] — 1 gives
Ellp(X) —p*(X)] 4
m+1 m(m+ 1)
o Ellp(X) —p* (O _ 4
- 7 (TE[[p(X) = p*(X)[]71 = 2)(TE[[p(X) —p*(X)[]71 = 1)
S Ellp(X) —p* (O _ 4E[p(X) —p*(X)|]?
- 7 30
E[lp(X) — p*(X)[]?
105 ’
where to get the second inequality we have used the fact that E[|p(X) — p*(X)|] < 1. O
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B Proofs for Section [3

In this section, we prove Propositions and [4 which give lower and upper bounds on the minimax rate of
calibrated multiaccuracy. We begin with the lower bound for calibrated multiaccuracy in Proposition

Proof of Proposition[3. We will prove this result using Fano’s method [Yu, [1997]. Let k € N be a large value
that we will specify shortly and set X; to be uniformly distributed on {%, %, ..., 1}. By the Varshamov-Gilbert
lemma (e.g., see Lemma 4.7 of [Massart| [2007]), we know there is a collection of vectors V' C {0,1}* such that
[V| > exp(k/4) and for all v,v" € V with v # v/, |[v—v'||1 > k/8. Our goal will be to apply Fano’s inequality
to the set of distributions given by p*(X) = p,(X) = i + % + dvx for v € V and some appropriately small
value 6 > 0. The idea here is that in order to be multiaccurate the predictor p(X) must correctly capture the
linear component of p,(X) present in the term % Then, the only way for p(X) to additionally be calibrated
is if it accurately determines the value of v, for most x € {%, %, ..., 1}. This latter problem is difficult and it
suffers a worst-case estimation rate of Q(n=2/%).

To formalize this, we first lower bound the ability of the predictor to hedge between two sign vectors. In
particular, fix v,v’ € V with v # v’. Then, we will lower bound

inf max max {Ep* (X (Y —p(X))], ]EHP(X) —E[p*(X) | p(X)]H }v

P p*€{pv,Py }

where the infimum is taken over all functlons p: {k, Zy+--, 1} = [0,1] and the notation E,- is used to denote
the distribution in which X ~ Unif({1,2,...,1}) and Y | X ~ Ber(p*(X)).

Fix any p: {,2,...,1} = [0,1]. Let py,...,p, denote the distinct values in the support of p(X) and for
ie{l,...,r}let G;={w e {f,2,...,1} : p(x) = p;}. For ease of notation, define

ECEmux(piv,v') = max  [E[|p(X) ~Ep" (X) | p(X)]]]
= max Z Z + = —|—51)m pil,
ve{v,v’} =1

as the maximum calibration error, and note that

I~ Gi (]| 1 1
S* 7"_*""_6’01’_1‘
5; k <|Gi|1§i4 2 p

< 2ECEpax (p; v,v")
_— 5 .

1 1 =z
— S+ 46—y
+’G1T§‘4+2+ Uy — P

In particular, applying this bound alongside our assumptions on V' gives

k T T
3 Slv=vih < Zﬂ{Gi = 1}v; — v} +;|Gi|n{az- > 1}

Z(

)|+ > 1Gi|1{G; > 1}
=1

z€G;
< QECEmag(p;v,v n ; GHl1{Gs > 1},
and rearranging we have that
S IG1G > 1y > & - i)

i=1
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On the other hand, by considering the multiaccuracy error with g(z) = = we find that

Epu [X(Y -p

—~

X))l
|

Gi|l[ 1 1 =z 1
. n o 530 VR 5:1: _ECEmax ;7/
k <|Gz-| GGI(N?*”) AP (3 |G|Z +>> w0,

i

- |GZ| 1 2 1 2 /
2% \ Gl Zx — rex Zm — 0 — ECEpax(p; v, v)

1 €G, z€G;

B

1

.
Il

vV

K2

— |Gi| 1 2 .

- E G E (x —2")? — 6 — ECEpax(p; v,v)
i=1 z,x'€G;
: |G1| 1 ’

> E 1—-—)—= — ECE :

= 2 4k ( |G |) 0 —EC max(p7v7v)

i=1

1 T
> o > 1Gi|1{|Gi| > 1} = 6 — ECEmax(p; v,0)
i=1

. !
> L(ﬁ _ 2ECEmax(p; v,v')
8k3 1)

and rearranging the first and last inequalities gives

) - 5 - ECEmax(p; v, vl)u

1 ECEpax(p;v,v’) 1
_ : — > — 0.
E,, [ X (Y — p(X))] + ECEpax(p; v,0") + 03 5 > Gaiz 0

Finally, setting § = 1/(128k?) we find that

k 1

inf max max{ﬂrﬂp*[X(Y—p(X))]7 EHp(X) —Ep"(X) | p(X |]} Z 32 R

P p*E{pv,p,r}

With this inequality in hand, the proof of our desired result follows from a straightforward application of

Fano’s inequality (e.g., as stated in Lemma 3 of [Yu/ [1997]). Let p: X — [0,1] be an arbitrary estimator, and
define an associated classifier by

0 € argmin max {|Ey, [X (Y = p(XO)]|, E[[p(X) — E[p.(X) [ H(X)][] },
v
where both here and in what follows the expectations are taken with respect to (X,Y), with the estimator p
(which is a random function of the training data) held fixed. By our previous calculations, we have that for
any v* €V,

max {E,,. [X(Y — p(X))], E[|p(X) — E[p,- (X) | p(X)]]]} = k%@m —
and thus,
maxE g [ max (B, [X(Y = BX)LE[[P(X) ~ Elpos (X) | 5]} ]
2 Bt B vy ity | 1905 (B [XO = BOO)LE[B(X) ~ Elpo- (X) [ 5] 1}]
k 1

> 771? n 0 *
=k + 16 128k2 v ~Unif(V),{(X;.Y:)}7_, p (” #v")

ok 1 R Xewev nDre(pollp) +log(2)
~ k+16 128k2 log(|V]) ’
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where Dk, (py||p.) denotes the KL-divergence between the distribution of (X,Y) under p, and p,.. Now by
a direct calculation,

Dxr(po||pv) = Ex[p,(X)log (5:/(())(())) + (1 = py(X)) log ( _p:,(g())ﬂ
<Ex {pv(X) (ﬁ(();)) - 1) +(1 ‘pv(X))(ll_Zg)) 1)]
~5x T o)
< %52,

where the last inequality holds for § < 1/8. Plugging this into the previous expression gives a lower bound of

k Lo n%6% + log(2) __k L n%12872k~* + log(2) _
k + 32 128k2 k/4 k + 32 128k2 k/4

The desired result follows immediately by taking k = C[n~'/%] for an appropriately chosen constant C'. [
We next give a proof of our lower bound for multiaccuracy given in Proposition [3]

Proof of Proposition[3. Abbreviate d = VC(G). Once again, we will use Fano’s method. By definition of the
VC dimension, we may find x1,...,xzq such that for all v € {—1,1}? there exists g, € G with gu(xl) =, for
alli e {1,...,d}. Consider distrlbutlons on (X,Y) given by X ~ Unif(zy,...,24) and Y | X ~ Ber( +5g”( ))
for some small § > 0 that we will specify shortly. Denote the expectation over this distribution by E,,. Let V
be as in the proof of Proposition [2| For any v # v’ with v,v" € V and p: {x1,...,24} — [0, 1] we have that

max sup E,«[g(X)(Y — p(X))]
vee{v,v'} geg

= max sup Ex {g(X) <1+59U(X) - p(X)>
vre{v,0'} geg 2

= 5 B o0 (3 w00 )| g a0 (HEE 0 )
1 140g0(X) 14890 (X)\]

22222EX{9(X)< > 2 >

= Bl (X) — gu (X)) = o120 > D

Proceeding as in the proof of Proposition [2, we obtain the lower bound,

) <1 B n8s% + log(2)>

min sup sup E{Q(X)(Y ﬁ(X))} > dlog(2)

b Pxy geg - 32

The expectation is taken over training samples {(X;,Y;)}?; used to fit p and the test sample (X,Y), all i.i.d.
from Pxy. Setting 6 = C'y/d/n for a sufficiently small constant C > 0 gives the result. O

We turn to the proof of Proposition 4] and present our algorithm for obtaining calibrated multiaccuracy.
This will follow a similar structure to the two-player game based algorithms for omniprediction introduced in
Section Namely, we expand the calibration and multiaccuracy criteria as a set of objectives and use a
multiplicative weights algorithm to obtain useful mixtures of these targets.

Fix a hyperparameter m € N. We will learn a predictor that returns randomlzed outputs in {m, pre R 1}.
Let G = {g: {5, 2,...,1} = {—1,1}} denote the set of sign functions on { - ,1}. Let A, denote the

m’m"'
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space of probability distributions on {m, =, ...,1}, and note that for any randomized predictor P : X — A,,
the expected calibration error can be written as

Ep(X)NP(X)Hp(X) —E[Y [ p(X)]|] = sup EP(X)NP(X)[g(p(X))(Y - p(X))]-

9EGm

Thus, to guarantee calibration it is sufficient to guarantee that our predictor gives multiaccurate predictions
with respect to G,,. Combining this with the original multiaccuracy target class G gives us the necessary set
of objectives for a two-player game based algorithm. A formal description is given in Algorithm [4 As stated
in Proposition [B] this algorithm obtains calibrated multiaccuracy at the rate \/log(|G|)/n +n~1/3, and this
proves the claim in Proposition [4]

Algorithm 4: Two-player game based calibrated multiaccuracy

Input: training samples {(X;,Y;)}" ,, finite function class G, learning rate n > 0
1 G =GU{-g:9€G}

2 g4(1) = m, for all g € G+ UGp;

3 fort=1,...,ndo

a | Pi(x) € argminpen, maxy, efo.) Y geg, 99(DEpp[9(X)(Py =)+ e, do(O)Epmrlg(p)(py — D)),
for all x € X;

5 | do(t+1)=qy(t)exp(E, _p, x,)[9(Xe) (Y2 — p)]), for all g € G4

6 | dyt+1) = qy(t) exp(iE,_p, x,)[9(p) (Yi — p)]). for all g € G

Go (t+1 )
7 gt +1) = Zg/eg:u(gm q)g/(t+1)’ for all g € G+ U Gp;

A T
8 return P = - >"" P,

Proposition 6. Setting m = [n'/*] and n = \/(log(|G]) + m)/n, Algorithm[f] produces a distribution P(X)
such that the randomized predictor p(X) ~ P(X) has calibrated multiaccuracy error

max{MA(ﬁ;Q),ECE(ﬁ)}SOP( 10gggl) L )

ni/3

Proof. In what follows, all expectations are taken with respect to (X,Y’) and a random draw from P (or its
constituents P;). In particular, the training samples are treated as fixed. Fix any g € G. By definition,

) 1 ¢ A
Elg(0)( —5(X)] = 3 By, oo = 5(X)))
t=
Now, by the Azuma-Hoeffding inequality (Theorem [5| below) we may guarantee that for any ¢ > 0,

sup
Y

n

£ e B0 =500 = 5 3By OO )] 2 20 )

n
t=1
2
< 2exp ( — %)
Applying this to the previous expression, we find that
1 ¢ log(|9])
B PO < 1S Byl (v =]+ 0e 229D,
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The updates for g, given in Algorlthml are exactly the updates for the hedge method [Vovkl [1990| [Littlestone
and Warmuthl, (1994, [Freund and Schapire| |1997]. By known regret bounds for this algorithm (see Theorem@
below), we have the inequality

n

% DB, o la(X) (Y % Z Y a4 (E, px,)ld (XY = )]+ O

n
t=1 t=1g’€G+UG,,

(ECED)

Finally, by definition of ]%(XZ) and von Neumann’s minimax theorem [von Neumann et al.| (1944,

Z Z dy (OE, _p,x,[9' (Xe) (Ve — p)]

t=19'€G1UGm

< min max qg' () Ep~plg'(Xt)(py — p)] + Z g () Ep~p[g' (p)(py — P)]
PEA., p,e[0,1]
9'€G+ 9'€Gm
1

_ . ’ /

= e min > 4y OEperld (X)) (y — D)+ D g (®)Bpurly (0)(py — p)] < -
g9'€G 9'€Gm

where to get the last inequality one may simply set P to give probability one to the element of {m7 = 1

that is closest to p,. Combining all of the previous steps, we arrive at the bound

Sup By x)np(x)l9 (X)(Y—ﬁ(X))]SOp< bgggl))+0< W)Jr;:op( log(n|9|)+1>7

9€g nl/3

by our choice of m = [nl/ 3]. A bound on the multiaccuracy follows by applying the same argument to —g.
Finally, a bound on the expected calibration error follows by applying the preceding argument to G,,. [

C Extensions of Theorem 2| beyond left-continuity

While we will not pursue this in detail, it should be possible to extend the decomposition result in Theorem
beyond left-continuous losses. To motivate this, let us first consider the discontinuity point of £y. From ,
we see that when the true underlying probability is equal to 6 all predictions have the same expected loss. As
a result, one can modify the value of the loss substantially at p = 6 without affecting its propriety. Indeed,
one can verify with some additional calculation that the family of losses

0, ifp>60andy=0,
log=4q1-0, ifp<fandy=1,

is proper for all § € [0,1] and 8 € [—6,1 — 6]. By varying the second parameter 3, one can encode a variety of
jump discontinuities in 9 g. While not a complete proof, the calculations in Kleinberg et al.| [2023] suggest that
these jumps are sufficient to capture all possible discontinuities in proper losses and thus enable an extension
of Theorem [2| to a decomposition of arbitrary proper losses in terms of mixtures over the two-parameter class
{lo3:0€[0,1],5 € [-0,1 — 0]}. We do not believe that this extra layer of complexity has a large impact on
practical results for omniprediction and hence we have chosen to omit these details and restrict ourselves to
left-continuous losses.

D Proofs for Section [4]

In this section, we prove Lemma [l which bounds the discretization error for omniprediction with respect to
weighted 0-1 losses.
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Proof of Lemmal[ll Fix any 6 € [0,1] and € > 0. Let fy . be such that

sup E[ly(p(X),Y)] —Ells(f(X),Y)] < E[lo(p(X),Y) — E[lo(f5,c(X),Y)] + €.

feF
Let 6; denote the value on the grid {-= — 5L :i € {1,...,m}} closest to 6, subject to the extra specification
that in the case of ties we always round up. By our assumption of the support of p(X) we have that
1
[Ells (p(X),Y) — Lo, (p(X), Y)]| = [E[(6 — 0:)1{Y = 0,p(X) > O} + (6; — O){Y = 1,p(X) < 0}]| < .
Similarly, we also have
[E[lo(fo,£(X),Y) = Lo, (fo.c(X) =0+ 0;,Y)]]
1
= [E[(0 — 0) 1Y = 0, fy.o(X) > 0} + (6= O)1{Y = 1, [y (X) 0}]| < 5
So, putting these two facts together we find that
1
Ello(p(X),Y) — lo(fo,e(X),Y)] < sup Elle, (p(X),Y) = o, (F(X), )] + —,
€
and sending € — 0 gives the desired result. O

E Proofs for Section [5
E.1 Proofs for Section [5.1]

In this section, we prove Lemma [3| and Theorem 3| which provide our theory for the two-player game based
omniprediction method. We begin with the explicit solution to the min-max game in Lemma [3]

Proof of Lemmal[3 Consider the distribution P* = (1 — p*)dp+ + p* g+ 1i/m. where 0* and p* are as defined
in the lemma. For ease of notation, let ¢,,,+1 = 1, and deﬁne Dy = min{0* + 2m’ 1}. To prove P* is optimal
it is sufficient to prove that the pair (P*, p;) is a saddle point of the min-max program. To see this, observe
that for any (P, p,) the optimization objective can be written as

O(P7 py) = EPNRY'NBQY(ZDy) |:Z qi(gei (p7 Yl) - gei(fei (1‘), Y/))

=1
=Ep Py '~Ber(p,) |:ZQZ (91‘1{17 >0, Y =0} +(1-6,)1{p<6,,Y =1}

1=1

0o () > 00,V = 0) — (1— 0)1{fo, () < 6, Y = 1})}
—Ep~P|:ZQz( (1 =py)l{p > 0:} + (1 — 0;)p, 1{p < 0:}

01— p) Lo (1) > 0 — (1 — 6,)p,1{fo,(x) < ez-})]

E,,Np{qu (P < 0} — 1o () < 6.1)].
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Now, plugging in our choice of P* gives an objective value of
O(P*,p,) Zquy 10" < 0.} — 1{fo,(2) < 0.}) — p"Pyimo-11
Epor [Zqiexn{p <6~ 10 (o) < )]
i=1

_ k., [Zqiﬁi(l{p <0}~ 1o (@) < em]

where the second equality follows from our choice of p*. Since this last expression does not depend on p,, we
must have that O(P*,p;) = max, c(o,1) O(P*,py).

On the other hand, because the losses {{y, }/*, are proper we know that at p, = Py, the objective O(P, p;‘)
is minimized by setting P = d,-. Moreover, it is easy to check that for all i € {1,...,m},

By Ber(ps)[lo; (P}, V)] = By raper(ps) [lo, (07, Y")] = By aper(ps) [lo, (07 +1/m, Y7)].
In particular, this implies that O(P*, p;) = O(5p* ,py), hence O(P*,p;) = minpea,, O(P,py), as desired. [

Proof of Theorem [ In what follows, all expectations are taken with respect to (X,Y) and a random draw
from P (or its constituents Pt) In particular, the training samples are treated as fixed throughout. By the
results of Section ' it is sufficient to bound (4.3). Fix any ¢ € {1,...,m}. By definition of P, we have that

ZE NPt(X) (ﬁ(X)’Y)_EQL(sz(X)?Y)]

t=1

3\>—‘

Ejx)~p(x) [Lo: B(X), Y) — €o, (fo,(

Now, consider the martingale
Mn(’L) = Z (]EpNI:’t(Xt) [691 (pv Y:‘.) - 691‘ (f@z (Xt), Y—t):l - Eﬁ(x)wﬁ’t(x) [691 (ﬁ(X)v Y) - 691’ (faz (X)7 Y)] ) .
t=1

By the Azuma-Hoeffding inequality (Theorem [5| below),

max |M,(i)|/n < Op({/log(m)/n),
ie{l,...,m}

and so, in particular,
R A 1 < A log(m
Eﬁ(x)Np(X) [691 (p(X), Y) _Eei (f@ri (X)v Y)} S E Z Eprt(Xt) [Eez (p7 )/t) - EQi (f@z (Xt)7 Y;f)] + O]P’ < ,i)) .
t=1

By regret bounds for the hedge algorithm (Theorem |§| below) the first term above is bounded by

%ZZQﬁ(S)EwR(Xt)Vej(pﬂ’t)—éaj(faj(Xt),iﬁ)])Jrzi +1oi( m,

t=1 j=1

By Lemma [2| we know that the first term above is nonpositive. Putting the above inequalities together,

Eﬁ(X)NP(X) [gei(ﬁ(X)7Y) - éGi(fGZ(X)aY)] § O]P( 10g7§ml)> +77+ loi(;n)v

and plugging in our choices of 7 and m gives the desired result. O
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E.2 Proofs for Section [5.2]

In this section, we prove Lemma [5| and Theorem [ We begin by stating a more detailed version of our merge
algorithm which defines a number of additional quantities that will be useful in the proof. Most crucially, we
use Ap ¢+ and A;; (evolving over iterations t) to denote the sets for which pp, (z) = pp(z) and P, () = pi(x),
respectively. We also use {05, o,...,0; ;, } and {67 ,..., 07, } to denote the sets where the algorithm switches
direction (i.e., swaps from examining parameters in ©j, to examining parameters in ©; and vice versa).

Algorithm 5: Detailed merge procedure

Input: training samples {(X;,Y;)}™ ,, predictors p;, py,, parameter sets ©;, O, hyperparameter € > 0

1 6070 =1050=0ho=—1
2 9[70 = 1;
3 kl = kh = 0;
4 t=1;
5 Al71 = (Z);
6 Ah,l =X;
7 0,1 = max Oy;
8 01 = minOp;
9 dir(1) = low;
10 while 0; # —o0, 0}, # oo do
11 E=1{z:pn(x) > O, pi(x) <014}
12 if dir(¢) = low then
13 if |,,[(¢q,,(0,Y) — £y, ,(1,Y))1{X € E}] < —e then
14 Al7t+1y = A UE; '
15 Ah,t+1 = Ah,t \ E;
16 Ont+1 =min{d € ©p, : 0 > 0,4 };
17 dir(t + 1) = high;
18 ki =k + 1,
19 0k, = Oue;
20 else
21 91’t+1 = max{9 S ("')l 10 < el’t};
22 dir(t + 1) = low;
23 else
24 if £,[(4,,(1,Y) — 0o, ,(0,Y))1{X € E}] < —¢ then
25 Ah,t+1 = Ah,t U E‘7
26 Ay = A \ B
27 01141 =max{0 € ©;:0 < 0;,};
28 dir(t + 1) = low;
29 kn = kn + 1;
30 9;’;7,% =0Oh;
31 else
32 On i1 =min{d € O, : 0 > 0+ };
33 dir(t + 1) = high;
34 t=t+1;

35 return ﬁm(X) :ﬁl(X)]l{X S Al} +]3h(X)]1{X € Ah}

Finally, we let ¢p, = |{s < t : dir(s) = high, dir(s + 1) = low}| denote the number of times the direction
switches from high to low before time ¢, and oppositely, ¢,y = [{s < t : dir(s) = low, dir(s + 1) = high}|. We
will now prove Lemma [5| using a sequence of smaller results. Our first lemma characterizes the structure of
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the sets Ap; and A .

Lemma 6. Let ©p,0; be finite subsets of [0,1], with min ©;, > max ©;, and let p, and p; be predictors which
values in [0,1]. Then, for each time t for which dir(t) = high,

Ch,t
Ane = w1 65,20 < pn(@) <65, (@) > 0,3 Uz pu(a) > 65, . pile) > 67, .},
=t (E.1)

Co,t

A = U{:c : 92,1‘ <pi(x) < 91?,1'—17 pr(z) < 92,1—1} U{z:pi(z) < ez,c“}
i=1

Moreover, for each timestep t on which dir(t) = low,

Ch,t

Ap = U{x 2041 <Dn(x) <04, pi(w) > 07} U{x : pu(x) > ai,ch,,},

i=1

cer (E.2)
A= J{z 05, <puz) <07, 4, bu(x) <05,y ULz pula) <65, . Dilx) <65, )}

i=1

Proof. We proceed by induction on t. The base case of ¢ = 0 is immediate. For the induction step, suppose
that the result holds at time ¢ and for simplicity that dir(¢) = low (the case where dir(¢) = high is identical).
If dir(t + 1) = dir(¢) = low there is nothing to prove. Suppose dir(¢ + 1) = high. Then,

Apir1 = Ape \{x : pn(x) > On, Pi(x) < 014}

Ch,t

= |z : 05,1 <pulx) <05, pu(z) > 6;,}
i=1
U{z : pulz) > 05, 3\ {z 1 Dr(x) > One, D) < 014}
By definition cp ¢41 = cp, Ggh .= On,ts Cot41 = Cop + 1, and 05’% — 01+. The above can be rewritten as
Ch,t+1
U {2051 <pn(z) <05, pi(x) > 07,1 U{z: pu(x) > 927%“1’ pi(x) > ef,ce,tﬂ},
i=1

as desired. Moreover, note that by construction cp ;1 = ¢+ + 1. So, we also have that

Apppr = A U{a : prx) > Ony, Di(x) < 614}

= U{x 20, <pi(x) <07,_1, pu(z) < 9181,2'71}
i=1
U{z :pulx) <05, 0i(@) <05, FU{z:pn(x) > One, D) < 014}
co
= U{x 107, <pi(x) <07,y pr(x) < Op 1}
i=1
U{z : pulz) <05, . Di(z) <07, Y U{x :pulz) > 05, . Di(z) <07, .}
= ZUI{JU : 921‘ <pi(z) < 95,1’—1’ pr(z) < Oi,i_ﬁ Uz :pi(x) < QZCNH]“
i=1

O

Our next lemma upper bounds the loss of the ensembled predictor computed by the merge procedure at
each iteration of the algorithm.
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Lemma 7. Let ©y,0; be finite subsets of [0,1], with min ©) > max ©;, and assume that p;(X) € [0, min O)
and pp(X) € (max ©y,1]. For each t, let

Pmt(x) = pi(x)1{z € A4} + pr(x)1{x € Ap+}.

Fiz e > 0 and suppose that,

E,, —E)[(le(1,Y) — Lo(0, Y ) 1{pn(X) > O, p1(X) < ,}]| <
gheehﬂlrggﬁe{ahﬂl}( (o (L,Y) = £o(0,Y))1{pn(X) > On, pr(X) < Oi}]| <€

Then, for all t such that dir(t) = high we have

e Ello(Pmt(X),Y) — Lo(pn(X),Y)] < 2¢ and max E[lo(Pm (X),Y) — Lo(p1(X),Y)] < 2e.

Similarly, for all t such that dir(t) = low we have

max Bl (Pm.(X),Y) = bo(n(X), Y)] < 2¢ and eeégggel,tE[ﬁe(ﬁm,t(XLY) —Lo(pi(X),Y)] < 2¢,

where the expectations above are taken over the randomness in (X,Y) with the predictors held fized.

Proof. We prove this by induction. The base case of ¢ = 0 is immediate. For the inductive step, suppose the
result holds at timestep ¢. Assume for simplicity that dir(¢) = high (the case dir(¢) = low is identical). There
are two cases.

Case 1: dir(¢t+ 1) = high. In this case the predictor does not change. Thus, to obtain the desired result we
just need to show that

Ello, ,(Dm.+(X),Y) = Lo, ,(Pn(X),Y)] < 2e.
By Lemma [6] we have

Ello, ,(Dm+(X),Y) = Lo, , (Pn(X),Y)]
= E[(4,,(0,Y) —
_E[(zeh ( 7Y)

o, (LY ))I{X € Ary, pr(X) > O, Di(X) < Op )]
Co,, ,(L,Y ) I{pi(X) <62, ,, Dr(X) > One}.

Now, by construction, 62 e = = 0;+. So, the above is quantity is exactly equal to
El(¢s,,,(0,Y) — Lo, , (LY ) U{pi(X) < 014, pr(X) > Ont}]

= (E—E,)[(4,,(0,Y) = to, , (1, Y)L{A1(X) < O, P(X) > Ope}]

+E,[(4o,,(0,Y) = Lo, , (1, YN I{H1(X) < 014, Pr(X) > Op 4 }]
< 2¢

)

where to obtain the last line we recall that dir(¢) = dir(¢ + 1) = high and thus the empirical expectation in
the second term must be at most .

Case 2: dir(t + 1) = low. In this case, by construction, in order to have dir(¢) = high and dir(¢ + 1) = low
we must have that

En[(o,,(1,Y) = Lo, (0, Y )L{pi(X) < Oup, pr(X) > Op}] < —
Notably, it follows immediately that
IAEn[(KQ(LY) — f@(O,Y))]l{ﬁl(X) S el,t; ﬁh<X) > 9h7t}] < —¢€, for all 6 S eh,t-

We will use this fact multiple times in the calculations that follow.
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We consider a series of subcases. First, consider the case where § € {6’ € ©; : ¢ > 0, ,}. By the induction
hypothesis,

Ello (P 1+1(X),Y) = Lo(pu(X), Y)] < E[lo(Drm,t+1(X),Y) — Lo(Bm e (X), Y)] + 2€
=E[(lg(1,Y) = £o(0,Y))I{Dn(X) > On, Di(X) < Op i }] + 2¢
< (B —BE)[((1,Y) = £o(0, V) 1{pn(X) > O s, pu(X) < 00, }]
+Ea[(6o(1,Y) — €9(0, V) L{pn(X) > On s, pr(X) < Op,e}] + 2e
<e—e+ 2
= 2e.
On the other hand, for § > 6, ; we have that Py, ¢+1(x) >0 <= pp(z) > 6 (recalling Lemma [6] and the fact

that 0; . = 01,¢) and thus,
, ]E[fa(ﬁm,t+1(X),Y) _60(ﬁh(X)vY)] =0.

Finally, for 0 € {¢/ € ©), : ' < 6,,} we have
E[lg(Pm,i+1(X),Y) = Lo(pn(X),Y)] < E[lo(Bm,t+1(X),Y) = Lo(Pm,e(X),Y)] + 2¢

=E[(lg(1,Y) = £o(0,Y))I{pn(X) > Ont, Pr(X) < Op1}] + 2¢
< 267

as above. O
We are now ready to prove Lemma [5] which follows as an almost immediate corollary of Lemma [7}

Proof of Lemma[3 By Hoeffding’s inequality we have that

(B = B)10(1,Y) = (o0, V)13 (X) > 0, 5(X) < 6] = O (1 PEL2L 1),

max
Oheeh,Oze@l,ee{Qh,el} n

Plugging this fact into the statement of Lemma [7] and taking t to be the last timestep of Algorithm [5| proves
the desired result. O

With the above lemmas in hand the proof of Theorem [4] is immediate.

Proof of Theorem [ This result follows from combining Lemma [5] with the results of Section [4] then adding
up the cumulative error over all log,(m) rounds of Algorithm O

F Additional details for the sales forecasting example

For our sales forecasting example in Section we need to compute the forecasted probability of observing a
nonzero number of sales given a predicted set of quantiles. Formally, let Y. € R denote the number of sales of
an item on a given day at a given Walmart location. For probability levels 0 < 73 < --- < 7 < 1, denote the
corresponding quantile estimates by ¢ < --- < ¢"*. Note that we can estimate the cumulative distribution
function of Y, via linear interpolation: for x € R,

z >4,
]f"(YCSx): 0, x<q,

Ti—Ti_ A A P
Ticl+ g (@ —477Y), ¢ <a < g

We conclude this section with Figure [4 which displays the results of our sales forecasting experiments for
varying hyperparameter values.
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Figure 4: Omniprediction error of the calibrated multiaccuracy (left panels), two-player game based (center panels), and direct
ensembling (right panels) methods across various sample sizes with m = 16 fixed (top row) or chosen variably as m = 2lloga (vn) ]
(bottom row) as the scaling constant ¢ varies, for the M5 sales forecasting dataset. Dots and error bars show the means and
standard errors obtained by evaluating the omniprediction error over 2000 test points for 20 draws of the training dataset.

G Proofs for Section

In this section, we prove Proposition

Proof of Proposition[5. The statement given in Proposition [§ is a slight variation on Corollary 9 of [Steinwart
et al. [2014]. In particular, we assume that the losses under consideration are strictly proper, while Steinwart
et al.| [2014] instead assumes that the losses are order sensitive. To be precise, they restrict to losses ¢ such
that for all distributions P € P and all ¢1,t2 € Image(T') such that either ty < t; < T(P) or T(P) < t; < ta,

Ep[é(tl, Y)] < Ep[g(tg, Y)}

We show here that this latter condition is implied by strict propriety.

To this end, let ¢ be a strictly proper loss for T and fix any ¢1,ts € Image(T) such that to < t; < T(P) or
T(P) < t1 < ty. Let P; and P, be such that T'(P;) = t; and T'(P2) = to. By the continuity of 7', there exists
A € (0,1) such that T(AP, 4+ (1 — \)P) = T(Py). Moreover, since £ is strictly proper we must have that

AER, [0(t1,Y)] + (1 = MEp[€(t1,Y)] = Exp,4 a—nyp[l(t1,Y)]
<Expra-npll(t2,Y)]
= )\EPz [E(t27 Y)] + (1 - )‘)EP[K(tQa Y)]7

and so in particular,
(1 =N (Ep[e(ts, Y)] = Ep[t(ts,Y)]) > MEp,[£(t1,Y)] = Ep, [¢(t2, Y)]) > 0,

as desired. O
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H Auxiliary results

In this section, we state a few results from past work that were used in the proofs from the previous sections.
We begin by recalling the well-known Azuma-Hoeffding inequality [Hoeffding] [1963], |Azumal, 1967].

Theorem 5 (As stated in Theorem 9.7 of[Hazan| [2019]). Let {X,;}7_, be a martingale with bounded differences
P(|X; — X¢—1| < B) =1, for all2 <t <T. Then, for all c € R,

62
— > < [ ——
]P)(|XT E[XT” = C) = 26Xp ( 2B2T>

We next recall the regret bound for the hedge algorithm from the online learning literature [Vovk} 1990
[Littlestone and Warmuth) [1994] [Freund and Schapire] [1997].

Theorem 6 (As stated in Theorem 1.5 of [2019]). Consider an online learning problem with m experts
receiving bounded losses {l; ;}1<i<m 1<t<T With SUP1 < <m,1<t<T Ly < B. Suppose that at time t we make the
same prediction as expert i with probability

s = exp(—1 sy Us,i)
t,s — )
S exp(=n 2, s j)

for some n > 0. Then,

d 4 log(m)
E : ; 2
Erg, [gt,l} < 1gll,lgﬂm tE_l by +nT'B” + T

t=1
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