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This document contains proofs and supplementary details for the paper “The Multiple Quantile
Graphical Model”. All section, equation, and figure numbers in this supplementary document are
preceded by the letter S (all numbering without an S refers to the main paper).

S.1 Proof of Lemma

If the conditional quantiles satisfy Qu v, () = Qu w () for all a € [0, 1], then the conditional
CDF must obey the same property, i.e., Fyyjy,w(t) = Fyjw(t) for all ¢ in the support of U. This
is simply because any CDF may be expressed in terms of its corresponding quantile function (i.e.,
inverse CDF), as in
Fyp,w(t) =sup{a € [0,1] : Quv,w (o) <t}

and the right-hand side does not depend on V/, so neither can the left-hand side. But this precisely im-
plies that the distribution of U|V, W equals that of U|W, i.e., U and V are conditionally independent
given W. We note that the converse of the statement in the lemma is true as well, by just reversing all
the arguments here. O

S.2 Proof of Lemma 4.2

This result can be seen as a generalization of Theorem 3 in [5]].

First, we define an iteration of Gibbs sampling to be a single pass through all the variables (without a
loss of generality, we take this order to be y1, . .., y4). Now, consider a particular iteration of Gibbs
sampling; let 41, . . . , §4 be the values assigned to the variables on the previous iteration. Then the
transition kernel for our Gibbs sampler is given by

Pr(yla s 7yd‘g17 s 7@(1) = Pr(ydlyd—h cee 7ylag17 .. '7?3(1) Pr(yd—la s ay1|g17 cee 7gd) (Sl)

=Pr(vilyi—1,.-- v1) Pr(ya—1,...,y1l01,- .., Ja) (S8.2)
=Pr(yilyi-1,-- - y1) Pr(ya—1|ya—2,---y1,9a) - - - Pr(y1|g2, - - -, a)s
(S8.3)

where follows by the definition of conditional probability, by conditional independence,
and (S.3) by repeated applications of these tools. Since each conditional distribution is assumed
to be (strictly) positive, we have that the transition kernel is also positive, which in turn implies [2,
page 544] that the induced Markov chain is ergodic with a unique stationary distribution that can be
reached from any initial point. O

S.3 Statement and discussion of regularity conditions for Theorem 4.3

Foreach k = 1,...,r, £ = 1,...,r, let us define the “effective” (independent) error terms
ki = Yy — ik — 2 iz ¢(y](-l))T92fkj, overi = 1,...,n. Denote by F,,, the conditional CDF of
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egki|y£i,)€, ¢ = 1,...,n, which by construction satisfies F,,, (0) = . Also define the underlying
support
Ser = {j e{1,...,d}: H;kj # 0}.

Here we take a moment to explain a somewhat subtle indexing issue with the columns of the feature
matrix ® € R"*%™_ For a single fixed index j = 1,...,d, we will extract an appropriate block of
columns of & € R™ 9™, corresponding to the basis expansion of variable j, by writing ®;. More
precisely, we use ®; to denote the block of m columns

[¢(j—1)m+17@(j—1)m+27’"7(I)jm]' (S4)

We do this because it simplifies notation considerably. (Occasionally, to be transparent, we will use
the more exhaustive notation on the right-hand side in @I), but this is to be treated as an exception,
and the default is to use the concise notation as in ®;.) The same rule will be used for subsets of
indices among 1, . .., d, so that ®g,, denotes the appropriate block of m|Sy| columns corresponding
to the basis expansions of the variables in Syg.

Forallk=1,...,d,¢=1,...,r, we will assume the following regularity conditions.

Al. Groupwise irrepresentability: for j € Sf, , we require that | ®T ®sg,, |7 < A1/(6fe,,(0)7),
where Sg, = {j € {1,...,dm} : 0}, # 0}, fe,, is the density of F,,,,and v > Ois a
quantity prescribed by Lemma|[S.5]

A2. Distributional smoothness: we assume that |F,,, () — F.,, (0) — 2 f,, (0)| < C12? for all

€k
|z| < Cy, where Cq, Cy > 0 are constants.

A3. Correlation restriction: we assume that C3 < (f,, (0)/ n)/\min(i)gM g, ) < C4 for con-
stants C3, Cy > 0, where A, (A) denotes the minimum eigenvalue of A.

A4. Basis and support size restrictions: we assume that m = O(n'/?) and s = O(n'/?),
where s = |Sy|. We also assume, with probability tending to one, that ®,,,,,, = (1) and

Dax = o(nl/ 2y logl/ 2 n), where we write @, to denote the maximum absolute entry
of the basis matrix ®.

Next, we provide some intuition for these conditions.

Condition Al. Fix some j € Sj,. For notational convenience, we let
T x
A= dg, € R™™.
Observe that each entry of A can be expressed as

Aip = npi,p”(b(jfl)mﬂ”?HCI)pHQv (S.5)

fori =1,...,m, pdenoting an index into the basis expansion of the columns ®g,, , and p; ;, denoting
the sample correlation coefficient for the columns ®; and ®,,. Since || A, || r < /m||Ap| o, we have
that

A1
612 fe,,. (0)v/m

is sufficient for condition A1; here, we have also used the column scaling assumption ||®, || < y/n.

max pip <
4P '

So, roughly speaking, bounded correlation between each pair of columns in the submatrices ®;
and ®g,, is enough for condition Al to hold; note that this is trivially satisfied when ®7 ®, = 0,
fort = 1,...,m, and p as defined above. Condition Al is therefore similar to, e.g., the mutual
incoherence condition of [7] for the lasso, which is given by

|25.0s (@es) || <1-7 = max||(@Fes) " ofe,| <1-7,

jese
where again ®g extracts the appropriate block of columns of D, || - ||« here denotes the /., operator
norm (maximum ¢; norm of a row), || - ||; here denotes the elementwise ¢; norm, and 4 € (0, 1] is a

constant. This condition can be seen as requiring bounded correlation between each column in the
submatrix ®g- and all columns in the submatrix ®g.



Condition A2. This condition is similar to requiring that f., (z) be Lipschitz, over some z in a
neighborhood of 0. We can show that the Laplace distribution, e.g., satisfies this condition.

The density and distribution functions for the Laplace distribution with location zero and unit scale

are given by
Jeor (2) = (1/2) exp(—|z|)
" (1/2) exp(~)
_J1-(1/2)exp(—z) ifz>0
Feo(2) = {(1/2) exp(x) ifz <0,

respectively.

Now, suppose 0 < z < (5. Then we can express condition A2 as

|[fere (@) = feor (0) — 2 fe,, (0)] < C17° < —2012° < exp(—z)+z—-1< 20422,

For the first inequality, since 1 — 2 < exp(—=x), it is sufficient to check that 0 < C} 22, which is true
for C; > 0 and all z. For the second inequality, by differentiating and again using 1 — = < exp(—=z),
we have that the function

20 2% — exp(—2) —x + 1 (S.6)

is nondecreasing in x > 0; thus, it is sufficient to check that this function is nonnegative for x = 0,
which is true.

Now, suppose —C5 < x < 0. Then we can express condition A2 as

|[fero (@) = fe,. (0) — 2 fe,, (0)| < C12? — —2012% < exp(z) —x—1< 20,22

By symmetry with the preceding case, the first inequality here holds. The second inequality here also
holds, since exp(x) — 2C1 2% — x — 1 is continuous and increasing in < 0; taking the limit as z 1 0
gives that this function is nonpositive as required.

Condition A3. This condition is a generalization of the minimum eigenvalue condition of [7], i.e.,
Cmin < Amin ((1 / TL)(I)%:(I)S) , for some constant c,;, > 0, and where we write ®g to extract the
appropriate block of columns of .

Condition A4. This condition allows the number of basis functions m in the expansion to grow with n,
at a polynomial rate (with fractional exponent). This is roughly in line with standard nonparametric
regression; e.g., when estimating a continuous differentiable function via a spline expansion, one
typically takes the number of basis functions m to scale as n'/ [4]. The condition also restricts,
for any given variable, the number of variables s that contribute to its neighborhood model to be
polynomial in n (with a smaller fractional exponent).

Finally, the condition assumes that the entries of the basis matrix ® (i.e., the matrix of transformed
variables) to be at least of constant order, and at most of polynomial order (with small fractional
exponent), with n. We note that this implicitly places a restriction on the tails of distribution governing
the data yj(l), i=1,...,n,5 = 1,...,d. However, the restriction is not a strong one, because it
allows the maximum to grow polynomially large with n (whereas a logarithmic growth would be
expected, e.g., for normal data). Furthermore, it is possible to trade off the restrictions on m, s, @ ax,
and d (presented in the statement of the theorem), making each of these restrictions more or less
stringent, if required.

S.4 Proof of Theorem

The general strategy that we use here for support recovery is inspired by that in [3], for ¢;-penalized
quantile regression.

Fix some k = 1,...,dand ¢ = 1,...,r. We consider the conditional distribution y|y_x, whose
ag-quantile is assumed to satisfy (3). Hence, to be perfectly clear, all expectations and probability
statements in what follows are to be interpreted with respect to the observations ykl ,i=1,...,n
conditional on yjz ,i=1,...,n, for j # k (and thus we can treat the feature matrix ® as fixed



throughout). In the setting assumed by the theorem, the conditional quantile model in (3) is, more
explicitly,

d
ka ly-r (Oég) = by, + Z(GZ@)T(W (y]‘)7
ik
for some unknown parameters by, and 7, ;, j = 1,..., d. For simplicity, in this proof, we will drop

the intercept term completely both from the model (denoted bj;,) and the optimization problem in (&)
(here denoted byy,) that defines the estimator in question. Including the intercept is not at all difficult,
and it just requires some extra bookkeeping at various places. Recall that we define

Sor = {] € {1,...,d} : Qij 7'é 0},
and analogously define

Soe=1{je{1,....d}: Ouj # 0},
where 05, = (égkl, ey égkd) € R%™ is the solution in ®).

We will show that, with probability at least 1 — ¢/(dr), it holds that Sp;, = Syi. A union bound (over
all choices k = 1,...,dand £ = 1,...,r) will then tell us that E* = E with probability at least
1 — 6, completing the proof.

To certify that Sy, = S@k, we will show that the unique solution in @) is given by

éEk(SM) = é@k(SM)> ézk(sgk) =0, (S8.7)
where égk( Se1,) Solves the “restricted” optimization problem:
S A
minimize Yo, (Yk - (I)SMHZIC(SM)) + A1 Z 10er;l2 + ?2”90@(5%)“%' (S.8)
0k (Spy) .
JESex

Now, to prove that f;, as defined above in (S.7) indeed the solution in (5), we need to check that it
satisfies the KKT conditions for (3), namely

(I)g“’ ve (Yk — D5y éZk(S““)) - Azéﬁk(sm) = Alulk(Sek% (S.9)
sy, vt (Yk - ‘I’Sekéwsm) = MUgk(sg,)s (S.10)

where vp(Y; — ‘Psgkémc(sm)) € R" is a subgradient of ¢, (-) at Y, — (I>s£k9~gk(sek), Le.,
|:Uf (Yk - (I)Sméfk(slzk))L =0y — I*( l(ci) - (I)i(SM)éék(SM))7 i=1...,n

where I_(-) is the indicator function of the nonpositive real line, and where each ug,; € R™ is a
subgradient of || - ||2 at O, i.e.,

s € {00rj /|1 Ocks 2} if Ogr; # 0
= e e R™ 1 ||z)ly <1} if By =0,

for j = 1,...,d. Note that, since égk( Se1,) 1s optimal for the restricted problem (S:8), we know that
there exists a collection of subgradients uys,,) to satisfy (S.9), from the KKT conditions for (S-8)
itself.

It remains to satisfy (S.10), and for this, we can use wg; = @fw(Yk — &g, QNM(SM)) as a valid
choice of subgradient, for each j € S, , provided that

H@fw (Yk _ @SZkégk<sgk>) HQ <\, for je S5, (S.11)

Define z; () = q)JTvg(Yk — &g, V), for j € 57, and define a ball
B* = {9 € R™ : |9 = O, ll2 <7},

where we write s = | Sy |. To show (STT), then, it suffices to show that

é@k(skk) € B*, and max sup 1z; (D)2 < A1 - (S.12)
JESE, YeB*
—_———
E1 E2



In Lemma [S.5.1] given in Section [S.5] it is shown that the event E; defined above occurs with
probability at least 1 — 6 /(2dr), with a choice of radius

V—C (Als\/ﬁ N /slogn) 7
n n

for a constant C' > 0. Below we show that E5 occurs with probability at least 1 — §/(2dr), as well.

Forj =1,...,d, let us expand

zj(9) = T vg(e) + @] E {vz (Yk - ‘I)se,ﬂ) - ’U[(E[k):| +

—_——
A A
CI)? (Uz (Yk — (I)SMﬂ) — Ug(egk) —E [’U@(Yk — q)Smcﬁ) — ’U@(Egk)} ), (S.13)
A
where e, = (€gx1, - - -, €ekn) € R is a vector of the effective error terms, which recall, is defined by

ey = Y, — @07, Therefore, to show that the event £ in (S.12) holds, we can show that for each
p=123,

A
max sup [A]ly < 2L
Jj€SE, veB* 3

Further, to show that E'> holds with probability at least 1 — d/(2dr), we can show that the above holds
for p = 1, 3 each with probability at least 1 — &/(4dr), as the statement for p = 2 is deterministic.
We now bound the terms A7, A}, A one by one.

Bounding || A ||a. Fix j € S5,, and write

T vg(er) = (Z‘I)z (i—1)ym+1Ve(€eki )5 Z@umw €0ki >

i=1

where, as a reminder that the above quantity is a vector, we have returned momentarily to the more
exhaustive notation for indexing the columns of ®, as in the right-hand side of (S.4).

Straightforward calculations reveal that, foreach¢ =1,... ,n,andp=1,...,m,
E®; _iympve(ers) =0, and  —[D; i_1ymspl < i j—1)ymtpVe(€eri) < [Pi G—1)mpl-
Hence,

Z (I)i7(.j—1)m+pU€(€€ki)

i=1

< 2exp ( )
z:: 2 Z z (] 1)m-+p
t2
< 2mexp <— )
2n

Above, the first inequality used the simple fact that |||z < /m/||z|| for z € R™; the second used
Hoeffding’s bound and the union bound; and the third used our assumption that the columns of ¢
have norm at most /n. Therefore, taking ¢t = A1 /(31/m), we see that, by the above and the union

bound,
Pr( max [|A)]. < l >1—2dmexp A
JESE, 2573 ~ 18mn )’

r (||@]Tve(65ki)||2 > \/%t> <Pr (

> t, somep:l,...,m>

By choosing A1 = C’+/18mn log(8d2mr/4) for a constant C’ > 0, we see that the probability in
question is at least 1 — 6/(4dr), as desired.



Bounding || A}]|2. Recall that F.,, (-) is used to denote the CDF of the effective error distribution,
and f,, (-) is used for its its density. By construction, Ft,, (0) = c. Direct calculation, using the
definition of v, (+), shows that, for any ¢ € B*, andeachi =1,...,n,

E [w(eek) o (Yk - cpsgkﬁ)] ~-F, (@SM (0 - egk(sék))) _F,,(0),

where we apply F¢,, componentwise, and so

q)jT E [W(EM) — Uy (Yk - ‘bsmﬂﬂ = fwk- (O)‘I’f‘bsm (19 - GZk(Sek)) + Ai

with Ai € R™ being the appropriate remainder term, i.e.,

[Aﬂt = i@it {FEM (‘I’i(sgk)(l9 - 92‘;6(5“))) = Fep (0) = fepr (0) i) (0 — 92}(5“))],
=1

fort =j(m—1)+1,...,jm.
Now, we have that

. A
[ fets 002 @5, (9 = O s,0) |5 < Sern ON 8] s | 19 = Ol < -

where we have used [} — 07, g, \[l2 < v and the groupwise irrepresentability condition in Al.
We also have the following two facts, which we will use momentarily:
®3  nsy? =o(\) (S.14)
V5Pmaxy — 0. (S.15)

Note that (S:I4) can be obtained as follows. Since (1/2)(z + y)? < 2% + y? for z,y € R, we can

plug in
A 1
7:C<1s\/ﬁ+ /sogn)7
n n

and check that both terms on the right-hand side of

o3 A2s?2m slogn @‘3 s3Am @3
+ +

s?logn

max max max

)\1

n? n n M

tend to zero. For the first term on the right-hand side, it is enough to show that

@6 sSm3log(d®>mr)(log® n)/n — 0,

max

where we have plugged in Ay = C’ \/ mnlog(d?mr/§)log® n. Using the assumptions in condition
A4, we get that log(d?mr) = O(logd + logm) = O(n?/?'), and furthermore that

(n1/3 .p2/21 . p6/21 .n6/21> log® n
0
n

@8 sm3log(d?mr)(log®n)/n =

max

— 0,
log®n
as required. A similar calculation shows that the second term on the right-hand side also tends to
zero, i.e., 3 s?(logn)/A1 — 0, which establishes (S:14). Lastly, (S.I3) follows since its left-hand

de

side is dominated by the left-hand side of (S.14).

So, we now compute

14312 < Bit|Fo (Bits) (0 = i) =

Elk( ) fEek( ) i(Ser) (19 - ozk(&gk))} ‘

2
<C® mafo( l(Sm) 19 efk Sik)))



< Cl(bmaxmz ||(Pi(5'2k) ||%||19 - 6;k(3”,) ”3
=1

< 1@ Vminsy?

= O()\l).

Here the first inequality follows from the fact that ||z||s < v/m||z| s for z € R™, and the triangle
inequality; the second follows from the distributional smoothness condition in A2, which is applicable
since (S.13) holds; the third uses Cauchy-Schwarz; the fourth uses our column norm assumption on
®, and ||V — 07, g, )ll2 < ; the last uses (S14). As || A%]l2 = o(\y), it will certainly be strictly less
than A, /6 for n Sarge enough. We have hence shown, noting that none of our above arguments have
depended on the particular choiceof j = 1,...,d or ¥ € B*,

At

max sup ||Allls < =.
JESE, YeB* ” ” 3

Bounding || A}||2. For this part, we can use the end of the proof of Lemma 2 in [3], which uses classic
entropy-based techniques to establish a bound very similar to that which we are seeking. By carefully
looking at the conditions required for this lemma, we see that under the distributional smoothness
condition in A2, condition A3, and also

vnlog(dm) = o(Ay)
N®maxy> = 0o(A1)
(14 7®2,..5%%) log” n = o(A}/n),

all following directly from condition A4 by calculations similar to the ones we used when bounding
[|A%]l, we have

1 /\1 /\1
Pr | max sup ||Al2 > ) <Pr ( max sup A? > )
(JGS% 9eB* 451 3 JE€S veB* 143lloe = 3y/m

the probability on the right-hand side can be made arbitrarily small for large n, by the arguments at
the end of Lemma 2 in [3]], and hence clearly smaller than the desired 6/(4dr) level.

Putting it together. Returning to the logic in (S.T1)), (S.12)), (S.13)), we have shown that the subgradient
condition in (S.TT)) holds with probability at least 1 — (6/(2dr) + 6/(4dr) +6/(4dr)) = 1 —§/(dr).
Taking a union bound over k = 1,...,dand ¢ = 1,...,r, which were considered fixed at the start of
our analysis, gives the result stated in the theorem. O

S.5 Statement and proof of Lemma

We show that with probability at least 1 — 6/(2dr), it holds that sz (Ser) € B, where 9@k (Ser) is the
solution to the restricted problem (S.8)), for some fixed k = 1,...,dand £ =1,...,r,and B*is a
ball defined in the proof of Theorem[4.3]in Section[S.4] This fact 1s used a few times in the proof of
Theorem 4.3

Lemma S.5.1. Fixsomek =1,...,dand{ =1,...,r. Define the ball
B ={d e R*™ : || = Oy, 2 < 7}

centered at the underlying coefficients QM( Sor) with radius

v (Als\/ﬁ N /slogn) 7
n n

for some constant C > 0. Then, with probability at least 1 — 6 /(2dr), it holds that égk(sek) € B*,
where Oy, (s,,) is the solution to the restricted problem (5.3).




Proof. We will follow the strategy for the proof of Theorem 1 in [3] closely. We begin by considering
the ball
B={0 eR™:|[J = 0s,,lls < R}

with center H;k So and radius R. We also introduce some useful notational shorthand, and write the
quantile loss term in the restricted problem (S:8) as

Lo (9) = ¢a, Y — 0g,,9) .

Below, we show that a particular function of R serves as an upper bound for the quantity
E[Lek(Vek(se)) — Lex(07y,s,,))]: where the expectation here is taken over draws of the data, and
Yok(s,,) 18 a particular point in B that we define in a moment. This in turn implies, with probability
atleast 1 — §/(2dr), that 0,(s,,) € B*, as claimed.

First, we define ﬁgu S.,) More precisely: it is a point on the line segment between the solution to the
restricted problem 6y, (g,,) and the underlying coefficients 07, (Sex)’ ie.,

gﬂﬂ(sek) = ﬂéﬁk(sm) + (1 - B)egk(&zk)’

for a particular choice
R

5 — — )
R+ Heék(SM) - azk(Szk) ”2

which guarantees that ﬁgk( Su,) € B evenif égk( Si) & B, as we establish next. Observe that we
always have

10er(Ser) = Orcsoll2 < R+ 100k(S0) — Oirison 2

10ek(sen) = Ok(son ll2

R+ 100k(s0) = s ll2
= BllOun(s,) — Oirsullz < R
= (1B0uk(sp) = BOik(so) + Oiksm) — Oincsonll2 < R
= [[Dek(s0) — (s llz < R,

as claimed. The second line here follows by rearranging and multiplying through by R; the third by
using the definition of 3 above; the fourth by adding and subtracting the underlying coefficients; and
the fifth by using the definition of ¥ (g, )-

Now, the beginning of the proof of Theorem 1 in [3] establishes, for any &[k( Su) € B, for some
constant C5 > 0, and using condition A3, that

E | Lox(Dok(s0)) = Len(07(5,0)) | = CorllPen(sen) = Oincson I3 (S.16)
and so, by direct calculation, since

1Per(s00)=O(sullz < B <= Blbm(s,)—Oinismllz < B <= 10ok(s0)—bin(s,mll2 < R/2,

- (8.17)
it suffices to obtain a suitable upper bound for E[L gk (Ven(s,,)) — Ler (675, Sw))], in order to get the
result in the statement of the lemma. To this end, we introduce one more piece of shorthand, and
denote the objective for the restricted problem (S-8)) as Jy ().

We proceed with the following chain of (in)equalities:
E [Lezc(ﬁek(sm) - sz(%(sm)}

=E [Lfk(&ﬁk(&zk)) - Lek(%k(sek))} + T Den(s,ny) — JokOunisp) +

JUG(GZk(Sek)) - Jfk(%k(sm)
(S.18)



= Lok (0(5,)) — B Lok (O (5,)) — Lok Derisen) + B Lan(Dpics,y) +

A(ezk(su)ﬁu(sek))

Tok(ui(si)) = JokOris,) + A1 D N0kl = A D 19kl

JESik JESek
— (A2/2) 1P k(5o I3 + (A2/2)[167k (5,0 I3

(S5.19)

< A5,y Ver(sen)) + TerOksen) = ok Ofgs,ey) + M >, 10745 — Dexsll2 + (1)
s (5.20)
< A0k (s00) Ve(su)) + ok De(si)) = Tk (Ois,)) + AsRy/m + o(1) (S.21)
< A0k (s,0) Ve(su)) + 2M1sRY/m (S.22)
< sup |ABs, ) Ven(so)| + 2AsRy/m. (S.23)

Den(s,) EB

Here, (S:18) follows by adding and subtracting like terms, and (S.19) by rearranging (S:18). In (S:20)

we use the triangle inequality and the following argument to show that the terms involving s are o(1).
Under the assumption that Ay = o(n*1/42/6% ), combined with the restriction that s = o(n'/?!),

we have Ay = o(n/(y/s05%,))- Therefore, under our choice of R = 1/n (as specified below), we
have

max

This in turn is used to argue that

—(N\2/2) e I3 + (A2/2) 10715, 13 = A2/ Per(s0) — k5o I3

— X2l Fer(sp) 13 + X203k (5,1 Oicsun)
A2/2)R? = Xol[9er(s,) 2 ([Dercsimll2 = 16k¢s,0)l12)
A2/2)R? + Xo||[Dui(s,) 2R
)
)

IA

IA A

X2/2)R? + X207 (5,0 12 R
A2/2)R? + \oy/507, R — 0.

IN

(
(
(
(

In the second to last line, we have applied ||1§lk(sek) ll2 < 16755, ll2- as, outside of this case, the
term in question —(A2/2)|| @5, 13 + (X2/2) 167k (500 ||3 would be negative, anyway.

Continuing on, (S.21)) holds because [|0;, g, | — Dpp(s,ll2 < R implies 107k; — Dejll2 < R. Fi-
nally, (S:22) follows because of the following argument. Since .Jy, is convex, we can use the definition
of Jyp(s,,) and get

Tk Den(su)) < BIenOonisin)+(1=B8)JewOfrs,0)) = e (O s,0)HBTen O s,)) = Ter Ois,,)));

notice that the last term here is nonpositive, since é@k( S,1,) 1s the solution to the restricted problem
(S:8), and thus we have that

Jok (ngk(sek)) < JM(QZ}C(S““»’

which lets us move from (S:21)) to (S:22).

Lemma 1 in [3] states, with probability at least 1 — §, where § = exp(—Cgslogn) and Cg > 0 is
some constant, that

 sup |A(9Zk(5gk)71§£k’(slk))| < 6R+/snlogn,
Vok(s,,) EB

so from (S:23), with probability at least 1 — §, we see that

E | Lox(Duncsu) = LexOiics,)| < 6RVsnlogn + 2\isRyim



and, using (S:16), that
1|0 k(s,) — ksl < C (R\/snlogn + AlsR\/ﬁ) ,

for some constant C’ > 0.

Plugging in R = 1/n, dividing through by n, and using the fact that the square root function is
subadditive, we get, with probability at least 1 — J, that

~ . (slogn)'/*  (Ays)Y/2m!/4
Discsa) ~ Os e < € (L2257 4 P12

< ( [slogn n Als\/ﬁ> .
n n

Finally, we complete the proof by applying (S.17), in order to get that

||95k(sﬂk) - 9?/6(5’%)”2 <,

v—C (x\ls\/ﬁ N /slogn) 7
n n

and C' > 0 is some constant, with probability at least 1 — 6/(2dr), for large enough n. O

where we have defined

S.6 Proof of Lemma[5.1]

The prox operator prox,,, , (A) is separable in the entries of its minimizer X, so we can focus on
minimizing over X;; the expression

max{a; Xij, (a; — D) Xi5} + (1/(2N) (Xij — Ayy)?
= ajmax{0, X;;} + (1 — o) max{0, —X;;} + (1/(2))) (Xij — Aj)°. (S5.24)

Suppose X;; > 0. Then differentiating (S.24) gives X;; = A;; — Ac; and the sufficient condition
A;; > Aayj. Similarly, assuming X;; < 0 gives X;; = A;; + A(1 — ;) when A4;; < A(a; — 1).
Otherwise, we can take X;; = 0. Putting these cases together gives the result. O

S.7 ADMM for the MQGM

A complete description of our ADMM-based algorithm for fitting the MQGM to data is given in
Algorithm ]

S.8 Additional details on Gibbs sampling

In the MQGM, there is no analytic solution for parameters like the mean, median, or quantiles of
these marginal and conditional distributions, but the pseudolikelihood approximation makes for a
very efficient Gibbs sampling procedure, which we highlight in this section. As it is relevant to
the computational aspects of the approach, in this subsection we will make explicit the conditional
random field, where y;, depends on both y_; and fixed input features x.

First, note that since we are representing the distribution of yj|y—x, = via its inverse CDF, to sample
from from this conditional distribution we can simply generate a random « ~ Uniform(0, 1). We
then compute

kalyﬁk (ae) = 6(y)" Our, + =07,
ka'fgﬁk (O‘E-H) = ¢(y)T€(é+1)k + xTe'zcngl)k

for some pair oy < o < a4 and set yy, to be a linear interpolation of the two values,
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Algorithm 1 ADMM for the MQGM

Input: observations y(V), ... y(™ c RY, feature matrix ® € R™*9™ quantile levels A, constants
/\17 Ao >0 R . .
Output: fitted coefficients © = (81, ber)
for kL = 1,...,d (in parallel, if possible) do
initialize @k7 B}C, ‘/, W, Z7 Uv, Uw, UZ
repeat
update Oy using (13)
update By, using (13)
update V' using (10)
update W using (1)

update Z using (12) and Lemmal5.1]
update Uy, Uy, Uy:

Uy « Uy + (1BF + ®,0 - V)
Uw < Uw + (0 — W)
Uz + Uz + (V1T — 1Bl — #,0 — 2)

until converged
end for

(Quuty(@e1) = Qg () (@ = )

Qpy1 — Oy

Yk < kah/—\k (056) +

This highlights the desirability of having a range of nonuniformly spaced « terms that reach values
close to zero and one as otherwise we may not be able to find a pair of o’s that lower and upper bound
our random sample . However, in the case that we model a sufficient quantity of «, a reasonable
approximation (albeit one that will not sample from the extreme tails) is also simply to pick a random
ay € A and use just the corresponding column 6y, to generate the random sample.

Computationally, there are a few simple but key points involved in making the sampling efficient.
First, when sampling from a conditional distribution, we can precompute 27 ©% for each k, and use
these terms as a constant offset. Second, we maintain a “running” feature vector ¢(y) € Rdm, ie.,
the concatenation of features corresponding to each coordinate ¢(yy). Each time we sample a new
coordinate yy, we generate just the new features in the ¢(yy) block, leaving the remaining features
untouched. Finally, since the O, terms are sparse, the inner product ¢()” 6, will only contain a
few nonzeros terms in the sum, and will be computed more efficiently if the O, are stored as a sparse
matrices.

S.9 Additional numerical results for the ring data

S.9.1 Conditional independencies recovered by the nonparanormal skeptic, TIGER, and
Laplace

We present the conditional independencies recovered by the nonparanormal skeptic, TIGER, and
Laplace on the ring data in Figure results for the remaining methods are presented in Section

S.9.2 Evaluation of fitted conditional CDFs

Here, we elaborate on the evaluation of the conditional CDFs given by the MQGM, MB, GLasso,
SpaceJam, TIGER, and Laplace, when run on the ring data. (We omit the nonparanormal skeptic from
our evaluation as it is not clear how to sample from its conditionals, due to the nature of a particular
transformation that it uses.)

For each of these methods, we essentially averaged the total variation distances and Kolmogorov-
Smirnoff statistics between the fitted and true conditional CDFs across all variables, and then reported

11
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Figure S.1: Conditional independencies recovered by the nonparanormal skeptic, TIGER, and Laplace on the
ring data; black means conditional dependence.

Table S.1: Total variation (TV) distance and Kolmogorov-Smirnoff (KS) statistic values for the MQGM, MB,
GLasso, SpaceJam, TIGER, and Laplace on the ring data; lower is better, best in bold.

TV KS
MQGM 20.873  0.760
MB 92.298 1.856

GLasso 92.479  1.768
SpaceJam  91.568  1.697
TIGER 88.284  1.450
Laplace 127.406 1.768

the best values obtained across a range of tuning parameters (more details below). We present the
results in Table we see that the MQGM outperforms all its competitors, in both metrics.

We now describe the evaluation in more detail; for simplicity, we describe everything that follows in
terms of the conditional CDF y; |y only, with everything being extended in the obvious way to other
conditionals.

First, we carried out the following steps in order to compute the true (empirical) conditional CDF.

1. We drew n = 400 samples from the ring distribution, by following the procedure described
in Section [6.1} these observations are plotted across the top row of Figure[S.2]

2. We then partitioned the y» samples into five equally-sized bins, and computed the true
empirical conditional CDF of y; given each bin of y, values.

Next, we carried out the following steps in order to compute the estimated (empirical) conditional
CDFs, for each method.

3. We fitted each method to the samples obtained in step (1) above.

4. Then, for each method, we drew a sample of y; given each y, sample, using the method’s
conditional distribution; these conditionals are plotted across the second through fifth rows
of Figure [S.2] (for representative values of Aq).

Operationally, we drew samples from each method’s conditionals in the following ways.
e MQGM: we used the Gibbs sampler described in Section|[S.§]
e MB: wedrew y; ~ N (élTyg), &f‘Q), where 0, is the fitted lasso regression coefficient
of y1 on ys; yéi) fori = 11 ..., n is the ¢th observation of y5 obtained in step (1) above;
and &flz = var(Y; — Y20;) denotes the sample variance of the underlying error term

Yy — Y0, with Y; = (yfl), e ,yi(”)) € R" collecting all observations along variable
7.

12



e SpaceJam: we drew y; ~ N(67 ¢(y2 ), &i?), where ¢ is a suitable basis function,

and 6 as well as 01‘2 are defined in ways analogous to the neighborhood selection
setup.

e GLasso: we drew 1 ~ N (fi1)2, 6f|2), where

fi1]2 | = fi1 + 531253521(951) — fi2)
S 21222_21221

Q>

with fi; denoting the sample mean of Y;, and by denoting the estimate of the covariance
matrix given by GLasso (subscripts select blocks of this matrix).

5. Finally, we partitioned the y5 samples into five equally-sized bins (just as when computing
the true conditional CDF), and computed the estimated empirical conditional CDF of y;
given each bin of y» values.

Having computed the true as well as estimated conditional CDFs, we measured the goodness of fit of
each method’s conditional CDFs to the true conditional CDFs, by computing the total variation (TV)
distance, i.e.,

method ; i i
(1/2) Z [ oot (91c) — e (=10)|,
as well as the (scaled) Kolmogorov-Smlrnoff (KS) statistic, i.e.,

max [F7h (2010 - B, (00)
q

y1ly2 y1|y2

Here, F "“e ( )|Q is the true empirical conditional CDF of v |y,, evaluated at y; = 2(*) and
given yg C and Fnﬁth;)d ( \C ) is a particular method’s (“method;” above) estimated empirical
conditional CDF, evaluated at y; = z() and given y5 = . For each method, we averaged these TV
and KS values across the method’s conditional CDFs. Table [S.T|reports the best (across a range of

tuning parameters) of these averaged TV and KS values.

S.10 Additional numerical results for modeling flu epidemics

Here, we plot samples from the marginal distributions of the percentages of flu reports at regions
one, five, and ten throughout the year, which reveals the heteroskedastic nature of the data (just as in
Section[6.2] for region six).

S.11 Sustainable energy application

We evaluate the ability of MQGM to recover the conditional independencies between several wind
farms on the basis of large-scale, hourly wind power measurements; wind power is intermittent, and
thus understanding the relationships between wind farms can help farm operators plan. We obtained
hourly wind power measurements from July 1, 2009 through September 14, 2010 at seven wind farms
(n = 877, see 16,8 [1] for details). The primary variables here encode the hourly wind power at a
farm over two days (i.e., 48 hours), thus d = 7 x 48 = 336. Exogenous variables were used to encode
forecasted wind power and direction as well as other historical measurements, for a total of ¢ = 3417.
We set m = 5 and r» = 20. Fitting the MQGM here hence requires solving 48 x 7 = 336 multiple
quantile regression subproblems each of dimension ((336 — 1) x 54 3417) x 20 = 101, 840. Each
subproblem took roughly 87 minutes, comparable to the algorithm of [8].

Figure [S.4] presents the recovered conditional independencies; the nonzero super- and sub-diagonal
entries suggest that at any wind farm, the previous hour’s wind power (naturally) influences the
next hour’s, while the nonzero off-diagonal entries, e.g., in the (4,6) block, uncover farms that may
influence one another. [8]], whose method placed fifth in a Kaggle competition, as well as [[1]] report
similar findings (see the left panels of Figures 7 and 3 in these papers, respectively).
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Figure S.2: Conditional distributions for MQGM, MB, GLasso, and SpaceJam, fitted to samples from the ring
distribution (TIGER and Laplace’s conditionals both look similar to MB’s). First row: samples from the ring
distribution, where each plot highlights the samples falling into a particular shaded bin on the y» axis. Second
through fifth rows: conditional distributions of y; given y2 for each method, where each plot conditions on the
appropriate y2 bin as highlighted in the first row. The MQGM’s conditional distributions are intuitive, appearing
bimodal for bin 3, and more peaked for bins 1 and 5. MB, GLasso, and SpaceJam’s densities appear (roughly)
Gaussian, as expected.
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Figure S.3: Samples from the fitted marginal distributions of the weekly flu incidence rates at several regions of
the U.S.; samples at larger quantile levels shaded lighter, median in darker blue.
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Figure S.4: Conditional independencies recovered by the MQGM on the wind farms data; each block corre-
sponds to a wind farm, and black indicates dependence.
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