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A.1 Proof of Theorem 1
Part (a). By optimality of 6 for problem (5),
ly — 0115+ M0TLO < [ly — BII3 + A6" L
< lly = BII3 + 21 + )BT LS,
where we have used the spectral similarity of L, L. Rearranging, we see that
1615 — 118115 < 29"(6 — B) + A(1 + €)3" L3 — \6" L.
Substituting y = B +y— B on the right-hand side, and again rearranging,
16— BII3 < 2(y — B)(8 — B) + AL+ €)5" L5 — AG" L4
Using y — 3 = ALj from the stationarity condition for (1),
10 — B2 < 2X0TL3 — X1 — e)3TLS — N Lo
< ON|LY20)5| L2315 — A1 — )BT LA — AT LD
<MW + €| L2805 )| L2 8]l — A1 — )BT LA — NT LA,

where we have again used the spectral similarity of L, L. Now we examine two cases for last line above. If
VI+e€|LY?0]5 < |[L/?5]|2, then

16 — BIIZ < A(L+e)BTLA — AIT LA
If 1+ €| LY20))5 > || L2532, then
16— B2 < M1+ 20710 — A(1 — )BT LS.
Putting these together, we get the desired final bound.

Proof of (b). Following the proof strategy for part (a), except with the regularization parameter denoted by



X for problem (5), we have
16 — B2 < 2007 LA+ (1 4 )N — 20T LS — N7 LA
< ON|LY202]| L2 B2 + (14 €)X — 2037 LA — N6T Lo
< 2AVT F €| LY20)of [ LM2B|o + (1 + e)N —20)BTLB — N6T Lo
)\/

= 2MWVT + €| LY20)5 (| LV/?B)|2 — ———]IL"/?0 1+ e)N —20) 87 LB.
FAL 02 (NL 252 — S 120 ) + (1 + X — 205725

a

We now examine two cases for the first term a on the line above. If \'/(2Av/1+ )| LV/20|5 < ||LV23]2,
then a < (4N2(1 4 €)/N)BTLB; if N /(2A/1 + €)||LY/28]]2 > ||L'/?3|), then a < 0. Therefore,

PN 4021+ €
6 pi3 < (209

An easy calculation shows that the optimal value of A, making the leading factor above as small as possible,
is A = 2. Plugging this in gives the desired result. O

+(1+eN - 2>\>BTLB.

A.2 Proof of Theorem 2

Let us first consider the univariate logistic function g : R — R defined by
g(z) = —ax +log(1 + €”),
for a constant a € R. It is clear that g is convex, with first and second derivatives
g'(2) =—a+n(z), ¢"(z)=n(z)(1-n()),

where 7(z) = e*/(1 + e¥). If || < R, then ¢"(z) > 6(1 — §), where § = m(—R). Thus by strong convexity
of g over the interval [—R, R], we have

o(l—0
9(z) —g(z) — g (z)(z —2) > %(z — )%, forall z,z € [-R, R].
or equivalently, by the monotonicity of the inverse link function 7,

(1 —9) (z—=)?, forall m(z),m(2) € [5,1—4].

9(z) = g(z) = g'()(z —2) >
Now write the logistic loss in (3) as f(3) = Y./, 9(Bi; v:); then the above shows that

10)— 5(8) - v 18) 0 - ) = 200

Hence, under the assumptions of the theorem, we may begin with the assertion that

F0)+NOTLO < f(B) + NBTLA,

10 — B3, whenever 7(8;),7(6;) € [0,1 6], i=1,...n. (A.1)

by the optimality of 8 for its own problem, then rearrange, and use (A.1), to arrive at

3(1— 4)

15— 013 < V(BT - 5)+ NBTLE - N6 LG

VBT O-B)+ N1 +e)BTLE - NOTLA.

A

Using —V f(f) = 2ALf from the stationarity condition for 3 in (1), we have
(1 —96)
2

The right-hand side is precisely of the same form as that analyzed in parts (a) and (b) of Theorem 1, and
the results follow. O

16— 0]12 <2007 LA+ (1 4 )N — 20T LS — N7 L4.



A.3 Estimation Error Bounds and Stability

The following is an estimation error bound derived for Laplacian smoothing in regression, where the error
rate is shown to scale with A/n.

Theorem A.1. Assume thaty ~ N(B*,0%1), and denote by p1 < pa < ... < p, the eigenvalues of the graph
Laplacian matriz L. Let ig € {1,...n}, and consider a choice of tuning parameter

V=6 Z?:io-u i
DBl )’

where D the graph difference operator (so that L = DT D). Then the graph Laplacian smoothing estimate B
in (1), with the regression loss (2), satisfies

n

S |D@*|2>.

i=ig+1 7"

16— 5713 _ OP(nuﬂity(L) Lo 1
n n

Proof. Let R = row(L), the row space of L, and R+ = null(L), the null space of L. Also let Pr be the
projection onto R, and Pr1 be the projection onto Rt and abbreviate ||z||gr = ||Prz||2, |z||zr = || Prrz|2-
We can decompose

18 = 8713 = 1B = B*[I%s + 118 — B* 1%

The first term || — BA*H% . is on the order of nullity(L), which is the number of connected components in
the underlying graph G. This contributes the first term in the error rate of the theorem. Now it suffices to
consider |3 — 3*||%.

Using the optimality of 3 in (1),

lly = BII3 + ABTLB < |ly — 5113 + AM(B*)TLB".
After setting y = 5* + € with € ~ N(0,021), expanding, and rearranging, we arrive at the basic inequality
18— B*II% < 2(8 — 5%, Pre) + X(B)TLB" — ABTL. (A2)
Abbreviating § = B — B*, let us write
e Prd = €' P, Prd + €' (I — P,,) PRd,

where P;, is the projection onto the first i( eigenvectors of L, i.e., the eigenvectors associated with eigenvalues
p1 < p2 <...<p;,. The first term above satisfies

€' PiyPro < || Piyel|2]16]| r = Op (Vo) I9]|,

whereas the second term satisfies

(I - P,)D* DHYT(I - Py)ell? A
¢ (I — Pyy)Pré = (I — P,,))DY D5 = E(\FAO)\ED(; < I(>7) (2/\ o)ellz + 5\\D5||§. (A.3)

(In the last line here, we used the inequality 2a”b < |[a|3 4 [|b]|3.) Directly from the singular value decom-
position of D, it is easy to verify that

n

||<D+>T<I—Pio>e|§=op< ) 1).

o1 Pt



Plugging these bounds into the basic inequality (A.2), we see that

A * : 2 * = 1 1 A A A * A
15 = B°II% < Op(Vio) I8 - B ||R+OP< > ,)-)m + 5 1D5 = DBoll3 + A DB |15 — M DBI3
i=ig+1

i=ig+1 7"

< OP(%)||5—6*||R+OP< > ;);AJr?AIDB*Il%

n

(In the last line, we have again used ||a + b||3 < 2||al|3 + 2]|b]|3.) Plugging in the value of X as described in
the statement of the theorem yields
1 *
> ) 1D |2
p

i=ig+1 7"

18 = B*II% < Op(Vio) I3 — B7Ilr + Op(

We can view this as a quadratic equation of form az? — bz — ¢ < 0in 2 = |3 — 8*||g. As a > 0, the larger
of its two roots serves as a bound for x, i.e., z < (b+ Vb2 + 4ac)/(2a) < b/a++/c/a, or x? < 2b%/a® + 2c/a,

which means that
n 1 .
> —-IpB ||2> .

i=ig+1 17"

18— B*|1% = Op (z’o +

This completes the proof. O

Remark. Assuming that the number of connected components nullity(L) stays bounded as n grows, the
optimal ig in the theorem would be chosen to balance ig/n with the last term in the rate. This depends, of
course, on the decay of eigenvalues of L; for different graphs G, the eigenvalues will decay at different rates,
leading to different error bounds. But in any case, the result in the theorem reduces to

16 - 87113 Aim e

WP — 0p (2057 ),

n n
which, when ||[Dg*||3 = O(1), is precisely as claimed in (7) in the main paper.
Our next result shows that when the solution f is tuned as in Theorem A.1, the achieved penalty is on

the same order as that for 8*.

Lemma A.1. Under the same conditions as in Theorem A.1, if nullity(L) = O(1), and we were to choose
io = O(A|DB*|13), then the achieved penalty term satisfies ||DB||3 = Op(||DB*|3). Hence in particular if
IDB*[I3 = O(1), then |[DB3 = Op(1).

Proof. Returning to the proof of Theorem A.1, consider replacing the step in (A.3) by

T P \D+ DT P 2
Tir _ p _ T(r _ p tns_ €U —P) < (D) (I = Py )ell é 2
e (I —Py,)Prd=¢" (I —P,,)DTDé = —m V0.5AD6§ < 3 + 4||D<5||2.

Carrying on as in the proof of Theorem A.1, we arrive at

. . " 1\1 3x A,
18— B* 1% <OP(\%)I5—B*IIR+OP< > p>+2|D5*§— SI1DBI3.

i=ig+1 " A
Using ||B — B*||% > 0, and rearranging, we have

D33 < 00 (Y213 - 5l1n + 31D5" I} = O- (1D5"I).

where we have used the choice of ig, and the corresponding rate of || — §*||z from Theorem A.1. O

Lastly, we show that under the conditions of the last lemma, both ﬁ and é, the latter being the solution
of the sparsified problem (5), achieve the same error rate.



Corollary A.1. Under the same conditions as in Lemma A.1, assuming that Lisa (14 €) approximation
of L, the solution 6 of the sparsified problem (5), with the regression loss (2), and tuning parameter

n 1
V=0 Zi:im—l ra
1DB*l2 )7

16— 13 A a2
= OP(EHDB H2)7

satisfies

just as B does.
Proof. There are two ways to prove this result. The first strategy is simply to note that

16 — 57113 < 2/16 — 513 n 2HB—6*||%7
n n n

and both terms are Op(\||DB*||3/n), the first term controlled by part (b) of Theorem 1 in the main paper
(in combination with Lemma A.1), and the second term handled by Theorem A.1.

The second strategy is to replicate the proof of Theorem A.1, applied to the problem (5) with L in place
of L, and then conclude that the resulting error rate is not changed, since all eigenvalues of L are within a
multiplicative factor between 1/(1 + ¢€) and (1 + €) of those of L. O

A.4 Proof of Lemma 1

We use Hoeffding’s inequality as a main tool for proving the results for both the uniform and kN samplers,
first treating the uniform sampling case. For i = 1,2,...q, let e; = (u;,v;) be the ith edge sampled, and
denote by X; the term added to 7 Lz due to sampling e;. Then

X; = — (24 — x,)> with probability w,./W for each e = (u,v) € E,

recalling W = w.. Note that Sl X = #T Lz. The variables X1, X, . .. X, are independent, and lie
in an interval of length Wr/q, where r = max(y )ep (Tu — xy)% — ming, »ep (Tu — 7,)?. Using Hoeffding’s

inequality,
q 2 2
—2t —2t“q

i=1
As L is an unbiased estimator of L, we have .7 E(X;) = E(z” La) = " Lz. Abbreviating 1 = 27 Lz, and
substituting ¢ = o into the Hoeffding bound (A.4), we infer that

2" Lo — | < o, (A.5)

with probability at least 1 — 2exp(—252u2q/(W?r?)). Now we use the smoothness assumption (8) on z, i.e.,
| Dz||2, < pswmin/W, as well as

r< max (z,—x,)° < max (T — 24)? ,
(u,v)EE (u,v)EE Wmin Wmin

recalling wp,i, = minge g we. Therefore r < us/W, and the result in (A.5) holds with probability at least
1 — 2exp(—262g/s?). To make this probability at least 1 — 1/n, we need to choose ¢ > s2/(262%) - log(2n)

samples. Lastly, to give the result as written in the lemma, we simply substitute § = ¢/(1 + €) and observe
that (A.5) then implies

<+TL <(1 L) < (1 .
R +1+6u7(+6)u



The arguments for kN sampling are similar. We sample only from nodes with degree greater than k;
call this set U. When sampling edges incident to node u € U, for i = 1,...k, let e, ; denote the ith edge
sampled, and let X, ; be its contribution to 2T Lz. Then

W,
Xui= 2—]:(95” —1,)? with probability w, /W, for each v € N(u),
recalling W, = ZveN(u) Wy,» and N(u) denotes the neighbors of u. The variables X, ;, u € U, i =1,...k
are independent, and lie in an interval of length at most Wiaxr/(2k), where Wi,ax = max,cy Wy, and r is

as above (in the proof for the uniform sampling part). Using Hoeffding’s inequality once again,

. o2 —8t%k
SN O A

uelU i=1
(A.6)
Denoting z, = queN(u) Wy o (Ty — x4)? for all u € V, note that E(X, ;) = 2,/(2k) for all u € U. Thus,

k
S K=ol Y a

wel i=1 weV\U

and

k
Z ZE(XUZ) =2TLx — % Z Z-

wel i=1 ueV\U

This means that the Hoeffding bound (A.6), setting ¢t = dp, implies the statement in (A.5), with proba-
bility 1 — 2exp(—802 42k /(1?3 cp Wiay)) = 1 — 2exp(—862u2k/(nr*W2,,)). Bounding r < su/W, from
the smoothness condition (8) (as argued in the proof for the uniform sampling case) this is further lower
bounded by 1 — 2 exp(—852W?2k/(ns?W2,.)). To make this probability at least 1 — 1/n, we need to choose

k > n(sWiax/W)?/(46%) - log(2n). The rest follows as in the uniform sampling case, i.e., to get the result
as stated in the lemma, we take § = €¢/(1 + ¢). O

A.5 Proof of Lemma 2

The proof is simple. Denote by L the Laplacian matrix of G x H, and L the Laplacian matrix of G x H.
Also denote the edge weights of G, H by wy, 4, Wy, and the edge weights of G, H by Wy, , Wy . Observe,

2R D DD SR R D DD DI TR RS

u€Vg {v,v'}EEy veEVh {u,u'}eEqg
S Z R DD DI I ) D DD D I L
ueVg {v,v'}E€E, veVy {uw'}€Bs
Applying the appropriate spectral sparsification bounds to the inner sums gives the result. O

A.6 Proof of Theorem 3

Let us denote
F(B) = Ul Biyi) + ulls — ol
i€Q
Note that, by construction, F' is strongly convex with parameter 2y > 0, which implies that
F(0) — F(B) > g (6 — B) + ull6 — 513, (A7)
for any subgradient g of F at 8. Therefore, by the optimality of § for problem (10),

F(O)+NOTLO < F(B)+ NBTLA,



and after rearranging and applying (A.7), we have
pllB—0lI5 < —g"(0—B) + NB"LB - NO"LO
<—g"O-B)+NA+e)BTLE—NOTLA,

for any subgradient g of F' at . As there exists a subgradient such that —g = 2)\LB from the stationarity
condition for § in (9), we have

1|3 =63 <2007 LA + (1 + )X —20)BT LA — N6T L,

and the remainder of the analysis proceeds exactly as in parts (a) and (b) of Theorem 1. O

A.7 Gaussian Smoothing with the Google+ Data

In this experiment, we added i.i.d. N(0,5.5) noise to the components of 5*, the smooth signal constructed
by a simulated diffusion over the Google+ graph, as described in the main paper. Figure A.1 shows the
results, when considering a Gaussian loss (2) in the Laplacian smoothing problems (1), (5).
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Figure A.1: MSE and timing results for a Gaussian smoothing problem with the Google+ data.



