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Abstract

In this work, we introduce basic inequalities for first-order iterative optimization algorithms, forming
a simple yet versatile framework which connects implicit and explicit regularization. Building on related
comparison inequalities for optimization iterates that already exist in the literature, we extend and unify
these arguments to produce a general framework, which can be used as a tool for statistical analysis. In
more detail, let f denote the objective function to be optimized. Given a first-order iterative algorithm
initialized at θ0, with current iterate θT , the basic inequality upper bounds f(θT )− f(z) for any reference
point z in terms of the accumulated step sizes, and the distances between θ0, θT , and z. These distances
are measured in a geometry inherent to the optimization algorithm, which then translates into a notion of
regularization being applied across the path of iterates.

In addition to refining existing results on gradient descent, we provide new results for mirror descent
and other first-order methods. We then show how to use these basic inequalities to derive elementary yet
useful bounds on the prediction risk of early-stopped gradient descent and exponentiated gradient descent
iterates in generalized linear models. We also supplement these findings with numerical experiments.

1 Introduction
This paper introduces basic inequalities for first-order optimization algorithms, which connects implicit and
explicit notions of regularization. We consider an optimization problem

min
θ∈Rd

f(θ)

for an objective function f , consider a first-order optimization method which produces iterate θT at iteration
T , and study the relationship between θT and θ̂λ, where the latter solves

min
θ∈Rd

f(θ) + λg(θ)

for a regularizer g, and a tuning parameter λ > 0. By construction, the solution θ̂λ is subject to traditional
regularization, explicitly shaped by g. In comparison, the iterate θT is subject to implicit regularization, as
we consider iterative algorithms which enforce inductive bias along the optimization trajectory, ultimately
leading to specific structured solutions in overparametrized settings. The study of iterate behavior at a finite
iteration T is often called early stopping.

The basic inequality derived in this paper upper bounds the gap f(θT )− f(z) for any reference point z in
terms the distances between θ0, θT , and z, and the accumulated step sizes, which represent the total elapsed
“time” in the optimization process. As an example, for gradient descent initialized at the origin, θ0 = 0 ∈ Rd,
and a constant step size η > 0, we have the following basic inequality:

f(θT )− f(z) ≤ 1

2ηT

(
∥z∥22 − ∥θT − z∥22

)
, (1)

for any z ∈ Rd and T ≥ 1. Meanwhile, for an explicitly regularized solution, we have the following inequality:

f(θ̂λ)− f(z) ≤ λ
(
g(z)− g(θ̂λ)

)
, (2)
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for any z ∈ Rd and λ > 0, obtained by rearranging the statement that f(θ) + λg(θ) is minimized at θ̂λ.
The inequality in (2) is often used as a starting point in the statistical analysis of regularized estimators.

For example, consider a regression loss f(θ) = 1
2n∥Y −Xθ∥22 for a response Y ∈ Rn and features X ∈ Rn×d,

and ℓ1 penalty g(θ) = ∥θ∥1; we can instantiate (2) at the regression coefficients z = θ∗ in a population linear
model for Y |X, and rearrange further to yield

1

2n
∥Xθ̂λ −Xθ∗∥22 ≤ 1

n
⟨XTϵ, θ̂λ − θ∗⟩+ λ

(
∥θ∗∥1 − ∥θ̂λ∥1

)
,

where ϵ = Y −Xθ∗ ∈ Rn is a noise vector, and ⟨a, b⟩ = aTb. The above is referred to as the basic inequality
in the high-dimensional statistics literature (Buhlmann and van de Geer, 2011), and it is a central tool for
analyzing the risk of θ̂λ, as an estimate of θ∗. Given the close resemblance between (1) and (2), one might
imagine that the former can thus also be used as a tool for analyzing the risk of the early-stopped estimate
θT . This will be a large part of the focus in our paper.

1.1 Summary of contributions
The inequality (1) as well as numerous variations on this idea can be found in the optimization literature on
convergence analyses of iterative algorithms (Nesterov, 2003; Nemirovski et al., 2009; Reddi et al., 2018), and
the machine learning literature on implicit regularization and generalization (Ji and Telgarsky, 2019; Ji et al.,
2020; Wu et al., 2024, 2025). In this paper, we isolate and highlight a certain technique for constructing such
inequalities, and show that this provides a framework for the statistical analysis of early-stopped estimates.
A summary of our specific contributions is as follows.

• A single analytical framework. We introduce basic inequalities for the iterates θT produced by popular
first-order algorithms, including gradient descent and mirror descent (Section 2). These serve as well-
rounded tools for understanding implicit regularization, as detailed in below.

• Training envelopes and dynamics. Starting from the basic inequality, we derive a training envelope that
provides lower and upper bounds on the combined loss and penalty of the iterates relative to explicitly
regularized solutions (Section 2). We also show how the basic inequality enables us to characterize the
asymptotic behavior of solutions (as T → ∞).

• Statistical risk bounds. We use the basic inequality to derive high-probability bounds on the prediction
risk of early-stopped iterates, and demonstrate that they match the rates obtained through traditional
analysis of their explicit-regularized counterparts. Specifically, given a sample size n, dimension d, and
regularity bound b, our framework yields the following results (where Õ(·) ignores log factors):

– For gradient descent on generalized linear model (GLM) losses, we obtain an excess risk bound of
Õ(b

√
d/n), matching the rate obtained by explicit ridge regularization (Section 3).

– For exponentiated gradient descent on GLM losses, we instead obtain a bound of Õ(
√
(b log d)/n),

matching the rate obtained by explicit KL regularization (Section 4).

– For exponentiated gradient descent on linear losses in a randomized aggregation problem setting,
we obtain an excess risk bound of Õ(

√
(b log d)/n), and we note that this also applies to explicit

KL-regularized solutions because here early stopping and explicit regularization actually result in
identical paths (Section 5).

• Experiments. Complementing our theory, we run experiments with gradient descent and exponentiated
gradient descent on linear, logistic, and Poisson regression tasks. Across both underparameterized and
overparameterized regimes, the results show strong empirical alignment between implicit and explicit
regularization in terms of training dynamics, prediction risk, and solution paths (Section 6).

Throughout this paper, we make use of standard definitions and notation, and we provide an overview in
the appendix for completeness. Furthermore, with the exception some key proofs for the basic inequalities,
all proofs will be deferred to the appendix.
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1.2 Related work
In what follows, as we present our results, we will then highlight and discuss the relevant literature in detail.
Here we give a broader overview of work related to our paper. At a high level, the term implicit regularization
refers to the phenomenon in which an optimization algorithm enforces stronger properties (typically, enforces
greater regularity) than what is suggested purely by the perspective of loss minimization. A major interest in
the literature on implicit regularization has been the study of solutions an asymptotic sense, i.e., as the given
algorithm approaches a limit point. This idea can be traced back to the literature on boosting and the study
of max-margin classifiers (Schapire et al., 1998; Rosset et al., 2004; Telgarsky, 2013).

In the deep learning age, the observation that neural network models can and will often generalize despite
significant overparametrization has reinvigorated interest in implicit regularization (Neyshabur et al., 2014).
In the vein of earlier boosting analyses, much progress has been made on understanding the limiting behavior
of gradient descent (Soudry et al., 2018; Ji and Telgarsky, 2019; Ji et al., 2020), and mirror descent (Gunasekar
et al., 2018; Sun et al., 2023).

Distinct from the asymptotic behavior of an algorithm, early stopping considers the behavior of iterates
at finite but variable number of iterations T . Originally viewed as a heuristic to prevent overfitting in neural
networks (Prechelt, 2002), a formal understanding began to develop, with boosting again being the primary
motivating framework early on (Buhlmann and Yu, 2003; Zhang and Yu, 2005). There is by now a significant
body of work connecting and comparing early-stopped gradient descent to explicit ℓ2 (or ridge) regularization
(Yao et al., 2007; Raskutti et al., 2014; Wei et al., 2017; Suggala et al., 2018; Ali et al., 2019, 2020; Zou et al.,
2021; Sonthalia et al., 2024; Wu et al., 2024, 2025).

Similarly, a central focus in the current paper is to connect gradient descent to ridge regularization, and
more generally, mirror descent to Bregman divergence regularization (Section 2). Our results are less refined
than what can be found in the literature, which analyzes the precise behavior of descent iterates for particular
problems—particular loss functions, often paired with assumptions on the data at hand. That said, our take
is more general: we provide a general recipe for connecting optimization iterates and explicit regularization
through what we basic inequalities. This is based purely on optimization-theoretic arguments, and therefore
only relies on high-level properties of the loss (e.g., Lipschitz smoothness). The inequalities are deterministic,
and while general and hence somewhat coarse, they are tight enough to enable meaningful corollaries about
the statistical risk of early-stopped estimates in various settings (Sections 3–5). Finally, the framework for
basic inequalities extends beyond gradient and mirror descent to other first-order algorithms (Section 7), and
we believe will be a fruitful platform for future development.

2 Basic inequalities
This section introduces basic inequalities for gradient descent and mirror descent, and shows how they can be
used to understand training dynamics. While the basic inequality for mirror descent strictly generalizes that
for gradient descent, we cover gradient descent first. This is done for the sake of exposition, and also because
the ℓ2 geometry underlying gradient descent leads to some special corollaries.

2.1 Gradient descent
Given a differentiable loss function f : Rd → R, gradient descent with an initial point θ0 ∈ Rd, and step sizes
{ηt}∞t=0, generates iterates for t = 0, 1, 2, . . . via

θt+1 = θt − ηt∇f(θt). (3)

Theorem 1 presents our first result, a basic inequality for gradient descent, which bounds the objective value
of the iterate θT ∈ Rd with respect to any reference point z ∈ Rd.

Theorem 1. Let f : Rd → R be convex, differentiable, and L-smooth, for L > 0. Consider gradient descent
(3) with step sizes ηt ∈ (0, 1/L], t = 0, 1, 2, . . . . For any reference point z ∈ Rd, and any iteration T ≥ 1,

f(θT )− f(z) ≤ 1

2
∑T−1

t=0 ηt

(
∥θ0 − z∥22 − ∥θT − z∥22

)
.
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In particular, for a constant step size ηt = η, t = 0, 1, 2, . . . , this simplifies to

f(θT )− f(z) ≤ 1

2ηT

(
∥θ0 − z∥22 − ∥θT − z∥22

)
. (4)

Proof. The proof can be broken down into three steps.

Step 1: Tracking the proximity difference across adjacent iterations. Measuring proximity via the Euclidean
distance, note that

∥θt − z∥22 − ∥θt+1 − z∥22 = ∥θt − z∥22 − ∥θt − ηt∇f(θt)− z∥22 = 2ηt⟨∇f(θt), θt − z⟩ − η2t ∥∇f(θt)∥22.

Step 2: Bounding the objective difference f(θt)− f(z). By convexity, we have f(θt)− f(z) ≤ ⟨∇f(θt), θt − z⟩.
Substituting this into the result from Step 1,

2ηt

(
f(θt)−

ηt
2
∥∇f(θt)∥22 − f(z)

)
≤ ∥θt − z∥22 − ∥θt+1 − z∥22.

By L-smoothness of f and ηt ∈ (0, 1/L], the descent lemma (Lemma B1) guarantees

f(θt+1) ≤ f(θt)− ηt

(
1− L

2
ηt

)
∥∇f(θt)∥22 ≤ f(θt)−

ηt
2
∥∇f(θt)∥22.

This ensures f(θT ) ≤ f(θt)− (ηt/2)∥∇f(θt)∥22 for t < T . Using this in the second-to-last display,

2ηt(f(θT )− f(z)) ≤ ∥θt − z∥22 − ∥θt+1 − z∥22.

Step 3: Aggregating bounds over iterations. Summing the result of Step 2 over t < T gives a telescoping sum:

2

T−1∑
t=0

ηt(f(θT )− f(z)) ≤ ∥θ0 − z∥22 − ∥θT − z∥22,

which completes the proof after rearrangement.

Some readers will see (4) as a familiar result, as it is just a few steps away from a “textbook” result for
gradient descent. To derive the standard 1/T convergence rate on the suboptimality gap of gradient descent
under Lipschitz smoothness, we can set z to be a minimizer of f , and then drop the negative term involving
∥θT − z∥22 on the right-hand side. This gives the familiar bound f(θT )− f⋆ ≤ b

2ηT , where f⋆ is the optimal
objective value, and b bounds the distance between θ0 and the solution set.

Inspired by use of similar techniques in Ji and Telgarsky (2019); Ji et al. (2020); Wu et al. (2024, 2025), in
(4) we recognize the importance of keeping z ∈ Rd as a free variable, and maintaining both initial ∥θ0 − z∥22
and current ∥θT − z∥22 distances in the bound. Though these are seemingly simple choices, the specific form of
(4) will lead to numerous insights on the behavior of gradient descent iterates, as we will see in what follows.
As our first example, we show how the basic inequality (4) leads to a ridge-regularized training envelope for
gradient descent iterates.

Corollary 1. Under the assumptions of Theorem 1, consider gradient descent (3) with a constant step size
ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . . Then for any T ≥ 1 and λT = 1/(ηT ),

min
z∈Rd

(
f(z) +

λT
4
∥θ0 − z∥22

)
≤ f(θT ) +

λT
4
∥θ0 − θT ∥22 ≤ min

z∈Rd

(
f(z) + λT ∥θ0 − z∥22

)
. (5)

Proof. Observe that

∥θ0 − z∥22 − ∥θT − z∥22 = 2⟨θ0 − z, θ0 − θT ⟩ − ∥θ0 − θT ∥22
≤ 2∥θ0 − z∥2∥θ0 − θT ∥2 − ∥θ0 − θT ∥22

≤ 2∥θ0 − z∥22 −
1

2
∥θT − θ0∥22,

where the last line uses Young’s inequality, 2ab ≤ ca2 + b2/c, with c = 1/2. Plugging this into (4), and then
minimizing over z ∈ Rd, gives the upper bound in (5). The lower bound is immediate.
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The result in (5) translates the “elapsed time” ηT in gradient descent to an effective ridge regularization
parameter λT . For simplicity, set θ0 = 0, and let θ̂λ ∈ Rd be the (unique) minimizer of the ridge-penalized
criterion f(z) + λ∥z∥22 over z ∈ Rd. Rephrased, the result in (5) says that for all T ≥ 1,

f(θ̂λT /4) +
λT
4
∥θ̂λT /4∥22 ≤ f(θT ) +

λT
4
∥θT ∥22 ≤ f(θ̂λT

) + λT ∥θ̂λT
∥22.

In other words, while (by definition) the iterate θT must be suboptimal with respect to the ridge-penalized
criterion at a penalty factor λT /4, its achieved criterion value is no more than the optimal ridge-penalized
criterion at an inflated penalty factor λT . These lower and upper bounds together provide an envelope for
the ridge-penalized criteria achieved by gradient descent across the full path, providing interesting evidence
of the implicit ℓ2 regularity present in the gradient descent iterates. Notably, this is true for any convex and
Lipschitz smooth loss f .

The next result demonstrates how the basic inequality is powerful enough to recover various standard
facts about the training dynamics of gradient descent. Our approach and presentation here is inspired by the
work of Lemaire (1996) on gradient flow.

Corollary 2. Under the assumptions of Theorem 1, consider gradient descent (3) with step sizes ηt ∈ (0, 1/L],
t = 0, 1, 2, . . . . The following holds, where ΠS(u) = argmins∈S ∥u− s∥2 denotes the projection of a point u
onto a set S, and distS(u) = mins∈S ∥u− s∥2 denotes the distance from u to S.

1. (Objective convergence.) Let f⋆ = infθ∈Rd f(θ) ∈ [−∞,∞). If
∑∞

t=0 ηt = ∞, then limt→∞ f(θt) = f⋆.

2. (Nonincreasing distance to solution set.) Define the solution set S = {θ ∈ Rd : f(θ) = f⋆}. Notice that
S is closed and convex. If S ̸= ∅, then

{∥θt − s∥2}∞t=0 is nonincreasing for any s ∈ S, and thus, {distS(θt)}∞t=0 is nonincreasing.

3. (Iterate convergence.) If S ̸= ∅ and
∑∞

t=0 ηt = ∞, then limt→∞ θt = θ∞ ∈ S. Furthermore,

∥θ∞ −ΠS(θ0)∥2 ≤ distS(θ0), and thus, ∥θ∞ − θ0∥2 ≤ 2 · distS(θ0).

4. (Minimum norm solution.) If S ̸= ∅,
∑∞

t=0 ηt = ∞, and S is affine, then θ∞ = ΠS(θ0).

Proof. We prove each part separately.

Part 1. By the first result in Theorem 1, we know that f(θT ) ≤ f(z) + ∥θ0 − z∥22/(2
∑T−1

t=0 ηt) for any z ∈ Rd.
Since

∑∞
t=0 ηt = ∞, we have lim supT→∞ f(θT ) ≤ f(z), and taking an infimum over z gives the result.

Part 2. By the first result in Theorem 1, for any s ∈ S,

∥θT − s∥22 ≤ ∥θ0 − s∥22 + 2

( T−1∑
t=0

ηt

)
(f(s)− f(θT )) ≤ ∥θ0 − s∥22,

where the last inequality is due to f(s) ≤ f(θT ). Now, θT can also be seen as the result of running gradient
descent from an initial point θt for T − t iterations, and hence by the same argument ∥θT − s∥2 ≤ ∥θt − s∥2,
which proves the first claim. Taking an infimum over s ∈ S proves the second claim.

Part 3. Since {∥θt − s∥2}∞t=0 is nonincreasing and bounded below by zero, the Bolzano-Weierstrass theorem
implies that there exists a subsequence which converges, i.e., limk→∞ θtk = θ∞. By part 1 and continuity of
f , we know that θ∞ ∈ S. Then once again as {∥θt − s∥2}∞t=0 is nonincreasing, we know that limt→∞ θt = θ∞,
the first claim. The second claim is a follows from {∥θt − s∥2}∞t=0 being nonincreasing for s = ΠS(θ0).

Part 4. Let p = ΠS(θ0) and v = p− θ∞. Assume v ̸= 0. For any c ≥ 0, define βc = p+ c · distS(θ0) · v/∥v∥2.
As S is affine, we know that βc ∈ S. Then by parts 2 and 3, we know that ∥θ∞ − βc∥2 ≤ ∥θ0 − βc∥2. Since
the three points βc, θ∞, p are collinear by construction,

∥θ∞ − βc∥2 = ∥θ∞ − p∥2 + ∥p− βc∥2 = ∥v∥2 + c · distS(θ0).
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Meanwhile, by the Pythagorean theorem,

∥θ0 − βc∥22 = ∥θ0 − p∥22 + ∥p− βc∥22 = distS(θ0)
2 + (c · distS(θ0))2 = (1 + c2) · distS(θ0)2.

Therefore, we finally have

∥v∥2 + c · distS(θ0) = ∥θ∞ − βc∥2 ≤ ∥θ0 − βc∥22 =
√

1 + c2 · distS(θ0).

Thus ∥v∥2 ≤ (
√
1 + c2 − c) · distS(θ0). Taking c→ ∞ implies ∥v∥2 = 0, which means p = θ∞.

We note that part 4 of the above collorary reproduces a well-known “folklore” result in overparameterized
linear regression: gradient descent initialized at the origin converges to the minimum ℓ2 norm solution. This
also covers any loss f that depends on θ only through a linear transformation Xθ, such as generalized linear
model losses (as introduced formally in Section 3).

2.2 Mirror descent
Mirror descent is a generalization of gradient descent where Euclidean distance is replaced by the Bregman
divergence induced by a convex, differentiable function ϕ : Ω → R. For points u, v ∈ int(Ω) (the interior of
the domain Ω, or relative interior in the case that Ω is not full-dimensional), this is defined by

Dϕ(u, v) = ϕ(u)− ϕ(v)− ⟨∇ϕ(v), u− v⟩,

For a constraint C ⊆ Ω, an initial point θ0 ∈ C ∩ int(Ω), and step sizes {ηt}∞t=0, the mirror descent update is

θt+1 = argmin
θ∈C

(
ηt⟨∇f(θt), θ⟩+Dϕ(θ, θt)

)
. (6)

This has an equivalent two-stage formulation, where we first perform a gradient step in a transformed space
given by the “mirror map” ∇ϕ, and then take a Bregman projection onto C:

∇ϕ(θ̃t+1) = ∇ϕ(θt)− ηt∇f(θt), θt+1 = argmin
θ∈C

Dϕ(θ, θ̃t+1).

A popular example of mirror descent is the exponentiated gradient descent algorithm, which is designed
for optimization over the probability simplex, ∆d = {a ∈ Rd : ai ≥ 0,

∑d
i=1 ai = 1}. By choosing the negative

entropy function ϕ(u) =
∑d

i=1 ui log ui, which is 1-strongly convex with respect to ∥ · ∥1, on Ω = C = ∆d, the
induced Bregman divergence becomes the Kullback-Leibler (KL) divergence, DKL(a, b) =

∑d
i=1 ai log(ai/bi).

The corresponding mirror descent update, where ⊙ denotes coordinatewise multiplication, is

θ̃t+1 = θt ⊙ exp(−ηt∇f(θt)), θt+1 = θ̃t+1/∥θ̃t+1∥1. (7)

Mirror descent can also recover projected gradient descent with constraint set C, which of course reduces
to ordinary gradient descent when C = Rd. Taking ϕ(u) = 1

2∥u∥
2
2, the induced Bregman divergence is simply

Dϕ(u, v) =
1
2∥u− v∥22, and the mirror descent update is

θt+1 = ΠC(θt − ηt∇f(θt)), (8)

where recall ΠC denotes Euclidean projection onto C.
Below we introduce a basic inequality for mirror descent iterates in (6). Just as mirror descent generalizes

gradient descent, Theorem 2 generalizes Theorem 1.

Theorem 2. Let Ω, C be closed, convex sets in Rd with nonempty interior, and C ⊆ Ω. Assume f : Ω → R is
convex on C, and L-smooth with respect a norm ∥ · ∥ on C ∩ int(Ω), for L > 0. Assume ϕ : Ω → Rd is of
Legendre type, and α-strongly convex with respect to ∥ · ∥ on Ω, for α > 0. Consider mirror descent (6) with
step sizes ηt ∈ (0, α/L], t = 0, 1, 2, . . . . For any reference point z ∈ C, and any T ≥ 1,

f(θT )− f(z) ≤ 1∑T−1
t=0 ηt

(
Dϕ(z, θ0)−Dϕ(z, θT )

)
.

In particular, for a constant step size ηt = η, t = 0, 1, 2, . . . , this simplifies to

f(θT )− f(z) ≤ 1

ηT

(
Dϕ(z, θ0)−Dϕ(z, θT )

)
. (9)

6



Proof. The proof parallels that from the gradient descent case.

Step 1: Tracking the proximity difference across adjacent iterations. Measuring proximity via the Bregman
divergence, the three-point identity for the Bregman divergence states that

Dϕ(z, θt+1) +Dϕ(θt+1, θt)−Dϕ(z, θt) = ⟨∇ϕ(θt)−∇ϕ(θt+1), z − θt+1⟩.

Note ⟨ηt∇f(θt) +∇ϕ(θt+1)−∇ϕ(θt), z − θt+1⟩ ≥ 0, by the first-order optimality condition for θt+1 in (6).
Rearranging terms, this implies ηt⟨∇f(θt), θt+1 − z⟩ ≤ ⟨∇ϕ(θt+1)−∇ϕ(θt), z − θt+1⟩, and combining with
the above identity,

ηt⟨∇f(θt), θt+1 − z⟩ ≤ Dϕ(z, θt)−Dϕ(z, θt+1)−Dϕ(θt+1, θt).

Step 2: Bounding the objective difference f(θt)− f(z). By convexity,

f(θt)− f(z) ≤ ⟨∇f(θt), θt − z⟩ = ⟨∇f(θt), θt − θt+1⟩+ ⟨∇f(θt), θt+1 − z⟩.

Combining this with the result of Step 1, we have

ηt(f(θt)− f(z)) ≤ ηt⟨∇f(θt), θt − θt+1⟩+Dϕ(z, θt)−Dϕ(z, θt+1)−Dϕ(θt+1, θt).

Meanwhile, the L-smoothness of f gives f(θt+1) ≤ f(θt) + ⟨∇f(θt), θt+1 − θt⟩+ (L/2)∥θt+1 − θt∥2, and the
α-strong convexity of ϕ implies Dϕ(θt+1, θt) ≥ (α/2)∥θt+1 − θt∥2. Substituting these into the above display,

ηt(f(θt+1)− f(z)) ≤ Dϕ(z, θt)−Dϕ(z, θt+1)−
(α
2
− L

2
ηt

)
∥θt+1 − θt∥2

≤ Dϕ(z, θt)−Dϕ(z, θt+1),

where we use ηt ≤ α/L in the last inequality. The descent lemma for mirror descent (Lemma B2) shows that
f(θt) is nonincreasing in t, thus we have

ηt(f(θT )− f(z)) ≤ Dϕ(z, θt)−Dϕ(z, θt+1).

Step 3: Aggregating bounds over iterations. Summing the result of Step 2 over t < T gives a telescoping sum:

T−1∑
t=0

ηt(f(θT )− f(z)) ≤ Dϕ(z, θ0)−Dϕ(z, θT ),

which completes the proof after rearrangement.

Next we present the mirror descent analog of Corollary 1, on a regularized training envelope.

Corollary 3. Under the assumptions of Theorem 2, consider mirror descent (6) with a constant step size
ηt = η ∈ (0, α/L], t = 0, 1, 2, . . . . Further, assume that there exists G > 0 such that Dϕ(z, θ0) ≤ G

2 ∥θ0 − z∥2
for any z ∈ C (note that this is implied by ϕ being G-smooth with respect to ∥ · ∥ on C). Then for any T ≥ 1
and λT = 1/(ηT ),

min
z∈C

(
f(z) +

αλT
4

∥θ0 − z∥2
)
≤ f(θT ) +

αλT
4

∥θ0 − θT ∥2 ≤ min
z∈C

(
f(z) +

(G+ α)λT
2

∥θ0 − z∥2
)
. (10)

Proof. Observe that

Dϕ(z, θ0)−Dθ(z, θT ) ≤
G

2
∥θ0 − z∥2 − α

2
∥θT − z∥2

≤ G

2
∥θ0 − z∥2 − α

2

(1
2
∥θT − θ0∥2 − ∥θ0 − z∥2

)
=
G+ α

2
∥θ0 − z∥22 −

α

4
∥θT − θ0∥22,

where the first line uses the given assumption on ϕ combined with α-strong convexity, and the second uses
1
2∥θT − θ0∥2 ≤ ∥θT − z∥2 + ∥θ0 − z∥2, based on the triangle inequality and Young’s inequality 2ab ≤ a2 + b2.
We can plug this into (9), and minimize over z ∈ C, to derive the upper bound in (10). As before, the lower
bound is immediate.
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We remark that (10) recovers the previous gradient descent result (10) when we take ϕ = 1
2∥ · ∥

2
2, which

implies G = α = 1. In this case, we have a tight envelope, with a 1:4 ratio of the penalty factors used in
the comparison between the regularized criteria achieved by gradient descent (penalty factor λT /4) and an
optimal solution (penalty factor λT ). In general, the envelope in (10) admits a ratio of 1:(2G/α+ 2), which
can be loose when G is large relative to α. In particular, for exponentiated gradient descent (7) the function
ϕ is the negative entropy, in which case we have smoothness and strong convexity parameters G = d and
α = 1 with respect to the ℓ1 norm. This leads to a ratio of 1:(2d+ 2), and therefore the upper bound in (10)
quickly becomes informative in high dimensions. Our empirical results in Section 6 suggest that this is overly
conservative in practice. Furthermore, using a reverse Pinsker-type inequality for the KL divergence (Sason,
2015), we can derive an alternative upper bound that (in certain regimes) has a better dimension dependence.
This is presented below, and proved in the appendix.

Corollary 4. Under the assumptions of Theorem 2, consider now exponentiated gradient descent (7) with a
constant step size ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . and initial point θ0 = π, where π = (1/d, . . . , 1/d) ∈ ∆d is
the uniform distribution. Then for any T ≥ 1 and λT = 1/(ηT ),

min
z∈∆d

(
f(z) +

λT
4
∥π − z∥21

)
≤ f(θT ) +

λT
4
∥π − θT ∥21

≤ min
z∈∆d

(
f(z) + λT ·min

{d+ 1

2
∥π − z∥21,

1

2
∥π − z∥21 +

log d

2(1− 1/d)
∥π − z∥1

})
. (11)

Under mild conditions, we can reformulate the bound in this corollary using a pure ℓ1 penalty. Provided
we run enough iterations of exponentiated gradient descent so that θT is a bounded away from the uniform
distribution π, i.e., ∥θT − π∥1 ≥ c for any constant c > 0, we can use this lower bound in (11) and the simple
upper bound ∥x− y∥1 ≤ 2 for any x, y ∈ ∆d, to obtain

min
z∈∆d

(
f(z) +

cλT
4

∥π − z∥1
)
≤ f(θT ) +

cλT
4

∥π − θT ∥1 ≤ min
z∈∆d

(
f(z) + λT

[ log d

2(1− 1/d)
+ 1

]
∥π − z∥1

})
. (12)

The envelope in (12) clearly has a much better dimension dependence, with a ratio of 1:O(log d) between the
penalty factors for exponentiated gradient descent and an optimal (ℓ1-regularized) solution.

Lastly we present the mirror descent analog of Corollary 2, on training dynamics. The proof is overall
similar to that of Corollary 2, and deferred to the appendix.

Corollary 5. Under the assumptions of Theorem 2, consider mirror descent (6) with step sizes ηt ∈ (0, α/L],
t = 0, 1, 2, . . . . The following holds, where Πϕ

S(u) = argmins∈S Dϕ(s, u) denotes the Bregman projection of a
point u onto a set S, and distϕS(u) = mins∈S Dϕ(s, u) denotes the Bregman distance from u to S.

1. (Objective convergence.) Let f⋆ = infθ∈Rd f(θ) ∈ [−∞,∞). If
∑∞

t=0 ηt = ∞, then limt→∞ f(θt) = f⋆.

2. (Nonincreasing distance to solution set.) Define the solution set S = {θ ∈ C : f(θ) = f⋆}. Notice that S
is closed and convex. If S ̸= ∅, then

{Dϕ(s, θt)}∞t=0 is nonincreasing for any s ∈ S, and thus, {distϕS(θt)}
∞
t=0 is nonincreasing.

3. (Iterate convergence.) Suppose S ̸= ∅ and
∑∞

t=0 ηt = ∞. If either S ∩ int(Ω) ̸= ∅, or Dϕ is continuous
in its second argument relative to int(Ω)1, then limt→∞ θt = θ∞ ∈ S.

4. (Minimum Bregman divergence solution.) If S ̸= ∅,
∑∞

t=0 ηt = ∞, and S is affine with S ⊆ int(Ω), then
θ∞ = Πϕ

S(θ0).

We note that that part 4 of the above collorary reproduces a result of Gunasekar et al. (2018); this covers
losses f which depend on θ only through a linear transformation Xθ, such as generalized linear model losses,
which we study in detail next.

1To be precise, this means that for every sequence {yk}∞k=1 ⊆ int(Ω) such that yk → y, we have Dϕ(y, yk) → 0. Note this is
not generally true for ϕ of Legendre type, see, e.g., Remark 3.4 and Example 7.32 in Bauschke and Borwein (1997).
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3 Generalized linear models and ridge regularity
We now shift to a statistical perspective to analyze the prediction risk of the iterates. This section focuses on
generalized linear models (GLMs) and gives a comparative analysis of two regularization schemes: implicit
via gradient descent and explicit via ridge regularization.

We adopt a standard GLM setup with an identity sufficient statistic, where Y ∈ Rn denotes the response
vector and X ∈ Rn×d the feature matrix. The negative log-likelihood function is thus (after rescaling by 1

n ):

f(θ) =
1

n

(
− Y ⊤Xθ + A(Xθ)

)
. (13)

for a map A : Rn → R which acts coordinatewise, as in A(v) =
∑n

i=1A(vi). Here A : R → R is the cumulant
generating function of the univariate exponential family associated with the given GLM. Key examples are
A(u) = u2/2 for the Gaussian distribution (linear regression), A(u) = log(1+eu) for the Bernoulli distribution
(logistic regression), and A(u) = eu for the Poisson distribution (Poisson regression). An important property
is that, for any exponential family, the cumulant generating function A is convex.

In what follows, we consider a fixed-X analysis of prediction risk in GLMs: we generally treat X ∈ Rn×d

as fixed (nonrandom). We denote by Pi the distribution of each response Yi, and write

µi = E[Yi], and ϵi = Yi − µi.

We allow for model misspecification in the sense that we do not require the mean µi to follow the canonical
link of the given GLM. That is, when analyzing linear regression we do not require the mean µi to be linear
in xi (the ith row of X), when analyzing logistic regression we do not require the log odds log(µi/(1− µi)) to
be linear in xi, and so on. We define the prediction risk (or simply risk) of an estimator θ̂ = θ̂(X,Y ) as the
expected negative log-likelihood evaluated at a test copy Y ∗ ∈ Rn of the training response vector, where each
Y ∗
i ∼ Pi (independent of Y ):

Risk(θ̂) =
1

n
E
[
− (Y ∗)⊤Xθ̂ + A(Xθ̂)

∣∣Y ]
. (14)

An important observation is that Risk(θ̂) = 1
n (−µ

⊤Xθ̂ + A(Xθ̂)), and we can therefore add and subtract ϵ
to µ and expand to obtain:

Risk(θ̂) = f(θ̂) +
1

n
ϵ⊤Xθ̂.

This expresses the prediction risk as the sum of the training error and a stochastic term linear in the noise.
This structure will allow us to apply the basic inequality to derive high-probability risk bounds.

3.1 Risk analysis: ridge-regularized solution
The ridge-regularized GLM estimator is defined by augmenting the GLM loss (13) with a squared ℓ2 penalty,
denoted

θ̂λ = argmin
θ∈Rd

(
f(θ) + λ∥θ∥22

)
. (15)

for a regularization parameter λ > 0. (The solution exists and is unique as the objective is strongly convex.)
The purpose of this subsection is to obtain relatively straightforward but nonetheless meaningful risk bounds
for ridge-regularized GLM estimates, in order to compare what is achievable for gradient descent estimates
from the basic inequality, in the next subsection.

As we will see, the risk bounds for explicitly- and implicitly-regularized estimates will be comparable, and
further, the strategies we use to derive them will be similar. As a jumping off point for the ridge analysis, by
definition of θ̂λ in (15), we know that for any θ ∈ Rd,

f(θ̂λ) + λ∥θ̂λ∥22 ≤ f(θ) + λ∥θ∥22.

This can be rewritten as
f(θ̂λ)− f(θ) ≤ λ

(
∥θ∥22 − ∥θ̂λ∥22

)
.
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Adding 1
nϵ

⊤X(θ̂λ − θ) to each side, and recalling the decomposition of risk in (14), we get

Risk(θ̂λ)− Risk(θ) ≤ 1

n
ϵ⊤X(θ̂λ − θ) + λ

(
∥θ∥22 − ∥θ̂λ∥22

)
. (16)

The next proposition develops this further to provide more salient deterministic and high-probability bounds
on the excess risk. Here and henceforth, a random variable Z is said to be sub-Gaussian with parameter σ2,
written Z ∼ sG(σ2), if E[exp(t(Z − E[Z]))] ≤ exp(σ2t2/2) for all t ∈ R.

Proposition 1. For any λ > 0 and any reference point θ ∈ Rd, the prediction risk of θ̂λ in (15) satisfies

Risk(θ̂λ)− Risk(θ) ≤ 1

2λ

∥∥∥X⊤ϵ

n

∥∥∥2
2
+ 2λ∥θ∥22.

Furthermore, assume that each ϵi ∼ sG(σ2
i ). Let σ2 = maxi=1,...,n σ

2
i and Σ̂ = 1

nX
⊤X. Then, for any δ > 0

and b > 0, choosing

λ =
σ

2b
√
n

√
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op, (17)

the excess risk of θ̂λ with respect the class of parameters with ℓ2 norm at most b satisfies

Risk(θ̂λ)− min
θ:∥θ∥2≤b

Risk(θ) ≤ 2bσ√
n

√
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op, (18)

with probability at least 1− e−δ.

The bound (18) is governed by the spectral properties of the empirical covariance Σ̂. Under the scaling

tr(Σ̂) = O(d), ∥Σ̂∥F = O(
√
d), and ∥Σ̂∥op = O(1), (19)

which holds, e.g., with high probability when X has independent sub-Gaussian entries (Vershynin, 2018), we
can choose δ = log n to yield an excess risk bound of Õ(bσ

√
d/n) with probability at least 1− 1/n.

Next we give our main result for the ridge-penalized GLM estimator. This is accomplshed by tailoring
the general excess risk bound in Proposition 1 to specific GLMs by identifying the sub-Gaussian parameter
for the noise ϵi. Notably, Poisson regression requires a truncation argument due to the exponential nature of
the noise tail, resulting in a slightly weaker guarantee than that for linear and logistic regression.

Theorem 3. Consider the ridge-regularized GLM estimator θ̂λ in (15) with λ > 0. Consider the following
cases, which determine the response distribution for each i = 1, . . . , n:

1. Gaussian (linear regression): Pi = N (µi, σ
2
i ).

2. Bernoulli (logistic regression): Pi = Bern(µi).

3. Poisson (Poisson regression): Pi = Pois(µi).

In case 1, we define σ = maxi=1,...,n σi; in case 2, σ = 1
2 ; and in case 3, σ = (6∥µ∥∞ + 2) logn+ 3

√
∥µ∥∞.

Then, for any δ > 0 and b > 0, choosing λ as in (17) yields the excess risk bound in (18), which holds with
probability at least 1− e−δ in cases 1 and 2, and at least 1− e−δ − 1/n in case 3 provided δ ≥ 1 and n ≥ 3.

As before, under the spectral assumptions on Σ̂ in (19), the result in Theorem 3 provides an excess risk
bound of Õ(bσ

√
d/n) with high probability. An important feature of the theorem is its robustness to model

misspecification. To reiterate, the mean µi under the response distribution Pi need not follow the canonical
link of the given GLM. The analysis solely relies on sub-Gaussian tail bounds for ϵi (and in the Poisson case,
an additional truncation argument).

As explained above, the intent of Theorem 3 is not to provide the sharpest possible results on excess risk
in regularized GLMs. It is instead to provide a reasonable benchmark to which we can compare risk bounds
for early-stopped gradient descent iterates in the next subsection. Still, it is worth a brief discussion on how
the results in Theorem 3 compares to what we should expect given the existing literature.
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Comparison with existing literature. There is of course a huge amount of literature on analyzing risk
for regularized GLMs, and we only provide a brief overview of some of the most relevant points of comparison.
First, taking a broader perspective, an excess prediction risk rate of

√
d/n is standard in statistical learning

theory. Such rates—and generalizations thereof—are to be expected, with the feature dimension d replaced
by a suitable notion of complexity such as VC dimension (Wainwright, 2019).

From the point of view of classical asymptotic theory for maximum likelihood, one would expect a rate of
d/n for estimating GLM parameters in well-specified settings, though this would be in an asymptotic regime
with d fixed and n→ ∞ (Wasserman, 2004). Moving to finite-sample prediction risk analyses for GLMs, in
some cases, a rate of d/n is achievable. For example, in well-specified linear regression without regularization,
a standard calculation yields an expected excess prediction risk of σ2d/(2n). For logistic regression, the story
is more nuanced. Using sophisticated analyses that leverage the self-corcondant property of the logistic loss,
rates “close” to d/n have been established in a variety of different settings, including misspecified ones (Bach,
2010; Ostrovskii and Bach, 2021). For Poisson regression, we are not aware of a finite-sample analysis which
produces a rate of d/n for the excess risk.

3.2 Risk analysis: early-stopped gradient descent
Moving from explicit to implicit regularization, we now study gradient descent on the unpenalized GLM loss
in (13), initialized at θ0 = 0. For simplicity, we focus on a constant step size ηt = η, t = 0, 1, 2, . . . , but the
results can be generalized to arbitrary step sizes. We also consider projected gradient descent on the closed
Euclidean ball centered at the origin Bd(r) = {x ∈ Rd : ∥x∥2 ≤ r} of a given radius b > 0.

Toward deriving risk bounds, recall the basic inequality for gradient descent in Theorem 1: by (4), for the
initial point θ0 = 0 and any θ ∈ Rd,

f(θT ) +
λT
2
∥θT − θ∥22 ≤ f(θ) +

λT
2
∥θ∥22.

As projected gradient descent is a special case of mirror descent, by Theorem 2 and (9), the above display is
also true for this algorithm with C = Bd(b) and any θ ∈ Bd(b). In either case, this can be rewritten as

f(θT )− f(θ) ≤ λT
2

(
∥θ∥22 − ∥θT − θ∥22

)
.

Following the same calculations as in given for (16), we now add 1
nϵ

⊤X(θ̂λ − θ) to each side. Recalling the
decomposition of risk in (14), this gives

Risk(θT )− Risk(θ) ≤ 1

n
ϵ⊤X

(
θT − θ

)
+
λT
2

(
∥θ∥22 − ∥θT − θ∥22

)
. (20)

The next proposition uses this to derive excess risk bounds which closely resemble those in Proposition 1.

Proposition 2. Assume that the GLM loss f in (13) is L-smooth, for L > 0. Consider gradient descent (3)
with ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . , initialized at θ0 = 0. Then for any reference point θ ∈ Rd, and for any
T ≥ 1 and λT = 1/(ηT ),

Risk(θT ) ≤ Risk(θ) +
1

2λT

∥∥∥X⊤ϵ

n

∥∥∥2
2
+
λT
2
∥θ∥22.

If f is only L-smooth on Bd(b) for some b > 0, then the same result holds for projected gradient descent (8)
with C = Bd(b), and any reference point θ ∈ Bd(b).

Furthermore, assume that each ϵi ∼ sG(σ2
i ). Define σ2 = maxi=1,...,n σ

2
i and Σ̂ = 1

nX
⊤X. For any δ > 0

and b > 0, define the target regularization parameter

λ∗T =
σ

2b
√
n

√
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op, (21)

and define T ∗ = 1/(ηλ∗T ). If T ∗ is an integer, then setting T = T ∗ the excess risk of θT with respect the class
of parameters with ℓ2 norm at most b satisfies

Risk(θT )− min
θ:∥θ∥2≤b

Risk(θ) ≤ bσ√
n

√
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op, (22)
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with probability at least 1− e−δ. If T ∗ is not an integer, then setting T = ⌈T ∗⌉, the above bound holds with an
additional (lower-order) term eT = (ησ2/(2n)) · (tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op) on the right-hand side, which

is due to discretization.

Under the standard spectral assumptions on Σ̂ in (19), we can take δ = log n, and then the bound in (22)
becomes Õ(bσ

√
d/n), as before. Moreover, in this case the additional error term (for non-integral T ∗) scales

as eT = Õ(σ2d/n), confirming that it is indeed lower-order in the regime d/n→ 0.
Building on this proposition, our next result derives excess risk bounds for gradient descent for common

GLMs. This mirrors Theorem 3 for ridge-regularized GLMs.

Theorem 4. Let the response distribution Pi and σ be defined as in Theorem 3, in case 1: Gaussian, case 2:
Bernoulli, and case 3: Poisson. Note in cases 1 and 2, the GLM loss is L-smooth on Rd with L = ∥Σ̂∥op and
L = 1

4∥Σ̂∥op, respectively; in case 3, it is L-smooth on Bd(b) with L = exp(b ·maxi=1,...,n ∥xi∥2) · ∥Σ̂∥op, for
any b > 0. Consider gradient descent (3) in cases 1 and 2, and projected gradient descent (8) on C = Bd(b)
in case 3. In each case, we set ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . and initialize at θ0 = 0. Fixing any δ > 0 and
b > 0, let λ∗T be as in (21) and T ∗ = 1/(ηλ∗T ). The following holds.

• If T ∗ is an integer, then for T = T ∗ the excess risk bound in (22) holds with probability at least 1− e−δ

in cases 1 and 2, and at least 1− e−δ − 1/n in case 3 provided that δ ≥ 1 and n ≥ 3.

• If T ∗ is not an integer, then for T = ⌈T ∗⌉ the excess risk bound holds with the additional (lower-order)
additive term eT as defined in Proposition 2.

Just like Theorem 3, Theorem 4 translates into a high probability excess risk bound of Õ(bσ
√
d/n) under

the standard spectral assumptions in (19). The main point we intend to convey in the above theorem is that
the basic inequality for gradient descent leads to relatively simple but useful risk bounds for GLMs in general
(misspecified) settings, comparable to those achievable via explicit ℓ2 regularization. Below we briefly discuss
related literature for broader context.

Comparison with existing literature. For linear regression or quadratic loss more generally there has
been a number of analyses for early-stopped gradient descent/flow that yield characterizations more precise
than the results in the above theorem, such as Yao et al. (2007); Raskutti et al. (2014); Wei et al. (2017); Ali
et al. (2019). In particular, the latter authors establish that gradient flow stopped at time T obtains a risk at
most 1.69 times that of ridge regression for λ = 1/T . For logistic regression, time-asymptotic analyses are
more common, which show, e.g., that for linearly separable data gradient descent converges to the maximum
ℓ2-margin direction (Soudry et al., 2018; Ji and Telgarsky, 2019). In concurrent work, Wu et al. (2025) gave
refined risk bounds for early-stopped gradient descent in logistic regression. This provides sharper control of
the excess risk in certain well-specified settings, at the rate d/n. We are not of work analyzing the gradient
descent path and its excess risk for Poisson regression.

4 Model aggregation with KL regularity
In this section, we examine mirror descent and its explicit regularization counterpart, Bregman-divergence-
regularization. As our primary application, we focus on exponentiated gradient descent and Kullback-Leibler
(KL) divergence regularization. Results for general Bregman divergences are given in the appendix.

The notation in this section inherits from the last, with X ∈ Rn×d denoting a fixed (nonrandom) feature
matrix and Y ∈ Rn a response vector. We again consider the GLM negative log-likelihood function f in (13),
but now we restrict our attention to parameters θ ∈ ∆d, where recall ∆d = {a ∈ Rd : ai ≥ 0,

∑d
i=1 ai = 1} is

the probability simplex. As motivation, we may think of this setup as representing model aggregation, with
each Xj (the jth column of X) denoting a predictor of the underlying mean µ, and their convex combination
Xθ =

∑d
j=1 θjXj , θ ∈ ∆d representing an aggregate predictor we seek to learn by optimizing the loss f . This

approach is often called linear stacking in the literature (Wolpert, 1992; Breiman, 1996).
The flow of this section is analogous to the last: we first derive simple but meaningful excess risk bounds

for the KL-regularized estimator, which serve as a benchmark for the early-stopped mirror descent analysis to
follow. In each case, it is not our intention to derive the sharpest results possible, but instead to demonstrate
the power of the basic inequality.
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4.1 Risk analysis: KL-regularized solution
The KL-regularized GLM estimator is defined by augmenting the GLM loss (13) with a KL penalty, denoted

θ̂λ = argmin
θ∈∆d

(
f(θ) + λDKL(θ, u)

)
, (23)

where recall DKL(a, b) =
∑d

i=1 ai log(ai/bi), and u ∈ ∆d is an arbitrary anchor point. (Note that the solution
exists and is unique because the objective is strictly convex.)

Using similar arguments to those leading up to (16) and Proposition 1 in the ridge regularization setting,
the proposition below establishes determinstic and high-probability excess risk bounds.

Proposition 3. For any λ > 0, anchor point u ∈ ∆d, and reference point θ ∈ ∆d, the prediction risk of θ̂λ
in (23) satisfies

Risk(θ̂λ)− Risk(θ) ≤ 1

λ

∥∥∥X⊤ϵ

n

∥∥∥2
∞

+ 2λDKL(θ, u).

Furthermore, assume that each ϵi ∼ sG(σ2
i ), and each ∥Xj∥2 ≤

√
n . Let σ2 = maxi=1,...,n σ

2
i . Then, for any

δ > 0 and b > 0, choosing

λ = σ

√
log(2d) + δ

bn
, (24)

the excess risk of θ̂λ with respect the class of parameters with DKL(θ, u) ≤ b satisfies

Risk(θ̂λ)− min
θ:DKL(θ,u)≤b

Risk(θ) ≤ 4σ

√
b(log(2d) + δ)

n
, (25)

with probability at least 1− e−δ.

Next we specialize this to common GLMs, in a structure similar to Theorem 3 for ridge regularization.

Theorem 5. Consider the KL-regularized GLM estimator θ̂λ in (23) with λ > 0. Consider cases 1, 2, and 3
as described in Theorem 3, and assume that each ∥Xj∥2 ≤

√
n. Then, for any δ > 0 and b > 0, choosing λ as

in (24) yields the excess risk bound in (25), which holds with probability at least 1− e−δ in cases 1 and 2,
and at least 1− e−δ − 1/n in case 3 provided δ ≥ 1 and n ≥ 3.

Choosing δ = log n, the bound in (25) becomes Õ(σ
√
b(log d)/n), which holds with probability at least

1− 1/n in the Gaussian and Bernoulli cases, and at least 1− 2/n in the Poisson case. We defer discussion of
related work until after presenting the analogous implicit regularization result, in the next subsection.

4.2 Risk analysis: early-stopped mirror descent
We now study early-stopped exponentiated gradient descent as the implicit regularization counterpart to KL
regularization. The proposition below provides excess risk bounds closely resembling those in Proposition 3.

Proposition 4. Assume that the GLM loss f in (13) is L-smooth with respect to ∥ · ∥1, for L > 0. Consider
exponentiated gradient descent (7) with ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . , initialized at θ0 = u ∈ ∆d. Then for
any reference point θ ∈ ∆d, and for any T ≥ 1 and λT = 1/(ηT ),

Risk(θT )− Risk(θ) ≤ 1

2λT

∥∥∥X⊤ϵ

n

∥∥∥2
∞

+ λTDKL(θ, u).

Furthermore, assume that each ϵi ∼ sG(σ2
i ), and each ∥Xj∥2 ≤

√
n. Let σ2 = maxi=1,...,n σ

2
i . For any δ > 0

and b > 0, define the target regularization parameter

λ∗T = σ

√
log(2d) + δ

bn
. (26)
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and define T ∗ = 1/(ηλ∗T ). If T ∗ is an integer, then setting T = T ∗ the excess risk of θT with respect the class
of parameters with DKL(θ, u) ≤ b satisfies

Risk(θT )− min
θ:DKL(θ,u)≤b

Risk(θ) ≤ 2σ

√
b(log(2d) + δ)

n
. (27)

with probability at least 1− e−δ. If T ∗ is not an integer, then setting T = ⌈T ∗⌉, the above bound holds with an
additional (lower-order) term eT = ησ2(log(2d) + δ)/n on the right-hand side, which is due to discretization.

Finally, we specialize this to common GLMs, providing results analogous to those in Theorem 5.

Theorem 6. Consider exponentiated gradient descent (7) on the GLM loss in (13), under cases 1, 2, and 3
as described in Theorem 3, and assume that each ∥Xj∥2 ≤

√
n. These losses are L-smooth on ∆d with respect

to ∥ · ∥1, where the smoothness parameter is L = 1
n

∑n
i=1 ∥xi∥2∞ in case 1 (Gaussian), L = 1

4n

∑n
i=1 ∥xi∥2∞ in

case 2 (Bernoulli), and L = 1
n

∑n
i=1 e

∥xi∥∞∥xi∥2∞ in case 3 (Poisson). Set ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . .
and θ0 = u ∈ ∆d. Fixing any δ > 0 and b > 0, let λ∗T as in (26) and T ∗ = 1/(ηλ∗T ). The following holds.

• If T ∗ is an integer, then for T = T ∗ the excess risk bound in (27) holds with probability at least 1− e−δ

in cases 1 and 2, and at least 1− e−δ − 1/n in case 3 provided that δ ≥ 1 and n ≥ 3.

• If T ∗ is not an integer, then for T = ⌈T ∗⌉ the excess risk bound holds with the additional (lower-order)
additive term eT as defined in Proposition 4.

As before, the bound in (27) gives a high probability excess risk bound of Õ(σ
√
b(log d)/n). Below we

briefly discuss the broader literature.

Comparison with existing literature. The problem of model aggregation has been studied extensively
in the statistics literature, e.g., Tsybakov (2003); Juditsky et al. (2005); Lecué (2007); Juditsky et al. (2008);
Dalalyan and Tsybakov (2009); Lecué and Mendelson (2013); Lecué and Rigollet (2014). A rate of

√
(log d)/n

for excess risk when the comparator class is all convex combinations of base predictors (Xθ for θ ∈ ∆d, in our
notation) is somewhat standard. The influential paper Juditsky et al. (2005) shows that this rate is achieved
by an estimator called mirror averaging. This peforms one epoch of stochastic exponentiated gradient descent
followed by an online-to-batch conversion (in the language of online learning). It is interesting to emphasize
the differences to our results above—we show that this rate is achievable using batch mirror descent, provided
that we use early stopping.

It is also worth noting that faster rates are possible under stronger assumptions. Juditsky et al. (2008)
show that mirror averaging can also produce an excess risk bound of order (log d)/n when the excess risk is
defined with respect to the single best predictor (rather than the best convex combination of predictors) in
the given finite class. This can also be achieved by a method called Q-aggregation (Lecué and Rigollet, 2014),
which applies KL-type regularization to a hybrid loss composed of a linear stacking objective (as studied in
this section) and a randomized prediction objective (as studied next).

5 Randomized prediction with KL regularity
We now study randomized prediction, an alternative meta-learning approach to model aggregation as studied
previously. While model aggregation outputs a convex combination of base predictors, randomized prediction
samples a single model according to a learned distribution over the base predictors.

Using similar notation to the last section, let Xj ∈ Rn, j = 1, . . . , d be base predictors and let Y ∈ Rn be
a response vector. Given a parameter θ ∈ ∆d on the probability simplex, we define the randomized predictor
β = β(X) by setting β(X) = Xj with probability θj . As shorthand, we will write the corresponding predictor
as β ∼ θ. We define the training risk as

R̂(β) =
1

n

n∑
i=1

ℓ(β(X)i, Yi)

where ℓ is an arbitrary loss function.
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A randomized predictor can also make test predictions, and hence we can also define a suitable notion of
test risk. Let X∗

j ∈ Rn, j = 1, . . . , d and Y ∗ ∈ Rn denote test instances of the base predictors and response
variable, respectively. Then the randomized predictor β ∼ θ sets β(X∗) = X∗

j with probability θj . We define
the test risk as

R(β) = E
[
1

n

n∑
i=1

ℓ(β(X∗)i, Y
∗
i )

]
,

where the expectation is with respect to any joint distribution P on (X∗, Y ∗). This setting is quite general.
For ℓ taking the GLM form, and the joint distribution P placing a point mass at X∗ = X, this recovers the
setup in the previous two sections, with R(β) = Risk(θj) and R̂(β) = f(θj) for a particular (random) index j.
However, the current setup is even broader, allowing X∗ to be random, and ℓ to be arbitrary.

To construct the sampling distribution, we will consider exponential weighting based on the empirical risk
evaluated at each base model:

θ̂λ(dβ) ∝ exp(−R̂(β)/λ) · u(dβ), (28)

where u is some prior measure and λ > 0 is a tuning parameter. With no prior information, one may take the
uniform u = π on ∆d. The above estimator is called the Gibbs posterior in the Bayesian statistics literature.
It can be equivalently defined by solving a KL-regularized optimization problem (Alquier, 2024):

θ̂λ = argmin
θ∈∆d

(
Eβ∼θ[R̂(β)] + λDKL(θ, u)

)
, (29)

where the expectation is only with respect to the randomness in drawing β ∼ θ. This problem is also referred
to as information risk minimization in the some parts of the literature (Leung and Barron, 2006; Zhang, 2006;
Xu and Raginsky, 2017).

The flow of the previous two sections would suggest that we would here produce a risk analysis of the
explicitly-regularized estimator (29) and then compare to what is possible to derive from the basic inequality
for its implicitly-regularized counterpart, exponentiated gradient descent on the loss f(θ) = Eβ∼θ[R̂(β)]. In
this section, however, we depart from this strategy for one important reason: these two estimators actually
coincide exactly.

Proposition 5. Consider the Gibbs posterior θ̂λ in (29) with an arbitrary prior u ∈ ∆d, and exponentiated
gradient descent (7) with linear loss f(θ) = Eβ∼θ[R̂(β)], constant step sizes ηt = η > 0, t = 0, 1, 2, . . . , and
initialization θ0 = u. Then for λ = 1/(ηT ), these two estimators coincide: θ̂λ = θT .

This means that to derive excess risk bounds, we can apply basic inequality arguments either to θ̂λ or to
θT . In what follows, we pursue the latter, because it results in sharper constants, i.e., the excess risk bounds
are sharper by a factor of 2 (which is unsurprising, since this was also the case in the last two sections). We
restrict our attention to the case in which the optimal tuning corresponds to an integral time T , for brevity
(and analogous discretization results would follow as before).

Proposition 6. For any λ > 0, prior u ∈ ∆d, and reference point θ ∈ ∆d, the risk of θ̂λ in (29) satisfies

Eβ∼θ̂λ
[R(β)]− Eβ∼θ[R(β)] ≤

1

2λ
∥R̂−R∥2∞ + λDKL(θ, u),

where ∥R̂−R∥∞ = supβ |R̂(β)−R(β)|. The same bound applies to exponentiated gradient descent (7) with
the loss f(θ) = Eβ∼θ[R̂(β)] (and constant step size η and θ0 = u), provided T = 1/(ηλ) is an integer.

Furthermore, if the loss ℓ is bounded by C > 0 and the training samples are i.i.d., then for any δ > 0 and
b > 0, it holds that

Eβ∼θ̂λ
[R(β)]− min

θ:DKL(θ,u)≤b
Eβ∼θ[R(β)] ≤

C2(log(2d) + δ)

4nλ
+ λb.

with probability at least 1− e−δ. In particular, choosing

λ =
C

2

√
log(2d) + δ

bn
,
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it holds that

Eβ∼θ̂λ
[R(β)]− min

θ:DKL(θ,u)≤b
Eβ∼θ[R(β)] ≤ C

√
b log(2d) + δ

n
.

with probability at least 1− e−δ. The same result again applies to exponentiated gradient descent provided
provided T = 1/(ηλ) is an integer.

Lastly, we briefly discuss related literature.

Comparison with existing literature. The most directly related analysis given by Alquier (2024); under
the same conditions as our result, this author establishes that the Gibbs posterior estimator satisfies

Eβ∼θ̂λ
[R(β)]− min

θ:DKL(θ,u)≤b
Eβ∼θ[R(β)] ≤

C2

4nλ
+ 2λ(b+ log 2 + δ),

with probability at least 1− e−δ. Compared to the first result in Proposition 6, we can see that this is sharper
by a factor of log d in the first term on the right-hand side (and so in particular, it applies in situations where
the number of base models is infinite). This is due to a more sophisticated analysis of the empirical process
term in Alquier (2024); they use the Donsker-Varadhan formula, whereas we simply use Young’s inequality
and Hoeffding’s inequality. Still, it is interesting to see that the basic inequality for mirror descent produces
an excess risk rate of

√
(log d)/n, which is a meaningful result for randomization prediction and only slightly

worse than (for finite d) than the rate 1/
√
n achievable via more advanced techniques.

6 Experiments
We present empirical results to supplement our theoretical findings on the relationship between explicit and
implicit regularization, investigating both training dynamics and prediction risk. Python code to reproduce
our experiments is available at https://github.com/100shpaik/.

Experimental setup. We evaluate gradient descent (GD) and exponentiated gradient descent (EGD), as
in (3) and (7), respectively. In all experiments that follow, we initialize GD is at the origin, and EGD at the
uniform distribution. We apply GD to three GLM losses: linear, logistic, and Poisson (as in Section 3), and
compare its iterates to explicit ridge regularization (15). We run EGD on these same the losses, in a model
aggregation context (as in Section 4), and compare its iterates to explicit KL regularization (23). In general,
we use variable step sizes ηt, t = 0, 1, 2, . . . , and define the total elapsed time as τ =

∑T−1
t=0 ηt, where we align

1/τ with the regularization parameter λ. Further implementation details are provided in the appendix.

Data distributions. We study both underparameterized (n > d) and overparameterized (n < d) regimes,
and generate features X ∈ Rn×d and responses Y ∈ Rn as follows. We sample the entries of X independently
from N (0, 1), and then sample Y given X from a well-specified model for each GLM, with parameter θ ∈ Rd.
In the regression tasks (where we compare GD and ridge regularization), we sample the entries of θ uniformly
on [−1, 1]. In model aggregation tasks (where we compare EGD and KL regularization), we sample uniformly
on [0, 1], and then renormalize so that θ ∈ ∆d.

We introduce an additional parameter γ > 0 to control the signal-to-noise ratio. To be precise, for each
i = 1, . . . , n, we independently sample Yi|xi in the linear, logisitic, and Poisson regression cases as follows:

• linear: Yi|xi ∼ N (x⊤i θ, γ
2);

• logistic: Yi|xi ∼ Bernoulli(pi) with pi = 1/(1 + exp(−γx⊤i θ));

• Poisson: Yi|xi ∼ Pois(µi) with µi = γx⊤i θ.

Table 1 summarizes the values of n, d, and γ used in our experiments. (The specific values of γ are chosen
to produce “U-shaped” prediction risk curves, avoiding regimes where the risk is uninterestingly monotonic,
which typically occurs when γ is too small or large.)
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Table 1: Summary of n, d, and γ values used in our experiments.

Regression (GD vs. ridge) Model aggregation (EGD vs. KL)
GLM Underparametrized Overparametrized Underparametrized Overparametrized

(n, d) = (200, 20) (n, d) = (100, 200) (n, d) = (200, 20) (n, d) = (30, 60)
Linear γ = 5.0 γ = 5.0 γ = 1.0 γ = 0.1
Logistic γ = 0.3 γ = 0.5 γ = 1.5 γ = 10.0
Poisson γ = 0.1 γ = 0.15 γ = 1.2 γ = 3.5

6.1 Training dynamics
Figure 1 plots the penalized training loss:

P (θ, λ) = f(θ) + λg(θ),

across implicitly- and explicitly-regularized estimates. In panel (a), we consider the regression tasks, where
g(θ) = ∥θ∥22, and in panel (b), we consider model aggregation, where g(θ) = ∥θ − π∥21. Each row corresponds
to a different GLM loss f : linear, logistic, and Poisson.

Examining first the results in panel (a), we compare three curves: one for GD iterates, P (θT , 1
4τ ) as the

total elapsed time τ varies (plotted in ridge), and two for ridge estimates, P (θ̂λ, λ) as λ varies, using λ = 1
4τ

(in green) or λ = 1
τ (in blue). According to Corollary 1, we know that the red curve must lie in between the

green and blue, and we see this is indeed true in the figure. Notably, the red line closely tracks the green line
for λ = 1

4τ . This reveals a stronger correspondence between θT and θ̂λ with λ = 1
4τ than anticipated by the

exisiting theory, which will be revisited in the prediction risk analysis shortly.
The results in panel (b) are analogous, except with squared ℓ1 penalties used in P (θ, λ), as suggested by

Corollary 3. Here we have an additional curve corresponding to explicit (KL) regularization, where λ = d+1
2τ

(as in the upper bound in the corollary, recalling G = d and α = 1 in the present setting). We can see that
this is overly conservative in practice, and the correspondence is tightest between θT and θ̂λ with λ = 1

4τ .
Moreover, results where P (θ, λ) is defined in terms of a KL penalty (not covered by any existing theory) are
similar, and given in the appendix.

6.2 Prediction risk
Figure 2 plots prediction risk curves (where this is defined in a fixed-X sense, as explained in Section 3) in a
format analogous to that used in Figure 1. Recall that unlike our results on training dynamics, the risk theory
in our paper does not draw direct comparisons between the curves for implicitly- and explicitly regularized
estimates; instead, Theorems 3–6 derive excess risk bounds, which end up being very similar for GD and ridge
regularization, and EGD and KL regularization. Nevertheless, we can see in panel (a) that the risk curves for
GD and ridge estimates are qualitatively quite similar, with the red and green curves—which correspond to
θT and θ̂λ with λ = 1

4τ —being overall the closest across the settings. This is also broadly true in panel (b),
for the EGD and KL-regularized estimates, but now the red and blue curves—which correspond to θT and θ̂λ
with λ = 1

τ —being closer. Finally, the minimum risk obtained by implicit and explicit regularization is quite
close in all cases, with neither one dominating the other.

6.3 Solution path
Figure 3 displays solution paths for implicitly- and explicitly-regularized estimates. In a given plot, one curve
represents one coordinate path, either θTi for varying τ or θ̂λi for varying λ. Although none of our theory in
this paper compares solution paths directly, we generally see a striking resemblance between GD paths and
ridge-regularized paths, and between EGD paths and KL-regularized paths. This provides further compelling
evidence of the deep connections between implicit and explicit regularization. Meanwhile, it is interesting to
note that the paths for EGD and KL regularization converge to a sparse solution in the limit, as τ → ∞ or
λ→ 0. Studying connections between these regularization mechanisms and lasso (ℓ1) regularization may be a
topic of future work.
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Figure 1: Training envelopes for (a) regression and (b) model aggregation tasks.

7 Other basic inequalities
We also discuss basic inequalities for two additional first-order iterative algorithms, proximal gradient descent
and NoLips (essentially, a version of mirror descent which uses different assumptions).

7.1 Proximal gradient descent
Proximal gradient descent applies to composite objectives f = f0 + f1 with f0, f1 convex and f0 differentiable.
Given an initial point θ0 ∈ Rd, and step sizes {ηt}∞t=0, this method generates iterates for t = 0, 1, 2, . . . via

θt+1 = proxηtf1

(
θt − ηt∇f0(θt)

)
, (30)

where the proximal operator defined as

proxηf1(θ) = argmin
z∈Rd

(
1

2
∥θ − z∥22 + ηf1(z)

)
.

A basic requirement for using this algorithm is that this proximal operator can be computed in closed-form
or efficiently approximated. The following theorem derives a basic inequality for proximal gradient descent,
which generalizes Theorem 1 (which corresponds to f1 = 0).

Theorem 7. Let f0 : Rd → R be convex, differentiable, and L-smooth for L > 0, and f1 : Rd → R be convex.
Consider proximal gradient descent (30) with step sizes ηt ∈ (0, 1/L], t = 0, 1, 2, . . . . For any reference point
z ∈ Rd, and any iteration T ≥ 1, it holds for f = f0 + f1 that

f(θT )− f(z) ≤ 1

2
∑T−1

t=0 ηt

(
∥θ0 − z∥22 − ∥θT − z∥22

)
,
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Figure 2: Prediction risk curves for (a) regression and (b) model aggregation tasks.

By the same arguments used to derive training envelopes in Corollary 1, the result in Theorem 7 implies

min
z∈Rd

(
f0(z) + f1(z) +

λT
4
∥θ0 − z∥22

)
≤ f0(θT ) + f1(θT ) +

λT
4
∥θ0 − θT ∥22

≤ min
z∈Rd

(
f(z) + f1(z) + λT ∥θ0 − z∥22

)
.

When f1(θ) = λ∥θ∥1 is a lasso penalty, the corresponding proximal operator is known as soft-thresholding,
and proximal gradient descent is called the iterative soft-thresholding algorithm (ISTA). In this case, further
specifying, e.g., f0(θ) = 1

2n∥Y −Xθ∥22 and initializing θ0 = 0, the above display becomes

min
z∈Rd

(
1

2n
∥Y −Xz∥22 + λ∥z∥1 +

λT
4
∥z∥22

)
≤ 1

2n
∥Y −XθT ∥22 + λ∥θT ∥1 +

λT
4
∥θT ∥22

≤ min
z∈Rd

(
1

2n
∥Y −Xz∥22 + λ∥z∥1 + λT ∥z∥22

)
.

The interpretation is that early-stopped ISTA provides regularization akin to explicit elastic net (composite
lasso and ridge penalties) regularization.

7.2 NoLips algorithm
Bauschke et al. (2017) proposed an iterative algorithm called NoLips, which can be viewed as an instance of
mirror descent but operates under nonstandard assumptions; notably, it does not require Lipschitz smoothness
of the objective f or strong convexity of the potential function ϕ. Below we derive a basic inequality for this
algorithm.

Theorem 8. Let Ω, C be closed, convex sets in Rd with nonempty interior, and C ⊆ Ω. Assume f : Ω → R is
convex on C, and differentiable on on int(Ω). Assume ϕ : Ω → Rd is of Legendre type. Moreover, assume that

19



10 3 10 1 101 103

1.0

0.5

0.0

0.5

1.0

Li
ne

ar

Underparameterized GD

10 3 10 1 101 103

1.0

0.5

0.0

0.5

1.0
Underparameterized ridge

10 3 10 1 101 103

0.5

0.0

0.5

1.0
Overparameterized GD

10 3 10 1 101 103

0.5

0.0

0.5

1.0
Overparameterized ridge

10 3 10 1 101 103

0.4

0.2

0.0

0.2

0.4

0.6

Lo
gi

st
ic

10 3 10 1 101 103

0.4

0.2

0.0

0.2

0.4

0.6

10 3 10 1 101 103

0.5

0.0

0.5

1.0

10 3 10 1 101 103

0.5

0.0

0.5

1.0

10 3 10 1 101 103

Total elapsed time 

0.15

0.10

0.05

0.00

0.05

0.10

0.15

Po
is

so
n

10 3 10 1 101 103

Inverse reg. param. 1/

0.15

0.10

0.05

0.00

0.05

0.10

0.15

10 3 10 1 101 103

Total elapsed time 

0.8

0.6

0.4

0.2

0.0

0.2

0.4

10 3 10 1 101 103

Inverse reg. param. 1/

0.8

0.6

0.4

0.2

0.0

0.2

0.4

Solution path for GD vs. ridge

(a) GD vs. ridge

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

Li
ne

ar

Underparameterized EGD

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

Underparameterized KL

10 2 100 102 104
0.00

0.02

0.04

0.06

0.08

0.10
Overparameterized EGD

10 2 100 102 104
0.00

0.02

0.04

0.06

0.08

0.10
Overparameterized KL

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

0.25

Lo
gi

st
ic

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

0.25

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

0.25

0.30

10 2 100 102 104
0.00

0.05

0.10

0.15

0.20

0.25

0.30

10 2 100 102 104

Total elapsed time 

0.00

0.05

0.10

0.15

Po
is

so
n

10 2 100 102 104

Inverse reg. param. 1/

0.00

0.05

0.10

0.15

10 2 100 102 104

Total elapsed time 

0.00

0.05

0.10

0.15

10 2 100 102 104

Inverse reg. param. 1/

0.00

0.05

0.10

0.15

Solution path for EGD vs. KL

(b) EGD vs. KL

Figure 3: Solution paths for (a) regression and (b) model aggregation. We plot all d = 20 coordinate paths for
underparameterized regimes and the first 40 coordinates for overparameterized regimes, to avoid overcrowding
the visualization.
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Lϕ− f is convex on C ∩ int(Ω), for some L > 0. Consider mirror descent (6)—which in this case, is known
as NoLips—with step sizes ηt ∈ (0, 1/L], t = 0, 1, 2, . . . . For any reference point z ∈ C, and any T ≥ 1,

f(θT )− f(z) ≤ 1∑T−1
t=0 ηt

(
Dϕ(z, θ0)−Dϕ(z, θT )

)
.

An interesting example where the assumptions of Theorem 8 hold but those of Theorem 2 (the standard
mirror descent assumptions) do not is the Poisson linear inverse (PLI) problem. Unlike a Poisson GLM which
uses the canonical link log(µ) = Xθ, in PLI we use a linear link µ = Xθ. This is typically done in situations
where the elements of X are nonnegative and we constrain those of θ to be nonnegative, ensuring that µ itself
has nonnegative entries. The Poisson negative log-likelihood under this link function is (after scaling by 1

n ):

f(θ) =
1

n

n∑
i=1

(
− Yi log(x

⊤
i θ) + x⊤i θ

)
.

This is not Lipschitz smooth for over the nonnegative orthant Rd
+, because the derivative of log(u) blows up

as u→ 0+. This means that the traditional mirror descent analysis cannot be applied. However, as shown in
Bauschke et al. (2017), if we choose Burg’s entropy as the potential function ϕ(θ) = −

∑d
i=1 log(θi), then one

can show that Lϕ− f is convex on Rd
++ for any L ≥ ∥Y ∥1. Thus Theorem 8 applies, and the interpretation

loosely speaking is that early-stopping the NoLips algorithm for the PLI problem provides regularization akin
to the Bregman divergence of Burg’s entropy: this is Dϕ(θ, θ0) =

∑d
i=1

θi
θ0i

− log( θi
θ0i

) (up to constants), and
is known as the Itakura-Saito divergence.

8 Discussion
In this paper, we examined basic inequalities for first-order optimization algorithms, which provide a unified
framework for analyzing implicit regularization through both computational and statistical perspectives. We
demonstrated the broad applicability of this framework by showing it can be used to infer properties about
training dynamics and also to derive excess risk bounds, for different algorithms in various settings.

We close by highlighting a few directions for future work. The first is to derive refined basic inequalities
under stronger assumptions, such as strong convexity. We believe this may enable us to derive faster excess
risk rates for early-stopped gradient or mirror descent (i.e., of order d/n for GLM regression, or log d/n for
model aggregation). A second direction of interest is to extend the basic inequality framework to stochastic
gradient methods, ideally permitting some degree of nonconvexity in the objective. A third direction would
be to establish basic inequalities for steepest descent algorithms with respect to non-Euclidean norms, such as
the ℓ1 norm, in which case steepest descent becomes greedy coordinate descent, also called forward stagewise
regression. Given the rich tradition of work connecting stagewise algorithms to ℓ1 regularization in statistics
(Efron et al., 2004), it may be interesting to revisit this problem and see if a perspective based on something
like the basic inequality can shed new light.
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A Definitions and notation
We overview the standard definitions and notation used in the main paper. For a set S ⊆ Rd, we denote its
interior and boundary by int(S) and ∂S, respectively. When S is finite, we denote its cardinality by |S|.

For a convex set Ω, a function is said to be convex if f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y) for any
x, y ∈ Ω and α ∈ [0, 1], and strictly convex if the inequality is strict for x ̸= y and α ∈ (0, 1). We denote the
subdifferential (set of subgradients) of f at x by ∂f(x). A function f is said to be essentially strictly convex if
it is strictly convex on every convex subset of {x ∈ Ω : ∂f(x) ̸= ∅}. A function f : Ω ⊆ Rd → R is said to be
essentially smooth provided it satisfies three conditions: (i) int(Ω) ̸= ∅; (ii) f is differentiable on int(Ω); and
(iii) limk→∞ ∥∇f(xk)∥2 = ∞ for any sequence {xk}∞k=1 ⊂ Ω converging to a point in ∂Ω. Finally, a function
f is said to be of Legendre type if it is both essentially smooth and essentially strictly convex.

A differentiable function f is called α-strongly convex with respect to a norm ∥ · ∥, for a given α > 0, if
f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ α

2 ∥x− y∥2. A differentiable function f is called L-smooth with respect to a
norm ∥ · ∥, for a given L > 0, if the gradient map ∇f is L-Lipschitz with respect to ∥ · ∥, which recall means
that ∥∇f(x)−∇f(y)∥∗ ≤ L∥x− y∥ for all x, y, where ∥ · ∥∗ denotes the dual norm.

B Proofs for Section 2

B.1 Descent lemmas
For completeness, we state and prove the standard descent lemma for gradient descent.

Lemma B1. Let f : Rd → R be convex, differentiable, and L-smooth for L > 0. For the gradient descent
update in (3) with step size ηt ∈ (0, 2/L],

f(θt+1) ≤ f(θt)− ηt

(
1− L

2
ηt

)
∥∇f(θt)∥22 ≤ f(θt).

Proof. By L-smoothness,

f(θt+1) ≤ f(θt) + ⟨∇f(θt), θt+1 − θt⟩+
L

2
∥θt+1 − θt∥22.

Substituting θt+1 = θt − ηt∇f(θt) into the above and simplifying gives the desired result.

Next we state and prove the corresponding descent lemma for mirror descent.

Lemma B2. Let Ω, C be closed, convex sets in Rd with nonempty interior, and C ⊆ Ω. Assume f : Ω → R is
convex on C, and L-smooth with respect a norm ∥ · ∥ on C ∩ int(Ω), for L > 0. Assume ϕ : Ω → Rd is of
Legendre type, and α-strongly convex with respect to ∥ · ∥ on Ω, for α > 0. For the mirror descent update in
(6) with step size ηt ∈ (0, 2α/L],

f(θt+1) ≤ f(θt) +
(L
2
− α

ηt

)
∥θt − θt+1∥2 ≤ f(θt).

Proof. By L-smoothness,

f(θt+1) ≤ f(θt) + ⟨∇f(θt), θt+1 − θt⟩+
L

2
∥θt+1 − θt∥2.

Meanwhile, by the three-point lemma and the first-order condition for convexity (as derived in part 1 of the
proof of Theorem 2),

ηt⟨∇f(θt), θt+1 − z⟩ ≤ Dϕ(z, θt)−Dϕ(z, θt+1)−Dϕ(θt+1, θt).

and plugging in z = θt gives

ηt⟨∇f(θt), θt+1 − θt⟩ ≤ −Dϕ(θt, θt+1)−Dϕ(θt+1, θt).
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Combining this with the L-smoothness inequality, we obtain

f(θt+1) ≤ f(θt)−
1

ηt
Dϕ(θt, θt+1)−

1

ηt
Dϕ(θt+1, θt) +

L

2
∥θt+1 − θt∥2.

By α-strong convexity, the terms Dϕ(θt, θt+1) and Dϕ(θt+1, θt) are each lower bounded by α
2 ∥θt+1 − θt∥2.

Plugging this in and simplifying gives the desired result.

B.2 Proof of Corollary 4
We will establish the two upper bounds given in (11) separately. For the first upper bound, which involves
the penalty d+1

2 ∥π − z∥21, this is a consequence of (10) after checking the appropriate strong convexity and
smoothness properties of the negative entropy ϕ. By Pinsker’s inequality, we know that α = 1 is the strong
convexity parameter of ϕ with respect to ∥ · ∥1. For smoothness, we can calculate, letting s = z − π,

DKL(z, π) =

d∑
i=1

zi log(dzi)

=

d∑
i=1

(si + 1/d) log(1 + dsi)

≤
d∑

i=1

(si + 1/d)dsi

= d

d∑
i=1

s2i ,

where the inequality uses log(1 + x) ≤ x for x ≥ −1. Meanwhile, denoting C =
∑d

i=1 si · 1(si ≥ 0), note that∑d
i=1 si · 1(si < 0) = −C and ∥s∥1 = 2C since

∑d
i=1 si = 0; therefore

d∑
i=1

s2i =

d∑
i=1

s2i · 1(si ≥ 0) +

d∑
i=1

s2i · 1(si < 0)

≤
( d∑

i=1

|si| · 1(si ≥ 0)

)2

+

( d∑
i=1

|si| · 1(si < 0)

)2

= 2C2

= ∥s∥21/2.

Combining this with the second-to-last display therefore gives

DKL(z, π) ≤
d

2
∥s∥21,

which proves the desired smoothness result with G = d.
For the second upper bound, which involves the penalty 1

2∥π − z∥21 +
log d
2 ∥π − z∥1, we now use a reverse

Pinsker-type inequality due to Theorem 1 in Sason (2015):

DKL(z, π) ≤
log d

2(1− 1/d)
∥z − π∥1.

By strong convexity, the triangle inequality, and Young’s inequality,

DKL(z, θT ) ≥
1

4
∥π − θT ∥21 −

1

2
∥z − π∥21.

Combining the previous two bounds gives

DKL(z, π)−DKL(z, θT ) ≤
log d

2(1− 1/d)
∥z − π∥1 −

1

4
∥π − θT ∥21 +

1

2
∥z − π∥21.

Applying (9) and rearranging proves the desired result.
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B.3 Proof of Corollary 5
Parts 1 and 2 follow from arguments analogous to those for Corollary 2. We prove parts 3 and 4 below.

Part 3. By part 2 {Dϕ(s, θt)}∞t=0 is nonincreasing, and by strong convexity ∥s− θt∥2 ≤ 2
αDϕ(s, θt) for each t.

Thus by the Bolzano-Weierstrass theorem there exists a subsequence which converges, i.e., limk→∞ θtk = θ∞.
By part 1 and continuity of f , we know that θ∞ ∈ S.

To see that the whole sequence {θt}∞t=0 converges, suppose not. Then there exists δ > 0 and a subsequence
{θtk}∞k=0 such that ∥θtk − θ∞∥ ≥ δ for all k. With the same argument as used above, we know there exists a
subsubsequence {θtkm

}∞m=0 which converges to another limit point θ̃∞ ∈ S such that ∥θ̃∞ − θ∞∥ ≥ δ. Now let
case (i) denote the assumption that S ∩ int(Ω) ̸= ∅, and case (ii) denote the assumption that Dϕ is continuous
in its second argument relative to int(Ω). Consider the following.

• In case (i), picking any s ∈ S ∩ int(Ω), since {Dϕ(s, θtk)}∞k=0 is nonincreasing and hence bounded, we
know by Theorem 3.8(ii) in Bauschke and Borwein (1997) that θ∞ ∈ S and Dϕ(θ∞, θtk) → 0.

• In case (ii), by definition of relative continuity, and since each θtk ∈ int(Ω) (due to the nature of the
mirror descent updates and the Legendre property of ϕ), we have Dϕ(θ∞, θtk) → 0.

In either case, Dϕ(θ∞, θtk) → 0 as k → ∞. By the nonincreasing property of {Dϕ(s, θt)}∞t=0, we have that
Dϕ(θ∞, θt) → 0 as t→ ∞. By a similar argument applied to the subsubsequence {θtkm

}∞m=0, we hence also
Dϕ(θ̃∞, θt) → 0 as t→ ∞. But this leads to the desired contradiction, as the same sequence cannot converge
to distinct points θ∞, θ̃∞. Formally,

max
{
Dϕ(θ∞, θt), Dϕ(θ̃∞, θt)

}
≥ max

{α
2
∥θ∞ − θt∥2,

α

2
∥θ̃∞ − θt∥2

}
≥ α

2

(δ
2

)2

.

Hence, the entire sequence {θt}∞t=0 converges, and limt→∞ θt = θ∞ ∈ S.

Part 4. Let p = Πϕ
S(θ0) and v = p− θ∞. Assume v ≠ 0. For any c ∈ R, note that p+ cv ∈ S since S affine.

We can obtain three relations regarding p, θ∞, and p+ cv. First, the three-point identity for Dϕ gives

Dϕ(p+ cv, θ∞)−Dϕ(p+ cv, p)−Dϕ(p, θ∞) = ⟨∇ϕ(p)−∇ϕ(θ∞), p+ cv − p⟩.

Second, by part 2, we knowDϕ(p+ cv, θ∞) ≤ Dϕ(p+ cv, θ0). Third, as S is affine, the generalized Pythagorean
theorem for Bregman projection holds with equality:

Dϕ(p+ cv, θ0) = Dϕ(p+ cv, p) +Dϕ(p, θ0).

Combining these three relations, we have

⟨∇ϕ(p)−∇ϕ(θ∞), cv⟩ = Dϕ(p+ cv, θ∞)−Dϕ(p+ cv, p)−Dϕ(p, θ∞)

≤ Dϕ(p+ cv, θ0)−Dϕ(p+ cv, p)−Dϕ(p, θ∞)

= Dϕ(p, θ0)−Dϕ(p, θ∞).

As this holds for all c ∈ R, we conclude ∇ϕ(p) = ∇ϕ(θ∞). By α-strong convexity,

0 = ⟨∇ϕ(p)−∇ϕ(θ∞), p− θ∞⟩ ≥ α∥p− θ∞∥2,

so v = 0 and p = θ∞. This completes the proof.

C Proofs for Section 3

C.1 Proof of Proposition 1
From (16), we can apply Young’s inequality 2ab ≤ ca2 + b2/c, with c = λ, to the first term on the right-hand
side, yielding

1

n
ϵ⊤X(θ̂λ − θ) + 2λ

(
∥θ∥22 − ∥θ̂λ∥22

)
≤ 1

2λ

∥∥∥X⊤ϵ

n

∥∥∥2
2
+
λ

2
∥θ̂λ − θ∥22 + λ

(
∥θ∥22 − ∥θ̂λ∥22

)
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≤ 1

2λ

∥∥∥X⊤ϵ

n

∥∥∥2
2
+ λ

(
∥θ̂λ∥22 + ∥θ∥22

)
+ λ

(
∥θ∥22 − ∥θ̂λ∥22

)
=

1

2λ

∥∥∥X⊤ϵ

n

∥∥∥2
2
+ 2λ∥θ∥22.

This proves the first claim in the proposition.
To prove the second claim, since each ϵi ∼ sG(σ2), Theorem 1 of Hsu et al. (2012) implies

P
(∥∥∥X⊤ϵ

n

∥∥∥2
2
>
σ2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

])
≤ e−δ, (31)

Applying this to the first result of the proposition gives

Risk(θ̂λ)− min
θ:∥θ∥2≤b

Risk(θ) ≤ R

2λ
+ 2λb2,

with probability at least 1− e−δ, where

R =
σ2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]
. (32)

Choosing λ =
√
R/(2b), we get that

Risk(θ̂λ)− min
θ:∥θ∥2≤b

Risk(θ) ≤ 2b
√
R,

with probability at least 1− e−δ, which completes the proof.

C.2 Proof of Theorem 3
In the Gaussian case ϵi ∼ sG(σ2

i ), and in the Bernoulli case ϵi ∼ sG(1/4). The result in either of these cases
is then a direct application of Proposition 1. In the Poisson case, the noise ϵi = yi − µi is not sub-Gaussian
so we will use a truncation argument, similar to that in Appendix A.4 of Lin et al. (2017). Define an event

E = {ϵi < M, i = 1, . . . , n}, where M = 4
(
∥µ∥∞ + 1/3

)
log n.

Note that M > 1 for n ≥ 3. Further,

P(Ec) ≤
n∑

i=1

P(yi − µi ≥M).

Now using a Poisson concentration result from Pollard (2017), for X ∼ Pois(µ), and for all x > 0,

P(X − µ ≥ x) ≤ exp

(
− x2

2µ
ψ
(x
µ

))
, where ψ(x) =

(1 + x) log(1 + x)− x

x2/2
.

Moreover, when x ≥ 1,
x2

2µ
ψ
(x
µ

)
≥ 1/2

µ+ 1/3
x.

Therefore, we have the following for each i,

P(ϵi ≥M) ≤ exp

(
− 1/2

µi + 1/3
M

)
≤ exp

(
− 1/2

∥µ∥∞ + 1/3
M

)
= 1/n2,

which means that P(Ec) ≤
∑n

i=1 1/n
2 = 1/n. Now define an event

Sδ =

{∥∥∥X⊤ϵ

n

∥∥∥2
2
>
σ2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]}
,
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where σ2 is yet to be specified. Note P(Sδ) = P(Sδ ∩ Ec) + P(Sδ ∩ E) ≤ P(Ec) + P(Sδ ∩ E) ≤ 1/n+ P(Sδ ∩ E).
It remains to bound the latter probability.

Define ϵ̃i = ϵi1(ϵi < M), and bi = E[ϵ̃i]. As E[ϵi] = 0, we have bi = −E[ϵ1(ϵi ≥M)]. By Cauchy-Schwarz,
|bi|2 ≤ µiP(ϵi ≥M) ≤ µi/n

2. Finally, let ϵ̄i = ϵ̃i − bi, and M̄ =M +
√
∥µ∥∞/n. Then ϵ̄i has mean zero and

is bounded in magnitude by M̄ , and so it is sub-Gaussian with parameter σ̄2 = M̄2.
This means that we can apply (31) to bound the tail probability of ∥X⊤ϵ̄/n∥22, concretely

P
(∥∥∥X⊤ϵ̄

n

∥∥∥2
2
>
σ̄2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

])
≤ e−δ.

Now observe ∥∥∥X⊤ϵ̃

n

∥∥∥2
2
≤ 2

∥∥∥X⊤ϵ̄

n

∥∥∥2
2
+ 2

∥∥∥X⊤b

n

∥∥∥2
2

≤ 2
∥∥∥X⊤ϵ̄

n

∥∥∥2
2
+

2

n
∥b∥22∥Σ̂∥op

≤ 2
∥∥∥X⊤ϵ̄

n

∥∥∥2
2
+

2

n2
∥µ∥∞∥Σ̂∥op.

This means that

P
(∥∥∥X⊤ϵ̃

n

∥∥∥2
2
>

2σ̄2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]
+

2∥µ∥∞
n2

∥Σ̂∥op
)

≤ e−δ.

Provided δ ≥ 1,

2σ̄2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]
+

2∥µ∥∞
n2

∥Σ̂∥op ≤ 2σ̄2 + ∥µ∥∞/n
n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]
≤ σ2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

]
,

where the last line follows by calculating and defining
√

2σ̄2 + ∥µ∥∞/n ≤
√
2(M +

√
∥µ∥∞/n) +

√
∥µ∥∞/n

≤ 6(∥µ∥∞ + 1/3) logn+ 3
√
∥µ∥∞ := σ. Putting these pieces together, we have shown

P
(∥∥∥X⊤ϵ̃

n

∥∥∥2
2
>
σ2

n

[
tr(Σ̂) + 2

√
δ∥Σ̂∥F + 2δ∥Σ̂∥op

])
≤ e−δ.

Note that on E , each ϵ̃i = ϵi, and therefore P(Sδ ∩ E) ≤ e−δ as well. This proves that P(Sδ) ≤ 1/n+ e−δ, as
desired. The remainder of the proof follows by choosing λ as before, and bounding the subsequent excess risk.

C.3 Proof of Proposition 2
From (20), we can apply Young’s inequality 2ab ≤ ca2 + b2/c, with c = λ, to the first term on the right-hand
side. This proves the first claim in the proposition.

To prove the second claim, combining (31) with the first result of the proposition gives

Risk(θT )− min
θ:∥θ∥2≤b

Risk(θ) ≤ 1

2λT
R+

λT
2
b2,

with probability at least 1− e−δ, where R is defined in (32). At λ∗T =
√
R/b, this becomes

Risk(θT )− min
θ:∥θ∥2≤b

Risk(θ) ≤ b
√
R,

with probability at least 1− e−δ. In the case λ∗T =
√
R/b is obtainable by λT = 1/(ηT ) for an integer T , this

establishes the result in (22) for gradient descent. Otherwise, we set T = ⌈ 1
ηλ∗

T
⌉; then 1/(ηλT ) ≤ 1/(ηλ∗T ) + 1,

i.e., 1/λT ≤ 1/λ∗T + η, so by Lemma C1 (presented below),( 1

2λT
R+

λT
2
b2
)
−

( 1

2λ∗T
R+

λ∗

2
b2
)
≤ ηR

2
.

Thus in this case, we have an additional discretization error term of at most eT = ηR/2. This completes the
proof of the proposition.
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Lemma C1. Consider a function g(x) = a
x + bx on (0,∞) with a, b > 0. This is minimized at x∗ =

√
a/b.

If y > 0 satisfies 1/y = 1/x∗ + c with c ≥ 0, then

g(y)− g(x∗) = ac2y ≤ ac.

Proof. Observe

g(y)− g(x∗) = a
(1
y
− 1

x∗

)
+ b(y − x∗)

= ac− b
(1
y
− 1

x∗

)
yx∗

= c(a− byx∗)

= c
(
a− ay

x∗

)
= ac2y

≤ ac,

where the fourth line uses bx∗ = a/x∗, and the last uses cy = (1/y − 1/x∗)y ≤ 1.

C.4 Proof of Theorem 4
The theorem follows from Proposition 2 in the same way that Theorem 3 follows from Proposition 1. It only
remains to identify (local) Lipschitz parameters L for the individual GLMs. Note that in general

∇2f(θ) =
1

n
X⊤∇2A(Xθ)X =

1

n

n∑
i=1

xiA
′′(x⊤i θ)x

⊤
i .

• For case 1: Gaussian, we have A(u) = u2/2 and A′′(u) = 1. Hence ∇2f(θ) = Σ̂ and L = ∥Σ̂∥op is the
global Lipschitz parameter.

• For case 2: Bernoulli, we have A(u) = log(1 + eu) and A′′(u) = eu/(1 + eu)2 ≤ 1
4 . Hence ∇2f(θ) ⪯ 1

4 Σ̂
and L = 1

4∥Σ̂∥op is the global Lipschitz parameter.

• For case 3: Poisson, we have A(u) = eu and A′′(u) = eu. Note that x⊤i θ ≤ ∥xi∥2∥θ∥2 = bm, for ∥θ∥2 ≤ b
and m = maxi=1,...,n ∥xi∥2. Hence ∇2f(θ) ⪯ ebmΣ̂ and L = ebm∥Σ̂∥op is the local Lipschitz parameter
on Bd(b).

D Proofs for Section 4

D.1 Proof of Proposition 3
The first claim is a special case of a more general result for Bregman-divergence-regularized GLMs, given
below in Proposition 7. In particular, this claim follows by setting ϕ to be the negative entropy function on
Ω = C = ∆d. This is 1-strongly convex with respect to ∥ · ∥1 by Pinsker’s inequality.

To prove the second claim, note that each X⊤
j ϵ ∼ sG(σ2∥Xj∥22). Thus, by a standard maximal inequality

for sub-Gaussian random variables (Tibshirani, 2023),

P
(
∥X⊤ϵ∥∞ > σ

√
2n(log(2d) + δ)

)
≤ e−δ. (33)

Applying this to the first result of the proposition gives

Risk(θ̂λ)− min
θ:DKL(θ,u)≤b

Risk(θ) ≤ R2

λn2
+ 2λb,

with probability at least 1− e−δ, where

R = σ
√

2n(log(2d) + δ). (34)
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Choosing λ = R/(
√
2bn), we get that

Risk(θ̂λ)− min
θ:∥θ∥2≤b

Risk(θ) ≤ 2
√
2bR

n
,

with probability at least 1− e−δ, which completes the proof.

Proposition 7. Assume that ϕ : Ω → R is α-strongly convex on C with respect to a norm ∥ · ∥, for α > 0,
and let ∥ · ∥∗ be the corresponding dual norm. Consider the regularized GLM estimator defined by augmenting
the GLM loss (13) with a Bregman divergence penalty, denoted

θ̂λ = argmin
θ∈C

(
f(θ) + λDϕ(θ, u)

)
,

for λ > 0, and an anchor point u ∈ C. Then for any reference point θ ∈ C, the prediction risk of θ̂λ satisfies

Risk(θ̂λ) ≤ Risk(θ) +
1

αλ

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+ 2λDϕ(θ, u).

Proof. Following analogous steps to those leading up to (16),

Risk(θ̂λ)− Risk(θ) ≤ 1

n
ϵ⊤X(θ̂λ − θ) + λ

(
Dϕ(θ, u)−Dϕ(θ̂λ, u)

)
.

Using Hölder’s inequality (with respect to the pair ∥ · ∥ and ∥ · ∥∗) and Young’s inequality 2ab ≤ ca2 + b2/c,
with c = αλ, we have

1

n
ϵ⊤X(θ̂λ − θ) ≤

∥∥∥X⊤ϵ

n

∥∥∥
∗
∥θ̂λ − θ∥

≤
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n

∥∥∥
∗
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∥∥∥X⊤ϵ

n
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∗
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≤ 1

2αλ

∥∥∥X⊤ϵ

n
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∗
+
αλ

2
∥θ̂λ − u∥2 +

∥∥∥X⊤ϵ

n

∥∥∥
∗
∥θ − u∥.

By strong convexity Dϕ(u, v) ≥ (α/2)∥u− v∥2, we obtain

Risk(θ̂λ)− Risk(θ) ≤ 1

2αλ

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+
αλ

2
∥θ̂λ − u∥2 +
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∗
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(
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∗
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∥∥∥X⊤ϵ

n

∥∥∥
∗
∥θ − u∥+ λDϕ(θ, u)

≤ 1

αλ

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+
αλ

2
∥θ − u∥2 + λDϕ(θ, u)

=
1

αλ

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+ 2λDϕ(θ, u),

where the second-to-last step uses Young’s inequality again, and the last step uses strong convexity.

D.2 Proof of Theorem 5
This follows precisely as in the proof of Theorem 3: for the Gaussian and Bernoulli cases we simply identify
σ in the sub-Gaussian parameterization, and for the Poisson case, we use a truncation argument.

D.3 Proof of Proposition 4
The first claim is again a special case of a more general result for mirror descent on a GLM loss, given below
in Proposition 8, applied to the case where ϕ is the negative entropy function on Ω = C = ∆d. The second
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claim follows from arguments just as in the proof of Proposition 3, using the sub-Gaussian maximal inequality
(33). This gives

Risk(θT )− min
θ:DKL(θ,u)≤b

Risk(θ) ≤ R2

2λn2
+ λb,

with probability at least 1− e−δ, where R is defined in (34). At λ∗T = R/(
√
2bn), this gives

Risk(θ̂λ)− min
θ:∥θ∥2≤b

Risk(θ) ≤
√
2bR

n
,

which proves the result in (27) for the case of integral T ∗. For non-integral T ∗, we then apply an analogous
discretization argument based on Lemma C1, which gives( R2

2λTn2
+ λT b

)
−

( R2

2λ∗Tn
2
+ λ∗T b

)
≤ R2

2n2
η.

This verifies the additional discretization error term of at most eT = ηR2/(2n2), and completes the proof.

Proposition 8. Under the assumptions of Proposition 7, assume additionally also that the GLM loss f is
L-smooth on C. Consider mirror descent (6) with ηt = η ∈ (0, 1/L], t = 0, 1, 2, . . . , initialized at θ0 = u ∈ C.
Then for any reference point θ ∈ C, and for any T ≥ 1 and λT = 1/(ηT ),

Risk(θT )− Risk(θ) ≤ 1

2αλT

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+ λTDϕ(θ, u).

Proof. By the basic inequality (9) in Theorem 2,

f(θT )− f(θ) ≤ λTDϕ(θ, u)− λTDϕ(θ, θT ).

Following analogous steps to those leading up to (20), and then arguments as in the proof of Proposition 7,

Risk(θT )− Risk(θ) ≤ 1

n
ϵ⊤X(θT − θ) + λT

(
Dϕ(θ, u)−Dϕ(θ, θT )

)
≤

∥∥∥X⊤ϵ

n

∥∥∥
∗
∥θT − θ∥+ λT

(
Dϕ(θ, u)−Dϕ(θ, θT )

)
≤ 1

2αλT

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+
αλT
2

∥θT − θ∥2 + λT

(
Dϕ(θ, u)−Dϕ(θ, θT )

)
≤ 1

2αλT

∥∥∥X⊤ϵ

n

∥∥∥2
∗
+ λTDϕ(θ, u).

D.4 Proof of Theorem 6
After identifying the Lipschitz constant for each GLM loss, the arguments are the identical as those in the
proof of Theorem 4. Recall the following equivalent characterization of L-smoothness with respect to ∥ · ∥1
(Sidford, 2020):

|z⊤∇2f(θ)z| ≤ L∥z∥21,
for all θ, z ∈ ∆d. Furthermore,

|z⊤∇2f(θ)z| =
∣∣∣∣ 1n

n∑
i=1

A′′(x⊤i θ)(x
⊤
i z)

2

∣∣∣∣ ≤ ∥z∥21
n

n∑
i=1

A′′(x⊤i θ)∥xi∥2∞,

by Hölder’s inequality. Thus it suffices to take L ≥ 1
n

∑n
i=1A

′′(x⊤i θ)∥xi∥2∞.

• For case 1: Gaussian, we have A(u) = u2/2 and A′′(u) = 1. Hence we may take L = 1
n

∑n
i=1 ∥xi∥2∞.

• For case 2: Bernoulli, we have A(u) = log(1 + eu) and A′′(u) = eu/(1 + eu)2 ≤ 1
4 . Hence we may take

L = 1
4n

∑n
i=1 ∥xi∥2∞.

• For case 3: Poisson, we have A(u) = eu and A′′(u) = eu. Again by Hölder’s, we have x⊤i θ ≤ ∥xi∥∞ for
θ ∈ ∆d. Hence we may take L = 1

n

∑n
i=1 e

∥xi∥∞∥xi∥2∞.
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E Proofs for Section 5

E.1 Proof of Proposition 5
Note f(θ) = Eβ∼θ[R̂(β)] =

∑d
j=1 θjR̂(Xj). As this is linear in θ, its gradient is constant: ∇jf(θ) = R̂(Xj).

The exponentiated gradient descent iterates in (7) can therefore be written as

θt+1(dβ) ∝ exp(−ηR̂(β)) · θt(dβ).

Starting at θ0 = u, we see that this matches (28) at 1/λ = ηT .

E.2 Proof of Proposition 6
By the basic inequality (9) in Theorem 2,

Eβ∼θT [R̂(β)]− Eβ∼θ[R̂(β)] ≤ λT

(
DKL(θ, u)−DKL(θ, θT )

)
.

Write ν = θ − θT , and correspondingly

Eβ∼θT [R̂(β)]− Eβ∼θ[R̂(β)] =

∫
−R̂(β)ν(dβ).

Using the same representation for test risk,

Eβ∼θT [R(β)]− Eβ∼θ[R(β)] =

∫
−R(β)ν(dβ)

=

∫ [
R̂(β)−R(β)

]
ν(dβ) +

∫
−R̂(β)ν(dβ)

≤
∫ [

R̂(β)−R(β)
]
ν(dβ) + λT

(
DKL(θ, u)−DKL(θ, θT )

)
≤ ∥R̂−R∥∞∥ν∥1 + λT

(
DKL(θ, u)−DKL(θ, θT )

)
≤ 1

2λT
∥R̂−R∥2∞ +

λT
2
∥ν∥21 + λT

(
DKL(θ, u)−DKL(θ, θT )

)
≤ 1

2λT
∥R̂−R∥2∞ + λTDKL(θ, u).

The third line uses the basic inequality, the fourth Hölder’s inequality, the fifth Young’s inequality, and the
last Pinsker’s inequality. This proves the first claim in the proposition.

To prove the second claim, by a union bound and Hoeffding’s inequality,

P

(
∥R̂−R∥∞ > C

√
log(2d) + δ

2n

)
≤ d · sup

β
P
(
|R̂(β)−R(β)| > C

√
log(2d) + δ

2n

)
≤ 2d exp

(
− 2C2(log(2d) + δ)/2n

C2/n

)
= e−δ.

Combining this with the first result in the proposition, it follows that with probability at least 1− e−δ,

Eβ∼θ̂λ
[R(β)]− min

θ:DKL(θ,u)≤b
Eβ∼θ[R(β)] ≤

C2(log(2d) + δ)

4nλ
+ λb.

Finally, setting λ as defined in the proposition establishes the second claim, and completes the proof.

F Further details for Section 6
Optimization details: implicit regularization. For GD and EGD, we use learning rate schedules to
cover small τ (i.e., early training) with high resolution and to reach large τ (i.e., later training) with fewer
iterations. Tables 2 and 3 list the schedules for GD and EGD across three GLMs and two parameterization
regimes. The schedule {(η(k), T (k))}mk=1 means that the learning rate η(1) is used for T (1) iterations, then η(2)
is used for the next T (2) iterations, and so on.
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GD

GLM Underparameterized Overparameterized

(n, d) = (200, 20) (n, d) = (100, 200)

Linear {(10−4, 104), (10−3, 105), (10−2, 105)} same as Underparmeterized

Logistic same as Linear same as Underparmeterized

Poisson same as Linear {(10−4, 105), (2× 10−4, 2× 105), (5× 10−4, 2× 106)}

Table 2: GD learning rate schedules.

EGD

GLM Underparameterized Overparameterized

(n, d) = (200, 20) (n, d) = (30, 60)

Linear {(10−4, 105), (10−3, 105), (10−2, 105), (10−1, 105)]} same as Underparmeterized

Logistic same as Linear same as Underparmeterized

Poisson same as Linear same as Underparmeterized

Table 3: EGD learning rate schedules.

Optimization details: explicit regularization. In each GLM task and in each parameterization regime,
we solve 500 regularized problems with λ values log-spaced on [10−4, 104]. We use scipy.optimize.minimize
from the SciPy library; in particular, we use the L-BFGS-B solver for ridge-regularized estimates and we use
the SLSQP solver for KL-regularized estimates.

Training dynamics with KL penalty. Recall in Figure 1 panel (b) we investigated training dynamics
for EGD vs. KL-regularized estimates, where the training envelope P (θ, λ) = f(θ) + λg(θ) is defined using a
penalty g(θ) = ∥θ − π∥21 (as per Corollary 3). Figure 4 examines training dynamics with the envelope defined
using a KL penalty. The results are overall similar to Figure 1.

G Proofs for Section 7

G.1 Proof of Theorem 7
The proximal gradient descent update (30) can be written as

θt+1 = θt − ηtGηt(θt), (35)

where Gη(θ) =
1
η (θ − proxηf1(θ − η∇f0(θ))) is called the generalized gradient. Using this notation, the proof

is similar that for the gradient descent case in Theorem 1, with Gηt
(θt) in place of ∇f(θt).

Step 1: Tracking the proximity difference across adjacent iterations. As before,

∥θt − z∥22 − ∥θt+1 − z∥22 = ∥θt − z∥22 − ∥θt − ηtGηt
(θt)− z∥22 = 2ηt⟨Gηt

(θt), θt − z⟩ − η2t ∥Gηt
(θt)∥22.

Step 2: Bounding the objective difference f(θt)− f(z). The generalized descent lemma for proximal gradient
descent (Lemma G1 below) guarantees

2ηt(f(θt+1)− f(z)) ≤ 2ηt⟨Gηt
(θt), θt − z⟩ − η2t ∥Gηt

(θt)∥22.

Moreover, the same lemma with z = θt gives f(θt+1) ≤ f(θt)− (ηt/2)∥Gηt
(θt)∥22, which in particular shows

that f is noncreasing along the iterate sequence, and

2ηt(f(θT )− f(z)) ≤ 2ηt⟨Gηt
(θt), θt − z⟩ − η2t ∥Gηt

(θt)∥22.
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Figure 4: Training envelope for model aggregation, with penalty g(θ) = DKL(θ, π).

Combined with the result of Step 1,

2ηt(f(θT )− f(z)) ≤ ∥θt − z∥22 − ∥θt+1 − z∥22.

The remainder of the proof (Step 3) follows exactly as before.

Lemma G1. Let f0 : Rd → R be convex, differentiable, and L-smooth with L > 0, and let f1 : Rd → R be
convex. For f = f0 + f1 and any z ∈ Rd, the proximal gradient update in (35) with ηt ∈ (0, 2/L] satisfies

f(θt+1) ≤ f(θt) + ⟨Gηt
(θt), θt − z⟩ − ηt

(
1− L

2
ηt

)
∥Gηt

(θt)∥22.

For ηt ≤ 1/L, this implies

f(θt+1) ≤ f(θt) + ⟨Gηt(θt), θt − z⟩ − ηt
2
∥Gηt

(θt)∥22.

Proof. By L-smoothness,

f0(θt+1) ≤ f0(θt) + ⟨∇f0(θt), θt+1 − θt⟩+
L

2
∥θt+1 − θt∥22

≤ f0(θt)− ⟨∇f0(θt), ηtGηt
(θt)⟩+

Lη2t
2

∥Gηt
(θt)∥22

≤ f0(z) + ⟨∇f0(θt), θt − ηtGηt
(θt)− z⟩+ Lη2t

2
∥Gηt

(θt)∥22,
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where in the last line we used f(θt) ≤ f0(z) +∇f0(θt)T(θt − z) by convexity. Moreover, by the subgradient
optimality condition defining the proximal operator,

θt − ηt∇f0(θt)− θt+1 ∈ ηt∂f1(θt+1),

which may be equivalently written as

Gηt
(θt)−∇f0(θt) ∈ ∂f1(θt+1).

This means that
f1(θt+1) ≤ f1(z) + ⟨Gηt

(θt)−∇f0(θt), θt − ηtGηt
(θt)− z⟩.

Combining this with the above inequality on f0, and using f = f0 + f1, we obtain

f(θt+1) ≤ f(θt) + ⟨Gηt(θt), θt − z⟩ − ηt∥Gηt(θt)∥22 +
Lη2t
2

∥Gηt
(θt)∥22,

which can be regrouped to give the desired result.

G.2 Proof of Theorem 8
The proof is similar that for the mirror descent case in Theorem 2.

Step 1: Tracking the proximity difference across adjacent iterations. By the same argument as before,

ηt⟨∇f(θt), θt+1 − z⟩ ≤ Dϕ(z, θt)−Dϕ(z, θt+1)−Dϕ(θt+1, θt).

Step 2: Bounding the objective difference f(θt)− f(z). By convexity of Lϕ− f ,

Lϕ(θt+1)− f(θt+1) ≥ Lϕ(θt)− f(θt) + ⟨L∇ϕ(θt)−∇f(θt), θt+1 − θt⟩,

and rearranging gives
f(θt+1) ≤ f(θt) + ⟨∇f(θt), θt+1 − θt⟩+ LDϕ(θt+1, θt).

Moreover, f(θt) ≤ f(z) + ⟨∇f(θt), θt − z⟩ by convexity, thus

f(θt+1) ≤ f(z) + ⟨∇f(θt), θt+1 − z⟩+ LDϕ(θt+1, θt).

Combining this with the result of Step 1, we have

ηt(f(θt+1)− f(z)) ≤ ηtDϕ(z, θt)−Dϕ(z, θt+1)− (1− Lηt)Dϕ(θt+1, θt)

≤ Dϕ(z, θt)−Dϕ(z, θt+1),

where we used ηt ≤ 1/L in the last inequality. Taking z = θt, this shows us that f is noncreasing along the
iterate sequence, and therefore

ηt(f(θT )− f(z)) ≤ Dϕ(z, θt)−Dϕ(z, θt+1).

The remainder of the proof (Step 3) follows exactly as before.
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