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The “size” of convex bodies

convex bodies: K � Rn is a convex body if it is compact, convex, and has nonempty interior

MAIN QUESTION OF THIS TALK

how “large” may a convex body K � Rn be, when its volume is fixed?

two notions of size:
1. covering number — how many ellipsoids of similar volume are required to cover K?

2. volume of projections — what is the average size of a k-dimensional projection of K?

(we will see that these two notions are, of course, very closely related)
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1. Covering a convex body



Covering number and metric entropy

covering number: for compact sets K,L � Rn with L having nonempty interior,

NpK,Lq � min

#
m ¥ 1 : Dx1, . . . , xm P Rn such that K �

m¤
i�1

xi � L

+

xi

K L

metric entropy: logarithm of covering number, logNpK,Lq
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Background on metric entropy and covering numbers

covering numbers:

 typically attributed to [Kolmogorov, ’56; Kolmogorov-Tihomirov, ’59], who wanted to understand

how to succinctly approximate a function to a given level of accuracy

 appeared in metric space setting in [Pontrjagin-Schnirelmann, ’32; von Neumann, ’42]

entropy numbers and compactness of operators:

 given linear operator u : X Ñ Y between Banach spaces, involves the study of

r ÞÑ NpupBXq, rBY q, r ¡ 0,

where BX , BY are unit balls of spaces X,Y

 leads to the entropy numbers, defined as

ekpuq � inftr ¡ 0 : NpupBXq, rBY q ¤ 2k�1u, k ¥ 1


 quantifies compactness: note that u is compact iff ek Ó 0 as k Ñ8

 typically attributed to [Pietsch, ’72] though also appeared in [Mitjagin, ’61; Mitjagin-Pelczynski,

’68; Triebel, ’70]
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Background on metric entropy and covering numbers
existence of M -ellipsoids:

 [Milman, ’86] established for convex bodies K � Rn which are centrally symmetric (i.e.,
K � �K) that there exists an ellipsoid E such that:

|E | � |K| and NpK, Eq ¤ exppCnq.

 [Milman-Pajor, 2000] obtained the same result in the non-symmetric case, up to translations

regular M -ellipsoids:

 [Pisier, ’89a; Pisier, ’89b] showed the existence of regular M -ellipsoids: for a centrally

symmetric convex body K � Rn and each α P p0, 2q, there exists an ellipsoid Eα such that

maxtNpK, rEαq, NpEα, rKq, NpK�, rE�αq, NpE�α, rK�qu ¤ exppCαn{rαq, for r ¥ C1{α
α


 weaker generalizations for non-symmetric bodies appeared in [Vritsiou, 2024]

duality of entropy:

 Pietsch’s duality of entropy conjecture was partially resolved [Artstein-Milman-Szarek, 2004]:

NpE�, 1
c
K�q1{C ¤ NpK, Eq ¤ NpE�, cK�qC

for any centrally symmetric convex body K � Rn, any ellipsoid E
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Covering numbers of convex bodies

THEOREM [PAOURIS-P., 2026]

for any convex body K0 � Rn, there is a translate K and ellipsoid E of the same volume such that

maxtNpK, rEq, NpK�, rE�q, NpE , rKq, NpE�, rK�qu
¤ inf

|Ẽ|�|Bn
1 |
maxtNpBn1 , crẼq, NpBn8, crẼ�q, NpẼ , crBn1 q, NpẼ�, crBn8quC ,

holds for every r ¡ 0

some remarks:

 infimum over ellipsoids Ẽ is attained (up to constants) with suitably scaled ball Bn2


 the ellipsoid E does not depend on r


 result does not require symmetry of body K


 may replace crosspolytope Bn1 with any regular n-simplex Sn (after translation)
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Equivalent formulation via entropy numbers

entropy numbers:

 entropy numbers of a convex body K � Rn are

ekpKq � inftr ¡ 0 : NpK, rBn2 q ¤ 2k�1u, e�k pKq � inftr ¡ 0 : NpBn2 , rK�q ¤ 2k�1u

 for centrally symmetric K, these correspond to ekpidq, ekpid�q for id : pRn, } � }Kq Ñ pRn, } � }2q

 we set EkpKq � maxtekpKq, e�k pKq, ekpK�q, e�k pK�qu

equivalent re-formulation of previous theorem:

THEOREM [PAOURIS-P., 2026]

for any convex body K � Rn, there is an affine map ψ such that |ψpKq| � |Bn2 |, and

EkpψpKqq À inf
|ψ̃pBn

1 q|�|Bn
2 |
Ekpψ̃pBn1 qq, for all k ¥ 1

7



Comparison with the regular positions of Pisier

Pisier’s extension of V. Milman’s M -ellipsoid theorem [Pisier, ’89a] can be formulated as follows

THEOREM [PISIER, ’89A]

for any centrally symmetric convex body K � Rn, any β ¡ 1{2,
there exists Tβ P GLpnq such that |TβK| � |Bn2 | and:

EkpTβKq À max
!
1,

1?
2β � 1

)�n
k

	β
, for k P t1, 2, . . . , nu

some remarks:

 fixing k ¤ n and then optimizing in β, Pisier’s theorem implies

inf
|SkK|�|Bn

2 |
EkpSkKq À

c
n

k
log

�en
k

	

 in fact, essentially by [Schütt, ’84], our theorem implies existence of T P GLpnq

|TK| � |Bn2 |, EkpTKq À min
!?

n,

c
n

k
log

�en
k

	)
simultaneously for k P t1, 2, . . . , nu


 our theorem also implies the above in non-symmetric case, after a translation
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2. Projections of a convex body



Projections of a convex body: mean width and quermassintegrals

QUERMASSINTEGRALS OF A CONVEX BODY

WrkspKq � EF�νn,k

� |PFK|
|Bk2 |

�1{k
, for k P t1, 2, . . . , nu


 νn,k denotes uniform (Haar) probability measure on all k-dimensional subspaces of Rn


 PF denotes orthogonal projection onto k-dimensional subspace F � Rn

important special cases:

 for k � 1, this is the spherical mean width

Wr1spKq � Eθ�σn�1

�
sup
xPK

xx, θy
�
�M�pKq


 for k � n� 1, this is the (scaled) surface area,

Wrn�1spKq �
� |BK|
|BBn2 |


1{pn�1q


 for k � n, this is the volume radius,

WrnspKq �
� |K|
|Bn2 |


1{n
� vrpKq
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Background on mean width and quermassintegrals


 Steiner formula: for a convex body K � Rn and any t ¥ 0,

|K � tBn2 | �
ņ

k�0

|Bk2 |Vn�kpKqtk


 coefficients tVkpKqunk�0 are referred to as intrinsic volumes and satisfy

VkpKq � cn,k �WrkspKqk where cn,k �
�
n

k

�
|Bn2 |
|Bn�k2 |


 our normalization and ordering of the quermassintegrals are not entirely standard


 by Alexandrov inequalities, have

M�pKq � Wr1spKq ¥Wr2spKq ¥ � � � ¥WrnspKq � vrpKq

 the inequality M�pKq ¥ vrpKq is referred to as Urysohn’s inequality


 extremizing WrkspKq over bodies of fixed volume ÐÑ “generalized” isoperimetric problems
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Background on mean width and quermassintegrals


 for k � n� 1, the classical isoperimetric theorem implies that

Wrn�1spKq ¥ vrpKq,
with equality iff K is the ball vrpKqBn2 (up to translation)


 in the other direction, a theorem of [Ball, ’91] shows

inf
TPSLpnq

Wrn�1spTKq ¤Wrn�1spSnq, where |K| � |Sn|,

and Sn is a regular n-simplex; equality holds iff K is a simplex [Barthe, ’98]

 maximal order of the minimal kth quermassintegral, i.e.,

An,k � sup
K

inf
TPSLpnq

WrkspTKq
vrpKq

was (previously) unknown for k P t1, 2, . . . , cnu

 k Á n: can show An,k � 1, via the work of [Milman, ’86; Milman-Pajor, 2000]

 our methods, unfortunately, are unlikely to yield exact constants, equality cases
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Volumes of typical k-dimensional projections of convex bodies

THEOREM [PAOURIS-P., 2026]

for any convex body K0 � Rn, there is a translate K and T P SLpnq such that

max
!WrkspTKq

vrpKq ,
WrksppTKq�q

vrpK�q
)
À inf
T̃PSLpnq

max
!WrkspT̃Bn1 q

vrpBn1 q
,
WrksppT̃Bn1 q�q

vrpBn8q
)
,

simultaneously, for every k P t1, 2, . . . , nu

some remarks:

 essentially by a computation in [Paouris-Pivovarov, 2013], it holds that

inf
T̃PSLpnq

max
!WrkspT̃Bn1 q

vrpBn1 q
,
WrksppT̃Bn1 q�q

vrpBn8q
)
�

c
log

�en
k

	

 important special case is minimal mean width: for any convex body K � Rn,

1 ¤ inf
TPSLpnq

M�pTKq
vrpKq À

a
logpenq,


 in all the results above, may replace Bn1 by a regular n-simplex, up to translation
12



History of minimal mean width


 the question about the order of the minimal mean width of convex bodies seems to have first
appeared in [Giannopoulos-Milman-Rudelson, 2000]


 it is mentioned in the books [Aubrun-Szarek, 2017; Artstein-Avidan-Giannopoulos-Milman,
2015]


 following the introduction of the K-convexity KpKq constant, [Figiel-Tomczak-Jaegermann, ’79]
showed that in the centrally symmetric case,

inf
TPGLpnq

M�pTKqMpTKq À KpKq À logp1� dBMpK,Bn2 qq À logpenq


 in the centrally symmetric case, as MpTKq Á vrpTKq�1, it implies

inf
TPGLpnq

M�pTKq
vrpKq À logpenq,

for the non-symmetric case, also follows via Rogers-Shephard inequality


 [Bizeul, 2026] established maximal order of M�pKq{vrpKq among bodies K in isotropic
position; also implies order of minimal mean width for general convex bodies
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3. Proof ideas



Convex comparison of continuous martingales
the following result seems to date (at least) back to [Borkar, ’87]

PROPOSITION

for any Rn-valued, continuous L2 martingale tMtu0¤t¤T with M0 � 0,
if drM st © ρIndt for some ρ ¡ 0, then, for every convex F : Rn Ñ R,

EF pMT q ¥ EG�γn F
�a

ρT G
	

some remarks:

 we apply with F � hK , for some convex body K containing the origin in its interior; in that case,

?
nM�pKq À 1?

ρT
�EhKpMT q � 1?

ρT
�E }MT }K�


 we will arrange that the body and martingale tMtut¥0 satisfy

|K�|1{n � 1, E }MT }K� À 1 for T � 1

logpenq
and that the proposition holds with ρ Á 1
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The stochastic localization process

our martingales are constructed via stochastic localization process [Eldan, 2012; Eldan, 2013;
Lee-Vempala, 2024]

CONSTRUCTION OF STOCHASTIC LOCALIZATION PROCESS

given a centered probability measure µ on Rn, study tilt measures

dµt,η 9 exx,ηy�t}x}
2
2{2 dµ, atpηq � EX�µt,η rXs, Atpηq � CovX�µt,η pXq

construct the random tilt process,

dθt � atpθtqdt� dBt, θ0 � 0

leads to random measure, mean, covariance process:

µt � µt,θt , at � atpθtq, At � Atpθtq
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Interpretation of the stochastic localization process

filtering interpretation: (observed by [El Alaoui-Montanari, 2022; Klartag-Putterman, 2023])

 it holds that

Law
� 
tX �Bt

(
t¥0

	
� Law

� 
θtut¥0

	
,

where X � µ independently of tBtut¥0


 also, µt � LawpX | tX �Btq � LawpX | X � t�1Btq for t ¡ 0


 pathwise: essentially “interpolate” between µ (at tÑ 0�) and δX (as tÑ8)

two key processes: for µ supported on (sufficiently smooth) convex body L,

 mean process:

at �
»
L

x ptpxq dx �
» t
0

As dBs, drast � A2
t dt


 normal process:

a�t �
»
BL
nLpxqptpxq dHn�1pxq �

»
L

∇ log ptpxq ptpxq dx
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Bobkov’s maximal Gaussian measure position

[Bobkov, 2011] defined a c.s. convex body K � Rn to be in maximal Gaussian measure position if

γnpKq ¥ γnpTKq for all T P SLpnq

GENERALIZATION TO NON-SYMMETRIC CASE (‘B-POSITION’)

a (possibly non-symmetric) convex body K � Rn is in maximal Gaussian measure position if

γnpKq ¥ γnpTK � xq for all pT, xq P SLpnq �Rn

properties:

 equivalent characterization via isotropy: if γK denotes γn conditioned to K

EX�γK rXs � 0 and EX�γK rX bXs � α2
KIn


 if |K|1{n � 1, then B-position is Milman’s position


 for a convex body K � Rn there always exists a volume-preserving affine image of K which is
in B-position; unique up to orthogonal transformations
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A non-symmetric variant of the strong Gaussian (B)-theorem

the properties on the last slide can be established from the following result

PROPOSITION [PAOURIS-P., 2026]

for any real, symmetric A P Rn�n and any convex body K � Rn, the map

t ÞÑ sup
xPRn

γnpetAK � xq

is log-concave on R

some remarks:

 the result above is false without optimizing over translates [Nayar-Tkocz, 2013]

 proof of the result:

– compute second derivative of the logarithm, realize it is nonpositive iff

VarγK pfq ¤
1

2

�
EγK }∇f}22 � }EγK ∇f}22

	
, for certain f ;

– follows by adapting proof of [Cordero-Erausquin-Fradelizi-Maurey, 2004; Barthe-Cordero-Erausquin,
2013]
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Comparison theorem and width of K

THEOREM

for any convex body K with K� in B-position with |K�| � 1,

Eγn F pGq À inf
uPp0,ns

�a
logpen{uqEX�γK�

F pXq � Lip
�
F
�?
u
	
,

for any positively 1-homogeneous, convex F : Rn Ñ R�

comments:

 we replace dat � AtdBt by dãt � ÃtdBt with Ãt explicitly truncated from below


 the first term: arises from the convex comparison for continuous martingales


 the error term LippF q?u: by time T � plogpen{uqq�1, have � u truncated eigenvalues


 implies that
sup
xPK

M��K X px� r vrpKqBn2 q
� À vrpKq

a
logper2q p@r ¥ 1q
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Comparison theorem and width of K�

THEOREM

for any convex body K with K� in B-position with |K�| � 1,

Eγn F pGq À inf
uPp0,ns

�
n
a
logpen{uqEνK�

F p∇hKpXqq � Lip
�
F
�?
u
	
,

for any positively 1-homogeneous, convex F : Rn Ñ R�.
(Here νK� is the probability measure on BK� with dνK�pxq9xx, nK�pxqye�}x}22{2 dHn�1pxq)

comments:

 the normal process satisfies da�t � rIn � p1� tqAtsdBt; we now truncate eigenvalues of
p1� tqAt from above


 the first term: arises from convex comparison, factor n comes from isotropy and volume
normalization


 the error term LippF q?u: up to T � plogpen{uqq�1, have � u truncated eigenvalues

 implies that

sup
xPK�

M��K� X px� r vrpK�qBn2 q
� À vrpK�q

a
logper2q p@r ¥ 1q
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Reduction to the truncation bodies
truncation bodies: for a convex body L � Rn, we refer to

LX px� rBn2 q, for x P L, r ¡ 0

as the truncation bodies of L

PROPOSITION [PAOURIS-P., 2026]

suppose that L � Rn is a convex body with the origin in its interior, and with

diampLq À ?
n vrpLq, and sup

xPL
M��LX px� r vrpLqBn2 q

� À vrpLq
a
logper2q p@r ¥ 1q

then for every t ¡ 0,

max
!
NpL, tvrpLqBn2 q, NpBn2 , tvrpLqL�q

)
¤ inf
TPSLpnq

NpTBn1 , c t?
n
Bn2 qC

moreover, for every k P t1, 2, . . . , nu
WrkspLq À

?
n vrpLq inf

TPSLpnq
WrkspTBn1 q
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Ideas behind reduction
bounding the metric entropy:

 by applying the Sudakov minoration to “local” packing generated by a t{2-packing and t-cover,

log
NpL, t

2
Bn2 q

NpL, tBn2 q
À n

t2
sup
xPL

M�pLX px� tBn2 qq2


 by invoking the dual Sudakov minoration, we obtain

log
NpBn2 , t2L�q
NpBn2 , tL�q

À n

t2
sup
xPL

M�pLX px� tBn2 qq2

bounding the quermassintegrals:

THEOREM [MOURTADA, 2025]

for any convex body K � Rn,

log
� ņ

j�0

VjpKq
	
� inf
r¡0

!?
n sup
xPK

M�pK X px� rBn2 qq � logNpK, rBn2 q
)


 we apply this result to dilates λK; optimize λ ¡ 0 so that VkpλkKq dominates the sum
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Summary
1. put K� in B-position such that |K�| � 1

– exists in non-symmetric case (by variant of strong (B) theorem)
– equivalent to centered & scalar covariance for γK�

– implies that »
K�

x dγK� pxq � 0, and
»
BK�

nK� pxqϕpxqdHn�1pxq � 0

2. consider the continuous martingales

at � Eµt X, and a�t �
»
BK�

nK�pxqptpxq dHn�1pxq

3. by Itô computation,

dat � At dBt, and da�t � rI � p1� tqAtsdBt,
to apply martingale theorem requires controlling eigenvalues of covariance At, above and below

4. after controlling eigenvalues, apply convex comparison theorem for continuous martingales

5. take convex map to be support function for truncated bodies to get estimate for mean width

6. reduce from mean width of truncated bodies to metric entropy/quermassintegrals
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