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1. M -estimation and some motivations



What is M -estimation?

M -ESTIMATION

given class of models Θ, observed data Z P Z, loss function Ψ: Θ� Z Ñ R, pick:

θ̂ � argmin
θPΘ

Ψpθ, Zq


 encompasses maximum likelihood estimation (MLE), minimum contrast estimation,
(regularized) empirical risk minimization (ERM), etc.


 supported by classical large-sample theory:
– Le Cam-Hájek: local asymptotic minimaxity for regular parametric models
– Asymptotic nonparametric/semiparametric efficiency
– Minimax analyses for estimators of interest (e.g., Lasso, penalized methods, etc.)


 however, such results ignore several important issues:
– finite n
– complexity (or lack of complexity) from irregular (or very regular) covariate laws
– problems where the SNR is (sufficiently) high
– effects at or near the boundary of the constraint set
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Issues with M -estimation

L. Le Cam, 1990:

other examples:

 Birgé-Massart ’93, Devroye-Lugosi ’01: suboptimality of MLE for density estimation

 Kur-Rakhlin-Guntuboyina ’20: suboptimality of LSE in support function estimation

 Kur-Gao-Guntuboyina-Sen ’24: suboptimality of LSE in convex regression (d ¥ 5)

 P.-Ma ’24: suboptimality of Lasso in ill-conditioned sparse regression
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Reconciling with empirical success of ML/DL/LLMs?
falls completely out of scope of classical “fixed sample, fixed loss, fixed model class” theory!

(Llama 3, ’24) (DeepSeek-R1, ’25)

(Qwen2.5-Coder, ’24)

other examples:

optimizer tuning, curriculum training, test-time training/compute, RLHF, distillation, . . .
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2. Gaussian sequence
model and basic results



Gaussian sequence model and minimax risk

observational model: for a nonempty constraint set Θ � Rd, observe

Y � θ� � ξ, ξ � N p0, Idq , θ� P Θ

minimax Lq risk: for 1 ¤ q   8, define

MqpΘq� inf
θ̂

sup
θ�PΘ

�
Eθ� }θ̂pY q � θ�}q2

	1{q

main focus of this talk: for q � 2, for which we write

MpΘq�M2pΘq
(thus MpΘq,MpΘq2 are the minimax RMSE and MSE)
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Metric entropy

covering number: for bounded K � Rd and compact L � Rd with nonempty interior,

NpK,Lq� min
!
m ¥ 1 : Dx1, . . . , xm P Rd, K �

m¤
i�1

pxi � Lq
)

xi

K L

metric entropy: the logarithm of the covering number, logNpK,Lq
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The critical radius

LOCAL METRIC ENTROPY

for a nonempty convex set Θ � Rd, define

HΘpεq� sup
θPΘ

logN
�
ΘX pθ � 4εBd

2 q, εBd
2

	
, and ε�pΘq� suptε ¡ 0 | HΘpεq ¥ ε2u

illustration:

Θ

θ � 4εBd
2

θ

ε

ε
0

HΘpεq
ε2

ε�pΘq
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Metric characterization of the minimax risk for convex sets
critical radius: for nonempty convex Θ � Rd,

ε�pΘq� sup
!
ε ¡ 0 | sup

θPΘ
logN

�
ΘX pθ � 4εBd

2 q, εBd
2

� ¥ ε2
)
,

THEOREM (P.-ZHIVOTOVSKIY ’26)

for every nonempty convex set Θ � Rd,

MpΘq � ε�pΘq
more generally, for every 1 ¤ q   8,

MqpΘq � ε�pΘq � �diampΘq ^ ?
q
�

comments:

 based on ideas in Le Cam ’73, Birgé ’83, Yang-Barron ’99

 paper of Neykov ’23 establishes a similar result for q � 2
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Reduction from n samples and general noise levels

n-sample model:

 observe independent

Yi � N
�
θ�, σ2Id

�
, θ� P Θ, i � 1, . . . , n, σ ¡ 0


 for 1 ¤ q   8, define

Mpnq
q pΘ, σq� inf

θ̂
sup
θ�PΘ

�
Eθ� }θ̂pY1, . . . , Ynq � θ�}q2

	1{q

rescaling relation via sufficient statistics:

 with τn � σ{?n, the sample mean satisfies Y � N

�
θ�, τ2

nId
�


 rescaling gives Y {τn � N pθ�{τn, Idq

 the minimax risks satisfy

Mpnq
q pΘ, σq � τn Mp1q

q pτ�1
n Θ, 1q � τn Mqpτ�1

n Θq
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3. Failure mode: over-smoothing



Gaussian sequence model under ℓp constraints
observational model: suppose we are given IID observations

Yi � N
�
θ�, σ2Id

�
, where }θ�}p ¤ r, for i � 1, . . . , n

minimax (root) mean squared error: seek to estimate θ� to optimal MSE

MpnqprBd
p , σq� inf

θ̂
sup

}θ�}p¤r

�
E
�}θ̂pY1, . . . , Ynq � θ�}22

�	1{2
(the order of the minimax rate above is known, Donoho-Johnstone ’94)

QUESTION:

does the maximum likelihood estimator (MLE), given below, achieve this rate?

ΠpY1, . . . , Ynq� argmin
}ϑ}p¤r

"
1

n

ņ

i�1

}Yi � ϑ}22
*

(without loss, we take n � 1, r � 1; only interesting parameters are σ, p, d)
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Behavior of the minimax risk

1994 result of Donoho & Johnstone: established two main results,

 (asymptotic) minimax RMSE for all p P p0,8q

 dichotomy in the behavior of linear estimates

behavior of the minimax RMSE when p ¥ 2:

MpBd
p , σq � mintσ

?
d, d1{2�1{pu

behavior of the minimax RMSE when p   2:

MpBd
p , σq �

$'''&'''%
1 when σ ¥ 1?

1�log d

rσ2 logpedσpqs1{2�p{4 when σ P r 1

d1{p
, 1?

1�log d
s

σ
?
d when σ ¤ 1

d1{p


 “moderate” noise regime requires non-trivial procedure for rate-optimality...

 result above can be directly established via metric entropy of Bd

p
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Donoho-Johnstone “nonlinearity phenomenon”
(terminology taken from Johnstone’s monograph)

(appeared in PTRF in 1994)
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Donoho-Johnstone “nonlinearity phenomenon”
linear minimax RMSE: usual definition, but now restricted to linear estimators Y ÞÑ θ̂pY q,

MlinpBd
p , σq� inf

θ̂ linear
sup

}θ�}p¤1

�
E
�}θ̂pY q � θ�}22

�	1{2
failure of linear estimates:

THEOREM (DONOHO & JOHNSTONE ’94)

fix p P p0, 2q and take σ � σpdq such that

1

d1{p
! σ ! 1?

log d

then, linear estimates are arbitrarily suboptimal as dÑ8:

lim
dÑ8

MlinpBd
p , σq

MpBd
p , σq � 8
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Main result: good news

worst-case RMSE of the MLE:

RMLEpBd
p , σq� sup

}θ�}p¤1

�
E
� }ΠBd

p
pY q � θ�}22

�	1{2

THEOREM (AOLARITEI, JORDAN, P., ULICHNEY ’25)

the MLE is minimax rate-optimal in the following two settings:

(i) if p P r0, 1� 1
1�log d

s Y r2,8s, for any σ ¡ 0; or

(ii) if p P r1� 1
1�log d

, 2s, and for σ P r0, 1

d1{p
s Y r 1?

1�log d
,8s.

indeed, in the above two settings, we have

RMLEpBd
p , σq �MpBd

p , σq
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Main result: bad news

THEOREM (AOLARITEI, JORDAN, P., ULICHNEY ’25)

fix p P p1, 2q, and suppose σ � σpdq satisfies

1

d1{p
! σ ! 1?

log d

then, the MLE is minimax rate-suboptimal by an arbitrarily large factor:

lim
dÑ8

RMLEpBd
p , σq

MpBd
p , σq � 8

(simplified) summary:

p � 0 p � 1 p � 2

optimal

for all σ¡0

suboptimal

for σ such that
d�1{p ! σ ! plog dq�1{2

optimal

for all σ¡0
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Illustration of suboptimality, p � 1.5

σ � 1{ 3
?
d

102 103 104 105

10�1

dimension, d

M
S

E

Minimax (� d�0.17)

MLE (� d�0.028)

ST (� d�0.551)

σ � 1{?d

102 103 104 105

10�1.5

10�1

10�0.5

dimension, d

M
S

E

Minimax (� d�0.229)

MLE (� d�0.192)

ST (� d�0.365)

comments:

 comparison above with rate-optimal estimator based on soft-thresholding (ST):pθSTpY q� argmin

ϑPRd

!
}ϑ� Y }22 � 2λ}ϑ}1

)
where λ �

a
2σ2 logpedσpq


 in paper, we establish two phases in asymptotics of sup-risk of the MLE
– non-vanishing error: 1

d1�1{p ! σ ! 1?
log d

– vanishing error: 1
d1{p

! σ ! 1
d1�1{p
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4. Failure mode: heavy tails



Reduction to the Lq norm of projections

least squares estimator (LSE)/maximum likelihood estimator (MLE):


 for Θ � Rd closed and convex, observe:

Y � θ � σξ, ξ � N p0, Idq , θ P Θ � Rd


 the LSE is ΠΘpY q � argminϑPΘ }Y � ϑ}2

 translation and scaling: it holds that: θ̂pθ � σξq � θ � σΠpΘ�θq{σpξq

 hence, risk satisfies �

E }θ̂pY q � θ}q2
	1{q

� σ
�
E }ΠpΘ�θq{σpξq}q2

	1{q
UPSHOT:

tails of risk of LSE for closed, convex sets
ðñ

Lq norms of projections onto closed, convex sets containing the origin
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Formulation as an extremal problem

optimal Lq1 � Lq0 inequality:

 consider class of convex sets

Cd � tC � Rd : C closed, convex, and 0 P Cu

 for q0, q1 P r1,8q with q0   q1, define

A�dpq0, q1q� sup
CPCd
C�t0u

�
E }ΠCpξq}q12

�1{q1�
E }ΠCpξq}q02

�1{q0 , where ξ � Np0, Idq

QUESTION:

is A�dpq0, q1q small if q1 is comparable to q0?
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Main result: No!

THEOREM (P. ’26)

for d ¥ 1 and q0, q1 P r1,8q with q0   q1, it holds that

A�dpq0, q1q �

$''''&''''%

�
d

q0 logped{q0q
�τ
, q0 ¤ d, q0   q1 ¤ q0 log

ed
q0
,b

d
q0 logped{q1q , q0 ¤ d, q0 log

ed
q0
  q1 ¤ d,b

q1
q0
, q1 ¡ d

where τ � 1

2

�
1� q0

q1

	
.


 e.g., for q0 � 1, q1 � 2,

A�dp1, 2q �
� d

1� log d

	1{4
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Qualitative behavior of projections and supporting vectors
behavior on dilates:

 for compact C P Cd,

}ΠλC}Lp � p1� op1qqλ }sC}Lp as λÑ 0�


 above, sC is the supporting vector, defined by

sCpxq� argmin
!
}y}2 : y P C, xx, yy � hCpxq

)
, hCpxq� sup

zPC
xz, xy

two examples:

C

direction x

0

sCpxq

xx, yy � hCpxq

unique maximizer

C
ty P C : xx, yy � hCpxqu

direction x

0

sCpxq

xx, yy � hCpxq

multiple maximizers
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Proof idea: extremal sets

0 e1

θ1 � r

θ

rθ

rBd
2

Cprq

bad sets:

Cprq � conv
�
rBd

2 , e1
�
, r P p0, 1s

The supporting vector satisfies

}sCprqpθq}2 �
#
1, θ1 ¡ r,

r, θ1 ¤ r,
θ P Sd�1

With previous limit relation:

}ΠλCprq}Lq1

}ΠλCprq}Lq0

ÝÑ }sCprq}Lq1

}sCprq}Lq0

pλÑ 0�q

intuition:


 “most” directions have supporting vector rθ, except on cap tθ1 ¡ ru, we get spike e1


 pick mass of cap to dominate the Lq1 norm but be negligible for the Lq0 norm

 up to a logarithm in d, this gives the lower bound
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Corollary: suboptimality of the LSE

 for closed convex Θ � Rd, define

MpΘq � inf
θ̂

sup
θPΘ

�
Eξ�Np0,Idq }θ̂pθ � ξq � θ}22

	1{2

 for sufficiently large d, take

rd �
�1� log d

d

	1{4
, λd �

?
d rd

Θd � λdCprdq �
?
d convpr2dBd

2 , rde1q

 by similar argument to previous theorem, have:

MpΘdq ¤
b
1� dr4d,

�
E }ΠΘdp

?
drde1 � ξq �

?
drde1}22

	1{2
Á
?
d rd


 therefore, the LSE/MLE satisfies

supθPΘd

�
E }ΠΘdpθ � ξq � θ}22

	1{2
MpΘdq Á

d
dr2d

1� dr4d
� 4

d
d

1� log d
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Summary

1. several issues can arise in risk minimization, here we focused on Gaussian sequence model

2. over ℓp balls, minimizing square loss (i.e., the MLE) can be rate-suboptimal due to
over-smoothing, when p P p1, 2q, at moderate noise

3. even under Gaussian noise and convex constraints, adjacent moments of the risk of the MLE
can blow up!

4. yields a convex constraint set for which the RMSE of the MLE is larger than the optimal
(minimax) RMSE by a factor Á 4

a
d{p1� log dq

5. in contrast, there’s an (inefficient) rate-optimal method (simultaneously for all Lq)!

OPEN QUESTION

for every convex constraint set, is there an estimator which is
both statistically optimal and computationally efficient?
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Thank you!
based on the following papers:

arxiv.org/abs/2402.00382 (Biometrika, 2026+)

arxiv.org/abs/2506.10354 (Annals of Statistics, 2026+)

arxiv.org/abs/2603.02714 (2026)

arxiv.org/abs/2607.05117 (2026)
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