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Abstract. We pursue two goals in this article. As our first goal, we construct a familyMG

of Gibbs like measures on the set of piecewise linear convex functions g : R2 → R. It turns
out that there is a one-to-one correspondence between the gradient of such convex functions
and Laguerre tessellations. Each cell in a Laguerre tessellation is a convex polygon that is
marked by a vector ρ ∈ R2. Each measure νf ∈MG in our family is uniquely characterized
by a kernel f(x, ρ−, ρ+), which represents the rate at which a line separating two cells
associated with marks ρ− and ρ+ passes through x. To construct our measures, we give a
precise recipe for the law of the restriction of our tessellation to a box. This recipe involves
a boundary condition, and a dynamical description of our random tessellation inside the
box. As we enlarge the box, the consistency of these random tessellations requires that the
kernel satisfies a suitable kinetic like PDE. Our interest in the family MG stems from its
close connection to Hamilton-Jacobi PDEs of the form ut = H(ux), with u : Γ → R, for
a convex set Γ ⊂ R2 × [0,∞), and H : R2 → R a strictly convex function. As our second
goal, we study the invariance of the setMG with respect to the dynamics of such Hamilton-

Jacobi PDEs. In particular we conjecture the invariance of a suitable subfamily M̂G ofMG.
More precisely, we expect that if the initial slope ux(·, 0) is selected according to a measure

νf ∈ M̂G, then at a later time the law of ux(·, t) is given by a measure νΘt(f) ∈ M̂G,
for a suitable kernel Θt(f). As we vary t, the kernel Θt(f) must satisfy a suitable kinetic
equation. We remark that the function u is also piecewise linear convex function in (x, t),
and its law is an example of a Gibbs-like measure on the set of Laguerre tessellations of
certain convex subsets of R3.

1. Introduction

In numerous models of nonequilibrium statistical mechanics we encounter an interface that
separates different phases and is evolving with time. It is often the case that the evolution of
such an interface depends on the location x, the time t, and the inclination ρ of the interface
at x. If the interface is represented by a graph of a height function u : Rd × [0,∞) → R,
then a natural model for its evolution is a Hamilton-Jacobi PDE:

(1.1) ut = H(x, t, ux).

Since in practice the exact form of the Hamiltonian function H is not known to us, it is a
common practice to assume that H is random. A natural question is whether or not we can
describe the stochastic law νt of the height function u(·, t) as t varies. Ideally we would like
to derive a tractable/explicit evolution equation for νt. Alternatively, we may keep track
of the inclination ρ = ux, and wonder whether or not the law of ρ(·, t) follows an explicitly
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describable evolution equation. This is indeed the case for a small number of exactly solvable
one dimensional discrete models. In this article however, we pursue a very different strategy:
we search for a natural class of stochastic laws that is invariant with respect to the evolution
of the Hamilton-Jacobi PDE (1.1). This strategy has already been tested in dimension one: If
initially the process x 7→ ρ(x, 0) evolves as an ODE that is interrupted by Markovian jumps,
then the same is true at later times, and the evolution of the jump rates can be described by
a kinetic equation. In the present article we examine this strategy in higher dimensions. It
turns out that the evolution of the height function is significantly more complex when d > 1.
Fortunately, when H is independent of (x, t), and convex in the momentum variable ρ, the
dynamics simplify and the classical formulas of Hopf, Lax and Oleinik lead to variational
representations of solutions. A particularly tractable case is when the height function is
piecewise linear and convex. As our first step, we offer a recipe for a Gibbs-like measure on
the set of piecewise linear and convex functions. For our second step, we study the evolution
of this measure with respect to the Hamilton-Jacobi dynamics.

1.1. Hamilton-Jacobi semigroup. As a preparation for the statement of our main results,
we first recall two classical variational formulas for solutions of (1.1) when H is convex and
independent of (x, t):

(1) (Hopf Formula) If g is convex, then

(1.2) u(x, t) = (g∗ − tH)∗(x),

where g(x) = u(x, 0) is the initial condition, and g∗ denotes the Legendre transform of g.
More explicitly,

u(x, t) = sup
ρ

(x · ρ− g∗(ρ) + tH(ρ)).(1.3)

(2) (Hopf-Lax-Oleinik Formula) If H is convex, then

(1.4) u(x, t) = sup
y

(
g(y)− tL

(
y − x
t

))
,

where L = H∗ is the Legendre transform of H (see for example [E]).

In this article we assume that both the Hamiltonian function and the initial data are
convex. An immediate consequence of the convexity of H is that the flow of (1.1) is strongly
monotone. More precisely, if we write Φt for the flow of our PDE:

Φt(g)(x) = u(x, t) ⇔ ut = H(ux), and u(x, 0) = g(x),

Then Φt( supρ h
ρ) = supρ Φt(h

ρ), which would follow from (1.4). In particular, if we choose
hρ to be a linear function of the form hρ(x) = x · ρ− g∗(ρ), then

Φt(h
ρ)(x) = x · ρ− g∗(ρ) + tH(ρ),
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which in turn implies (1.2)-(1.3). For our purposes, it is more convenient to keep track of the
slope ρ(x, t) = ux(x, t). Its evolution with respect to time can be represented by a semigroup

Φ̂t;

Φ̂t(∇g)(x) = ρ(x, t).

Definition 1.1(i) Given a convex set Λ, we write C(Λ) for the set of convex functions
g : Λ→ R. The set of piecewise linear functions g ∈ C(Λ) is denoted by C0(Λ).

(ii) We write Ĉ0(Λ) for the set of functions ρ : Λ → Rd such that ρ = ∇g, for some
g ∈ C0(Λ). �

Observe that Φt(C(Rd)) ⊂ C(Rd) by (1.2). Moreover, the set of piecewise linear convex
functions C0(Rd) is also invariant with respect to Φt. As one of our main contribution, we

construct a family MG of Gibbs-like measures on Ĉ0 that is expected to be invariant under

the flow Φ̂t.

1.2. Tessellations. It turns out that there is a one-to-one correspondence between the

members of Ĉ0(Rd), and the Laguerre tessellations of Rd. Henceforth our aforementioned set
MG offers a natural family of Gibbs measures on the set of tessellations. To explain this
further, let us remark that g ∈ C0 means that there exists a discrete set R ⊂ Rd such that

g(x) = sup
ρ∈R

(x · ρ− g∗(ρ)).

If we set
X(ρ) = {x ∈ Rd : g(x) = x · ρ− g∗(ρ)},

then the cell X(ρ) is a convex polytope and the collection

{(ρ,X(ρ)) : ρ ∈ R},
is a Laguerre tessellation of Rd. Moreover, the function ∇g is piecewise constant, and has a
representation of the form

(1.5) ρ(x) := ∇g(x) =
∑
ρ∈R

ρ 11(x ∈ X(ρ)).

It is this geometric interpretation that is at the heart of our strategy for constructing our
Gibbs measures.

Before embarking on our construction, we first need to come up with criteria that would
guarantee that a polytope tessellation does come from a function g ∈ C0. Since we will be
mostly studying planar tessellations in this article, let us assume that d = 2. Indeed if

X(ρ−, ρ+) := X(ρ−) ∩X(ρ+) 6= ∅,
for a planar tessellation, then generically the set X(ρ−, ρ+) is a line segment, and if τ(ρ−, ρ+)
is a vector that is parallel to this line segment, then we must have

(1.6) τ(ρ−, ρ+) · (ρ+ − ρ−) = 0.
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We can readily verify this using the fact that the linear functions h±(x) = x · ρ± − g∗(ρ±)
must agree on the set X(ρ−, ρ+). It is worth mentioning that if a function ρ is given by
(1.5), then its weak derivative Dρ is a matrix measure that is concentrated on the union of
edges X(ρ−, ρ+), ρ± ∈ R. Indeed,

Dρ(dx) =
∑
ρ±∈R

11(x ∈ X(ρ−, ρ+)) [(ρ+ − ρ−)⊗ n(ρ−, ρ+)] m(dx),

where dm denotes the one-dimensional Lebesgue measure (on the union of the edges), and
n(ρ−, ρ+) is a unit normal that is orthogonal to τ(ρ−, ρ+), and is pointing from the X(ρ−)
side to the X(ρ+) side of X(ρ−, ρ+). For ρ to be a gradient ∇g, the matrix Dρ must be
symmetric. The matrix Dρ is symmetric if and only if (1.6) holds. For the convexity of g,
we need Dρ ≥ 0, which is equivalent to saying that ρ+− ρ− is pointing from the X(ρ−) side
to the X(ρ+) side of X(ρ−, ρ+). In other words,

n(ρ−, ρ+) =
ρ+ − ρ−

|ρ+ − ρ−|
.

We summarize our discussion in the next definition.

Definition 1.2(i) Let Λ be a convex polytope in R2. By a (generic Laguerre) tessellation
of Λ we mean a countable collection X = {(ρ,X(ρ)) : ρ ∈ R} such that

• Each X(ρ) is a convex polytope, and⋃
ρ∈R

X(ρ) = Λ.

We refer to each X(ρ) as a cell of X.
• If ρ± ∈ R are distinct, and X(ρ−, ρ+) 6= ∅, then X(ρ−, ρ+) is a line segment orthog-

onal to ρ+ − ρ−. We refer to such X(ρ−, ρ+) as an edge of X.
• If ρ±, ρ∗ ∈ R are distinct, and

X(ρ−, ρ∗, ρ+) := X(ρ−) ∩X(ρ∗) ∩X(ρ+) 6= ∅,

then X(ρ−, ρ∗, ρ+) consists of a single point. We refer to this point as a vertex of the
tessellation X.
• For each edge X(ρ−, ρ+), the vector ρ+ − ρ− is pointing from the X(ρ−) side to the
X(ρ+) side of X(ρ−, ρ+).

We write X (Λ) for the set of all generic tessellations of Λ.

(ii) We set

Γ = {(ρ−, ρ−) ∈ R2 × R2 : ρ− 6= ρ+}.
By an orientation τ , we mean a continuous function τ : Γ→ R2, such that (1.6) holds. �
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1.3. Gibbs measures on X or C0. Our definition of generic tessellations can be readily
extended to any dimension. Observe that when d = 1, each cell X(ρ) is an interval on which

the nondecreasing function ρ(·) is constant. As a natural candidate for a measure on Ĉ0, we
may pick a continuous kernel f(x, ρ−, dρ+) (a measure in ρ+ for every (x, ρ−) ∈ R2) with

λ(x, ρ−) :=

∫ ∞
ρ−

f(x, ρ−, dρ+) <∞,

and set νf to be the law of an inhomogeneous Markov process x 7→ ρ(x) with a jump rate
given by f . In other words, as x increases, the Markov process ρ(x) has an infinitesimal
generator

LxF (ρ−) =

∫
(F (ρ+)− F (ρ−)) f(x, ρ−, dρ+).

Given an initial law `0(dρ), and a− ∈ R, we may construct a measure on piecewise constant
functions ρ : [a−,∞) → R, so that ρ(a−) is selected according to `0, and evolves in a
Markovian fashion with the generator Lx. Note that if the law of ρ(x) is given by `(x, dρ),
then ` satisfies the forward equation `x = L∗x`, subject to the initial condition `(a−, dρ) =
`0(dρ). Given a+ > a−, we may also interpret (ρ(x) : x ∈ [a−, a+]), as a Markov process
that starts at time a+ with law `(a+, dρ), and evolves backward in a Markovian fashion as
we decrease x. In order to have the same law on (ρ(x) : x ∈ [a−, a+]), the jump kernel of
this (backward) Markov process must be selected appropriately (see (4.4) below).

In the same manner, we wish to construct a Gibbsian measure νf on Ĉ0 for a bounded
continuous kernel f(x, ρ−, dρ+), which is a measure in ρ+ for any given (x, ρ−), and depends
continuously on x. We carry out this construction when d = 2 in the present article.
Though, as our method of construction suggests, it seems plausible that one can carry out
similar constructions in higher dimensions in an inductive manner. Indeed our method
of construction takes advantage of the fact that we already have a natural candidate for
such measures in dimension one, namely Markov jump processes. Once our measures are
constructed for d = 2, we may use them to construct Gibbs-like measures in dimension 3

in a similar manner. We should mention that if ∇g ∈ Ĉ0(R2), and ρ(x, t) = Φ̂t(∇g)(x),

then ρ ∈ Ĉ0(R2 × [0,∞)). A Gibbsian choice of ∇g leads to a probability measure on

Ĉ0(Rd × [0,∞)), which has a similar flavor as our construction when d = 2.

Given a kernel f(x, ρ−, dρ+) in R2, we wish to construct a measure on Ĉ0 so that f(x, ρ−, dρ+)
represents the rate at which ρ− changes to ρ+ as we cross an edge of X(ρ−) at a point x. To
achieve this we adopt the following strategy:

(i) We take a convex planar set Λ (for example a box), and construct a measure νf,Λ on
the set of tessellations of Λ. This is carried out by first constructing the one dimensional
tessellation

{(ρ,X(ρ) ∩ ∂Λ) : ρ ∈ R},
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in a Markovian fashion with a jump rate that is expressed in terms of f . We then use the
information coming from the boundary to build the tessellation inside. More edges will be
added inside Λ in a Markovian fashion.

(ii) We then show that when f satisfies a suitable kinetic PDE, the measures νf,Λ are
consistent as we enlarge Λ.

As we attempt to carry out the above strategy, we encounter two problems. Our treatment
of these problems are responsible for our final recipe of our Gibbs measures.

Problem 1. According to our strategy, we would like to construct ρ(x) on the boundary as
a Markov process. Imagine that we start from a point a ∈ ∂Λ and select a slope ρ− for ρ(a).
We then move counterclockwise on the boundary and change ρ(x) as a jump process. If a
jump from ρ− to ρ+ occurs at a point b ∈ ∂Λ to the right of a, then there will be an edge of
our tessellation separating X(ρ−) from X(ρ+). If no other jump occurs as we traverse the
whole boundary, the restriction of the desired tessellation to the set Λ consists of exactly
two cells. However the edge X(ρ−, ρ+) intersects the boundary at a second point b′ that
was not a jump point of our Markov process. In other words, the restriction of the desired
tessellation to ∂Λ cannot be realized as a Markov process.

Our Remedy: We resolve this problem by giving an orientation to the edges. This orien-
tation will be used to decide what points of the boundary tessellation will be created as a
Markov jump process. In other words, given an orientation τ , we consider a Markov process
on the boundary with the jump rate

(τ(ρ−, ρ+) · n(x))+ f(x, ρ−, ρ+),

where n(x) denotes the inward unit normal to ∂Λ at x. This Markov process would allow
us to determine the entering edges only, not the exiting edges.

Problem 2. After determining all the entering edges, we need to use them to build our
tessellation inside Λ. These edges may intersect to produce vertices. How can this be done
in an orderly manner?

Our Remedy: Given a fixed direction v, we expect/insist

ρ± ∈ R, ρ+ 6= ρ− =⇒ (ρ+ − ρ−) · v 6= 0,

in the support of our measure. This is equivalent to saying that τ(ρ−, ρ+) is not parallel to
v. Without loss of generality, we may choose v = e1 = (1, 0), so that τ is never horizontal.
A continuous choice of τ forces a fixed sign for τ(ρ−, ρ+) · e2. Without loss of generality, we
require that τ(ρ−, ρ+) · e2 > 0. For the sake of definiteness, we choose

(1.7) τ(ρ−, ρ+) = (− [ρ−, ρ+], 1), where [ρ−, ρ+] :=
ρ+

2 − ρ−2
ρ+

1 − ρ−1
.

We may treat τ as a velocity for a point/particle that is created at a point b on the boundary,
and its trajectory determines the edge emanating from b. Here, we are treating x2 as a time
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parameter. We will use this time parameter to order the creation of particles, and the
occurrence of particle collisions as we increase x2. �

We now have all the ingredients to describe our Gibbs-like measure in a convex set Λ. For
this construction, we use the orientation (1.7). Note that because of our choice of τ , we may
talk about a cell X(ρ−) (respectively X(ρ+)) that lies on the left (respectively right) of the
edge τ(ρ−, ρ+). With this convention, the fourth condition in Definition 1.2(i) is equivalent
to saying that for each (x, ρ−), the support of the measure f(x, ρ−, dρ+) is contained in the
set

(1.8) R(ρ−) := {ρ+ = (ρ+
1 , ρ

+
2 ) : ρ+

1 > ρ−1 }.
To simplify our presentation, we give a precise recipe for our measure when Λ is a box:

Λ = Λ(a−, a+, t0, t1) := [a−, a+]× [t0, t1].

Because of our choice of τ , there will be no entering edge from the top side of the box. To
ease the notation, we simply write t for the second coordinate. Pictorially, we may decor each
edge with an arrow that always points upward (see Figure 1 below). Our Gibbs measure
will be supported on generic tessellations of which each vertex is of degree 3. With an
orientation at our disposal, we may interpret each vertex as either a coagulation point (when
two intersecting edges are replaced with one edge as time increases), or a fragmentation point
(when an edge splits into two edges as time increases). With these interpretations, we may
fully determine the tessellation inside Λ in terms a collection of particles that travel according
to their velocities, and may experience coagulation and fragmentation. More precisely, the
function x1 7→ ρ(x1, t) can be expressed as

ρ(x1, t) =
∑
i∈J(t)

ρi(t) 11(x1 ∈ (zi, zi+1)),

with the interpretation that zi(t) represents the position of the i-th particle. Writing qi =
(zi, ρ

i), and q(t) = (qi(t) : i ∈ J(t)), the dynamics of q can be conveniently described as a
Markov process.

Definition 1.3(i) Given a pair ρ± ∈ R2, we write ρ− ≺ ρ+ if ρ+ ∈ R(ρ−), where R(ρ−) was
defined in (1.8). Similarly, we define the set L(ρ+) as

L(ρ+) := {ρ− ∈ R2 : ρ− ≺ ρ+},
and the set D(ρ−, ρ+) for ρ− ≺ ρ+ to be

D(ρ−, ρ+) := {ρ∗ : ρ− ≺ ρ∗ ≺ ρ+}.
(ii) We write ∆ =

⋃∞
n=0 ∆n, where ∆n denotes the set of q = (q0, . . . , qn) such that qi =

(zi, ρ
i) ∈ R3, and

z0 = a− < z1 < · · · < zn < zn+1 := a+, ρ0 ≺ ρ1 ≺ . . . ≺ ρn.
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(iii) We write M for the set of measures on R2, and equip M with the topology of weak
convergence. The set of probability measures is denoted by M1. We write F(Λ) for the set
of kernels

f : Λ× R2 →M,

with the following properties:

• The map (x, ρ−) 7→ f(x, ρ−, dρ+) is measurable, and

sup
(x,ρ−)

∫
|τ(ρ−, ρ+)| f(x, ρ−, dρ+) <∞.

• For every (x, ρ−),

f(x, ρ−,R2 \R(ρ−)) = 0.

(iv) Given β ∈ M, we write F(β,Λ) for the set of f ∈ F(Λ) such that f(x, ρ−, dρ+) �
β(dρ+). With a slight abuse of notation, we write f(x, ρ−, ρ+) for the Radon-Nikodym
derivative of f(x, ρ−, dρ+) with respect to β.

(v) Given constants P±, with P− < P+, and a positive constants V∞ and δ0, we put

ΓV∞ =
{

(ρ−, ρ+) ∈ [P−, P+]2 × [P−, P+]2 : ρ− ≺ ρ+, |[ρ−, ρ+]| ≤ V∞
}
.

We write F(β,Λ, V∞, δ0) for the set of f ∈ F(β,Λ) such that

x ∈ R2, (ρ−, ρ+) ∈ ΓV∞ =⇒ f(x, ρ−, ρ+) ≥ δ0,

x ∈ R2, (ρ−, ρ+) /∈ ΓV∞ =⇒ f(x, ρ−, ρ+) = 0.

(vi) Given `0 ∈ M1, f ∈ F(β,Λ), and t0 ∈ R, we write γ(dq; t0, `
0, f) for a probability

measure on ∆ that represents a Markov jump process with the jump rate f((x1, t0), ρ−, dρ+),
and the initial law `0. More precisely, if q is selected according to γ(dq; t0, `

0, f) , and the
function ρ(·; q) is defined by

ρ(x1; q) =
n∑
i=0

ρi 11(zi ≤ x1 < zi+1),

then ρ(a−; q) = ρ0 is distributed according to `0, and the Markov jump process x1 7→ ρ(x1; q)
makes its i-th jump from ρi−1 to ρi at time zi, with the rate f((zi, t0), ρi−1, dρi).

(vii) Given `0 and f as in (vi), we define a Markov process (q(t) : t ≥ t0) that takes value
in the set ∆. This Markov process induces a function

ρ : Λ→ R, ρ(x1, x2) = ρ(x1, t) := ρ(x1; q(t)),

that belongs to Ĉ0(Λ). The (initial) law of q(t) at t = t0 is given by γ(dq; t0, `
0, f). This

process induces a probability measure on Ĉ0(Λ), that is denoted by νf,Λ = ν`
0,f,Λ. The

Markovian dynamics of q(t) is as follows:
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1. The particle zi travels with velocity −[ρi−1, ρi]. When z0 reaches a−, or zn reaches
respectively a+, the number of particles reduces by one. In the former case, we relabel
(zi, ρ

i) as (zi−1, ρ
i−1) for i ≥ 1.

2. If at some time t, we have zi(t) = zi+1(t), then we remove the i-th particle from the
system, and relabel (zj, ρ

j) as (zj−1, ρ
j−1) for j > i.

3. At the boundary point a−, the function t 7→ ρ(a−, t) can change from ρ0 to ρ∗ with the
rate

[ρ0, ρ∗]−
`(a−, dρ∗)f((a−, t), ρ∗, dρ0)

`(a−, dρ0)
,

When this happens, we relabel (zi, ρ
i), as (zi+1, ρ

i+1), for i ≥ 0, and declare ρ∗ to be our new
ρ0.

4. At the boundary point a+, the function t 7→ ρ(a+, t) can change from ρn to ρ∗ with the
rate

[ρn, ρ∗]+f((a+, t), ρn, dρ∗),

When this happens, a new particle has been born at a+. That is, we now have n+ 1 many
particles with zn+1 = a+, and ρn+1 = ρ∗.

5. The i-th particle can fragment into two particles. This occurs at time t with the rate
density

(1.9) σ(ρi−1, ρ∗, ρi)−
f((zi, t), ρ

i−1, ρ∗)f((zi, t), ρ
∗, ρi+1)

f((zi, t), ρi−1, ρi)
,

where

(1.10) σ(ρ−, ρ∗, ρ+) = [ρ∗, ρ+]− [ρ−, ρ∗].

By fragmentation we mean that the particle (zj, ρ
j) is relabeled as (zj+1, ρ

j+1) for j ≥ i, and
the i-th particle at the location zi is associated with a new label ρi = ρ∗.

(viii) We write MG(Λ) for the set of measures of the form ν`
0,f,Λ, as we vary `0 and f ∈

F(β,Λ). �

Because of our choice (1.9), the fragmentation mechanism in 5 is the time reversal of the
coagulation mechanism in 2. The choice (1.9) plays an essential role in the validity of our
first main result, namely, the consistency of our measures νf,Λ as we vary Λ. We remark
that the fragmentation occurs only when σ < 0, so that the resulting particles move away
from each other, with the i+ 1-th particle to the right of the newly born particle.



10 MEHDI OUAKI AND FRAYDOUN REZAKHANLOU

(a−, t0) (a+, t0)

(a+, t1)(a−, t1)

z1 z2 z3

ρ0

ρ1

ρ2

ρ3

ρ−1

ρ4

ρ02

ρ024

ρ(−1)02 ρ5

Figure 1. The blue dot represents the coagulation of the particles with labels
(ρ2, ρ3) and (ρ3, ρ4) into the particle with label (ρ2, ρ4). The red dot repre-
sents the fragmentation of the particle with label (ρ0, ρ2) into two particles of
respective labels (ρ0, ρ02) and (ρ02, ρ2).

1.4. Consistency. We now turn our attention to the question of the consistency of our
measures νf,Λ, as we vary the sides of the box Λ = Λ(a−, a+, t0, t1). We first vary the
horizontal sides. If

Λ = Λ(a−, a+, t0, t1), Λ′ = Λ(a−, a+, t, t1),
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with t ∈ (t0, t1). The consistency of νf,Λ and νf,Λ
′
, requires that the process x 7→ ρ(x, t)

under νf,Λ to be a Markov process with the jump rate

(1.11) f((x1, t), ρ
−, dρ+).

This turns out to be equivalent to the requirement that the kernel f satisfies a kinetic type
PDE of the form

(1.12) τ(ρ−, ρ+) · fx(x, ρ−, dρ+) = Q(f)(x, ρ−, dρ+),

for a suitable quadratic function Q. To ease the notation, we suppress the dependence on x
in our notations, and write

(1.13) τf = (−αf, f) := (−f 2, f 1),

where α(ρ−, ρ+) = [ρ−, ρ+]. With these conventions, the operatorQ equalsQ(f) = Q(f 1, f 2) =
Q+(f 1, f 2)−Q−(f 1, f 2), with

Q+(f 1, f 2)(ρ−, dρ+) =(f 1 ∗ f 2)(ρ−, dρ+)− (f 2 ∗ f 1)(ρ−, dρ+),

Q−(f 1, f 2)(ρ−, dρ+) =
(
A(f 2)(ρ+)− A(f 2)(ρ−)

)
f 1(ρ−, dρ+)(1.14)

−
(
A(f 1)(ρ+)− A(f 1)(ρ−)

)
f 2(ρ−, dρ+).

Here,

(h ∗ k)(ρ−, dρ+) : =

∫
h(ρ−, dρ∗) k(ρ∗, dρ+), A(h)(ρ−) :=

∫
h(ρ−, dρ+).

As our first main result, we verify the consistency of the measures νf,Λ as we vary the
horizontal sides of Λ.

Theorem 1.1. Assume that the kernel f ∈ F(β,Λ,Λ∞, δ0) is a C1 function, and satisfies
(1.12), for Λ = Λ(a−, a+, t0, t1). Assume that `0 ≥ δ0. Then for every x2 ∈ [t0, t1], the law of

the function x1 7→ ρ(x1, x2) with respect to ν`
0,f,Λ coincides with the law of a Markov jump

process with the jump rate f((x1, x2), ρ−, dρ+).

Example 1.1 Given a continuous function K : R→ R, we may consider

β(dρ) = β(dρ1, dρ2) = δK(ρ1)(dρ2) dρ1,

which is a measure that is supported on the graph of the function K. In this case, the
corresponding convex function g, with ∇g = ρ satisfies the PDE

(1.15) gx2 = K(gx1),

inside the cells of the corresponding tessellation. We put

f̃ i(x1, x2, ρ
−
1 , ρ

+
1 ) = f i(x1, x2, ρ

−
1 , K(ρ−1 ), ρ+

1 , K(ρ+
2 )),

write f̃ for f̃ 1, and write µ`
0,Λ,f̃ ,K for the corresponding measure ν`

0,Λ,f . We write M̂G for
the set of such measures as we vary f and K.
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(i) When K is a convex function, then g is a viscosity solution of (1.15). Moreover, there
would be no fragmentation because σ ≥ 0. If we also assume that f is independent of x2 and
that K is increasing, then Theorem 1.1 was established in [KR1], confirming affirmatively
a conjecture of Menon and Srinivasan [MS]. We may rephrase Theorem 1.1 as follows: If g
solves the Hamilton-Jacobi PDE (1.15) in d = 1, and initially gx1(x1, t0) is a Markov jump

process with the rate density f̃ 1(x1, t0, ρ
−
1 , ρ

+
1 ), then for every t > t0, the process gx1(x1, t) is

also a Markov jump process with the rate density f̃ 1(x1, t, ρ
−
1 , ρ

+
1 ).

(ii) If we assume that K is concave, then there would be no collision as we increase t = x2

because σ ≤ 0. In fact g is a viscosity solution for a final value problem i.e., as we reverse
(decrease) time x2. We may rephrase Theorem 1.1 in this case as a statement for the
reversed dynamics: If we reverse x2 in part (i), then the dynamics can be described as a
particle system with stochastic fragmentation; the fragmentation rate is given by (1.9).

(iii) If K is neither convex, nor concave, then g is a non-viscous solution of the PDE (1.15)
no matter what direction for the coordinate x2 is adopted. �

Remark 1.1(i) Observe that a choice of an orientation for edges allowed us to have a
natural time direction for the Markov processes on the boundary sides of the box Λ, and the
dynamics inside the box. For the undirected tessellation, this choice is irrelevant, and there
should be a formulation of the consistency criteria that is independent of the orientation.
As an illustration, we will demonstrate in Proposition 4.2 below how reversing a direction,
or interchanging coordinates can be performed on the solutions of (1.12).

(ii) Given a pair of kernels (f 1, f 2), define the quadratic operator

Q(f 1, f 2) = f 1 ∗ f 2 − A(f 1)⊗ f 2 − f 1 ⊗ A(f)2,

where

(h⊗ k)(ρ−, dρ+) = h(ρ−)k(ρ−, dρ+), (k ⊗ h)(ρ−, dρ+) = h(ρ+)k(ρ−, dρ+).

Then (1.12) can be written as f 1
x2
− f 2

x1
= Q(f1, f2)−Q(f2, f1). �

We next examine the question of the consistency as we vary the vertical sides of Λ. Note
however that although the boundary dynamics on the lower side is Markovian, the dynamics
on the lateral sides may depend on the configuration inside Λ. This can be avoided if we
assume that τ always points to the left.

Theorem 1.2. Let f and Λ be as in Theorem 1.1. Assume that the measure f(x, ρ−, dρ+)
is supported in the set

(1.16) R0(ρ−) = {ρ+ = (ρ+
1 , ρ

+
2 ) : ρ+

2 > ρ−2 , ρ
+
1 > ρ−1 }.

for every (x, ρ−). Then the law of the function x2 7→ ρ(x1, x2) with respect to ν`
0,f,Λ coincides

with the law of a Markov jump process with the jump rate given by [ρ−, ρ+]f((x1, x2), ρ−, dρ+).
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Our assumptions on f allow us to reduce Theorem 1.2 from Theorem 1.1. The details can
be found in Section 5.

Remark 1.2 More generally, define

(1.17) Rc(ρ
−) = {ρ+ = (ρ+

1 , ρ
+
2 ) : ρ+

2 − ρ−2 + c(ρ+
1 − ρ−1 ) > 0, ρ+

1 > ρ−1 },

and assume that there exists c ≥ 0 such that the measure f(x, ρ−, dρ+) is supported in the
set Rc(ρ

−), for every (x, ρ−). Define

Scg(x1, x2) = g(x1 + cx2, x2), Tc(ρ1, ρ2) = (ρ1, ρ2 + cρ1),

so that if ρ = ∇g, then

∇(Scg)(x) = (Tcρ)(x1 + cx2, x2) =: ρ′(x).

We also define f ′ := T ]c f , i.e., for every bounded continuous function ϕ : R→ R, we have∫
ϕ(ρ+) f ′(x, ρ−, dρ+) =

∫
(ϕ ◦ Tc)(ρ+)f(x1 + cx2, x2, Tcρ

−, dρ+).

Then the kernel f ′(x, ρ−, dρ+) is supported in the set R0(ρ−), and Theorem 1.2 is applicable

to f ′. As a result, under ν`
0,f ′,Λ, the law of ρ, restricted to a line of slope c is a Markov jump

process. This in turn implies the consistency for the measures νf,Λ
′
, provided that Λ′ = TcΛ,

for a box Λ. �

Example 1.1(iv) (continued) When K is increasing and convex, we claim that for each x1,

the process x2 7→ ρ(x1, x2) is a Markov jump process with the rate f̃ 2(x1, t, ρ
−
1 , ρ

+
1 ). To see

this observe that we may write gx1 = K−1(gx2), which suggests that we should regard x1

as the time variable now. With this choice of time, we now have a scenario that resembles
Example 1.1(i), except for few non-essential differences: We are initially at x = a+, and go
backward by decreasing x1. The function K−1 is now concave, which implies that the convex
function g is a viscosity solution for the final-value Hamilton-Jacobi PDE gx1 = K−1(gx2).

The initial jump process with the jump rate density f̃ 2(a+, t, ρ−1 , ρ
+
1 ), evolves to a jump

process with the jump rate density f̃ 2(a, t, ρ−1 , ρ
+
1 ) as we decrease x1 from a+ to a. �

1.5. The invariance of MG and M̂G. We now examine the question of the invariance of

the set MG under the flow Φ̂ of the Hamilton-Jacobi PDE

(1.18) ut = H(ux), u(x, 0) = g(x),

with H : R2 → R convex, and g ∈ C0(Λ).

From Example 1.1(i), we already know thatMG(Λ) is invariant under Φ̂, when d = 1. In
details, we choose β to be the one-dimensional Lebesgue measure, and pick f 0 ∈ F(Λ, β),

with Λ = [a−, a+] or [a−,∞). The measure ν`
0,f0,Λ is the law of a Markov jump process

x 7→ ρ0(x) = g′(x), x ∈ Λ, with the rate density f 0, and the initial ρ(a0, 0) distributed
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according to `0. Then Φ̂t(ρ
0) is a Markov jump process associated with a rate Θt(f), where

f(x, t, ρ−, ρ+) = Θt(f)(x, ρ−, ρ+) solves the kinetic equation

(1.19) ft − vHfx = QH(f), f(x, 0, ρ−, ρ+) = f 0(x, ρ−, ρ+),

where vH = vH(ρ−, ρ+) = (H(ρ−)−H(ρ+))/(ρ− − ρ+), and QH is as in Q of (1.14), except
that α is replaced with vH . We write θHt for the flow of the kinetic equation (1.19):

f(x, t, ρ−, ρ+) =: θHt (f 0)(x, ρ−, ρ+).

Before giving precise statements for our results in dimension 2, we need to address a
technical issue concerning the domain of the definition of the function u. We remark that
because of the quadratic nature of the right-hand of our kinetic equation (1.12), generically
non-negative solutions are defined only locally in spatial variables (in the Appendix, we
provide a local well-posedness for (1.12) under some natural assumptions). Because of this,
we will consider the PDE (1.12) in a convex domain Λ on which our Markovian kernels can
be defined. In order to solve (1.18) in Λ, we need to assign suitable boundary conditions.
These boundary conditions are selected so that the law of the corresponding solutions are
consistent as we vary Λ.

As we mentioned earlier, since the function u : Λ× [0, T ]→ R is a piecewise linear convex

function, it induces a tessellations of Λ̂ = Λ × [0, T ]. The vector ρ̂ = (ux, ut) = (ρ,H(ρ))
lies on the graph of H, and if a 2-dimensional face F separates ρ̂+ = (ρ+, H(ρ+)) from
ρ̂− = (ρ−, H(ρ−)), then any vector v̂ = (v, v3) = (v1, v2, v3) ∈ R2 × R parallel to F must
satisfy

(1.20) v · (ρ+ − ρ−) + v3

(
H(ρ+)−H(ρ−)

)
= 0.

We address the question of invariance of MG in two settings.

Setting 1.1(i) (Hamiltonian Function) We assume that the convex function H(ρ1, ρ2) =
H(ρ1), depends on ρ1 only. To simplify our presentation, we also assume that H is an
increasing function (see Remark 1.2 for general H).

(ii) (Initial Condition) Assume that Λ = [a−, a+] × [t0, t1], and ∇g = ρ(x, 0) is distributed

according to ν`
0,f,Λ, for a function f that satisfies the kinetic equation (1.12) in the set Λ.

We additionally assume that the measure f(x, ρ−, dρ+) is supported in the set R0(ρ−), so
that Theorem 1.2 is applicable.

(iii) (Kernel) We define a kernel f̂(x, t, ρ−, ρ+) by

f̂(x1, x2, t, ρ
−, ρ+) = ΘH

t (f)(x1, x2, ρ
−, ρ+) := θHt (hx2)(x1, ρ

−, ρ+),

where hx2(x1, ρ
−, ρ+) := f(x1, x2, ρ

−, ρ+). We put(
f̂ 1, f̂ 2, f̂ 3

)
:=
(
f̂ , αf̂ , vH f̂

)
,

where
α(ρ−, ρ+) = [ρ−, ρ+], vH(ρ−, ρ+) =

(
H(ρ−1 )−H(ρ+

1 )
)
/
(
ρ−1 − ρ+

1

)
.
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(iii) (Boundary Condition) We assign a boundary condition at x = a+. The law of (x2, t) 7→
ux(a

+, x2, t) = ρ(a+, x2, t) is denoted by µ. We assume that under µ, the process t 7→
ρ(a+, x2, t) is a Markov jump process with the jump rate density f̂ 3(a+, x2, t) for every
x2 ∈ [t0, t1]. �

Note that for fixed x2, we may regard the equation (1.18) as a HJ equation in dimension
one in x1 variable. The process

(x1, t) ∈ [a−, a+]× [0, T ]→ m(x1, t) = m(x1, t;x2) := ρ(x1, x2, t),

is piecewise constant and induces a tessellation in [a−, a+]×[0, T ]. The process x1 7→ m(x1, 0)
is a Markov jump process. Its discontinuity points z1 < · · · < zn travel with time t with
velocity −vH(ρ−1 , ρ

+
1 ). We are tempted to use either Theorem 1.1 or Theorem 1.2 (or [KR1])

to determine the Markovian law of the process (x1, t) 7→ ρ(x1, x2, t). However these theorems
cannot be applied directly because the relation between the particle velocities −vH and the
slopes ρ± is not exactly what we had in these theorems (namely −[ρ−, ρ+]). We note that
what we have is slightly different from the setting of [KR1], as the jump rate depends on a
vector ρ, not just its first coordinate ρ1 = ux1 . Nonetheless a verbatim proof would allow us
to have a similar result. In other words, given a velocity function v(ρ−, ρ+) satisfying some
natural conditions, we may consider a particle system as in the Definition 1.3(vii) such that
[ρ−, ρ+] is replaced with v(ρ−, ρ+), and the analogs of Theorems 1.1 and 1.2 are still true.
In summary we have the following result:

Theorem 1.3. Under the Setting 1.1, the following statements are true:

(i) For every (x2, t) ∈ [t0, t1]× [0, T ], the process x1 7→ ρ(x1, x2, t) is a Markov jump process

with the jump rate density f̂(x1, x2, t, ρ
−, ρ+).

(ii) For every (x1, x2) ∈ Λ, the process t 7→ ρ(x1, x2, t) is a Markov jump process with the

jump rate density f̂ 3(x1, x2, t, ρ
−, ρ+).

Naturally, we may wonder whether or not the law of the process (x1, x2) 7→ ρ(x1, x2, t) is

given by ν`
t,ΘHt (f),Λ, where `t represents the law of ρ(a−, t0, t). To examine this possibility,

let us switch to a more symmetric notation and write x3 for t, x̂ for (x1, x2, x3), and ρ3 for
H(ρ1). In this way,

f̂ i(x̂, ρ−, ρ+) = [ρ−, ρ+]if̂(x̂, ρ−, ρ+),

where

[ρ−, ρ+]i =
ρ−i − ρ+

i

ρ−1 − ρ+
1

.

Now if the law of the process (x1, x2) 7→ ρ(x1, x2, t) is given by ν`
t,ΘHt (f),Λ, then we know that

xi 7→ ρ(x̂) is a Markov jump process with the jump rate density f̂ i. Let us write Li for the
infinitesimal generator of this jump process. If `(x̂, ρ) is the law of ρ(x̂), then it must satisfy
the forward equations

`xi =
(
Li
)∗
`, i ∈ {1, 2, 3},
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where (Li)∗ denotes the adjoint of the operator Li. From the compatibility of these equations,
namely `xixj = `xjxi , we derive the kinetic equation

(1.21) f ixj − f
j
xi

= Q(f i, f j).

In summary, the function f must satisfy the kinetic equation (1.21) for all i, j ∈ {1, 2, 3}.
When these equations hold, we may choose a Gibbs like measure for the boundary condition
at x1 = a+, and we expect that the law of the marginals (x1, x2)→ ρ(x1, x2, t), and (x2, t)→
ρ(x1, x2, t) to be Gibbsian of the type we have constructed. We leave further investigation
of the system (1.21) for future.

Remark 1.3 Assume that H(ρ1, ρ2) = H1(ρ1) + H2(ρ2) with H1 and H2 convex and in-
creasing. To display the dependence on the Hamiltonian function, we write ΦHi

t for the
Hamilton-Jacobi flow Φt (as was defined in Subsection 1.1) associated with Hi. Writing
gx2(x1) := g(x1, x2), and ĝ(x1, x2) = ĝt,x1(x2) = ΦH1

t (gx2)(x1), then using (1.4), it is not hard
to show that solution u of (1.18) can be expressed as

u(x1, x2, t) = ΦH2
t (ĝt,x1)(x2).

Now if g distributed according to ν`
0,f0,Λ, then we may apply Theorem 1.3 to assert the

marginal x1 7→ ∇ĝ(x1, x2) is a jump process with the jump rate that are expressed in terms
of ΘH1

t f . If the law of ĝ is also a Gibbs measure associated with ΘH1
t f , then another

application of Theorem 1.3 would allow us to assert that the marginals of ρ = ux are jump
processes with the jump rates that are expressed in terms of ΘH2

t ΘH1
t f . �

So far we have described some of the challenges we encounter as we try to examine the
invariance of the setMG under the Setting 1.1. Fortunately these challenges can be avoided

when we examine the invariance of M̂G.

Setting 1.2(i) (Hamiltonian Function) We assume that the convex function H(ρ1, ρ2) is
increasing with respect to both ρ1 and ρ2.

(ii) (Initial Condition) Let Λ = [a−, a+] × [t0, t1], and let K : R → R be an increasing

continuous function. We assume that ∇g = ρ(x, 0) is distributed according to ν`
0,f̃ ,Λ,K as in

Example 1.1. Recall

f̃(x1, x2, ρ
−
1 , ρ

+
1 ) = f(x1, x2, ρ

−
1 , K(ρ−1 ), ρ+

1 , K(ρ−1 )),

with f a kernel that satisfies the kinetic equation (1.12) in the set Λ.

(iii) (Kernel) We define a kernel f̂(x, t, ρ−, ρ+) as in the Setting 1.1(iii). We also continue to

use our notations f̂ i and x̂ = (x1, x2, x3) as in Setting 1.1. With a slight abuse of notation,

we define Θt(f̃) as

Θt(f̃)(x1, x2, ρ
−
1 , ρ

+
1 ) = f̂(x1, x2, t, ρ

−
1 , K(ρ−1 ), ρ+

1 , K(ρ−1 )).

(iv) (Boundary Condition) We assign a boundary condition at x = a+ so that the law of
(x2, t) 7→ ux(a

+, x2, t) = ρ(a+, x2, t) is again a Gibbs measure µ of the type we defined in
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Example 1.1, but now (ρ2, ρ3) = (ux2 , ut) lies on the graph of K̂(m) = H(K−1(m),m). In

particular, ut = K̂(ux2) in the support of µ. �

Conjecture 1.1 Under the Setting 1.2, the law of (x1, x2) 7→ ρ(x1, x2, t) is given by the

measure ν`
0,Θt(f̃),Λ,K . �

We have been able to partially verify this conjecture:

Theorem 1.4. Under the Setting 1.2, the process xi 7→ ρ(x̂), i ∈ {1, 2, 3}, is a Markov jump

process with the jump rate density f̂ i.

In fact we can readily establish Theorem 1.4 with the aid of Theorem 1.3. We explain this
in three short steps:

(Step 1) We first argue that the relationship ux2 = K(ux1) that is assumed at t = 0, also
holds at later times. To see this, observe that if initially

g(x1, x2) = sup
ρ1∈R

(x1ρ+ x2K(ρ1)− α(ρ1)),

for a (discrete) set R and a function α(m) = g∗(m,K(m)), then on account of (1.3), a
similar formula is true at a later time t, where α(ρ1) is replaced with α(ρ1) − tH̃(ρ1), for
H̃(ρ1) = H(ρ1, K(ρ1)). We can take advantage of this property to reduce the question of
invariance to Case 1. After all if we ux2 = K(ux1) holds for a solution u of (1.18), then such
a solution also solves the equation ut = H̃(ux1).

(Step 2) We note that H̃ is convex if H is convex. Let us present a short proof of this when
H is C2 and K is differentiable:

H̃ ′′(m) =Hρ1ρ1(m,K(m)) + 2Hρ1ρ2(m,K(m))K ′(m) +Hρ2ρ2(m,K(m))K ′(m)2

=(D2H)(m,K(m))

[
1

K ′(m)

]
·
[

1
K ′(m)

]
≥ 0.

Furthermore, if K is increasing, and H is increasing in both arguments, then H̃ is also
increasing. This allows us to apply Theorem 1.3 to assert that the process xi 7→ ρ(x̂) is a

Markov jump process with the jump rate density f̂ i, for i = 1 and i = 3.

(Step 3) Since K is increasing we can interchange the role of x1 with x2. That is, from

ux1 = K−1(ux2), we learn that ut = K̂(ux2). Since K̂ is convex and increasing, and the

boundary dynamics at x2 = t1 is Markovian with the jump rate density f̂ 3, we are at a
position to apply Theorem 1.3 once more to assert that the process x2 7→ ρ(x̂), is Markov

jump process with the jump rate density f̂ 2.

Remark 1.4 When K is also concave or convex, then Conjecture 1.1 would follow from
Theorem 1.4. For example, if K is concave, then we can fully determine the function
(x1, x2) → ρ(x1, x2, t) from its boundary values on ∂Λ. Simply because as we decrease x2,
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there would be no (stochastic) fragmentation and the corresponding particle system involves
free motion and collisions. �

1.6. Bibliography and the outline of the paper. Most of the earlier works on sto-
chastic solutions of Hamilton-Jacobi PDEs have been carried out in the Burgers context.
For example, Groeneboom [Gr] determined the statistics of solutions to Burgers equation
(H(p) = p2/2, d = 1) with white noise initial data. Burgers equation is not explicitly
mentioned—the paper discusses convex minorants of Brownian motion with parabolic drift—
but these problems are connected by the Hopf-Lax-Oleinik solution formula (1.4). Recently
Ouaki [O] has extended this result to arbitrary convex Hamiltonian function H. The spe-
cial cases of H(p) = ∞11(p /∈ [−1, 1]), and H(p) = p+ were already studied in references
Abramson-Evans [AE], Evans-Ouaki [EO], and Pitman-Tang [PW].

Carraro and Duchon [CD1-2] considered statistical solutions, which need not coincide with
genuine (entropy) solutions, but realized in this context that Lévy process initial data should
interact nicely with Burgers equation. Bertoin [Be] showed this intuition was correct on the
level of entropy solutions, arguing in a Lagrangian style.

Developing an alternative treatment to that given by Bertoin, which relies less on par-
ticulars of Burgers equation and happens to be more Eulerian, was among the goals of
Menon and Srinivasan [MS]. Most notably, [MS] formulates an interesting conjecture for
the evolution of the infinitesimal generator of the solution ρ(·, t) which is equivalent with
our kinetic equation (1.14) when there is no fragmentation, f is independent of x, and ρ
lies on a graph of a convex function (see Example 1.1(i)). When the initial data ρ(x, 0)
is allowed to assume values only in a fixed, finite set of states, the infinitesimal generators
of the processes x 7→ ρ(x, t) and t 7→ ρ(x, t) can be represented by triangular matrices.
The integrability of this matrix evolution has been investigated by Menon [M2] and Li [Li].
For generic matrices—where the genericity assumptions unfortunately exclude the triangular
case—this evolution is completely integrable in the Liouville sense. The full treatment of
Menon and Srinivasan’s conjecture was achieved in papers [KR1] and [KR2] (we also refer
to [R1] for an overview). The works of [KR1-2] have been recently extended in [R2] to allow
inhomogeneous HJ equation of the type (1.1) in dimension one.

The organization of the paper is as follows: In Section 2 we give a precise construction of
the particle system q(t) that we described in Definition 1.3(vii). In Section 3, we derive a
forward equation for the law of q(t) and establish Theorem 1.1. Section 4 is devoted to the
proof of Theorem 1.2. In the Appendix we address the question of well-posedness and the
regularity of solutions of the kinetic equation.

2. Construction of the Particle System

As discussed in the introduction of the paper, we use z for the variable x1 and time t for the
variable x2. We wish to build a probability measure on the space of Laguerre tessellations
with orientation τ : {(ρ−, ρ+) ∈ (R2)2 : ρ− ≺ ρ+} → R2 that was given by (1.7). We
have already given a rough description for this probability measure in Subsection 1.3. In
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this section we give more thorough details and make some rudimentary preparations for the
proof of our main results. Our strategy will be to build a consistent family of probability
measures on the space of labeled interacting particle systems on fixed boxes.

Fix t0, t1, a
−, a+ ∈ R, with a− < a+ and t0 < t1. We will build a probability measure on

the space of stochastic processes (q(t))t∈[t0,t1] that take values in the space of particle systems
of the form

q(t) :=
(
(z0, ρ

0(t)), (z1(t), ρ1(t)), · · · , (zn(t)(t), ρ
n(t)(t))

)
,

with z0 = a−. To be more precise, let us introduce some notation.

Notation 2.1(i) Let P− < P+ be two fixed constants and define the state space Ω = Ωa−,a+

of particle systems as the following disjoint union

Ω =
∞⊔
n=0

Ωn

where Ωn := ∆n × Rn, with ∆n := {(z1, · · · , zn) : a− < z1 < · · · < zn < a+}, ∆n is the
topological closure of ∆n in Rn, and

Rn :=
{

(ρ0, ρ1, · · · , ρn) ∈ ([P−, P+]2)n+1 : ρ0 ≺ ρ1 ≺ · · · ≺ ρn
}
.

(ii) For any q ∈ Ω, let n(q) be the unique integer n such that q ∈ Ωn.

(iii) For any three labels ρ, ρ′, ρ′′ ∈ [P−, P+]2 such that ρ ≺ ρ′ ≺ ρ′′, set

[ρ, ρ′, ρ′′] = [ρ′, ρ′′]− [ρ, ρ′]

(iv) For any real number r, let r+ = max(r, 0) and r− = max(−r, 0). For any two integers
m ≤ n, we denote by Jm,nK the set {m,m+ 1, · · · , n}.

(v) Let Γ be the space of vector-valued right-continuous piecewise-constant functions on
[a−, a+], an define the map V : Ω→ Γ as follows. For any q ∈ Ω of the form

q =
(
(a−, ρ0), (z1, ρ

1), · · · , (zn, ρn)
)
∈ Ωn

Define

(2.1) V(q)(z) :=
n∑
i=0

ρi 1(zi ≤ z < zi+1) for all z ∈ [a−, a+],

with the convention that z0 = a− and zn+1 = a+.

(vi) Let Ω′ to be the subset of Ω such that for any q = ((a−, ρ0), (z1, ρ
1), · · · , (zn, ρn)) ∈

Ω′ ∩ Ωn, and if zi = zi+1 for some i ∈ J1, nK, then we have

[ρi−1, ρi, ρi+1] ≥ 0.

�



20 MEHDI OUAKI AND FRAYDOUN REZAKHANLOU

To construct our measure ν`,f,Λ, we take a kernel f ∈ F(β,Λ),

f(z, t, ρ−, dρ+) = f(z, t, ρ−, ρ+) β(dρ+),

that satisfies the kinetic equation (1.12) in Λ. We then use f to define a Markov process
(q(t) : t ∈ [t0, t1]) in Ω. The law of this Markov process for a suitable initial distribution `
is the desired measure ν`,f,Λ. For the reader’s convenience, we recall the kinetic equation,

(2.2) τ(ρ−, ρ+) · ∇f = Q(f)(z, t, ρ−, ρ+),

where Q(f) = Q+(f)− f Lf , with

Q+(f)(z, t, ρ−, ρ+) =

∫
D(ρ−,ρ+)

[ρ−, ρ∗, ρ+]f(z, t, ρ−, ρ∗)f(z, t, ρ∗, ρ+) β(dρ∗),

(Lf)(z, t, ρ−, ρ+) =A(z, t, ρ+)− A(z, t, ρ−)− [ρ−, ρ+]
(
λ(z, t, ρ+)− λ(z, t, ρ−)

)
.

Here,

λ(z, t, ρ) =

∫
R(ρ)

f(z, t, ρ, ρ∗) β(dρ∗),

A(z, t, ρ) =

∫
R(ρ)

[ρ, ρ∗]f(z, t, ρ, ρ∗) β(dρ∗).

Now, consider a nonnegative function (z, t, ρ) 7→ `(z, t, ρ), verifying the following equations

`z(z, t, ρ) =

∫
L(ρ)

f(z, t, ρ∗, ρ)`(z, t, ρ∗) β(dρ∗)− λ(z, t, ρ)`(z, t, ρ),(2.3)

`t(z, t, ρ) =

∫
L(ρ)

[ρ∗, ρ]f(z, t, ρ∗, ρ)`(z, t, ρ∗) β(dρ∗)− A(z, t, ρ)`(z, t, ρ).(2.4)

Moreover for any fixed z and t we assume
∫
`(z, t, ρ) β(dρ) = 1. As we will see in Proposition

4.1 below, the two equations (2.3) and (2.4) are compatible because of the kinetic equation
verified by f . Mainly, the two flows generated in both direction z and t commute, as the
corresponding vector fields commute in the sense of having a zero Lie Bracket. This last fact
is exactly a reformulation of the equation (2.2).

Without loss of generality let us assume that t0 = 0 to alleviate the notation. The purpose
of this section is to construct the law of a stochastic process (q(t))t≥0 that takes values in
Ω. Let us introduce first the following probability measure on Ω. For any t ≥ 0, let

(2.5) µ(dq, t) =
∞∑
n=0

1(n(q) = n) µn(dq, t),
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where µn(dq, t) = gn(z, ρρρ) dz β(dρρρ) is a measure defined on Ωn, with

β(dρρρ) :=
n∏
i=0

β(dρi), dz =
n∏
i=0

dzi,

gn(z, ρρρ) := `(a−, t, ρ0)
n∏
i=1

f(zi, t, ρ
i−1, ρi) exp

(
−

n∑
i=0

∫ zi+1

zi

λ(z, t, ρi) dz

)
.

Here q = ((z0, ρ
0), (z1, ρ

1), · · · , (zn, ρn)), and by convention z0 = a− and zn+1 = a+.

2.1. The deterministic flow. We first start by defining a deterministic flow on Ω. Let
t ≥ 0, and q ∈ Ωn. We distinguish two cases:

(1) If q ∈ Int(Ωn), i.e., q = ((a−, ρ0), (z1, ρ
1), · · · , (zn, ρn)) where a− < z1 < · · · < zn < a+.

Let (zi(t))
n
i=1 be defined as

żi(t) = −[ρi−1, ρi], zi(0) = zi,

for t ∈ [0, T ∗), where

T ∗ = inf {t > 0 : zi(t) = zi+1(t) for some i ∈ {0, 1, · · · , n}} ,

the time of the first collision. By convention, we always take z0(t) = a− and zn+1(t) = a+

when we consider a particle system of n particles. This defines a flow ψtq:

ψtq =
(
(a−, ρ0), (z1(t), ρ1), · · · , (zn(t), ρn)

)
∈ Ωn for t ∈ [0, T ∗).

At time t = T ∗, for any i such that zi(T
∗−) = zi+1(T ∗−), we remove the (i + 1)-th par-

ticle (zi+1(T ∗−), ρi+1) from the particle system and relabel the particle (zj(T
∗−), ρj) as

(zj−1(T ∗−), ρj−1), for j > i+ 1 . We keep doing this procedure until we end up with an ele-
ment in Int(Ωm) for some m ≤ n− 1 (it might be possible that multiple collisions happen at
the same time T ∗), we then define ψT

∗
q to be this element. Repeating the same process again

starting from this new configuration, we get a sequence of collision times 0 < T ∗1 < T ∗2 < · · ·,
where t 7→ ψtq evolves with free motion in each interval [T ∗k , T

∗
k+1).

(2) If q ∈ ∂Ωn, then for any i such that zi = zi+1, there are two cases to consider:

• If [ρi+1, ρi] ≥ [ρi, ρi−1], then we delete the particle (zi+1, ρ
i+1) and relabel the particle

(zj, ρ
j) as (zj−1, ρ

j−1), for j > i+ 1.
• If [ρi+1, ρi] < [ρi, ρi−1], we keep both (sticky) particles at z = zi = zi+1.

Denote

q̄ :=
(
(a−, ρ̄0), (y1, ρ̄

1), · · · , (ym, ρ̄m)
)
∈ Ωm

to be the resulting configuration after doing this modification. Notice that q̄ is not necessarily
in Int(Ωm), as we may still have an index j such that yj = yj+1 and [ρ̄j−1, ρ̄j, ρ̄j+1] < 0. The
flow ψtq := ψtq̄ for any t > 0 is now defined in the same fashion as before, by letting
each particle yj(t) have a free motion with the corresponding velocity vj := −[ρ̄j−1, ρ̄j].
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Instantaneously, for any small t > 0, the configuration ψtq belongs to Int(Ωm). To see this,
observe that for any j such that yj = yj+1 we have

d

dt
(yj+1(t)− yj(t)) = −[ρ̄j−1, ρ̄j, ρ̄j+1] > 0.

The motion of the particle system then encounters collisions and behaves similarly to the
first case when we start from a particle system in the interior of the state space. �

More generally for any s ≤ t, we define the deterministic flow between time s and time t to
be ψtsq := ψt−sq for any q ∈ Ω. By construction, this flow verifies the semi-group property

ψt3t1q = ψt3t2ψ
t2
t1q for any t1 ≤ t2 ≤ t3, and q ∈ Ω.

2.2. The stochastic flow and Markov process. We will define a stochastic process
(q(t))t≥0, that takes values in Ω, and such that (t,q(t))t≥0 is strong Markov. Equivalently,
this amounts to constructing a probability measure Pq

t for any q ∈ Ω and t ≥ 0. This
probability measure should be understood as the law of (q(θ))θ≥t conditionally on q(t) = q.
Naturally, the measure Pq

t is concentrated on the set measurable maps q : [t,+∞)→ Ω such
that q(t) = q. Let us start with some notation.

Notation 2.2(i) For any (ρ−, ρ+) ∈ [P−, P+]2 with ρ− ≺ ρ+ and t ≥ 0, we define the two
quantities

c−(t, ρ−, ρ+) :=[ρ−, ρ+]−
`(a−, t, ρ−)f(a−, t, ρ−, ρ+)

`(a−, t, ρ+)
,

c+(t, ρ−, ρ+) :=[ρ−, ρ+]+f(a+, t, ρ−, ρ+).

They correspond to the rates of creation of particles respectively at z = a− and z = a+. For
ρ, ρ′, ρ′′ ∈ [P−, P+]2 with ρ ≺ ρ′ ≺ ρ′′, z ∈ [a−, a+] and t ≥ 0, define the fragmentation rate
at position z and time t as

f(z, t, ρ, ρ′, ρ′′) := [ρ, ρ′, ρ′′]−
f(z, t, ρ, ρ′)f(z, t, ρ′, ρ′′)

f(z, t, ρ, ρ′′)
.

(ii) For any ρ ∈ [P−, P+]2 and t ≥ 0, let

C−(t, ρ) :=

∫
L(ρ)

c−(t, ρ−, ρ) β(dρ−) and C+(t, ρ) :=

∫
R(ρ)

c+(t, ρ, ρ+) β(dρ+),

and for any ρ−, ρ+ ∈ [P−, P+]2 such that ρ− ≺ ρ+, and t ≥ 0, let

F(z, t, ρ−, ρ+) :=

∫
D(ρ−,ρ+)

f(z, t, ρ−, ρ∗, ρ+) β(dρ∗).

(See Definition 1.3(i) for the definition of R(ρ−), L(ρ+), and D(ρ−, ρ+).) For any particle
system q ∈ Ωn of the form q = ((a−, ρ0), (z1, ρ

1), · · · , (zn, ρn)), we define its particle rate at
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time t by

r(t,q) := C−(t, ρ0) +
n∑
i=1

F(zi, t, ρ
i−1, ρi) + C+(t, ρn).

(iii) We introduce now a notation that corresponds to the state of the particle system after

a creation or fragmentation. For any ρ∗ ≺ ρ0, we define the new particle configuration Eρ∗

− q
as

Eρ∗

− q :=
(
(a−, ρ∗), (a−, ρ0), (z1, ρ

1), · · · , (zn, ρn)
)
,

where a new particle is added at z = a−. Similarly for the barrier z = a+, for any ρ∗ such
that ρn ≺ ρ∗, define the new particle configuration Eρ∗

+ q by

Eρ∗

+ q :=
(
(a−, ρ0), (z1, ρ

1), · · · , (zn, ρn), (a+, ρ∗)
)
.

Finally for ρ∗ such that ρi−1 ≺ ρ∗ ≺ ρi for some i ∈ {1, · · · , n}, let

Eρ∗

i q :=
(
(a−, ρ0), (z1, ρ

1), · · · , (zi−1, ρ
i−1), (zi, ρ

∗), (zi, ρ
i), (zi+1, ρ

i+1), · · · , (zn, ρn)
)
,

denote the particle configuration we obtain after the fragmentation of the i-th particle. �

2.2.1. Construction of the Markov process. Consider now a probability space (Ω0,F ,P) on
which is already defined an infinite i.i.d sequence (τi)i≥1 of standard exponential random
variables. We will define a process t 7→ q(t) = q(t, ω) ∈ Ω on this probability space with
q(0) = q ∈ Ω and ω ∈ Ω0. The reader should keep in mind that our construction only
works up to a time T ∗ before the solution of the kinetic equation cease to be positive (see
Appendix A), but to ease the notation we will assume that this state to be infinite. Thus,
any temporal quantity t in the future should be thought of implicitly as t ∧ T ∗. Define now
the stopping time T1 as

T1 = inf

{
t ≥ 0 :

∫ t

0

r(θ, ψθ0q) dθ ≥ τ1

}
.

For any t ∈ [0, T1), put q(t) = ψt0q. Conditionally on T1, write

ψT10 q =
(
(a−, ρ0), (z1, ρ

1), · · · , (zn, ρn)
)
.

• With probability
C−(T1, ρ

0)

r(T1, ψ
T1
0 q)

, we sample ρ∗ with density
c−(T1, ρ

∗, ρ0)

C−(T1, ρ0)
(with respect

to the measure β(dρ∗)) and put q(T1) = Eρ∗

− ψ
T1
0 q.

• With probability
F(zi, T1, ρ

i−1, ρi)

r(T1, ψ
T1
0 q)

for i ∈ {1, 2, · · · , n}, sample ρ∗ with density

f(zi, T1, ρ
i−1, ρ∗, ρi)

F(T1, ρi−1, ρi)
and put q(T1) = Eρ∗

i ψ
T1
0 q.

• With probability
C+(T1, ρ

n)

r(T1, ψ
T1
0 q)

, sample ρ∗ with density
c+(T1, ρ

n, ρ∗)

C+(T1, ρn)
and put q(T1) =

Eρ∗

+ ψ
T1
0 q.
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We repeat this process again by defining

T2 := inf

{
t ≥ T1 :

∫ t

T1

r(θ, ψθT1q(T1)) dθ ≥ τ2

}
,

putting q(t) = ψtT1q(T1) for t ∈ [T1, T2) and resampling again a ρ∗ with the analogous above
probabilities to define q(T2). This constructs a sequence of random times T1, T2, · · ·. To
ensure that our process q(t) is defined for any time t ∈ [0, T ] and that only finitely many
jumps happens, we would assume

(2.6) M := sup
t∈[0,T ]

sup
z∈[a−,a+]

sup
ρ−≺ρ+

max
(
C−(t, ρ−),F(z, t, ρ−, ρ+),C+(t, ρ+)

)
<∞.

To this end, let us define NT (q) to be the number of stochastic jumps up to time T > 0
when we starts from q, i.e.,

NT (q) = sup{n ≥ 0 : Tn < T}.

The following lemma will be used in several occasions:

Lemma 2.1. Assume that (2.6) holds. Then there exists a constant C0 = C0(T,M) > 0,
independent of q such that

(2.7) E[NT (q)] ≤ C0(n(q) + 2)2, P(Tn < T ) ≤ C0(n(q) + 2)2n−2.

In particular NT (q) is almost surely finite.

Proof For any k ≥ 0 we have that∫ Tk+1

Tk

r(θ, ψθTkq(Tk)) dθ ≥ τk+1,(2.8)

with the convention that T0 = 0, and where (τi)i≥1 is an i.i.d sequence of standard exponential
random variables. The number of particles of q(Tk) is at most n(q) + k, therefore for
θ ∈ [Tk, Tk+1), we have that r(θ, ψθTkq(Tk)) ≤ M(n(q) + k + 2). From this and (2.8), we
deduce that

Tk+1 − Tk ≥
τk+1

M(n(q) + k + 2)
.

From this we learn,

P(NT (q) > n) = P(Tn+1 < T ) ≤ P

(
n∑
k=1

τk+1

n(q) + k + 2
≤MT

)
.
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Hence for any λ > 0, by Markov inequality

P

(
n∑
k=1

τk+1

n(q) + k + 2
≤MT

)
= P

(
exp

(
−λ

n∑
k=1

τk+1

n(q) + k + 2

)
≥ exp(−λMT )

)

≤ eλMT

n∏
k=1

E
[
exp

(
− λτk+1

n(q) + k + 2

)]

= eλMT

n∏
k=1

(
1 +

λ

n(q) + k + 2

)−1

.

Using the fact that log(1 + x) ≥ x− x2

2
for any positive x, we have

log

(
n∏
k=1

(
1 +

λ

n(q) + k + 2

))
≥ λ(Hn(q)+n+2 −Hn(q)+2)− λ2

2

n(q)+n+2∑
k=n(q)+3

1

k2

 ,

where Hn :=
∑n

k=1
1
k

is the harmonic series. It is well-known however that

log(n+ 1) ≤ Hn ≤ log n+ 1.

Hence,

log

(
n∏
k=1

(
1 +

λ

n(q) + k + 2

))
≥ λ log

(
n(q) + n+ 3

n(q) + 2

)
− λ− λ2π2

12
,

which in turn implies

P(NT (q) > n) ≤ eλMT−λ log(n(q)+n+3
n(q)+2 )+λ+λ2π2

12 .

In particular for λ = 2, we get the bound

P(Tn+1 < T ) = P(NT (q) > n) ≤ e2MT+2+π2

3

(
n(q) + 2

n(q) + n+ 3

)2

.

This certainly implies the second inequality in (2.7). Finally

E[NT (q)] ≤ π2

6
e2MT+2+π2

3 (n(q) + 2)2 <∞,

which implies the first inequality in (2.7). �

By construction, the process (t,q(t))t≥0 is a piecewise-deterministic process in the sense
of Davis [Da], and thus we have the following proposition

Proposition 2.1. The process (t,q(t))t≥0 has the strong Markov property.

It is not homogeneous because of the time dependence of the rates. Due to this Markovian
property, we can talk about the stochastic flow Ψt

sq for any s ≤ t being defined as the
realization of the particle system q(t) at time t conditioned to start at time s at q(s) = q.
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The Markov property, ensures that this stochastic flow enjoys the semigroup property in
distribution

Ψt3
t1q

d
= Ψt3

t2Ψ
t2
t1q,(2.9)

for any t1 ≤ t2 ≤ t3, where on the right-hand side of (2.9) the stochastic flow Ψt3
t2 is inde-

pendent of Ψt2
t1 . We can also replace the times ti’s by appropriate stopping times due the

strong Markov property. The Markovian nature of our construction comes essentially from
the memoryless property of exponential random variables.

3. Forward Equation

Recall the measure µ that was defined by (2.5). The goal of this section is to prove the
following theorem.

Theorem 3.1. For any measurable function G and t ≥ 0, we have

(3.1)

∫
Ω

E[G(Ψt
0q)] µ(dq, 0) =

∫
Ω

G(q) µ(dq, t).

Theorem 3.1 proves that if q(0) is distributed according to the measure µ(dq, 0), then
q(t) has the law µ(dq, t). By a density argument, it suffices to prove the equality (3.1) for
a suitable class of functions G on Ω, of the form

(3.2) G(q) = exp

(∫ a+

a−
J(z)V(q)(z) dz

)
,

where V was defined in (2.1), and J is a continuous function on [a−, a+]. For (3.1), it is
enough to show

d

ds

∫
Ω

E[G(Ψt
sq)] µ(dq, s) = 0, for all s ∈ [0, t].(3.3)

From now on, we fix t ≥ 0, and define the function

G(q, s) = E[G(Ψt
sq)] for all 0 ≤ s ≤ t.

3.1. Lipschitzness of G. We will start by proving the following crucial theorem.

Theorem 3.2. There exists a constant C1 = C1(P−, P+, V∞, J, a
−, a+, t) > 0 such that

|G(q, s)−G(q, s′)|≤ C1(n(q) + 2)2 |s− s′|,
for all s, s′ ∈ [0, t] and for any q ∈ Ω.

The proof of this Lipschitz property is carried out in two steps. These steps are formulated
as Lemmas 3.1 and 3.2.

Lemma 3.1. Let 0 ≤ s′ ≤ s ≤ t, and put θ := s − s′. There exists a constant C2 =
C2(P−, P+, V∞, J, a

−, a+, t) such that

(3.4)
∣∣G(q, s′)− E

[
G(Ψt−θ

s′ q)
]∣∣ ≤ C2(n(q) + 2)2θ.
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Lemma 3.2. There exists a constant C ′2 = C ′2(P−, P+, V∞, J, a
−, a+, t) such that

(3.5)
∣∣G(q, s)− E

[
G(Ψt−θ

s′ q)
]∣∣ ≤ C ′2(n(q) + 2)2θ.

Proof of Lemma 3.1 (Step 1) In this step, we show that there exists a constant C3 =
C3(P−, P+, ‖J‖∞, a−, a+) such that

(3.6)
∣∣G(q, s′)− E[G(ψtt−θΨ

t−θ
s′ q)

∣∣ ≤ C3(n(q) + 2)2θ.

We first use the Markov property to write

G(q, s′) = E[G(Ψt
t−θΨ

t−θ
s′ q)].

Let E be the event

E :=
{

there exists a stochastic jump in (t− θ, t)
}
.

Here by stochastic jump, we mean the creation of a new particle either at z = a− or at
z = a+, or the fragmentation of one of the particles. We claim that there exists a constant
C4 = C4(t) such that

(3.7) P(E) ≤ C4 (n(q) + 2)2 θ.

To see this, observe

P(E) = P
(∫ t

t−θ
r(u, ψut−θΨ

t−θ
s′ q) du ≥ τ

)
,(3.8)

where τ is a standard exponential random variable that is independent of {Ψv
s′q, s

′ ≤ v ≤
t−θ}. Let N t−θ

s′ (q) be the number of stochastic jumps of the particle system started at time
s′ at q up to time t− θ. By Lemma 2.1 we have that

(3.9) E[N t−θ
s′ (q)] ≤ C0(n(q) + 2)2,

where C0 = C0(t) is a constant that depends only on t. As the number of particles of
ψut−θΨ

t−θ
s′ q is at most n(q) +N t−θ

s′ (q) for all u ∈ [t− θ, t], then from (3.8), it follows that

P(E) ≤ P
(
Mθ

(
n(q) +N t−θ

s′ (q) + 2
)
≥ τ

)
= E

[
1− e−Mθ(n(q)+Nt−θ

s′ (q)+2)
]

≤MθE
[
n(q) +N t−θ

s′ (q) + 2
]

≤ C4 (n(q) + 2)2 θ,

where the constant M is the uniform bound on the rates defined in (2.6), and C4 = M(1+C0).
This completes the proof of (3.7).

Evidently,

G(q, s′) = E
[
1Ec G(ψtt−θΨ

t−θ
s′ q)

]
+ E

[
1E G(Ψt

s′q)
]
.(3.10)
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However, from the expression ofG in (3.2), we can find a constant C5 = C(P−, P+, ‖J‖∞, a−, a+)
such that

|G(q)|≤ C5 for all q ∈ Ω.

From this and (3.10), we learn∣∣G(q, s′)− E[G(ψtt−θΨ
t−θ
s′ q)

∣∣ ≤ 2C5P(E) ≤ C3(n(q) + 2)2θ,

for a constant C3 = 2C5C4. This completes the proof of (3.6).

(Step 2) On account of (3.6), it remains to show∣∣E[G(ψtt−θΨ
t−θ
s′ q)]− E[G(Ψt−θ

s′ q)]
∣∣ ≤ C6(n(q) + 2)2θ,(3.11)

for some constant C6 = C6(P−, P+, V∞, J, t). As a preparation, we first show that there
exists a constant C7 = C7(P−, P+, V∞, J, a

−, a+, t) such that

|G(ψr0q)−G(q)| ≤ C7n(q)r, for all r ∈ [0, t] and q ∈ Ω′,(3.12)

where the set Ω′ is a set of full measure that was defined in Notation 2.1(vi). To prove (3.12),
we fix r > 0, and let ρ := V(q) and ρ′ := V(ψr0q). As the exponential function is locally Lips-
chitz, for (3.12) it suffices to show that there exists a constant C8 = C8(P−, P+, V∞, a

−, a+, t),
such that

(3.13)

∫ a+

a−
|ρ′(z)− ρ(z)| dz ≤ C8n(q)r.

Note that ρ = V(q̄) where q̄ is the particle configuration obtained from q after deleting the
redundant particles, so without loss of generality we can assume that q ∈ Int(Ωn) for some
n ≤ n(q). Let

a− < z1 < z2 < · · · < zn < a+,

be the discontinuity points of ρ. Let δ := V∞r. If I is the interval

I :=
n⋃
i=1

[zi − δ, zi + δ],

then for any z /∈ I, we have ρ′(z) = ρ(z), as the discontinuity points of the function (z, v) ∈
[a−, a+]× [0, r] 7→ V(ψv0q)(z) travel with speed at most V∞. Therefore∫ a+

a−
|ρ′(z)− ρ(z)| dz ≤ (‖ρ‖∞+‖ρ′‖∞)|I|≤ 4 max(|P−|, |P+|)V∞nr,

which proves (3.13). This in turn implies (3.12).
We are now ready to establish (3.11). We have that almost surely Ψt−θ

s′ q ∈ Ω′, as this
is equivalent to not having a stochastic jump at time t − θ, an event that happens with
probability one. This allows us to apply (3.12) to assert

E
[∣∣G(ψtt−θΨ

t−θ
s′ q)−G(Ψt−θ

s′ q)
∣∣] ≤ C7E

[(
n(Ψt−θ

s′ q) + 2
)]
θ.
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This, the bound n(Ψt−θ
s′ q) ≤ n(q) +N t−θ

s′ (q), and (3.9) imply (3.11). From (3.6) and (3.11),
we get (3.4). �

To finish the proof of Theorem 3.2, it remains to establish Lemma 3.2. To achieve this,
we will define a coupling of (Ψt−θ

s′ q,Ψt
sq) for t ≥ s. Or equivalently, we define a coupling of

(Ψt
s′q,Ψ

t+θ
s′+θq) for t ≥ s′.

3.1.1. Construction of the coupling. We fix 0 ≤ s′ ≤ s and as before put θ := s − s′. We
wish to construct two processes (q(t))t≥s′ and (q′(t))t≥s′ on the same probability space such
that (q(t))t≥s′ has the law (Ψt

s′q)t≥s′ and (q′(t))t≥s′ has the law (Ψt+θ
s′+θq)t≥s′ .

We start from a sequence of i.i.d exponential random variables of the form (τ ji , i ≥ 1, 1 ≤
j ≤ 3). We define first the coupling rates as follows.

Let t ≥ s′ and for any ρ ∈ [P−, P+]2, let

Ccoupling
− (t, ρ) :=

∫
L(ρ)

c−(t, ρ−, ρ) ∧ c−(t+ θ, ρ−, ρ) β(dρ−),

Ccoupling
+ (t, ρ) :=

∫
R(ρ)

c+(t, ρ, ρ+) ∧ c+(t+ θ, ρ, ρ+) β(dρ+),

and for ρ−, ρ+ ∈ [P−, P+]2 such that ρ− ≺ ρ+, let

Fcoupling(z, t, ρ−, ρ+) :=

∫
D(ρ−,ρ+)

f(z, t, ρ−, ρ, ρ+) ∧ f(z, t+ θ, ρ−, ρ, ρ+) β(dρ).

The particle coupling rate is defined as

rcoupling(t,q) := Ccoupling
− (t, ρ0) +

n∑
i=1

Fcoupling(zi, t, ρ
i−1, ρi) + Ccoupling

+ (t, ρn),

for any
q = ((a−, ρ0), (z1, ρ

1), · · · , (zn, ρn)) ∈ Ωn.

Now, define

T 1
1 := inf

{
t ≥ s′ :

∫ t

s′
rcoupling(u, ψus′q) du ≥ τ 1

1

}
,

T 2
1 := inf

{
t ≥ s′ :

∫ t

s′
(r(u, ψus′q)− rcoupling(u, ψus′q)) du ≥ τ 2

1

}
,

T 3
1 := inf

{
t ≥ s′ :

∫ t

s′
(r(u+ θ, ψus′q)− rcoupling(u, ψus′q)) du ≥ τ 3

1

}
.

Put T1 = min(T 1
1 , T

2
1 , T

3
1 ), and for t ∈ [s′, T1), set q(t) = q′(t) = ψts′q = ψt+θs′+θq. Now, write

ψT1s′ q = ((a−, ρ0), (z1, ρ
1), · · · , (zn, ρn)) ∈ Ωn.
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Conditionally on T1, we consider the following cases:

• If T1 = T 2
1 , we set q′(T1) = ψT1+θ

s′+θ q, and define q(T1) by making a stochastic jump
(either a creation of a particle at z = a± or a fragmentation of a particle) using the
rate r(T1, ψ

T1
s′ q)− rcoupling(T1, ψ

T1
s′ q). For t ≥ T1, conditionally on (q(T1),q′(T1)), we

let the two processes (q(t))t≥T1 and (q′(t))t≥T1 evolve independently with respectively
the law of (Ψt

T1
q(T1))t≥T1 and (Ψt+θ

T1+θq
′(T1))t≥T1 .

• If T1 = T 3
1 , we do the same as previously by switching the roles of q and q′ and using

the rates at T1 + θ instead of T1, in a way that only q′ makes a jump at time T1 and
not q.
• If T1 = T 1

1 , both q and q′ make a stochastic jump at T1 using the rate rcoupling(T1, ψ
T1
s′ q).

As q(T1) = q′(T1), we redo the same process again by using now random variables
(τ 1

2 , τ
2
2 , τ

3
2 ) and defining (T 1

2 , T
2
2 , T

3
2 ), etc ...

We claim that this defines a coupling. Indeed, each one of the processes (q(t))t≥s′ and
(q′(t))t≥s is a piecewise-deterministic Markov process by construction, and the law of the
first jump time and the value it takes at that time is easily verified to be the same as that of
the two processes (Ψt

s′q)t≥s′ and (Ψt+θ
s′+θq)t≥s′ . Using this coupling, we can now prove Lemma

3.2, which in turn finishes the proof of Theorem 3.2.

Proof of Lemma 3.2 Keeping the notation from the construction of the coupling, we will
exhibit an event E on which q(u) = q′(u) for all u ∈ [s′, t − θ]. Writing Ti for the time
at which the coupled process experiences a jump for the i-th time, we see that as long as
T 1
i = Ti for all i such that Ti < t − θ, then we must have q(t − θ) = q′(t − θ), as we jump

using the same value ρ∗ at every step. Let

E = {T 1
i = Ti for all i ≤ Nt},

where Nt = sup{n ≥ 0 : Tn < t− θ}. Evidently,∣∣E [G(Ψt
sq)]− E[G(Ψt−θ

s′ q)
]∣∣ = |E [G(q′(t− θ))]− E[G(q(t− θ))]| ≤ 2‖G‖∞P(Ec).

Hence for (3.5), it suffices to show that there is a constant C9 = C9(P−, P+, V∞, t) > 0, such
that

(3.14) P(Ec) ≤ C9θ(n(q) + 2)2.

To achieve this, first observe,

Ec ⊂
∞⋃
n=1

{
T 1
i = Ti for all i ≤ n− 1, Tn−1 < t− θ, T 1

n > Tn

}
.

As a result,

(3.15) P(Ec) ≤
∞∑
n=1

P(T 1
n − Tn−1 > Tn − Tn−1, Tn−1 < t− θ).
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Recall that we can write

T 1
n − Tn−1 = inf

{
v ≥ 0 :

∫ Tn−1+v

Tn−1

rcoupling(u, ψus′q) du ≥ τ 1
n

}
,

and similarly for T 2
n − Tn−1 and T 3

n − Tn−1, with appropriately replacing the rates r used
inside the integral. Note that the conditional probability

Pn := P
(
T 1
n − Tn−1 > Tn − Tn−1

∣∣∣ Tn−1

)
,

satisfies

Pn = E

[
1− exp

(
−
∫ T 1

n

Tn−1

∣∣r(u, ψus′q)− r(u+ θ, ψu+θ
s q)

∣∣ du)∣∣∣∣ Tn−1

]

≤ E

[∫ T 1
n

Tn−1

|r(u, ψus′q)− r(u+ θ, ψus′q)| du
∣∣∣∣ Tn−1

]
.(3.16)

Now, for any fixed q ∈ Ω, we have that

∂tr(t,q) = R−(t,q) +

n(q)∑
i=1

Ri(t,q) +R+(t,q)

where

R−(t,q) :=

∫
L(ρ0)

[ρ−, ρ0]− ∂t

(
`(a−, t, ρ−)f(a−, t, ρ−, ρ0)

`(a−, t, ρ0)

)
β(dρ−),

Ri(t,q) :=

∫
D(ρi−1,ρi)

[ρi−1, ρ, ρi]− ∂t

(
f(zi, t, ρ

i−1, ρ)f(zi, t, ρ, ρ
i)

f(zi, t, ρi−1, ρi)

)
β(dρ),

R+(t,q) :=

∫
R(ρn(q))

[ρn(q), ρ+]+ ∂t
(
f(a+, t, ρn(q), ρ+)

)
β(dρ+).

Hence by using the uniform upper and lower bound of the kernel f and `, and the uniform
upper bound of their first-order derivatives, there exists a uniform constant M ′ > 0 such
that

∂tr(t,q) ≤M ′A(q),

where A(q) is given by∫
L(ρ0)

[ρ−, ρ0]− β(dρ−) +

n(q)∑
i=1

∫
D(ρi−1,ρi)

[ρi−1, ρ, ρi]− β(dρ) +

∫
R(ρn(q))

[ρn(q), ρ+]+ β(dρ+).

From this and (3.16) we deduce,

(3.17) Pn ≤M ′θ E

[∫ T 1
n

Tn−1

A(ψus′q) du
∣∣∣ Tn−1

]
.
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Moreover, using the uniform upper and lower bound of the kernel f and `, we can find δ1 > 0
such that

(3.18) rcoupling(u,q) ≥ δ1A(q).

On the other hand, since by definition,

τ 1
n =

∫ T 1
n

Tn−1

rcoupling(u, ψus′q) du,

we use (3.18) to assert

τ 1
n ≥ δ1

∫ T 1
n

Tn−1

A(ψus′q) du.

This and (3.17) yield,

Pn ≤ δ−1
1 M ′θ E[τ 1

n|Tn−1] = δ−1
1 M ′θ,

as τ 1
n is independent of Tn−1. From this and (3.15) we learn

P (Ec) ≤ δ−1
1 M ′θ

∞∑
n=1

P(Tn−1 < t).

From this and (2.7) we deduce (3.14). This completes the proof of (3.5). �

3.2. Differentiation of G. Recall that for Theorem 2.1, it suffices to verify (3.3). To carry
out the differentiation in (3.3), we first learn how to differentiate the integrand G with respect
to s. Since G(q, s) = E[G(Ψt

sq)], we expect a Kolmogorov type equation of the form

(3.19) Gs(q, s) = −E[(LG)(Ψt
sq)],

where L denotes the generator of the process q(·). Since the deterministic part of the
dynamics is discontinuous, the verification of (3.19) poses some challenges that are handled
in this subsection. The integrated version of (3.19) is our next result.

Theorem 3.3. For any s ≥ 0 we have that the limit

(3.20) lim
s′↑s

1

s− s′

∫
(G(q, s)−G(q, s′)) µ(dq, s),

equals to

−
∞∑
n=0

(Γ−n (s) + Γ+
n (s)) +

∞∑
n=1

(Γf
n(s) + Γtn(s) + Γd

n(s)),
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where for n ≥ 1, we have

Γ−n (s) =

∫
Ωn

∫
L(ρ0)

c−(s, ρ∗, ρ0)(G(Eρ∗

− q, s)−G(q, s)) β(dρ∗) µn(dq, s),

Γ+
n (s) =

∫
Ωn

∫
R(ρn)

c+(s, ρn, ρ∗)(G(Eρ∗

+ q, s)−G(q, s)) β(dρ∗)µn(dq, s),

Γf
n(s) =

n∑
i=1

∫
Ωn

∫
D(ρi−1,ρi)

f(zi, s, ρ
i−1, ρ∗, ρi)(G(Eρ∗

i q, s)−G(q, s)) β(dρ∗)µn(dq, s),

Γtn(s) =
n∑
i=1

∫
Ωn

[ρi−1, ρi]

(
fz(zi, s, ρ

i−1, ρi)

f(zi, s, ρi−1, ρi)
+ λ(zi, s, ρ

i)− λ(zi, s, ρ
i−1)

)
G(q, s)β(dρ∗)µn(dq, s),

and we can write Γdn(s) = Γd,−n (s) + Γd,fn (s) + Γd,+n (s), with

Γd,+n (s) =−
∫

Ωn−1

∫
R(ρn−1)

[ρn−1, ρ∗]f(a+, s, ρn−1, ρ∗)G(Eρ∗

+ q, s) β(dρ∗)µn−1(dq, s),

Γd,−n (s) =

∫
Ωn−1

∫
L(ρ0)

[ρ∗, ρ0]
`(a−, s, ρ∗)f(a−, s, ρ∗, ρ0)

`(a−, s, ρ0)
G(Eρ∗

− q, s) β(dρ∗)µn−1(dq, s),

Γd,fn (s) =
n−1∑
i=1

∫
Ωn−1

∫
D(ρi−1,ρi)

[ρi−1, ρ∗, ρi]
f(zi, s, ρ

i−1, ρ∗)f(zi, s, ρ
∗, ρi)

f(xi, s, ρi−1, ρi)

G(Eρ∗

i q, s) β(dρ∗)µn−1(dq, s).

For n = 1, Γd,fn (s) = 0, and without ambiguity the other terms have the same expression as
for n > 1.

Proof (Step 1) In this step, we use the Markov property to derive a formula for G(q, s′) (see
(3.25) at the end of this step). To begin, observe that by the Markov property,

(3.21) G(q, s′) = E[G(Ψt
s′q)] = E[G(Ψt

sΨ
s
s′q)] = E[G(Ψs

s′q, s)]

Using the notation that we used previously in our construction of the Markov process, let

T1 = inf

{
t ≥ s′ :

∫ t

s′
r(u, ψus′q) du ≥ τ1

}
,

where τ1 is an independent standard exponential random variable. Consider again E to be
the event {T1 ∈ [s′, s]}, then

(3.22) E[G(Ψs
s′q, s)] = E[G(Ψs

s′q, s)1E ] + P(Ec)G(ψss′q, s).

For the first term, we can use the strong Markov property at the stopping time T1 to get

(3.23) E [G(Ψs
s′q, s)1E ] = E

[
G(ΨT1

s′ q, T1)1E
]
.
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Using Theorem 3.2, we have∣∣E [(G(ΨT1
s′ q, T1)−G(ΨT1

s′ q, s))1E
]∣∣ ≤ C1E

[(
n
(
ΨT1
s′ q
)

+ 2
)2 |T1 − s′|1E

]
≤ C1(n(q) + 3)2 P(E) (s− s′).

We certainly have

P(E) =P
(
τ1 ≤

∫ s

s′
r(u, ψus′q)du

)
= 1− exp

(
−
∫ s

s′
r(u, ψus′q) du

)
≤
∫ s

s′
r(u, ψus′q) du ≤M(n(q) + 2)(s− s′),(3.24)

where M is a uniform bound on the rates. From this and the previous display we learn∣∣E [(G (ΨT1
s′ q, T1

)
−G

(
ΨT1
s′ q, s

))
1E
]∣∣ ≤ C1M(n(q) + 3)3(s− s′)2.

From this, (3.21), (3.22), and (3.23) we deduce

(3.25) G(q, s′) = E[G(ΨT1
s′ q, s)1E ] + P(Ec)G(ψss′q, s) +R1(q)(s− s′)2,

where |R1(q)|≤ C1M(n(q) + 3)3.

(Step 2) The main goal of this step is to use (3.25) to establish the following decomposition:

G(q, s)−G(q, s′) =S ′(q) + S−(q) + S+(q) +

n(q)∑
i=1

Si(q)

+R2(q)
[
(s− s′)2 + (s− s′)11(q ∈ Ω̂)

]
,(3.26)

where

S ′(q) = exp

(
−
∫ s

s′
r(u, ψus′q) du

)
(G(q, s)−G(ψss′q, s)),

S−(q) =

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)(G(q, s)−G(Eρ∗

− ψ
θ
s′q, s)) β(dρ∗)dθ,

S+(q) =

∫ s

s′

∫
R(ρn(q))

c+(θ, ρn(q), ρ∗)(G(q, s)−G(Eρ∗

+ ψ
θ
s′q, s)) β(dρ∗)dθ,

Si(q) =

∫ s

s′

∫
D(ρi−1,ρi)

f(zi, θ, ρ
i−1, ρ∗, ρi)(G(q, s)−G(Eρ∗

i ψ
t
s′q, s)) β(dρ∗)dθ,

and the term R2 satisfies the bound

|R2(q)|≤ c1(n(q) + 3)3,

for a constant c1 = c1(P−, P+, J, a−, a+, t) > 0 that does not depend on q, with the set Ω̂ is
defined as

Ω̂ = Ω̂s
s′ :=

{
q ∈ Ω : u 7→ ψus′q experiences a collision in [s′, s]

}
.
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We can readily show that there exists a universal constant c2 such that

(3.27) µ(Ω̂s
s′ , s) ≤ c2(s− s′).

and so upon integrating with respect to µ(dq, s), the error terms are all of order O((s−s′)2).
To achieve (3.26), we first examine the first term on the right-hand side of (3.25). From

the boundedness of G and (3.24) we deduce

(3.28) E
[
G
(
ΨT1
s′ q, s

)
1E
]

= E
[
G
(
ΨT1
s′ q, s

)
1E
]

11(q /∈ Ω̂) +R3(q)11(q ∈ Ω̂)(s− s′),

with |R3(q)|≤ c3(n(q) + 2), for a constant c3 = c3(t). Moreover for q /∈ Ω̂,

E
[
G
(
ΨT1
s′ q, s

)
1E
]

=E
[
C−(T1, ρ

0)

r(T1, ψ
T1
s′ q)

G
(
Eρ∗

− ψ
T1
s′ q, s

)
1E

]
+ E

[
C+(T1, ρ

n(q))

r(T1, ψ
T1
s′ q)

G
(
Eρ∗

+ ψ
T1
s′ q, s

)
1E

]

+

n(q)∑
i=1

E
[
F(zi − [ρi−1, ρi](T1 − s′), T1, ρ

i−1, ρi)

r(T1, ψ
T1
s′ q)

G
(
Eρ∗

i ψ
T1
s′ q, s

)
1E

]

=: T− + T+ +

n(q)∑
i=1

Ti,

where each ρ∗ is distributed according to the density previously described in the construction
of the stochastic flow. Note that the distribution function of T1 is given by

P(T1 ≥ θ) = exp

(
−
∫ θ

s′
r(u, ψus′q) du

)
,

or equivalently,

(3.29) P(T1 ∈ dθ) = r(θ, ψθs′q) exp

(
−
∫ θ

s′
r(u, ψus′q) du

)
dθ

We can certainly write

T− =E
[
1E

∫
L(ρ0)

c−(T1, ρ
∗, ρ0)

r(T1, ψ
T1
s′ q)

G
(
Eρ∗

− ψ
T1
s′ q, s

)
β(dρ∗)

]
=

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0) exp

(
−
∫ θ

s′
r(u, ψus′q) du

)
G
(
Eρ∗

− ψ
θ
s′q, s

)
β(dρ∗)dθ,

where we have used (3.29) for the second equality. On the other hand, from the boundedness
of G, we learn that the expression∣∣∣∣∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)

(
exp

(
−
∫ θ

s′
r(u, ψus′q)du

)
− 1

)
G
(
Eρ∗

− ψ
θ
s′q, s

)
β(dρ∗)dθ

∣∣∣∣ ,
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is bounded above by c4(s − s′)2 for some constant c4 = c4(P−, P+, J, a−, a+). This in turn
implies

T− 11(q /∈ Ω̂) =

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G
(
Eρ∗

− ψ
θ
s′q, s

)
β(dρ∗)dθ 11(q /∈ Ω̂) +R4(q)(s− s′)2

=

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G
(
Eρ∗

− ψ
θ
s′q, s

)
β(dρ∗)dθ

+R5(q)
[
(s− s′)2 + (s− s′)11(q ∈ Ω̂)

]
,

where R4(q), R5(q) ≤ c5, for a constant c5. We treat the terms T+ and Ti in the same
fashion. For example,

Ti =

∫ s

s′

∫ ρi

ρi−1

f(zi − [ρi−1, ρi](θ − s′), θ, ρi−1, ρ∗, ρi)G(Eρ∗

i ψ
θ
s′q, s) dθdβ(ρ∗) +R5(q)(s− s′)2

=

∫ s

s′

∫ ρi

ρi−1

f(zi, θ, ρ
i−1, ρ∗, ρi)G(Eρ∗

i ψ
θ
s′q, s) dθβ(dρ∗) +R6(q)(s− s′),

where R5(q), R6(q) ≤ c6, for a constant c6. Here for the last equality, we have used the
Lipschitzness of the rate f. This in turn implies

Ti 11(q /∈ Ω̂) =

∫ s

s′

∫ ρi

ρi−1

f(zi, θ, ρ
i−1, ρ∗, ρi)G(Eρ∗

i ψ
θ
s′q, s) dθβ(dρ∗)

+R7(q)
[
(s− s′)2 + (s− s′)11(q /∈ Ω̂)

]
,

where R7(q) ≤ c7, for a constant c7. From these representations of T± 11(q /∈ Ω̂) and

Ti 11(q /∈ Ω̂), (3.24), (3.25) and (3.28) we deduce

G(q, s′) =

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G
(
Eρ∗

− ψ
t
s′q, s

)
dθdρ∗

+

n(q)∑
i=1

∫ s

s′

∫ ρi

ρi−1

f(zi, θ, ρ
i−1, ρ∗, ρi)G(Eρ∗

i ψ
θ
s′q, s) dθdρ

∗(3.30)

+

∫ s

s′

∫ P+

ρn(q)

c+(ρn(q), ρ∗, θ)G(Eρ∗

+ ψ
θ
s′q, s) dθdρ

∗

+ e−
∫ s
s′ r(θ,ψ

t
s′q) dθ G (ψss′q, s) +R1(q)(s− s′)2

+R8(q)
[
(s− s′)2 + (s− s′)11(q /∈ Ω̂)

]
,



RANDOM TESSELLATIONS AND GIBBSIAN SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 37

where |R8(q)|≤ c8, for a constant c8. On the other-hand,

1 =e−
∫ s
s′ r(θ,ψ

t
s′q) dθ +

∫ s

s′
r(θ, ψθs′q) dθ +R9(q)(s− s′)2

=e−
∫ s
s′ r(θ,ψ

θ
s′q) dθ + 11(q /∈ Ω̂)

∫ s

s′
r(θ, ψθs′q) dθ

+R10(q)
[
(s− s′)2 + (s− s′)11(q ∈ Ω̂)

]
,

with |R9(q)|, |R10(q)|≤ c9(n(q) + 2)2, for a constant c9 that is independent of q. We now
use the Lipschitzness of our rate f to replace zi − [ρi−1, ρi](t− s′) with zi. As a result,

1− e−
∫ s
s′ r(θ,ψ

θ
s′q) dθ =

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0) β(dρ∗)dθ

+

n(q)∑
i=1

∫ s

s′

∫
D(ρi−1,ρi)

f(zi, θ, ρ
i−1, ρ∗, ρi) β(dρ∗)dθ(3.31)

+

∫ s

s′

∫
R(ρn(q))

c+(zi, θ, ρ
i−1, ρ∗, ρi) β(dρ∗)dθ

+R11(q)
[
(s− s′)2 + (s− s′)11(q ∈ Ω̂)

]
,

with again |R11(q)| bounded by a constant multiple of (n(q) + 2)2. Here again we have used
the Lipschitzness of our rate f to replace zi− [ρi−1, ρi](t− s′) with zi. We now multiply both
sides of (3.31) by G(q, s) and subtract the outcome from (3.30) to arrive at (3.26).

(Step 3) Fix now n ≥ 1, and let us analyze each term of the sum in (3.26), integrated against
the probability measure µn(dq, s). We start from S ′, and focus on the spatial integration.
To prepare for this, we need some definitions. Let us write ui, i ∈ J0, nK for the relative
velocities of the particles:

u0 := v1, un := −vn, ui := vi+1 − vi.
We also write U for the set of particle configurations z ∈ ∆n that do not experience any
collision in the interval [s′, s], and define the sets Ai and Bi, i ∈ J0, nK by:

A0 =
{

z ∈ ∆n : z1 < a− − u0(s− s′)
}
, B0 =

{
z ∈ ∆n : z1 < a− + |u0|(s− s′)

}
,

An =
{

z ∈ ∆n : a+ − un(s− s′) < zn

}
, Bn =

{
z ∈ ∆n : a+ − |un|(s− s′) < zn

}
,

Ai =
{

z ∈ ∆n : zi+1 − zi < −ui(s− s′)
}
, Bi =

{
z ∈ ∆n : zi+1 − zi < |ui|(s− s′)

}
.

for i ∈ J1, n − 1K. Note that the action of the flow ψss′ on the set U is simply a translation
in the z-space:

ψss′(z, ρρρ) =: (φss′(z), ρρρ), φss′(z) = (zi + vi(s− s′))ni=1,
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where vi = −[ρi−1, ρi]. Then the set U can be expressed as U = ∆n \
⋃n
i=0Ai. Moreover,

writing |A| for the Lebesgue measure of the set A, it is not hard to show that there exists a
constant c10 such that

|Ai|≤ |Bi|≤ c10(s− s′) (a+ − a−)n

n!
,(3.32)

|Ai ∩ Aj|≤ |Bi ∩Bj|≤ c10(s− s′)2 (a+ − a−)n

n!
.(3.33)

In the present step, we fix ρρρ := (ρ0, ρ1, · · · , ρn), satisfying ρ0 ≺ ρ1 ≺ · · · ≺ ρn, and focus on
the integration with respect to the space variable z := (z1, · · · , zn) ∈ ∆n. More specifically
we will show∫

∆n

S ′(q)gn(z, ρρρ) dz =
n∑
i=0

1{ui>0}

∫
Bi

G(q, s)gn(z, ρρρ) dz−
n∑
i=0

1{ui<0}

∫
Bi

G(ψss′q, s)g
n(z, ρρρ) dz

+

∫
U

G(q, s)
(
gn(z, ρρρ)− gn(φs

′

s (z), ρρρ)
)
dz + γ(s− s′)R(ρρρ),(3.34)

where R satisfies the bound |R(ρρρ)|≤ c12c
n
11/n!, for positive constants c11 and c12 and γ is an

increasing non-negative function such that γ(θ)/θ → 0 as θ → 0.
To prove (3.34), we use (3.33), and the boundedness of f and `, to assert

(3.35)

∫
∆n

S ′(q)gn(z, ρρρ) dz = S ′′(ρρρ) +
n∑
i=0

S ′i(ρρρ) + (s− s′)2R0(ρρρ),

with the term R0 satisfying |R0|≤ c13c
n
11/n!, for constants c11 and c13, and the other terms

given by

S ′i(ρρρ) =

∫
Ai

exp

(
−
∫ s

s′
r(u, ψus′q) du

)
(G(q, s)−G(ψss′q, s)) g

n(z, ρρρ) dz,

S ′′(ρρρ) =

∫
U

exp

(
−
∫ s

s′
r(u, ψus′q) du

)
(G(q, s)−G(ψss′q, s)) g

n(z, ρρρ) dz.

Observe that the replacement of the exponential

exp

(
−
∫ s

s′
r(u, ψus′q) du

)
,

with

either exp

(
−
∫ s

s′
r(u,q) du

)
or exp

(
−
∫ s

s′
r(u, ψss′q) du

)
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results in an error of size O((n + 2)(s − s′)2) by the Lipschitzness of the rates with respect
to the space variable. Because of this, we can write,

S ′′(ρρρ) =

∫
U

exp

(
−
∫ s

s′
r(u,q) du

)
G(q, s)gn(z, ρρρ) dz

−
∫
U

exp

(
−
∫ s

s′
r(u, ψss′q) du

)
G(ψss′q, s)g

n(z, ρρρ) dz + (s− s′)2R1(ρρρ),

with the term R1 satisfying |R1(ρρρ)|≤ c14(n + 2)cn11/n!, for a constant c14. By a change of
variables,

S ′′(ρρρ) =

∫
U

exp

(
−
∫ s

s′
r(u,q) du

)
G(q, s)gn(z, ρρρ) dz

−
∫
φs
s′ (U)

exp

(
−
∫ s

s′
r(u,q)du

)
G(q, s)gn(φs

′

s (z), ρρρ) dz + (s− s′)2R1(ρρρ),

where

φs
′

s (z) = (φss′)
−1 (z) = (zi − vi(s− s′))ni=1 , ψs

′

s (z) =
(
φs
′

s (z), ρρρ
)
, ψus := ψus′ ◦ ψs

′

s ,

are the reverse flows. This allows us to assert

(3.36) S ′′(ρρρ) = S ′′1 (ρρρ) + S ′′2 (ρρρ) + (s− s′)2R1(ρρρ),

where

S ′′1 (ρρρ) :=

∫
φs
s′ (U)

exp

(
−
∫ s

s′
r(u,q) du

)
G(q, s)

(
gn(z, ρρρ)− gn(φs

′

s (z), ρρρ)
)
dz,

S ′′2 (ρρρ) :=

(∫
U

−
∫
φs
s′ (U)

)
exp

(
−
∫ s

s′
r(u,q) du

)
G(q, s)gn(z, ρρρ) dz.

We now compare the set U with its translate φs
′
s (U). Observe,

U =
{

z ∈ ∆n : z1 > max(a−, a− − u0(s− s′)), zn < min(a+, a+ + un(s− s′)),

zi+1 − zi > max(0,−ui(s− s′)) for i ∈ J1, n− 1K
}
,

φss′(U) =
{

z ∈ ∆n : z1 > max(a−, a− + u0(s− s′)), zn < min(a+, a+ − un(s− s′))

zi+1 − zi > max(0, ui(s− s′)) for i ∈ J1, n− 1K
}
.

Hence the symmetric difference of the sets U and φss′(U) can be represented as

(3.37) U∆ φss′(U) = ∪ni=0Bi.
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Note that we can replace the exponential with 1 at a cost of O((n + 1)(s − s′)). From this
and (3.32) we deduce,

S ′′2 (ρρρ) =

(∫
U

−
∫
φs
s′ (U)

)
G(q, s)gn(z, ρρρ) dz + (s− s′)2R2(ρρρ),

with the term R2 satisfying |R2(ρρρ)|≤ c15(n + 1)cn11/n!, for a constant c15. This, (3.37) and
(3.33) allow us to ignore the overlaps of the sets Bi, i ∈ J1, nK, so that we can write

(3.38) S ′′2 (ρρρ) =
n∑
i=0

sign(ui)

∫
Bi

G(q, s)gn(z, ρρρ) dz + (s− s′)2R3(ρρρ),

with the term R3 satisfying |R3(ρρρ)|≤ c16(n+ 1)cn11/n!, for a constant c16.
We now turn our attention to S ′′1 . By the Taylor expansion we have that

(3.39)
gn(φs

′
s (z), ρρρ)

gn(z, ρρρ)
= 1 + (s′ − s)

n∑
i=1

vi
gnzi(z, ρρρ)

gn(z, ρρρ)
+R4(z, ρρρ, s− s′)γ(s− s′),

where |R4|≤ c17(n + 2), for a constant c12, and γ is a function satisfying γ(θ)/θ → 0 as
θ → 0. In particular, there exists a constant c18 such that

(3.40)
|gn(φs

′
s (z), ρρρ)− gn(z, ρρρ)|
gn(z, ρρρ)

≤ c18(n+ 2)(s− s′).

This allows us to make two changes in S ′′1 at a cost of a constant multiple of γ(s−s′), namely
replacing the exponential with 1, and replacing the set φss′(U) with U . As a result,

(3.41) S ′′1 (ρρρ) =

∫
U

G(q, s)
(
gn(z, ρρρ)− gn(φs

′

s (z), ρρρ)
)
dz +R5(ρρρ)γ(s− s′),

with again the term R5 satisfying |R5(ρρρ)|≤ c20(n+1)cn11/n!, for a constant c20. Coming back
to the second term S ′i in (3.35), we see use (3.32) to replace the exponential term of the
integrand with 1:

S ′i(ρρρ) =

∫
Ai

(G(q, s)−G(ψss′q, s))g
n(z, ρρρ) dz +R6(ρρρ)γ(s− s′),(3.42)

with the term R6 satisfying |R6(ρρρ)|≤ c21(n + 1)cn11/n!, for a constant c21. Now, notice that
for i ∈ J0, nK if ui > 0, then Ai = ∅, otherwise if ui < 0, then Ai = Bi. From this, (3.35),
(3.36), (3.38), (3.41), and (3.42), we obtain (3.34)

(Step 4) In this step, we use (3.34) to show∫
Ωn
S ′(q) µn(dq, s) =− (s− s′)

(
Γdn(s) + Γtn(s)

)
+ R̂n(s, s′)γ(s− s′),(3.43)

with R̂n satisfying |R̂n|≤ c22(n+ 1)2cn11/n!, for a constant c22. Put

B̂i = Bi \ ∪j 6=iBj,
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so that the sets (B̂i : i ∈ J0, nK) are mutually disjoint. The bound (3.33) allows us to replace

Bi with B̂i in (3.34) at a small cost:

(3.44)

∫
∆n

S ′(q)gn(z, ρρρ) dz =
n∑
i=0

(
Ŝ+
i (ρρρ)− Ŝ−i (ρρρ)

)
+ S ′′′(ρρρ) +R8(ρρρ)γ(s− s′),

where R7 satisfies |R7(ρρρ)|≤ c23(n+ 1)cn11/n!, for a constant c23, and

Ŝ+
i (ρρρ) =1{ui>0}

∫
B̂i

G(q, s)gn(z, ρρρ) dz,

Ŝ−i (ρρρ) =1{ui<0}

∫
B̂i

G(ψss′q, s)g
n(z, ρρρ) dz,

S ′′′(ρρρ) =

∫
U

G(q, s)
(
gn(z, ρρρ)− gn(φs

′

s (z), ρρρ)
)
dz.

We establish (3.44) by proving∫ n∑
i=0

(
Ŝ+
i (ρρρ)− Ŝ−i (ρρρ)

)
β(dρρρ) = −(s− s′)Γdn(s) + R̂0(s, s′)(s− s′)2,(3.45) ∫

S ′′′(ρρρ) β(dρρρ) = −(s− s′)Γtn(s) + R̂1(s, s′)(s− s′)2,(3.46)

with |R̂0|, |R̂1|≤ c24(n+ 1)cn11/n!, for a constant c24.
To prove (3.45), first observe that if σ := σ(q, s′) denotes the first collision time of the

deterministic flow starting at time s′ at q = (z, ρρρ), and σ′ = σ ∧ T1, then for sure σ =

σ′ < s provided that ui < 0, z ∈ B̂i, and no stochastic jump occurs in the interval [s′, s]
(equivalently, T1 > s). From this, the strong Markov property, (3.24), and Lemma 3.2 we
deduce

G(ψss′q, s) = E[G(Ψt
sψ

s
s′q)] = E[G(Ψt

sψ
s
s′q) 1Ec ] +O(s− s′)

= E[G(Ψt
σ′ψ

σ′

s′ q) 1Ec ] +O(s− s′) = E[G(Ψt
σ′ψ

σ′

s′ q)] +O(s− s′)
= E[G(ψσ

′

s′ q, σ
′)] +O(s− s′) = G(ψσ

′

s′ q, s) +O(s− s′),

provided that ui < 0, and z ∈ B̂i. On B̂i, and when ui < 0, we have that

G(ψσs′q, s) = G(Eρi

i qi, s),

for i ∈ J0, nK, with qi = (zi, ρρρi) the configuration q with the particle i removed, and where Eρ0

0

and Eρn

n should be understood as Eρ0

− and Eρn

+ . After replacing G(ψss′q, s) with G(Eρi

i qi, s)

at a cost of O(s− s′), we replace back the set B̂i with Bi. This allows us to write

(3.47) Ŝ−i (ρρρ) = (s− s′)T −i (ρρρ) +R9(ρ)(s− s′)2,
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where R9 satisfies |R9|≤ c25(n+ 1)cn11/n!, for a constant c25, and

T −0 (ρρρ) =u−0
`(a−, s, ρ0)f(a−, s, ρ0, ρ1)

`(a−, s, ρ1)

∫
∆n−1

G(Eρ0

− q0, s)g
n−1(z0, ρρρ0) dz0,

T −i (ρρρ) =u−i
f(zi, s, ρ

i−1, ρi)f(zi, s, ρ
i, ρi+1)

f(zi, s, ρi−1, ρi+1)

∫
∆n−1

G(Eρi

i qi, s)g
n−1(zi, ρρρi) dzi,

T −n (ρρρ) =u−n f(a+, s, ρn−1, ρn)

∫
∆n−1

G(Eρn

i qn, s)g
n−1(zn, ρρρn) dzn,

for i ∈ J1, n− 1K, where u− = 1{u<0}|u|.
The terms Ŝ+

i can be treated likewise: Fix i ∈ J0, nK, and define the time σ′ := s− zi+1−zi
ui

,

with the convention that z0 = a− and zn+1 = a+. When z ∈ B̂i and ui > 0, there would be
no collision in the interval [σ′, s], and the reverse flow ψσ

′
s q is well-defined for q = (z, ρρρ). We

then define q̃ to be q̃ = ψσ
′

s q. By similar arguments we have

G(q, s) = G(q̃, σ′) +O(s− s′) = G(q̃, s) +O(s− s′).

Again, we see that G(q̃, s) = G(Eρi

i qi, s), and hence we get the analog of (3.47), namely

(3.48) Ŝ+
i (ρρρ) = (s− s′)T +

i (ρρρ) +R10(ρ)(s− s′)2,

where R10 satisfies |R10|≤ c25(n + 1)cn11/n!, and the expression for T +
i is the same as T −i ,

except that u−i is replaced with u+
i . We integrate both sides of (3.47) and (3.48) against

β, and take the difference to arrive at (3.45). After integrating out (3.45) and (3.49) with
respect to ρρρ and by relabeling ρi as ρ∗ and ρj for j > i+ 1 by ρj−1, we arrive at (3.43).

We now focus on (3.46). From (3.39) and the straightforward computation

gnzi(z, ρρρ)

gn(z, ρρρ)
=
fz(zi, s, ρ

i−1, ρi)

f(zi, s, ρi−1, ρi)
+ λ(zi, s, ρ

i)− λ(zi, s, ρ
i−1),

we deduce

(3.49) S ′′′(ρρρ) = −(s− s′)
n∑
i=1

S ′′′i (ρρρ) +R10(ρρρ)γ(s− s′),

where R10 satisfies |R10(ρρρ)|≤ c26(n+ 1)cn11/n!, for a constant c26, and

S ′′′i (ρρρ) =

∫
U

G(q, s)[ρi−1, ρi]

(
fz(zi, s, ρ

i−1, ρi)

f(zi, s, ρi−1, ρi)
+ λ(zi, s, ρ

i)− λ(zi, s, ρ
i−1)

)
gn(z, ρρρ) dz.

Note that (3.32) provides us a bound on the Lebesgue measure of the set U c. This bound
and (3.40) allow us to replace the domain of integration from U to the whole simplex ∆n at
a cost of replacing R10 with R11, that satisfies a similar bound. After such a replacement,
we integrate both sides with respect to β to deduce (3.46).

(Final Step) Note that our error terms are bounded by constant multiples of c̄nγ(s − s′),
with c̄n = (n + 1)3cn11/n!. Since

∑
n c̄n < ∞, and γ(θ)/θ → 0 as θ → 0, these error terms
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can be ignored as we calculate the limit in (3.20). On account of this, (3.26), and (3.43), it
remains to verify ∫

Ωn
S±(q) µn(dq, s) =− (s− s′)Γ±n (s) + (s− s′)2R±(s),(3.50)

n∑
i=1

∫
Ωn
Si(q) µn(dq, s) =− (s− s′)Γf

n(s) + (s− s′)2Rf(s),

with R±, Rf satisfying |R±|, |Rf|≤ c27(n+ 1)cn11/n!, for a constant c27.
We only verify (3.50) in the case of S−, as the other cases can be treated in the same

fashion. For this, first observe that because of (3.27), we may write

(3.51)

∫
Ωn
S−(q) µn(dq, s) = S−1 − S−2 +R−n (s)(s− s′)2,

where R−0 satisfies |R−0 |≤ c28(n+ 1)cn11/n!, for a constant c28, and

S−1 =

∫
Ωn

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G(q, s) β(dρ∗)dθ µn(dq, s),

S−2 =

∫
Ωn

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G(Eρ∗

0 ψ
θ
s′q, s) 11(q /∈ Ω̂) β(dρ∗)dθ µn(dq, s).

On the other-hand, for q /∈ Ω̂, the the flow ψts′ experiences no collision, and is just a
translation that preserves the volume. Again focusing on the spatial integration first, we
certainly have∫

∆n

G(Eρ∗

0 ψ
θ
s′q, s)11(q /∈ Ω̂)gn(z, ρρρ) dz =

∫
∆n

G(Eρ∗

0 q, s)11(ψθs′q /∈ Ω̂)gn(φs
′

θ z, ρρρ) dz.

We can then use (3.40) (with s replaced with θ) to replace gn(φs
′

θ z, ρρρ) with gn(z, ρρρ) at a cost
that is bounded by a constant multiple of c̄n(s− s′)2. As in (3.27), we can readily show that

at a cost of O((s− s′)2), we can now drop 11(ψθs′q /∈ Ω̂). From all this we conclude

S−2 =

∫
Ωn

∫ s

s′

∫
L(ρ0)

c−(θ, ρ∗, ρ0)G(Eρ∗

0 q, s) 11(q /∈ Ω̂) β(dρ∗)dθ µn(dq, s) + R̂−n (s)(s− s′)2,

with |R̂−n |≤ c29c̄n, for a constant c29. From this and (3.51) we deduce (3.50), completing the
proof of our theorem. �

3.3. Proof of Theorem 3.1. (Step 1) We need to check that

lim
s′→s

1

s− s′

(∫
G(q, s)µ(dq, s)−

∫
G(q, s′) µ(dq, s′)

)
= 0.

We can certainly write

(3.52)

∫
G(q, s) µ(dq, s)−

∫
G(q, s′)µ(dq, s′) = X1(s′, s) + X2(s′, s)−X3(s′, s),
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where

X1(s′, s) =

∫
(G(q, s)−G(q, s′)) µ(dq, s),

X2(s′, s) =

∫
G(q, s) (µ(dq, s)− µ(dq, s′)),

X3(s′, s) =

∫
((G(q, s)−G(q, s′)) (µ(dq, s)− µ(dq, s′)).

We work out X2 by differentiating µ with respect to the time s. Evidently

(3.53) lim
s′↑s

(s− s′)−1X2(s′, s) =

∫
G(q, s) µ̇(dq, s),

where µ̇ represents the s-derivative of µ. We may write µ̇n = Xnµn, where

Xn(q, s) =
˙̀(a−, s, ρ0)

`(a−, s, ρ0)
+

n∑
i=1

fs(zi, s, ρ
i−1, ρi)

f(zi, s, ρi−1, ρi)
−

n∑
i=0

∫ zi+1

zi

λs(z, s, ρ
i)dz.

Now using the kinetic equations verified by both ` and f , let us find an explicit expression
of the Radon-Nidokym derivative Xn. For the first term we have

˙̀(a−, s, ρ0)

`(a−, s, ρ0)
=

∫
L(ρ0)

[ρ∗, ρ0]
`(a−, s, ρ∗)f(a−, s, ρ∗, ρ0)

`(a−, s, ρ0)
β(dρ∗)− A(a−, s, ρ0).

For the second term we get for i ∈ J1, nK,

fs(zi, s, ρ
i−1, ρi)

f(zi, s, ρi−1, ρi)
=[ρi−1, ρi]

fz(zi, s, ρ
i−1, ρi)

f(zi, s, ρi−1, ρi)

+

∫
D(ρi−1,ρi)

[ρi−1, ρ∗, ρi]
f(zi, s, ρ

i−1, ρ∗)f(zi, s, ρ
∗, ρi)

f(zi, s, ρi−1, ρi)
β(dρ∗)

+ [ρi−1, ρi](λ(zi, s, ρ
i)− λ(zi, s, ρ

i−1))− (A(zi, s, ρ
i)− A(zi, s, ρ

i−1)).

For the last term, let us first show λs = Az. To see this, observe

λs(z, s, ρ) =

∫
R(ρ)

fs(z, s, ρ, ρ
+) β(dρ+) =

∫
R(ρ)

[ρ, ρ+]fz(z, s, ρ, ρ
+) β(dρ+)

+

∫∫
{ρ≺ρ∗≺ρ}

[ρ, ρ∗, ρ+]f(z, s, ρ, ρ∗)f(z, s, ρ∗, ρ+) β(dρ∗) β(dρ+)

+

∫
R(ρ)

[ρ, ρ+](λ(z, s, ρ+)− λ(z, s, ρ)) + (A(z, s, ρ)− A(z, s, ρ+))f(z, s, ρ, ρ+) β(dρ+).

By integrating out ρ+, we get that the double integral equals to∫
R(ρ)

(f(z, s, ρ, ρ∗)A(z, s, ρ∗)− [ρ, ρ∗]f(z, s, ρ, ρ∗)λ(z, s, ρ∗)) β(dρ∗).
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However ρ∗ and ρ+ are both just dummy variables in our integrals, so summing over the
terms, we get

λs(z, s, ρ) =

∫
R(ρ)

[ρ, ρ+]fz(z, s, ρ, ρ
+) β(dρ+)− λ(z, s, ρ)

∫
R(ρ)

[ρ, ρ+]f(z, s, ρ, ρ+) β(dρ+)

+ A(z, s, ρ)

∫
R(ρ)

f(z, s, ρ, ρ+) β(dρ+) =

∫
R(ρ)

[ρ, ρ+]fz(z, s, ρ, ρ
+) β(dρ+),

confirming our claim λs = Az. As a result,∫ zi+1

zi

λs(s, z, ρ
i) dz =

∫
R(ρ)

[ρi, ρ+] β(dρ+)

∫ zi+1

zi

fz(z, s, ρ
i, ρ+) dz

= A(zi+1, s, ρ
i)− A(zi, s, ρ

i).

Summing over everything, we get that

Xn(q) =− A(a+, s, ρn) +

∫
L(ρ0)

[ρ∗, ρ0]
`(a−, s, ρ∗)f(a−, s, ρ∗, ρ0)

`(a−, s, ρ0)
β(dρ∗)

+
n∑
i=1

[ρi−1, ρi]

(
fz(zi, s, ρ

i−1, ρi)

f(zi, s, ρi−1, ρi)
+ λ(zi, s, ρ

i)− λ(zi, s, ρ
i−1)

)

+
n∑
i=1

∫
D(ρi−1,ρi)

[ρi−1, ρ∗, ρi]
f(zi, s, ρ

i−1, ρ∗)f(zi, s, ρ
∗, ρi)

f(zi, s, ρi−1, ρi)
β(dρ∗).(3.54)

(Step 2) From (3.54), we learn that there is a uniform constant C > 0 such that |Xn(q)|≤
C(n+ 1). Hence using this observation and Theorem 3.2 we get∣∣∣∣∫

Ω

(G(q, s)−G(q, s′))(µ(dq, s)− µ(dq, s′))

∣∣∣∣ ≤ C(s− s′)2

∫
Ω

(n(q) + 2)3 µ(dq, s).

As a result,

lim
s′↑s

(s− s′)−1X3(s′, s) = 0.

Because of this, (3.52), and (3.53) we are done if we can show

(3.55) lim
s′→s

(s− s′)−1X1(s′, s) = −
∞∑
n=0

∫
Ωn
Xn(q)G(q, s) µn(dq, s).

By (3.54), ∫
Ωn
Xn(q)G(q, s) µn(dq, s) = Λ−n (s) + Γtn(s) + Λf

n(s) + Λ+
n (s),
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where

Λ−n (s) =

∫
Ωn

∫
L(ρ0)

[ρ∗, ρ0]
f(a−, s, ρ∗, ρ0)`(a−, s, ρ∗)

`(a−, s, ρ0)
G(q, s) β(dρ∗) µn(dq, s),

Λ+
n (s) =−

∫
Ωn

∫
R(ρn)

[ρn, ρ∗]f(a+, s, ρn, ρ∗)G(q, s) β(dρ∗) µn(dq, s),

Λf
n(s) =

∫
ΩnL

n∑
i=1

∫
D(ρi−1,ρi)

[ρi−1, ρ∗, ρi]
f(zi, s, ρ

i−1, ρ∗)f(zi, s, ρ
∗, ρi)

f(zi, s, ρi−1, ρi)
G(q, s) β(dρ∗)µn(dq, s),

where of course Λf
0(s) = Γt0(s) = 0. On account of Theorem 3.3, we will be done if we show

that for any n ≥ 0, the following equalities hold:

Λ−n (s) = Γ−n (s) + Γd,−n+1(s),(3.56)

Λ+
n (s) = Γ+

n (s) + Γd,+n+1(s),

Λf
n(s) = Γf

n(s) + Γd,fn+1(s).

We will verify this only for the first equality, as the others are done in a similar fashion. By
the construction of our Markov process, we know that when [ρ∗, ρ0] > 0, then G(Eρ∗

− q, s) =
G(q, s) (as in this case the particle at z = a− corresponds to an exit of the interval [a−, a+]
and becomes irrelevant instantaneously), thus by splitting the two cases whether [ρ∗, ρ0] is
negative or nonnegative we get

Γd,−n+1(s) =

∫
Ωn

∫
L(ρ0)

[ρ∗, ρ0]+
`(a−, s, ρ∗)f(a−, s, ρ∗, ρ0)

`(a−, s, ρ0)
G(q, s) β(dρ∗)µn(dq, s)

−
∫

Ωn

∫
L(ρ0)

c−(s, ρ∗, ρ0)G(Eρ∗

− q, s) β(dρ∗)µn(dq, s).

This immediately implies the first identity in (3.56).
For the terms corresponding to the fragmentation i.e., Λf

n and Γf
n, we use now the obser-

vation that when [ρi−1, ρ∗, ρi] > 0, then G(Eρ∗

i q, s) = G(q, s) to get similarly the desired
equality. �

4. Proof of Theorem 1.2

As we stated in the Introduction, our assumption on the support of f allows us to deduce
Theorem 1.2 from Theorem 1.1. To explain our strategy, observe that by Theorem 1.1 we
already know that the process x1 7→ ρ(x1, x2) is a Markov process for every x2 ∈ [t0, t1].
Under the assumptions of Theorem 1.2, no new particle is created on the left side of Λ,
and the process x2 7→ ρ(a+, x2) is an independent Markov jump process with the jump rate
density [ρ−, ρ+]f((a+, x2), ρ−, ρ+). Though its initial state ρ(a+, t0) depends on the dynamics
of the lower side of Λ. We may deduce Theorem 1.2 from Theorem 1.1 by interchanging
x1 with x2, and reversing direction on both axes. We explain the consequences of such
operations on our variables in steps (1) and (2) below. In (1) we verify the compatibility of
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the forward equations (2.3) and (2.4) that are satisfied by the marginal `. We use ` in (2)
to give a recipe for the jump rates of the reversed processes, and see how the time reversal
and variables swap operations are compatible with the kinetic equation (1.12).

(1) We first address the effect of a time reversal on our Markov jump processes on the lower
and the right sides of Λ. Given a kernel h(x, ρ−, dρ+), define the linear operator L(x, h) by

(L(x, h)F )(ρ−) :=

∫
(F (ρ+)− F (ρ−)) h(x, ρ−, dρ+).

If `(x, dρ) is the law of ρ(x) with respect to the measure νf,Λ, then it satisfies the forward
equation associated with the operator L(x, f) = L(x, f 1):

(4.1) `x1 = L(x, f)∗ ` = ` ∗ f − A(f) `.

where L(x, f)∗ denotes the adjoint of the operator L(x, f), and

(` ∗ h)(x, dρ+) :=

∫
`(x, dρ−) h(x, ρ−, dρ+).

The equation (4.1) is an immediate consequence of Theorem 1.1. This and the kinetic
equation (1.12) imply a similar equation for the second partial derivative, namely

Proposition 4.1. Assume that f and ` are bounded functions, f is C1 in x-variable and
that ` is C2 in x-variable. Also assume that f satisfies (1.12), ` satisfies (4.1), and that the
equation

(4.2) `x2 = L(x, f 2)∗ ` = ` ∗ f 2 − A(f 2) `,

holds when x1 = a+. Then (4.2) holds for x1 ∈ [a−, a+].

Proof It is not hard to show that the right-hand side of (1.12), integrated with respect to
ρ+ is 0. As a result,

A(f 1)x2 − A(f 2)x1 = 0.

Let us set

ξ = `x2 − ` ∗ f 2 + A(f 2) `.

From differentiating both sides of (4.1) with respect to x2 we learn

`x1x2 =`x2 ∗ f 1 + ` ∗ f 1
x2
− A(f 1)x2 `− A(f 1) `x2

=ξ ∗ f 1 + ` ∗ f 2 ∗ f 1 − (A(f 2)`) ∗ f 1 + ` ∗ f 1
x2

− A(f 1)x2 `− A(f 1)ξ − A(f 1)(` ∗ f 2) + A(f 1)A(f 2)`

=` ∗ [f 2 ∗ f 1 − A(f 2)⊗ f 1 − f 2 ⊗ A(f 1) + f 1
x2

]

− `[A(f 1)x2 − A(f 1)A(f 2)] + ξ ∗ f 1 − A(f 1)ξ,



48 MEHDI OUAKI AND FRAYDOUN REZAKHANLOU

where the operation h⊗ k was defined in Remark 1.1. Similarly,

`x2x1 =ξx1 + `x1 ∗ f 2 + ` ∗ f 2
x1
− A(f 2)x1 `− A(f 2) `x1

=ξx1 + ` ∗ f 1 ∗ f 2 − (A(f 1)`) ∗ f 2 + ` ∗ f 2
x1

− A(f 2)x1 `− A(f 2)(` ∗ f 1) + A(f 2)A(f 1)`

=` ∗ [f 1 ∗ f 2 − A(f 1)⊗ f 2 − f 1 ⊗ A(f 2) + f 2
x1

]

− `[A(f 2)x1 − A(f 1)A(f 2)] + ξx1 .

From `x2x1 = `x1x2 , A(f 2)x1 = A(f 1)x2 , and (1.12) we deduce

(4.3) ξx1 = ξ ∗ f − A(f)ξ.

This means that ξ(·, x2, ρ) satisfies the forward equation for the Markov jump process x1 7→
ρ(x1, x2) associated with the kernel f . We wish to use the condition ξ(a+, x2, ρ) = 0, to
deduce that ξ(x1, x2, ρ) = 0 for x1 ∈ [a−, a2]. This being true for every x2 ∈ [t0, t1] yields the
desired result. Indeed if ϕ : R → [0,∞) is a C1 Lipschitz function such that ϕ(0) = 0, and
ϕ(r) ≥ |r|−c0, for some constant c0, then

d

dx1

∫
ϕ(ξ(x, ρ)) β(dρ) =

∫
ϕ′(ξ(x, ρ)) (ξ ∗ f − A(f)ξ)(x, ρ) β(dρ)

≤c1

∫
|ξ(x, ρ)| β(dρ) ≤ c1

∫
ϕ(ξ(x, ρ)) β(dρ) + c2,

for constants c1 and c2. From this, Gronwall’s inequality, and the condition ξ(a+, x2, ρ) = 0,
we deduce that ϕ(ξ) = 0. This completes the proof because we can approximate |ξ| by
functions of the form ϕ(ξ), with ϕ as above. �

(2) As it is well-known, a time reversal of a Markov process can be realized as a Markov
process with a generator that can be described in terms of original process and its marginals.
Indeed if we decrease x1 ∈ [a−, a+], the process x1 7→ ρ(x1, x2) is a Markov process with the
jump rate

f̂(x, ρ+, dρ−) := η(x, ρ−, ρ+) f(x, ρ−, dρ+), where η(x, ρ−, ρ+) =
`(x, dρ−)

`(x, dρ+)
.

Similarly, as we decrease x2 ∈ [t0, t1], the process x2 7→ ρ(a+, x2) is a Markov process with

the jump rate f̂ 2(a+, x2, ρ
+, dρ−), where

f̂ 2(x, ρ+, dρ−) := η(x, ρ−, ρ+) f 2(x, ρ−, dρ+).

We also define

(4.4) f̃(x, ρ+, dρ−) := f̂(−x, ρ+, dρ−),

to represent the jump rate density of the process x 7→ ρ(−x).
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If g is a convex function such that ρ = (ρ1, ρ2) = ∇g is distributed according to νf,Λ, and
ϕ(x1, x2) = (−x2,−x1), then ĝ = g ◦ ϕ is a convex function that is defined on

Λ̂ := ϕ(Λ) = [−t1,−t0]× [−a+,−a−],

and ρ̂ := ∇ĝ = (−ρ2,−ρ1) ◦ ϕ is distributed according to a probability measure that is
denoted by ν̂. Note [ρ̂−, ρ̂+] = [ρ−, ρ+]−1. According to ν̂, the process x1 7→ ρ̂(x1,−a+) is a
jump process with the jump rate density

f̃ 2(−a+, x1,−ρ−,−ρ+),

with respect to the measure β̂ which is the push-forward of β under the map θ(ρ) := −ρ.
Similarly, the process x2 7→ ρ̂(−t0, x2) is a jump process with the jump rate density

f̃ 1(x2,−t0,−ρ−,−ρ+).

We are now in a position to apply Theorem 1.1 to assert that the process x1 7→ ρ̂(x1, x2) is
a Markov jump process for every x2 ∈ [−a+,−a−]. This in turn implies that as we decrease
x2, the process x2 7→ ρ(x1, x2) is a (reversed) Markov jump process for every x1 ∈ [a−, a+],
completing the proof of Theorem 1.2. To apply Theorem 1.1 though, we need to make sure
that our candidate the jump rate density of the jump process x1 7→ ρ̂(x1, x2), namely

(4.5) f̄
(
x1, x2, ρ

−
1 , ρ

−
2 , ρ

+
1 , ρ

+
2

)
:= f̃ 2

(
x2, x1,−ρ−2 ,−ρ−1 ,−ρ+

2 ,−ρ+
1

)
,

satisfies the kinetic equation. This will be carried out in Proposition 4.2.

Proposition 4.2. Let f = f 1 be a solution of (1.12). Then the following statements are
true:

(i) The reversed kernel f̃ , given by (4.4) satisfies (1.12).

(ii) The kernel f̄ given by (4.5) satisfies (1.12) where α is replaced with α̂ := α−1.

Proof (i) Observe that (4.1) and (4.2) can be rewritten as

`x1
`

=
` ∗ f 1

`
− A(f 1) = A(f̂ 1)− A(f 1),

`x2
`

=
` ∗ f 2

`
− A(f 2) = A(f̂ 2)− A(f 2),

As a consequence,

(4.6)

(
τ · ∇η

η

)
(x, ρ−, ρ+) =

Q−(f)

f
(x, ρ−, ρ+) +

Q−(f̂)

f̂
(x, ρ+, ρ−),

because

Q−(f)

f
(x, ρ−, ρ+) = A(f 2)(x, ρ+)− A(f 2)(x, ρ−)− [ρ−, ρ+](A(f 1)(x, ρ+)− A(f 1)(x, ρ−)).
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On the other hand, we can readily show

f̂ 1 ∗ f̂ 2

f̂
(x, ρ+, ρ−) =

f 2 ∗ f 1

f
(x, ρ−, ρ+),

f̂ 2 ∗ f̂ 1

f̂
(x, ρ+, ρ−) =

f 1 ∗ f 2

f
(x, ρ−, ρ+),

which is an immediate consequence of η(x, ρ−, ρ+) = η(x, ρ−, ρ∗)η(x, ρ∗, ρ+). From this, (4.6)
and our assumption on f we deduce(

τ · ∇f̂
f̂

)
(x, ρ+, ρ−) =

(
τ · ∇f

f

)
(x, ρ−, ρ+) +

(
τ · ∇η

η

)
(x, ρ−, ρ+)

=
Q+(f)

f
(x, ρ−, ρ+)− Q−(f)

f
(x, ρ−, ρ+) + τ · ∇η

η
(x, ρ−, ρ+)

=− Q+(f̂)

f̂
(x, ρ+, ρ−) +

Q−(f̂)

f̂
(x, ρ+, ρ−) = −Q(f̂)

f̂
(x, ρ+, ρ−),

which is the reversed kinetic equation. This implies that f̃ satisfies (1.12) because

∇f̃(x, ρ−, ρ+) = −∇f̂(−x, ρ−, ρ+).

(ii) Observe that if f̄ 2 = α̂f̄ , then

f̄ 2(x1, x2, ρ
−
1 , ρ

−
2 , ρ

+
1 , ρ

+
2 ) == f̃(x2, x1,−ρ−2 ,−ρ−1 ,−ρ+

2 ,−ρ+
1 ).

By (i), we know that αf̃x1 − f̃x2 = −Q(f̃). After swapping x1 with x2 we deduce

f̄x2 − α̂f̄x1 = −Q(f̃).

Finally observe that −Q(f̃) = Q(f̄) because when f̃ 1 is swapped with f̃ 2, the sign of Q
changes. �

Remark 4.2 An alternative strategy for completing the proof of Theorem 1.2 is to use
Proposition 1.1. We already know that ` satisfies (4.2). On the other hand, since we also
know that the process x2 7→ ρ(x1, x2) is a Markov jump process, the measure ` also satisfies

`x2 = ` ∗ h− A(h)`,

where h is its jump rate. One should be able to deduce from this that h = f 2. �

Appendix A. The Kinetic Equation

The purpose of this section is to prove the existence of a solution of the kinetic equation.
To have a more conventional notation, we write (x, t) for (x1, x2) throughout this section.
We start first with the following notation:

Notation A.1 (i) We fix P− < P+ two real numbers, such that the range of our piecewise
constant function ρ is in the box [P−, P+]2.

(ii) For any measure space E , let Fb(E) be the space of real-valued bounded measurable
functions defined on E .
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(iii) We introduce the function space X to be the set kernels h ∈ Fb(R× ([P−, P+]2)2) such
that x 7→ h(x, ρ−, ρ+) is C1 and Lipschitz for all ρ− and ρ+.

(iv) We equip X with the following norm

‖h‖X := sup
x∈R

sup
ρ−,ρ+

[
|h(x, ρ−, ρ+)|+|∂xh(x, ρ−, ρ+)|

]
.

It is standard that (X , ‖·‖X ) is a Banach space.

(v) For any v ≥ 0, let Γv and Γv+ be the sets

Γv :=
{

(ρ−, ρ+) ∈ ([P−, P+]2)2 : ρ− ≺ ρ+, |[ρ−, ρ+]|≤ v
}

=
{

(ρ−, ρ+) ∈ ([P−, P+]2)2 : ρ+ − ρ− ∈ Cv \ {0}
}
,

Γv+ :=
{

(ρ−, ρ+) ∈ ([P−, P+]2)2 : ρ+ − ρ− ∈ Cv
+ \ {0}

}
,

where Cv and Cv
+ are the cones

Cv =
{
m = (m1,m2) ∈ R2 : m1 ≥ 0, |m2|≤ vm1

}
,(A.1)

Cv
+ =

{
m = (m1,m2) ∈ R2 : m1,m2 ≥ 0, m2 ≤ vm1

}
.

(vi) Let V∞ ≥ 0, and δ0 > 0. We write X (V∞, δ0) for the set of h ∈ X with the following
properties:

(1) The function h(·, ρ−, ρ+) is zero for (ρ−, ρ+) /∈ ΓV∞ .

(2) There exists a constant δ0 > 0 such that infx∈R inf(ρ−,ρ+)∈ΓV∞ h(x, ρ−, ρ+) ≥ δ0.

(3) For all ρ−, ρ+, the function x 7→ h(x, ρ−, ρ+) is C2 such that

sup
x∈R

sup
ρ−,ρ+
|∂2
xh(x, ρ−, ρ+)|<∞.

Likewise, we write X+(V∞, δ0) for the set of h ∈ X+(V∞, δ0) with the similar properties,
except that the set ΓV∞ in (i) and (iii) is replaced with ΓV∞+ . �

The following theorem proves the existence of a local solution of the kinetic equation.

Theorem A.1. Given h ∈ X (V∞, δ0), denote by M0 := supx∈R supρ−,ρ+ h(x, ρ−, ρ+), and
define the time

T ∗ := min

(
1

12V∞M0

,
δ0

48V∞M2
0

)
.

Then, there exists a unique solution

f : R× [0, T ∗]× ([P−, P+]2)2 → R,
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of the kinetic equation

ft − [ρ−, ρ+]fx = Q(f) =: Q+(f)−Q−(f),

where

Q+(f)(x, t, ρ−, ρ+) =

∫ (
[ρ+, ρ∗]− [ρ∗, ρ−]

)
f(x, t, ρ−, ρ∗)f(x, t, ρ∗, ρ+) β(dρ∗),

Q−(f)(x, t, ρ−, ρ+) =

(∫
([ρ+, ρ∗]− [ρ−, ρ+])f(x, t, ρ+, ρ∗) β(dρ∗)

−
∫

([ρ−, ρ∗]− [ρ−, ρ+])f(x, t, ρ−, ρ∗) β(dρ∗)

)
f(x, t, ρ−, ρ+),

with f(·, 0, ·, ·) = h. The function f is C1 in the variables (x, t) for all fixed ρ−, ρ+ and
f(·, ·, ρ−, ρ+) ≡ 0 for all (ρ−, ρ+) /∈ ΓV∞. Furthermore, we have that

sup
t∈[0,T ∗]

‖f(·, t, ·, ·)‖X<∞, inf
t∈[0,T ∗]

inf
x∈R

inf
(ρ−,ρ+)∈ΓV∞

f(x, t, ρ−, ρ+) ≥ δ0

2
.

Moreover if h ∈ X+(V∞, δ0), then there exists a unique solution f with similar properties
except that the set ΓV∞ must be replaced with ΓV∞+ .

Proof (Step 1) We assume here without loss of generality that the measure β has total mass
1 on the box [P−, P+]2. By the following standard change of variables, we transform the
previous PDE to an ODE. For instance, define the function g as

(A.2) g(x, t, ρ−, ρ+) = f(x− [ρ−, ρ+]t, t, ρ−, ρ+).

Then by the chain rule, g must verify the following ODE

gt = Q̃+(g)− Q̃−(g) = Q̃+(g)− L̃(g)g,

where

Q̃+(g)(x, t, ρ−, ρ+) =

∫
[ρ−, ρ∗, ρ+] g

(
x− ([ρ−, ρ+]− [ρ−, ρ∗])t, t, ρ−, ρ∗

)
g(x− ([ρ−, ρ+]− [ρ+, ρ∗])t, t, ρ∗, ρ+) β(dρ∗),

L̃(g)(x, t, ρ−, ρ+) =

∫
([ρ+, ρ∗]− [ρ−, ρ+]) g(x− ([ρ−, ρ+]− [ρ+, ρ∗])t, t, ρ+, ρ∗) β(dρ∗)

−
∫

([ρ−, ρ∗]− [ρ−, ρ+]) g(x− ([ρ−, ρ+]− [ρ−, ρ∗])t, t, ρ−, ρ∗) β(dρ∗).

We will prove the existence of a solution g by an approximation scheme and then recover
the desired f via the equation (A.2). Define the functional H : X × R → X , H(g, t) :=
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H+(g, t)−K(g, t)g, by

H+(h, t)(x, ρ−, ρ+) :=

∫
[ρ+, ρ∗, ρ−] h(x− ([ρ−, ρ+]− [ρ−, ρ∗])t, ρ−, ρ∗)

h(x− ([ρ−, ρ+]− [ρ+, ρ∗])t, ρ∗, ρ+) β(dρ∗),

K+(h, t)(x, ρ−, ρ+) :=

∫
([ρ+, ρ∗]− [ρ−, ρ

+]) h(x− ([ρ−, ρ+]− [ρ+, ρ∗])t, ρ+, ρ∗) β(dρ∗)

−
∫

([ρ−, ρ∗]− [ρ−, ρ+]) h(x− ([ρ−, ρ+]− [ρ−, ρ∗])t, ρ−, ρ∗) β(dρ∗).

Our goal is to prove the existence of a local solution g : [0, T ∗] 7→ X to the inhomogeneous
ODE

(A.3) ġ(t) = H(g(t), t)

under the initial condition g(0) = h. As the function space (X , ‖·‖X ) is clearly Banach, we
will construct a Cauchy sequence (gn)n∈N of elements in C([0, T ∗],X ) that will converge to
our desired solution g.

(Step 2) For any fixed n ∈ N, we define the polygonal function gn such that gn(0) = h and

ġn(t) = H
(
gn

(
j

n

)
,
j

n

)
for all t ∈

(
j

n
,
j + 1

n

)
for all j ≥ 0. Let us denote gjn = gn

(
j
n

)
, then it is clear that all gjn are C2 in the variable x.

We have that

(A.4) n(gj+1
n − gjn) = H

(
gjn,

j

n

)
.

Let us prove first that gjn(·, ρ−, ρ+) ≡ 0 for all (ρ−, ρ+) /∈ ΓV∞ by induction on j. Suppose
this is true for j and we wish to prove it for j+ 1. Take x ∈ R, (ρ−, ρ+) /∈ ΓV∞ , and take any
ρ∗ such that ρ− ≺ ρ∗ ≺ ρ+ . Since Cv of (A.1) is a cone, we have that either (ρ−, ρ∗) /∈ ΓV∞

or (ρ∗, ρ+) /∈ ΓV∞ . In either cases

gjn

(
x−

(
[ρ−, ρ+]− [ρ−, ρ∗]

) j
n
, ρ−, ρ∗

)
gjn

(
x− ([ρ−, ρ+]− [ρ+, ρ∗])

j

n
, ρ∗, ρ+

)
= 0,

by the induction hypothesis. As a result, gj+1
n (x, ρ−, ρ+) = 0, as desired.

Next, let us define

mj : = inf
x∈R

inf
(ρ−,ρ+)∈ΓV∞

gjn(x, ρ−, ρ+), Mj := sup
x∈R

sup
(ρ−,ρ+)∈ΓV∞

|gjn(x, ρ−, ρ+)|,

M ′
j : = sup

x∈R
sup

(ρ−,ρ+)∈ΓV∞
|∂xgjn(x, ρ−, ρ+)|, M ′′

j := sup
x∈R

sup
(ρ−,ρ+)∈ΓV∞

|∂2
xg

j
n(x, ρ−, ρ+)|,

It is clear from the expression of H that we have for all j ≥ 0,

(A.5) n(mj+1 −mj) ≥ −6V∞M
2
j , n(Mj+1 −Mj) ≤ 6V∞M

2
j .
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Let us prove first by induction on j the following inequality,

(A.6) rj < 1 =⇒ Mj ≤M0(1− rj)−1.

where r = 6V∞M0

n
. The verification for j = 0 is trivial. Assume it is true for j, then from the

second inequality in (A.5), it suffices to prove that

(1− rj)−1
(
1 + r(1− rj)−1

)
≤ (1− r(j + 1))−1 .

This inequality is equivalent to

(1− (j − 1)r)(1− (j + 1)r) ≤ (1− jr)2,

which is clearly true. As an immediate consequence of (A.6) we have that

sup
t∈[0,T ∗]

‖gn(t)‖L∞≤M0 sup
t∈[0,T ∗]

(
1− 6 bntcV∞M0

n

)−1

≤ 2M0.

By differentiating the identity (A.4), we also have that

n(M ′
j+1 −M ′

j) ≤ 12V∞M
′
jMj,

So for all j such that j+1
n
≤ T ∗, we have that

M ′
j+1 ≤M ′

j

(
1 +

24V∞M0

n

)
,

from which it follows that

M ′
j ≤M ′

0

(
1 +

24V∞M0

n

)j
≤M ′

0e
2j
nT∗ ≤M ′

0e
2,

and hence

sup
t∈[0,T ∗]

‖∂xgn(t)‖L∞≤M ′
0e

2.

Likewise, by differentiating twice the identity (A.4), we get that

n(M ′′
j+1 −M ′′

j ) ≤ 12V∞MjM
′′
j + 12V∞(M ′

j)
2 ≤ 24V∞M0M

′′
j + 12V∞(M ′

0)2e4.

From this, it follows by similar arguments as before that

M ′′
j ≤

(
M ′′

0 +
(M ′

0)2e4

2M0

)
e

24V∞M0j
n ,

and hence

sup
t∈[0,T ∗]

‖∂2
xgn(t)‖L∞≤

(
M ′′

0 +
(M ′

0)2e4

2M0

)
e2.

Now since we have for every j such that j+1
n
≤ T∗,

mj+1 ≥ mj −
24V∞M

2
0

n
,
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it follows easily that

inf
t∈[0,T∗]

inf
x∈R

inf
(ρ−,ρ+)∈ΓV∞

gn(t)(x, ρ−, ρ+) ≥ δ0

2
> 0.

We have hence proved that all the approximating functions (gn)n∈N ∈ C([0, T ∗],X ) are
supported on ΓV∞ in the (ρ−, ρ+) variables, and are uniformly bounded from above and
below by positive constants in their supports.

(Step 3) To finish the proof, we shall show that the sequence {gn} is Cauchy. This is achieved
by obtaining Lipschitz estimates on gn. Observe that for any s < t, and k1, k2 ∈ X that are
C2 in the x-variable and supported on ΓV∞ such that

max(‖∂2
xk1‖L∞ , ‖∂2

xk2‖L∞) <∞,

it is straightforward to show

‖H(k1, t)−H(k2, t)‖X≤6V∞ (‖k1‖X+‖k2‖X ) ‖k1 − k2‖X ,
‖H(k1, t)−H(k1, s)‖X≤72V 2

∞‖k1‖X
(
‖k1‖X+‖∂2

xk1‖L∞
)

(t− s).

Let us denote

M := max

(
2M0,M

′
0e

2,

(
M ′′

0 +
(M ′

0)2e4

2M0

)
e2

)
The constant M is a uniform upper bound on the supremum norm of gn(t), ∂xgn(t), ∂2

xgn(t)
for all t ∈ [0, T ∗] and n ∈ N. We have that

‖ġn(t)− ġm(t)‖X=

∥∥∥∥H(gn(bntcn
)
,
bntc
n

)
−H

(
gm

(
bmtc
m

)
,
bmtc
m

)∥∥∥∥
X

≤
∥∥∥∥H(gn(bntcn

)
,
bntc
n

)
−H

(
gn

(
bntc
n

)
, t

)∥∥∥∥
X

+

∥∥∥∥H(gn(bntcn
)
, t

)
−H (gn(t), t)

∥∥∥∥
X

+ ‖H(gn(t), t)−H(gm(t), t)‖X

+

∥∥∥∥H(gm(t), t)−H
(
gm

(
bmtc
m

)
, t

)∥∥∥∥
X

+

∥∥∥∥H(gm(bmtcm
)
, t

)
−H

(
gm

(
bmtc
m

)
,
bmtc
m

)
|
∥∥∥∥
X

≤144V 2
∞M

2

(
1

n
+

1

m

)
+ 12V∞M

(∥∥∥∥gn(bntcn
)
− gn(t)

∥∥∥∥
X

+

∥∥∥∥gm(bmtcm
)
− gm(t)

∥∥∥∥
X

)
+ 12V∞M‖gn(t)− gm(t)‖X .
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On the other hand,∥∥∥∥gn(bntcn
)
− gn(t)

∥∥∥∥
X
≤ 1

n

∥∥∥∥H(gn(bntcn
))∥∥∥∥

X
≤ 6V∞M

2

n

and similarly for the term concerning m. Hence there exist two positive constants C1, C2

that only depend on V∞ and M , such that for all t ∈ [0, T ∗],

‖ġn(t)− ġm(t)‖X≤ C1

(
1

n
+

1

m

)
+ C2‖gn(t)− gm(t)‖X ,

which implies

||gn(t)− gm(t)||X ≤ C1

(
1

n
+

1

m

)
t+ C2

∫ t

0

‖gn(s)− gm(s)‖X ds.

This, and the Gronwall’s inequality give

sup
t∈[0,T ∗]

‖gn(t)− gm(t)‖X≤ C1

(
1

n
+

1

m

)
T ∗
(
1 + c2T

∗eC2T ∗
)

which implies that (gn)n∈N is a Cauchy sequence and therefore admits a limit g∞ ∈ C([0, T ∗],X ).
The function g∞ (that we now regard as a function of the four variables (x, t, ρ−, ρ+)) is C1

in the variables x and t, and verify the inhomogeneous ODE (A.3) and is bounded uniformly
from below by δ0

2
and is such that

sup
t∈[0,T ∗]

sup
x∈R

sup
ρ−,ρ+

g∞(x, t, ρ−, ρ+) ≤M.

Moreover, for any fixed x and t in its domain of definition, the function (ρ−, ρ+) 7→ g∞(x, t, ρ−, ρ+)
is supported on ΓV∞ . Now defining

(A.7) f(x, t, ρ−, ρ+) = g∞(x+ [ρ−, ρ+]t, t, ρ−, ρ+)

f is again C1 in x and t, verify the same properties as g∞ and verifies the desired kinetic
equation.

Finally we remark that in the above proof, we may replace the set ΓV∞ with ΓV∞+ . �

For the second part of this section, we will prove the existence of the solution to the
Kolmogorov forward equation both in space x and time t. More precisely, we wish to
address the existence of a unique uniformly positive solution ` of the equations (2.3) and
(2.4), provided that the kernel f is uniformly positive. We remark that these equations are
consistant by Proposition 4.1. Because of this, we only need to solve (2.3) in [a−, a+] for
an initial condition `(a−, t, ·) that solves (2.4). The existence of a solution to (2.3) can be
carried out by standard arguments. However, we need to ensure the constructed solution is
uniformly positive in Λ, if the initial `0(ρ) = `(a−, t0, ρ) is uniformly positive. Observe that
if ` solves (2.3), then

d

dx

∫
`(x, t, ρ) β(dρ) = 0,



RANDOM TESSELLATIONS AND GIBBSIAN SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 57

because the β-integral of the right-hand side of (2.3) is 0. This means

(A.8)

∫
`(x, t) β(dρ) = 1,

if this is the case for x = a−. On the other hand, if the total integral of β is one, f ≥ δ1 for
some positive constant δ1, and ` is a solution of (2.3) satisfying (A.8), then

`x(x, t, ρ) ≥ δ1 − λ(x, t, ρ)`(x, t, ρ),

which leads to the lower bound

`(x, t, ρ) ≥ `(a−, t, ρ)e−
∫ x
a− λ(θ,t,ρ) dθ + δ1

∫ x

a−
e−

∫ x
y λ(θ,t,ρ) dθ dy.

From this we learn that ` is uniformly positive in Λ if this is the case on the left boundary
side of Λ. By assumption, ` is uniformly positive at (a−, t0), and as t varies, the function
t 7→ `(a−, t, ρ) satisfies (2.4). If the kernel f is supported in ΓV∞+ , then [ρ−, ρ+]f ≥ 0, and a
repetition of the above reasoning guarantees

`(a−, t, ρ) ≥ `(a−, t0, ρ)e
−

∫ x
t0
A(a−,θ,ρ) dθ

.

In summary, when the kernel f is supported in ΓV∞+ , and is uniformly positive on its support,
we can construct a unique uniformly positive solution ` to forward equations (2.3) and (2.4)
by standard arguments. However some care is needed if [ρ−, ρ+] can change sign in the
support of our kernel f . In this case, we can guarantee the existence of a uniformly positive
solution to (2.3) and (2.4) if we either replace the time interval [0, T ∗] with a shorter interval,
or assume that the initial `(a−, t0, ρ) is sufficiently positive. As an example, we demonstrate
how a lower bound of 1/6 on the initial ` can guarantee the positivity of the solution.

Theorem A.2. Fix a− < a+. Let `0 : [P−, P+]2 → [0,+∞) be a measurable function such
that there exists two constants c, C > 0 with

c ≤ `0(ρ) ≤ C for all ρ

and
∫
`0(ρ) β(dρ) = 1. Moreover, assume that c ≥ 1

6
. Then there exists a C1 solution

` : [a−, a+] × [0, T ∗] × [P−, P+]2 → [0,+∞) to the equations (2.3) and (2.4) such that
`(a−, 0, ·) = `0, and such that ` is uniformly bounded below by a positive constant and∫

`(x, t, ρ) β(dρ) = 1,

for all (x, t) ∈ [a−, a+]× [0, T ∗].

Proof Without loss of generality let us assume that a− = 0 and denote a+ = a. We will
construct a two-parameter function ` : [−V∞T ∗, a] × [0, T ∗] → Fb([P−, P+]2). The reason
why we extend the space domain to [−V∞T ∗, a] instead of [0, a] will be made clear later.
Let us define first `(·, 0) on [−V∞T ∗, a] using the first ODE in the x-direction. The utility
of the condition c ≥ 1

6
is to ensure the non-negativity of ` as we run the ODE backwards
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from 0 → −V∞T ∗. Our strategy for proving the existence of the solution of the ODE at
t = 0 is done in a similar fashion as the kinetic equation via an approximation scheme.
In other words, we construct a polygonal approximating `n : [−V∞T ∗, a] → Fb([P−, P+]2)
by putting `n(0) = `0, and for any k ∈ Z by the inductive relation. More precisely, we
put fk(ρ, ρ∗) := f(k/n, 0, ρ, ρ∗), and require that functions `kn := `n

(
k
n

)
∈ Fb([P−, P+]2) to

satisfy

n
(
`k+1
n (ρ)− `kn(ρ)

)
=

∫
fk (ρ∗, ρ) `kn(ρ∗) β(dρ∗)−

(∫
fk
(
ρ, ρ+

)
β(dρ+)

)
`kn(ρ),

for k ≥ 0, and

−n
(
`k−1
n (ρ)− `kn(ρ)

)
=

∫
fk (ρ∗, ρ) `kn(ρ∗) β(dρ∗)−

(∫
fk
(
ρ, ρ+

)
β(dρ+)

)
`kn(ρ),

for k ≤ 0. The intermediate values `n(x) for x ∈ ( k
n
, k+1

n
) are obtained by linear interpolation.

As an initial observation, remark that∫
`kn(ρ) β(dρ) =

∫
`k±1
n (ρ) β(dρ),

and hence ∫
`kn(ρ) β(dρ) = 1, for all k ∈ Z.

Now, if we take n ≥M0 where M0 = ‖f(·, 0, ·, ·)‖L∞ , then by induction it follows that `kn ≥ 0
for all k ≥ 0, as we have that

`k+1
n (ρ) = `kn(ρ) +

1

n

(∫
fk (ρ∗, ρ) `kn(ρ∗) β(dρ∗)−

(∫
fk
(
ρ, ρ+

)
β(dρ+)

)
`kn(ρ)

)
≥ `kn(ρ)− M0

n
`kn(ρ),

which in turn implies the following lower bound

`kn(ρ) ≥ `0(ρ)

(
1− M0

n

)k
≥ `0(ρ)e−

M0k
n for all k ≥ 0.

On the other hand, for k ≤ 0 we have

`k−1
n (ρ) = `kn(ρ)− 1

n

∫
fk(ρ∗, ρ)`kn(ρ∗) β(dρ∗) +

1

n

(∫
fk
(
ρ, ρ+

)
β(dρ+)

)
`kn(ρ),

which leads to

`kn(ρ) ≥ `0(ρ)− M0k

n
,

because ∫
fk (ρ∗, ρ) `kn(ρ∗) β(dρ∗) ≤M0

∫
`kn(ρ∗) β(dρ∗) = M0.
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In particular, if k
n
≥ −V∞T ∗, then M0k

n
≥ −1

2
, and

inf
ρ
`kn(ρ) ≥ c− 1

12
≥ 1

12
.

We have therefore constructed the polygonal approximating function `n : [−V∞T ∗, a] →
Fb([P−, P+]2) such that it is uniformly bounded from below by min(1/12, ce−M0a). The
sequence (`n)n∈N is a Cauchy sequence in the space C([−V∞T ∗, a],Fb([P−, P+]2) where
Fb([P−, P+]2) is viewed as a Banach space equipped with the uniform norm. We obtain
that the limit `∞ := limn→∞ `n is a solution to the ODE

(`∞)x(x, ρ) =

∫
f(x, 0, ρ∗, ρ)`∞(x, ρ∗) β(dρ∗)−

(∫
f(x, 0, ρ, ρ+) β(dρ+)

)
`∞(x, ρ)

We define `(·, 0) = `∞. We will move on now to prove the existence of the solution `
as an ODE in the time variable t. In order to preserve the non-negativity of `, we have
taken advantage in the ODE in the x-direction of the positivity of the kernel f(x, t, ρ−, ρ+),
however in the t-direction the kernel is equal to [ρ−, ρ+]f(x, t, ρ−, ρ+). To circumvent this
difficulty, we take advantage of the finite speed propagation (this also explains why we have
constructed `(0, ·) on [−V∞T ∗, a] instead of just [0, a]). For any x ∈ R and t ∈ [0, T ∗] we
define

f̃(x, t, ρ−, ρ+) = f(x+ V∞t, t, ρ
−, ρ+) for all ρ−, ρ+.

We define a function ˜̀ : [−V∞T ∗, a] × [0, T ∗] → Fb([P−, P+]2) that satisfies the initial

condition ˜̀(x, 0) = `∞(x) = `(x, 0). Now, for x = −V∞T ∗ we define ˜̀(−V∞T ∗, ·) : [0, T ∗]→
Fb([P−, P+]2) by solving the ODE

˜̀
t(−V∞T ∗, t, ρ) =

∫
([ρ∗, ρ] + V∞) f̃(−V∞T ∗, t, ρ∗, ρ)˜̀(−V∞T ∗, t, ρ∗) β(dρ∗)

−
(∫ (

[ρ, ρ+] + V∞
)
f̃(−V∞T ∗, t, ρ, ρ+) β(dρ+)

)
˜̀(−V∞T ∗, t, ρ),

with initial condition ˜̀(−V∞T ∗, 0) = `∞(−V∞T ∗). Now, for any fixed t ∈ (0, T ∗] we define
˜̀(·, t) : [−V∞T ∗, a]→ Fb([P−, P+]2) by solving the ODE on [−V∞T ∗, a]

˜̀
x(x, t, ρ) =

∫
f̃(x, t, ρ∗, ρ)˜̀(x, t, ρ∗) β(dρ∗)−

(∫
f̃(x, t, ρ, ρ+) β(dρ+)

)
˜̀(x, t, ρ)

with initial condition determined by ˜̀(−V∞T ∗, t). The existence of these solutions is done

by exactly the same approximation scheme than before, and the function ˜̀ is bounded
uniformly from below on the box [−V∞T ∗, a]× [0, T ∗] due to the non-negativity of the kernels
([ρ−, ρ+] +V∞)f(x, t, ρ−, ρ+) and f(x, t, ρ−, ρ+). Moreover, if we assume that initially f(0, ·)
is C3 then we get that f is C2 in the variables (x, t), it follows that ` is also C2 and thus
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from Proposition 5.1, the ODE in t is verified for all x ∈ [−V∞T ∗, a], i.e

˜̀
t(x, t, ρ) =

∫
([ρ∗, ρ] + V∞) f̃(x, t, ρ∗, ρ)˜̀(x, t, ρ∗) β(dρ∗)

−
(∫ (

[ρ, ρ+] + V∞
)
f̃(x, t, ρ, ρ+) β(dρ+)

)
˜̀(x, t, ρ)

Now, it suffices to define

`(x, t, ρ) = ˜̀(x− V∞t, t, ρ) for all (x, t) ∈ [0, a]× [0, T ∗] and ρ ∈ [P−, P+]2

then ` is C1 in (x, t) and verify the desired ODEs. Moreover, the total of mass of ` is
conserved through space and time. �
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