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Execu&ve	
  Summary	
  
•  We propose ADAHESSIAN, a novel second order optimizer that achieves new 

SOTA on various tasks: 

o  CV: Up to 5.55% better results than Adam on ImageNet  

o  NLP: Up to 1.8 PPL better results than AdamW on PTB 

o  Recommendation System: Up to 0.032% better accuracy than Adagrad on Criteo 

•  ADAHESSIAN achieves these by:  

o  Low cost Hessian approximation, applicable to a wide range of NNs 

o  A novel exponential moving average which smooths Hessian noise across iterations  

o  A new variance reduced estimate of the Hessian diagonal 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
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ADAHESSIAN	
  Mo&va&on	
  
•  Choosing the right hyper-parameter for optimizing a NN 

training has become a dark-art! 

Problems with existing first-order solutions: 

o  Brute force hyper-parameter tuning 

o  No convergence guarantee unless taking many iterations 

o  Even	
  the	
  choice	
  of	
  the	
  op&mizer	
  is	
  a	
  hyper-­‐parameter!	
  
 

Task	
   CV	
   NLP	
   Recommenda&on	
  System	
  

Op&mizer	
  Choice	
   SGD	
   AdamW	
   Adagrad	
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Second	
  Order	
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•  A major source of problems arise from the fact that first-order methods do not 

consider curvature information 

•  Question: Can we incorporate this information to guide training? 
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First	
  and	
  Second	
  Order	
  Methods	
  
General parameter update formula:  ✓t+1 = ✓t � ⌘t�✓t

<latexit sha1_base64="EfNqf2lEtRKauix7X+m6oW7xT0E=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIglhnpKAboagLlxXsBTqlZNLTNjRzITkjlKGP4cZXceNCEbfd+Tam7Qja+kPgy3/OITm/F0mh0ba/rMzS8srqWnY9t7G5tb2T392r6TBWHKo8lKFqeEyDFAFUUaCERqSA+Z6Euje4mdTrj6C0CIMHHEbQ8lkvEF3BGRqrnT9zsQ/I2gmeOCN6RdMr0lPqzsC9BYnsx2/nC3bRnoougpNCgaSqtPNjtxPy2IcAuWRaNx07wlbCFAouYZRzYw0R4wPWg6bBgPmgW8l0sRE9Mk6HdkNlToB06v6eSJiv9dD3TKfPsK/naxPzv1ozxu5lKxFBFCMEfPZQN5YUQzpJiXaEAo5yaIBxJcxfKe8zxTiaLHMmBGd+5UWonRedUrF0XyqUr9M4suSAHJJj4pALUiZ3pEKqhJMn8kLeyLv1bL1aH9bnrDVjpTP75I+s8Tdj659k</latexit>

�✓t = H�1
t gt

<latexit sha1_base64="v56149n9SveCxueGfy70VNqPSCM=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAbBi2FGAnoRgnrIMYJZIIlDT6eSNOlZ6K4RwpCLF3/FiwdFvPoP3vwbO8tBEx8UPN6roqqeH0uh0XG+rczS8srqWnY9t7G5tb1j7+7VdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3R9cj/36AygtovAOhzG0A9YLRVdwhkby7MPWDUhkLewDMg/pJS17eJ+euqOeh56ddwrOBHSRuDOSJzNUPPur1Yl4EkCIXDKtm64TYztlCgWXMMq1Eg0x4wPWg6ahIQtAt9PJFyN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dMsHvRTkUYJwghny7qJpJiRMeR0I5QwFEODWFcCXMr5X2mGEcTXM6E4M6/vEhqZwW3WCjeFvOlq1kcWXJAjsgJcck5KZEyqZAq4eSRPJNX8mY9WS/Wu/Uxbc1Ys5l98gfW5w9fd5fb</latexit>

First Order Method Second Order Method 

�✓t = gt

<latexit sha1_base64="A4azWHGeAF86XcfA7GLVExSfQiE=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkoiBb0IRT14rGA/oAlhs520Szcf7E6EUnvwr3jxoIhX/4Y3/41Jm4O2Phh4vDfDzDw/kUKjZX0bS8srq2vrpY3y5tb2zq65t9/Scao4NHksY9XxmQYpImiiQAmdRAELfQltf3id++0HUFrE0T2OEnBD1o9EIDjDTPLMQ+cGJDLq4ACQeUgvad/DsmdWrKo1BV0kdkEqpEDDM7+cXszTECLkkmndta0E3TFTKLiESdlJNSSMD1kfuhmNWAjaHU/vn9CTTOnRIFZZRUin6u+JMQu1HoV+1hkyHOh5Lxf/87opBhfuWERJihDx2aIglRRjmodBe0IBRznKCONKZLdSPmCKccwiy0Ow519eJK2zql2r1u5qlfpVEUeJHJFjckpsck7q5JY0SJNw8kieySt5M56MF+Pd+Ji1LhnFzAH5A+PzB0a9lPo=</latexit>
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  and	
  Second	
  Order	
  Methods	
  
General parameter update formula:  ✓t+1 = ✓t � ⌘t�✓t
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�✓t = H0
t gt = gt

<latexit sha1_base64="oGLTiWKgNEPnpXrH/IcAiKOOEDU=">AAACCnicbVC7SgNBFJ31GeMramkzGgSrsCsBbYSgFikjmAdk12V2cpMMmX0wc1cIS2obf8XGQhFbv8DOv3HyKDTxwAxnzrmXO/cEiRQabfvbWlpeWV1bz23kN7e2d3YLe/sNHaeKQ53HMlatgGmQIoI6CpTQShSwMJDQDAbXY7/5AEqLOLrDYQJeyHqR6ArO0Eh+4ci9AYnMxT4g85Fe0qqP95k96k0e5vYLRbtkT0AXiTMjRTJDzS98uZ2YpyFEyCXTuu3YCXoZUyi4hFHeTTUkjA9YD9qGRiwE7WWTVUb0xCgd2o2VORHSifq7I2Oh1sMwMJUhw76e98bif147xe6Fl4koSREiPh3UTSXFmI5zoR2hgKMcGsK4EuavlPeZYhxNenkTgjO/8iJpnJWccql8Wy5WrmZx5MghOSanxCHnpEKqpEbqhJNH8kxeyZv1ZL1Y79bHtHTJmvUckD+wPn8AowuZlg==</latexit>

�✓t = H�1
t gt

<latexit sha1_base64="v56149n9SveCxueGfy70VNqPSCM=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAbBi2FGAnoRgnrIMYJZIIlDT6eSNOlZ6K4RwpCLF3/FiwdFvPoP3vwbO8tBEx8UPN6roqqeH0uh0XG+rczS8srqWnY9t7G5tb1j7+7VdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3R9cj/36AygtovAOhzG0A9YLRVdwhkby7MPWDUhkLewDMg/pJS17eJ+euqOeh56ddwrOBHSRuDOSJzNUPPur1Yl4EkCIXDKtm64TYztlCgWXMMq1Eg0x4wPWg6ahIQtAt9PJFyN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dMsHvRTkUYJwghny7qJpJiRMeR0I5QwFEODWFcCXMr5X2mGEcTXM6E4M6/vEhqZwW3WCjeFvOlq1kcWXJAjsgJcck5KZEyqZAq4eSRPJNX8mY9WS/Wu/Uxbc1Ys5l98gfW5w9fd5fb</latexit>

First Order Method Second Order Method 

The trajectory of optimizing: 
6 f(x, y) = x

2 + 10y2

<latexit sha1_base64="gnTvGLnkGGt3n3Zlakchf6rL3+E=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaLUFFKUgq6EYpuXFawD2jTMplO2qGTSZiZSEPpxl9x40IRt36GO//GSZuFth64cDjnXu69x4sYlcq2v43cyura+kZ+09za3tnds/YPGjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0Rrep33wkQtKQP6gkIm6ABpz6FCOlpZ515BfHFzA5g9dw3C3Dc+jYSbdsmj2rYJfsGeAycTJSABlqPeur0w9xHBCuMENSth07Uu4ECUUxI1OzE0sSITxCA9LWlKOASHcye2AKT7XSh34odHEFZ+rviQkKpEwCT3cGSA3lopeK/3ntWPlX7oTyKFaE4/kiP2ZQhTBNA/apIFixRBOEBdW3QjxEAmGlM0tDcBZfXiaNcsmplCr3lUL1JosjD47BCSgCB1yCKrgDNVAHGEzBM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBCxZL6</latexit>



Second	
  Deriva&ve	
  (Hessian)	
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<latexit sha1_base64="iYsxDH1cWX8ns1HV5HS/xd6/44U="></latexit>

Hessian:
@2E

@w2
2 R|W |⇥|W |

<latexit sha1_base64="DMdIZw5ePVS++0B8bNVGypE6MvU="></latexit>

Gradient:
@E

@w
2 R|W |

<latexit sha1_base64="ipg0xgpGxk+8rjFquvqkMuwC3AE="></latexit>

|W |

<latexit sha1_base64="fn4YnQd/8IavKIE5bCdziOUf974=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xyiOBDZkdBpgwO7uZ6TUhC5/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+84lrIyL1iOOY+yEdKNEXjKKVHibNSbdYcsvuHGSVeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxY6ieExZSM64G1LFQ258dP5qVNyZpUe6UfalkIyV39PpDQ0ZhwGtjOkODTL3kz8z2sn2L/2U6HiBLlii0X9RBKMyOxv0hOaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LGRdmrlC/vK6XqTRZHHk7gFM7Bgyuowh3UoA4MBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AeeSN7w==</latexit>
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Second	
  Deriva&ve	
  (Hessian)	
  

Hessian:
@2E

@w2
2 R|W |⇥|W |

<latexit sha1_base64="DMdIZw5ePVS++0B8bNVGypE6MvU="></latexit>

Gradient:
@E

@w
2 R|W |

<latexit sha1_base64="ipg0xgpGxk+8rjFquvqkMuwC3AE="></latexit>

Forming the Hessian is computationally 

infeasible: 

For ResNet50 with 24M params Hessian is 

a matrix of size 24Mx24M 

But what if we just approximate the 

Hessian? 
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Using	
  Hessian	
  Diagonal	
  

g =

<latexit sha1_base64="sS59k62MOjdlc6UHLkFBFtBqvWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6WF43S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPLqEOd9CAJjAI4Rle4c0ZOy/Ou/OxaC04+cwx/IHz+QNQiY05</latexit>

Diag(H) =

<latexit sha1_base64="3ZZAF47H6wb41P1n01pWPiIowOA=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCnoRinrosYL9gHYp2TTbhmaza5IVytI/4cWDIl79O978N6btHrT1wcDjvRlm5vmx4No4zjfKra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3DjWCdWDES+oK1/fHtzG8/MaV5JB/MJGZeSIaSB5wSY6XOHSfDcv38ul8sORVnDrxK3IyUIEOjX/zqDSKahEwaKojWXdeJjZcSZTgVbFroJZrFhI7JkHUtlSRk2kvn907xmVUGOIiULWnwXP09kZJQ60no286QmJFe9mbif143McGVl3IZJ4ZJulgUJAKbCM+exwOuGDViYgmhittbMR0RRaixERVsCO7yy6ukdVFxq5XqfbVUu8niyMMJnEIZXLiEGtShAU2gIOAZXuENPaIX9I4+Fq05lM0cwx+gzx+38Y8c</latexit>
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Forming the Hessian is computationally 

infeasible: 

For ResNet50 with 24M params Hessian is 

a matrix of size 24Mx24M 

But what if we just approximate the 

Hessian? 

Idea: Use Hessian diagonal 

  



Variance	
  Reduc&on	
  
•  For every iteration, the extra cost is one more backprop as compared to SGD 

method.  
•  How can we control the variance? 
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Variance	
  Reduc&on	
  
•  For every iteration, the extra cost is one more backprop as compared to SGD 

method.  
•  How can we control the variance? 

o  Incorporating momentum for both first and second order term: 
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<latexit sha1_base64="yWh+7HFvwsw4MyvP7a2K0aqUJU4="></latexit>
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Variance	
  Reduc&on	
  
•  For every iteration, the extra cost is one more backprop as compared to SGD 

method.  
•  How can we control the variance? 

o  Incorporating momentum for both first and second order term. 
o  Using blocks to compute the average diagonal approximation: 
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Important	
  Points	
  for	
  Results	
  
•  What hyper-parameters we modified in the experiments: 

o  Learning rate 

o  Space averaging block size 

•  What hyper-parameters we did not modify in the experiments: 

o  Learning rate schedule 

o  Weight decay 

o  Warmup schedule 

o  Dropout rate 

o  First and second order momentum coefficients, ​𝛽↓1 / ​𝛽↓2  
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Results	
  on	
  Image	
  Classifica&on	
  

Only learning rate and space averaging block size are tuned for ADAHESSIAN 
Higher is better 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
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Results	
  on	
  Machine	
  Transla&on	
  

Only learning rate and space averaging block size are tuned for ADAHESSIAN 
Higher is better 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
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Results	
  on	
  Language	
  Modeling	
  

Only learning rate and space averaging block size are tuned for ADAHESSIAN 
Lower is better 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
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Results	
  on	
  Recommenda&on	
  System	
  

Only learning rate and space averaging block size are tuned for ADAHESSIAN 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
17 

Criteo	
  Ad	
  Kaggle	
  Dataset	
   Test	
  Accuracy	
  
AdaGrad	
   79.135	
  
ADAHESSIAN	
   79.167	
  



Speed	
  Comparison	
  with	
  SGD	
  

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
18 

•  An important advantage is the not only AdaHessian achieves SOTA results but its per iteration 

cost is comparable to SGD 

•  Computing Hessian diagonal at every step results in only 2x overhead compared to SGD 

–  This computation can be delayed to reduce this overhead down to 1.2x 



Conclusions	
  
•  We propose ADAHESSIAN, a novel second order optimizer that achieves new 

SOTA on various tasks: 

o  CV: Up to 5.55% better results than Adam on ImageNet  

o  NLP: Up to 1.8 PPL better results than AdamW on PTB 

o  Recommendation System: Up to 0.032% better accuracy than Adagrad on Criteo 

•  ADAHESSIAN achieves these by:  

o  Low cost Hessian approximation, applicable to a wide range of NNs 

o  A novel exponential moving average which smooths Hessian noise across iterations  

o  A new variance reduced estimate of the Hessian diagonal 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
19 



Thank	
  you!	
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There is also a poster on AdaHessian. 

Please contact us if you have any questions: 

{zheweiy, amirgh} @ berkeley.edu 



Extra	
  

21 



Robustness	
  Study	
  
•  Robust to LR: 
 
 
 
 
 
 

Result on IWSLT14.  

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
22 



Robustness	
  Study	
  
•  Robust to LR  
•  Robust to Space Averaging Block Size: 

 
 
 
 
 
 

Result on IWSLT14. The BLEU score of AdamW is 35.60. 

Z Yao, A Gholami, S Shen, K Keutzer, MW Mahoney, ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning (arXiv:2006.00719) 
23 



Diagonal	
  Relaxa&on	
  	
  

�✓t = H�1
t gt �! �✓t = D�1

t gt, Dt = diag(Ht)

<latexit sha1_base64="3PFQYKhT+2I1SOg1RNJioV80fPU="></latexit>

•  A possible solution is to use the diagonal of the Hessian: 

•  How do we compute ​𝐷↓𝑡 ? 

o  using Hessian-Free Method and RNLA. 

24 



Is	
   ​𝐻↑−1 	
  prac&cal?	
  
For ResNet50: 
•  # Parameters is 24M. 
•  |g| = 24M ~ 100 MB 
•  |H| = 24Mx24M ~ 2.4 PB 
 
Can we: 
•  compute H? 
•  store H? 
•  compute ​𝐻↑−1 ? 
 

g =

<latexit sha1_base64="sS59k62MOjdlc6UHLkFBFtBqvWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6WF43S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPLqEOd9CAJjAI4Rle4c0ZOy/Ou/OxaC04+cwx/IHz+QNQiY05</latexit>

H =

<latexit sha1_base64="3pdw6H9+NTQ2pHwwtHPWPz3d8Xw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9CIUvfRYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5aCYJ+hEdSh5yRo2VHuo3/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mlU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2dtkwBUyIyaWUKa4vZWwEVWUGRtO0YbgLb+8SlqXFa9aqd5Xy7XbPI4CnMIZXIAHV1CDOjSgCQxCeIZXeHPGzovz7nwsWtecfOYE/sD5/AEhbo0a</latexit>
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Mixture	
  Form	
  

Instead of using fully first or second order method, the following 
formula is used: �✓t = H�k

t gt, 0  k  1

<latexit sha1_base64="Mq/N+fA2wdYrA8NJcIIJg8/o3A0=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiB40DgjAb0IQT3kGMEskIlDT6eSNOlZ7K4RwpD8hRd/xYsHRbzm5t84WQ6a+KCox3tVdNdzQyk0mua3kVpaXlldS69nNja3tneyu3tVHUSKQ4UHMlB1l2mQwocKCpRQDxUwz5VQc3s3Y7/2BEqLwL/HfghNj3V80RacYSI52TP7FiQyG7uAzEF6RUsOPsSnvUHHwZPhcGjaEh5pj06alXGyOTNvTkAXiTUjOTJD2cmO7FbAIw985JJp3bDMEJsxUyi4hEHGjjSEjPdYBxoJ9ZkHuhlPDhvQo0Rp0XagkvKRTtTfGzHztO57bjLpMezqeW8s/uc1ImxfNmPhhxGCz6cPtSNJMaDjlGhLKOAo+wlhXInkr5R3mWIckyzHIVjzJy+S6nneKuQLd4Vc8XoWR5ockENyTCxyQYqkRMqkQjh5Jq/knXwYL8ab8Wl8TUdTxmxnn/yBMfoBulWe6w==</latexit>
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Mixture	
  Form	
  

Instead of using fully first or second order method, the following 
formula is used: 
 

•  For convex problem, since                            ,               is a descent 

direction.  

�✓t = H�k
t gt, 0  k  1

<latexit sha1_base64="Mq/N+fA2wdYrA8NJcIIJg8/o3A0=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiB40DgjAb0IQT3kGMEskIlDT6eSNOlZ7K4RwpD8hRd/xYsHRbzm5t84WQ6a+KCox3tVdNdzQyk0mua3kVpaXlldS69nNja3tneyu3tVHUSKQ4UHMlB1l2mQwocKCpRQDxUwz5VQc3s3Y7/2BEqLwL/HfghNj3V80RacYSI52TP7FiQyG7uAzEF6RUsOPsSnvUHHwZPhcGjaEh5pj06alXGyOTNvTkAXiTUjOTJD2cmO7FbAIw985JJp3bDMEJsxUyi4hEHGjjSEjPdYBxoJ9ZkHuhlPDhvQo0Rp0XagkvKRTtTfGzHztO57bjLpMezqeW8s/uc1ImxfNmPhhxGCz6cPtSNJMaDjlGhLKOAo+wlhXInkr5R3mWIckyzHIVjzJy+S6nneKuQLd4Vc8XoWR5ockENyTCxyQYqkRMqkQjh5Jq/knXwYL8ab8Wl8TUdTxmxnn/yBMfoBulWe6w==</latexit>

gTt H
�k
t gt � 0

<latexit sha1_base64="Yp02VSGqpsDCL9o7JkefEJIqMrY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmpKDLopsuK/QF7Thk0jttaOZhkhHKUDf+ihsXirj1L9z5N2baWWjrgYSTc+7l5h4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPFN5nceQEgWhU01icEJyDBkPqNEack1j4auumvW9ZWej6f6gftDuMdWyTXLVsWaAS8TOydllKPhml/9QUSTAEJFOZGyZ1uxclIiFKMcpqV+IiEmdEyG0NM0JAFIJ51tMMWnWhlgPxL6hArP1N8dKQmknASergyIGslFLxP/83qJ8q+clIVxoiCk80F+wrGKcBYHHjABVPGJJoQKpv+K6YgIQpUOLQvBXlx5mbQvKna1Ur2tlmvXeRxFdIxO0Bmy0SWqoTpqoBai6BE9o1f0ZjwZL8a78TEvLRh5zyH6A+PzB+pCleQ=</latexit>

H�k
t gt

<latexit sha1_base64="QXpLz+hrdkLsIgf6OOsSpP3b/B4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSRS0GPRS48V7Ae0MWy2m3bpZhN2J0IJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDPPj6UwaNvf1tr6xubWdmmnvLu3f3BYOTrumCjRjLdZJCPd86nhUijeRoGS92LNaehL3vUnd7nffeLaiEg94DTmbkhHSgSCUcykQdPDx/RyMht5WPYqVbtmz0FWiVOQKhRoeZWvwTBiScgVMkmN6Tt2jG5KNQom+aw8SAyPKZvQEe9nVNGQGzed3zwj55kyJEGks1JI5urviZSGxkxDP+sMKY7NspeL/3n9BIMbNxUqTpArtlgUJJJgRPIAyFBozlBOM0KZFtmthI2ppgyzmPIQnOWXV0nnqubUa/X7erVxW8RRglM4gwtw4Boa0IQWtIFBDM/wCm9WYr1Y79bHonXNKmZO4A+szx9mtJFG</latexit>
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Mixture	
  Form	
  

Instead of using fully first or second order method, the following 
formula is used: 
 

•  For convex problem, since                            ,               is a descent 

direction.  

•  For simple problems, computing           is not a problem and it can 

be done by an eigen-decomposition.  

�✓t = H�k
t gt, 0  k  1

<latexit sha1_base64="Mq/N+fA2wdYrA8NJcIIJg8/o3A0=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiB40DgjAb0IQT3kGMEskIlDT6eSNOlZ7K4RwpD8hRd/xYsHRbzm5t84WQ6a+KCox3tVdNdzQyk0mua3kVpaXlldS69nNja3tneyu3tVHUSKQ4UHMlB1l2mQwocKCpRQDxUwz5VQc3s3Y7/2BEqLwL/HfghNj3V80RacYSI52TP7FiQyG7uAzEF6RUsOPsSnvUHHwZPhcGjaEh5pj06alXGyOTNvTkAXiTUjOTJD2cmO7FbAIw985JJp3bDMEJsxUyi4hEHGjjSEjPdYBxoJ9ZkHuhlPDhvQo0Rp0XagkvKRTtTfGzHztO57bjLpMezqeW8s/uc1ImxfNmPhhxGCz6cPtSNJMaDjlGhLKOAo+wlhXInkr5R3mWIckyzHIVjzJy+S6nneKuQLd4Vc8XoWR5ockENyTCxyQYqkRMqkQjh5Jq/knXwYL8ab8Wl8TUdTxmxnn/yBMfoBulWe6w==</latexit>

gTt H
�k
t gt � 0

<latexit sha1_base64="Yp02VSGqpsDCL9o7JkefEJIqMrY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmpKDLopsuK/QF7Thk0jttaOZhkhHKUDf+ihsXirj1L9z5N2baWWjrgYSTc+7l5h4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPFN5nceQEgWhU01icEJyDBkPqNEack1j4auumvW9ZWej6f6gftDuMdWyTXLVsWaAS8TOydllKPhml/9QUSTAEJFOZGyZ1uxclIiFKMcpqV+IiEmdEyG0NM0JAFIJ51tMMWnWhlgPxL6hArP1N8dKQmknASergyIGslFLxP/83qJ8q+clIVxoiCk80F+wrGKcBYHHjABVPGJJoQKpv+K6YgIQpUOLQvBXlx5mbQvKna1Ur2tlmvXeRxFdIxO0Bmy0SWqoTpqoBai6BE9o1f0ZjwZL8a78TEvLRh5zyH6A+PzB+pCleQ=</latexit>

H�k
t gt

<latexit sha1_base64="QXpLz+hrdkLsIgf6OOsSpP3b/B4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSRS0GPRS48V7Ae0MWy2m3bpZhN2J0IJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDPPj6UwaNvf1tr6xubWdmmnvLu3f3BYOTrumCjRjLdZJCPd86nhUijeRoGS92LNaehL3vUnd7nffeLaiEg94DTmbkhHSgSCUcykQdPDx/RyMht5WPYqVbtmz0FWiVOQKhRoeZWvwTBiScgVMkmN6Tt2jG5KNQom+aw8SAyPKZvQEe9nVNGQGzed3zwj55kyJEGks1JI5urviZSGxkxDP+sMKY7NspeL/3n9BIMbNxUqTpArtlgUJJJgRPIAyFBozlBOM0KZFtmthI2ppgyzmPIQnOWXV0nnqubUa/X7erVxW8RRglM4gwtw4Boa0IQWtIFBDM/wCm9WYr1Y79bHonXNKmZO4A+szx9mtJFG</latexit>

H�k
t

<latexit sha1_base64="zL/KPA6tEX2f3a6zBk6hYPTIT0o=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgxbIrBT0WvfRYwX5Iu5Zsmm1Dk+ySzApl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38zhPThkfqHqYx8yUZKR5ySsBKD40BPKYXk1lpUK64VXcOvEq8nFRQjuag/NUfRjSRTAEVxJie58bgp0QDp4LNSv3EsJjQCRmxnqWKSGb8dH7wDJ9ZZYjDSNtSgOfq74mUSGOmMrCdksDYLHuZ+J/XSyC89lOu4gSYootFYSIwRDj7Hg+5ZhTE1BJCNbe3YjommlCwGWUheMsvr5L2ZdWrVWt3tUr9Jo+jiE7QKTpHHrpCddRATdRCFEn0jF7Rm6OdF+fd+Vi0Fpx85hj9gfP5AxBKj+4=</latexit>

28 



Mixture	
  Form	
  

Instead of using fully first or second order method, the following 
formula is used: 
 

•  For convex problem, since                            ,               is a descent 

direction.  

•  For simple problems, computing           is not a problem and it can 

be done by an eigen-decomposition.  

•  However, for large scale machine learning problems (e.g. DNNs), 

forming/storing Hessian are impractical. 

�✓t = H�k
t gt, 0  k  1

<latexit sha1_base64="Mq/N+fA2wdYrA8NJcIIJg8/o3A0=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiB40DgjAb0IQT3kGMEskIlDT6eSNOlZ7K4RwpD8hRd/xYsHRbzm5t84WQ6a+KCox3tVdNdzQyk0mua3kVpaXlldS69nNja3tneyu3tVHUSKQ4UHMlB1l2mQwocKCpRQDxUwz5VQc3s3Y7/2BEqLwL/HfghNj3V80RacYSI52TP7FiQyG7uAzEF6RUsOPsSnvUHHwZPhcGjaEh5pj06alXGyOTNvTkAXiTUjOTJD2cmO7FbAIw985JJp3bDMEJsxUyi4hEHGjjSEjPdYBxoJ9ZkHuhlPDhvQo0Rp0XagkvKRTtTfGzHztO57bjLpMezqeW8s/uc1ImxfNmPhhxGCz6cPtSNJMaDjlGhLKOAo+wlhXInkr5R3mWIckyzHIVjzJy+S6nneKuQLd4Vc8XoWR5ockENyTCxyQYqkRMqkQjh5Jq/knXwYL8ab8Wl8TUdTxmxnn/yBMfoBulWe6w==</latexit>

gTt H
�k
t gt � 0

<latexit sha1_base64="Yp02VSGqpsDCL9o7JkefEJIqMrY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmpKDLopsuK/QF7Thk0jttaOZhkhHKUDf+ihsXirj1L9z5N2baWWjrgYSTc+7l5h4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CWUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPFN5nceQEgWhU01icEJyDBkPqNEack1j4auumvW9ZWej6f6gftDuMdWyTXLVsWaAS8TOydllKPhml/9QUSTAEJFOZGyZ1uxclIiFKMcpqV+IiEmdEyG0NM0JAFIJ51tMMWnWhlgPxL6hArP1N8dKQmknASergyIGslFLxP/83qJ8q+clIVxoiCk80F+wrGKcBYHHjABVPGJJoQKpv+K6YgIQpUOLQvBXlx5mbQvKna1Ur2tlmvXeRxFdIxO0Bmy0SWqoTpqoBai6BE9o1f0ZjwZL8a78TEvLRh5zyH6A+PzB+pCleQ=</latexit>

H�k
t gt

<latexit sha1_base64="QXpLz+hrdkLsIgf6OOsSpP3b/B4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSRS0GPRS48V7Ae0MWy2m3bpZhN2J0IJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDPPj6UwaNvf1tr6xubWdmmnvLu3f3BYOTrumCjRjLdZJCPd86nhUijeRoGS92LNaehL3vUnd7nffeLaiEg94DTmbkhHSgSCUcykQdPDx/RyMht5WPYqVbtmz0FWiVOQKhRoeZWvwTBiScgVMkmN6Tt2jG5KNQom+aw8SAyPKZvQEe9nVNGQGzed3zwj55kyJEGks1JI5urviZSGxkxDP+sMKY7NspeL/3n9BIMbNxUqTpArtlgUJJJgRPIAyFBozlBOM0KZFtmthI2ppgyzmPIQnOWXV0nnqubUa/X7erVxW8RRglM4gwtw4Boa0IQWtIFBDM/wCm9WYr1Y79bHonXNKmZO4A+szx9mtJFG</latexit>

H�k
t

<latexit sha1_base64="zL/KPA6tEX2f3a6zBk6hYPTIT0o=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgxbIrBT0WvfRYwX5Iu5Zsmm1Dk+ySzApl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38zhPThkfqHqYx8yUZKR5ySsBKD40BPKYXk1lpUK64VXcOvEq8nFRQjuag/NUfRjSRTAEVxJie58bgp0QDp4LNSv3EsJjQCRmxnqWKSGb8dH7wDJ9ZZYjDSNtSgOfq74mUSGOmMrCdksDYLHuZ+J/XSyC89lOu4gSYootFYSIwRDj7Hg+5ZhTE1BJCNbe3YjommlCwGWUheMsvr5L2ZdWrVWt3tUr9Jo+jiE7QKTpHHrpCddRATdRCFEn0jF7Rm6OdF+fd+Vi0Fpx85hj9gfP5AxBKj+4=</latexit>
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Diagonal	
  Relaxa&on	
  	
  

A possible solution is to use the diagonal of the Hessian: 
 
 
The remaining question is how to compute       ? 
 
•  Hessian-vector product: 

•  RandNLA: 
 

 

�✓t = D�k
t gt, 0  k  1, Dt = diag(Ht)

<latexit sha1_base64="UB5CxGbt/RjPRzm9+9mHn5Jg4U0="></latexit>

Dt

<latexit sha1_base64="UygpsQ8Y4HJA3zG9RDZUPHTV8dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiHjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHm772C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVerXeRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEkSo22</latexit>

@gT v

@✓
=

@gT

@✓
v + gT

@v

@✓
=

@gT

@✓
v = Hv.

<latexit sha1_base64="xLeyU4e79q/z0XZkF7PBnCJ5M/s="></latexit>

D = diag(H) = E[z � (Hz)], z ⇠ Rademacher(0.5)

<latexit sha1_base64="GWcNXfBHHdDf8I6mpMkfswvDNck="></latexit>
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Diagonal	
  Relaxa&on	
  	
  

A possible solution is to use the diagonal of the Hessian: 
 
 
The remaining question is how to compute       ? 
 
•  Hessian-vector product: 

 
 

�✓t = D�k
t gt, 0  k  1, Dt = diag(Ht)

<latexit sha1_base64="UB5CxGbt/RjPRzm9+9mHn5Jg4U0="></latexit>

Dt

<latexit sha1_base64="UygpsQ8Y4HJA3zG9RDZUPHTV8dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiHjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHm772C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVerXeRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEkSo22</latexit>

@gT v

@✓
=

@gT

@✓
v + gT

@v

@✓
=

@gT

@✓
v = Hv.

<latexit sha1_base64="xLeyU4e79q/z0XZkF7PBnCJ5M/s="></latexit>
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Diagonal	
  Relaxa&on	
  	
  

A possible solution is to use the diagonal of the Hessian: 
 
 
The remaining question is how to compute       ? 
 
•  Hessian-vector product: 

•  Randomized numerical linear algebra (RNLA): 
 

 

�✓t = D�k
t gt, 0  k  1, Dt = diag(Ht)

<latexit sha1_base64="UB5CxGbt/RjPRzm9+9mHn5Jg4U0="></latexit>

Dt

<latexit sha1_base64="UygpsQ8Y4HJA3zG9RDZUPHTV8dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiHjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHm772C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVerXeRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEkSo22</latexit>

@gT v

@✓
=

@gT

@✓
v + gT

@v

@✓
=

@gT

@✓
v = Hv.

<latexit sha1_base64="xLeyU4e79q/z0XZkF7PBnCJ5M/s="></latexit>

D = diag(H) = E[z � (Hz)], z ⇠ Rademacher(0.5)

<latexit sha1_base64="GWcNXfBHHdDf8I6mpMkfswvDNck="></latexit>
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Illustra&on	
  of	
  diagonal	
  computa&on	
  

RandNLA: 
 

 

D = diag(H) = E[z � (Hz)], z ⇠ Rademacher(0.5)

<latexit sha1_base64="GWcNXfBHHdDf8I6mpMkfswvDNck="></latexit>
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Variance	
  Reduc&on	
  

•  Incorporating momentum for both first and second order term: 

mt =
(1� �1)

Pt
i=1 �

t�i
1 gi

1� �t
1

, vt =

s
(1� �2)

Pt
i=1 �

t�i
2 DiDi

1� �t
2

.

<latexit sha1_base64="yWh+7HFvwsw4MyvP7a2K0aqUJU4="></latexit>
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First	
  and	
  Second	
  Order	
  Methods	
  
General parameter update formula:  ✓t+1 = ✓t � ⌘t�✓t

<latexit sha1_base64="EfNqf2lEtRKauix7X+m6oW7xT0E=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIglhnpKAboagLlxXsBTqlZNLTNjRzITkjlKGP4cZXceNCEbfd+Tam7Qja+kPgy3/OITm/F0mh0ba/rMzS8srqWnY9t7G5tb2T392r6TBWHKo8lKFqeEyDFAFUUaCERqSA+Z6Euje4mdTrj6C0CIMHHEbQ8lkvEF3BGRqrnT9zsQ/I2gmeOCN6RdMr0lPqzsC9BYnsx2/nC3bRnoougpNCgaSqtPNjtxPy2IcAuWRaNx07wlbCFAouYZRzYw0R4wPWg6bBgPmgW8l0sRE9Mk6HdkNlToB06v6eSJiv9dD3TKfPsK/naxPzv1ozxu5lKxFBFCMEfPZQN5YUQzpJiXaEAo5yaIBxJcxfKe8zxTiaLHMmBGd+5UWonRedUrF0XyqUr9M4suSAHJJj4pALUiZ3pEKqhJMn8kLeyLv1bL1aH9bnrDVjpTP75I+s8Tdj659k</latexit>

�✓t = H0
t gt = gt

<latexit sha1_base64="oGLTiWKgNEPnpXrH/IcAiKOOEDU=">AAACCnicbVC7SgNBFJ31GeMramkzGgSrsCsBbYSgFikjmAdk12V2cpMMmX0wc1cIS2obf8XGQhFbv8DOv3HyKDTxwAxnzrmXO/cEiRQabfvbWlpeWV1bz23kN7e2d3YLe/sNHaeKQ53HMlatgGmQIoI6CpTQShSwMJDQDAbXY7/5AEqLOLrDYQJeyHqR6ArO0Eh+4ci9AYnMxT4g85Fe0qqP95k96k0e5vYLRbtkT0AXiTMjRTJDzS98uZ2YpyFEyCXTuu3YCXoZUyi4hFHeTTUkjA9YD9qGRiwE7WWTVUb0xCgd2o2VORHSifq7I2Oh1sMwMJUhw76e98bif147xe6Fl4koSREiPh3UTSXFmI5zoR2hgKMcGsK4EuavlPeZYhxNenkTgjO/8iJpnJWccql8Wy5WrmZx5MghOSanxCHnpEKqpEbqhJNH8kxeyZv1ZL1Y79bHtHTJmvUckD+wPn8AowuZlg==</latexit>

�✓t = H�1
t gt

<latexit sha1_base64="v56149n9SveCxueGfy70VNqPSCM=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAbBi2FGAnoRgnrIMYJZIIlDT6eSNOlZ6K4RwpCLF3/FiwdFvPoP3vwbO8tBEx8UPN6roqqeH0uh0XG+rczS8srqWnY9t7G5tb1j7+7VdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3R9cj/36AygtovAOhzG0A9YLRVdwhkby7MPWDUhkLewDMg/pJS17eJ+euqOeh56ddwrOBHSRuDOSJzNUPPur1Yl4EkCIXDKtm64TYztlCgWXMMq1Eg0x4wPWg6ahIQtAt9PJFyN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dMsHvRTkUYJwghny7qJpJiRMeR0I5QwFEODWFcCXMr5X2mGEcTXM6E4M6/vEhqZwW3WCjeFvOlq1kcWXJAjsgJcck5KZEyqZAq4eSRPJNX8mY9WS/Wu/Uxbc1Ys5l98gfW5w9fd5fb</latexit>

First Order Method Second Order Method 

How about the middle part? 
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Variance	
  Reduc&on	
  

•  Incorporating momentum for both first and second order term: 
•  Using blocks to compute the average diagonal approximation. 
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Results	
  on	
  Image	
  Classifica&on	
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Results	
  on	
  Machine	
  Transla&on	
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Results	
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  Language	
  Modeling	
  

40 



AdaHessian	
  Algorithm	
  

41 


