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Abstract

Many popular dimensionality reduction proce-
dures have out-of-sample extensions, which allow
a practitioner to apply a learned embedding to ob-
servations not seen in the initial training sample.
In this work, we consider the problem of obtain-
ing an out-of-sample extension for the adjacency
spectral embedding, a procedure for embedding
the vertices of a graph into Euclidean space. We
present two different approaches to this problem,
one based on a least-squares objective and the
other based on a maximum-likelihood formula-
tion. We show that if the graph of interest is
drawn according to a certain latent position model
called a random dot product graph, then both of
these out-of-sample extensions estimate the true
latent position of the out-of-sample vertex with
the same error rate. Further, we prove a central
limit theorem for the least-squares-based exten-
sion, showing that the estimate is asymptotically
normal about the truth in the large-graph limit.

1. Introduction

Given a graph G = (V, E) on n vertices with adjacency
matrix A € {0,1}"*™, the problem of graph embedding
is to map the vertices of GG to some d-dimensional vector
space S in such a way that geometry in S reflects the topol-
ogy of G. For example, we may ask that vertices with high
conductance in G be assigned to nearby vectors in S. This
is a special case of the problem of dimensionality reduction,
well-studied in machine learning and related disciplines
( , ). When applied to graph data,
each vertex in G is described by an n-dimensional binary
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vector, namely its corresponding column (or row) in ad-
jacency matrix A € {0,1}™*™, and we wish to associate
with each vertex v € V' a lower-dimensional representation,
say z, € §. The two most commonly-used approaches
for graph embeddings are the graph Laplacian embedding
and its variants ( s ;
) and the adjacency spectral embedding (ASE,
, ). Both of these embedding procedures produce
low-dimensional representations of the vertices in a graph
G, and the question of “which embedding is preferable?” is
dependent on the downstream task. Indeed, one can show
that neither embedding dominates the other for the purposes
of vertex classification; see, for example, Section 4.3 of
( ). In addition, the results in Section
4.3 of ( ) suggest that ASE performs
better than the Laplacian eigenmaps embedding for graphs
that exhibit a core-periphery structure. Such structures are
ubiquitous in real networks, such as those arising in social
and biological sciences ( s ; s

).

The ASE and Laplacian embedding differ in that the latter
has received far more attention, especially with respect to
questions of limit objects ( , ) and out-of-
sample extensions ( , ). The aim of this
paper is to establish theoretical foundations for the latter
of these two problems in the case of the adjacency spectral
embedding.

’

2. Background and Notation

In the standard out-of-sample (OOS) extension, we are pre-
sented with training data D = {21, 22, ..., 2, } C X, where
X is the set of possible observations. The data D give rise
to a symmetric matrix M = [K(z;, ;)] € R"*", where
K : X x X — Ry is a kernel function that measures
similarity between elements of X, so that K (y, z) is large if
y, 2 € X are similar, and is small otherwise. Suppose that
we have computed an embedding of the data D. Let us de-
note this embedding by X € R"*?, so that the embedding
of z; € D is given by the i-th row of X. Suppose that we
are given an additional observation z € X, not necessarily
included in D, and we wish to embed z under the same
scheme as was used to produce X. A naive approach would
be to discard the old embedding X, consider the augmented
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collection D = D U {z} and construct a new embedding
X e R(+1)xd However, in many applications, it is infea-
sible to compute this embedding again from scratch, either
because of computational constraints or because the similar-
ities { K (z;, z;) : 2, z; € D} may no longer be available
after X has been computed. Thus, the OOS problem is to
embed z using only the available embedding X which was
initially learned from D and the similarities { K (z;, z) }7 ;.

As an example, consider the Lapla01an eigenmaps embed-
ding ( , ). Given
a graph G = (V,E) W1th ad]acency matrix A € R"*",

the d-dimensional normalized Laplacian of G is the matrix
L = D Y2AD~'/2, where D € R™ ™ is the diagonal
degree matrix, i.e., d;; = Zj A;j is the degree of the ver-
tex 7 ( R ; s ). The d-dimensional
normalized Laplacian eigenmaps embedding of G is given
by the rows of the matrix Uy, € R™*4 whose columns are
the d orthonormal eigenvectors corresponding to the top d
eigenvalues of L, excepting the trivial eigenvalue 1. We
note that some authors (see, for example, s ) use
I — D~'/2AD~"/2 to be the normalized graph Laplacian,
but since this matrix has the same eigenspace as our L, re-
sults concerning the eigenvectors of either of these matrices
are equivalent. Suppose that a vertex v is added to graph G,
to form graph G with adjacency matrix

- A a
i [JT 0], (1)

where @ € {0,1}". A naive approach to embedding G
would be to compute the top eigenvectors of the graph Lapla-
cian of G as before. However, the OOS extension problem
requires that we only use the information available in U},
and d to compute an embedding of the new vertex v.

( ) presented out-of-sample extensions
for multidimensional scaling (MDS, , ;
, ), spectral clustering ( , ;

, ), Laplacian eigenmaps ( , )
and ISOMAP ( R ). These OOS ex-
tensions were based on a least-squares formulation of the
embedding problem, arising from the fact that the in-sample
embeddings are given by functions of the eigenvalues and

eigenfunctions. ( ) considered a dif-
ferent OOS extension for MDS. Rather than following the
approach of ( ) ( )

cast the MDS OOS extension as a simple modification of
the in-sample MDS optimization problem.

Let {(A+, v+)}7, be the eigen-pairs of the matrix M, con-
structed from some suitably-chosen similarity function, K,
defined on pairs of observations in D x D. In general, OOS
extensions for eigenvector-based embeddings can be derived
as in ( ) as the solution of a least-squares

problem

n

2
f(%ing (K(x ;) Z)\tft ;) fe(z )) )

=1

where {x;}? ; are the in-sample observations, and f;(x;) =
[v¢]; is i*" component of v. ( ) presented
a slightly different approach that incorporates regularization
in both the intrinsic geometry of the data distribution and
the geometry of the similarity function K. Their approach
applies to Laplacian eigenmaps as well as to regularized
least squares and SVM. The authors also introduced a Lapla-
cian SVM, in which a Laplacian penalty term is added to
the standard SVM objective function. ( )
showed that all of these embeddings have OOS extensions
that arise as the solution of a generalized eigenvalue prob-
lem. We refer the interested reader to ( ) for
a practical application of this OOS extension. More recent
approaches to OOS extension have avoided altogether the
need to solve a least squares or eigenvalue problem by, in-
stead, training a neural net to learn the embeddmg directly
(see, for example, s ; s ).

The only existing work to date on the ASE OOS extension

of which we are aware appears in ( ). The
authors considered the OOS extension for ASE applied to
latent position graphs (see, for example ) ),in

which each vertex is associated with an element of a vector
space and edge probabilities are given by a suitably-chosen
inner product. The authors introduced a least-squares OOS
extension for embeddings of latent position graphs and
proved a theorem, analogous to our Theorem 1, for the error
of this extension about the true latent position. Theorem 1
simplifies the proof of the result due to ( )
for the case of random dot product graphs (see Definition 1
below).

Of crucial importance in assessing OOS extensions, but
largely missing from the existing literature, is an inves-
tigation of how the OOS estimate compares with the in-
sample embedding. That is, for an out-of-sample observa-
tion z € X, how well does its OOS embedding X. e RY,
approximate the embedding that would be obtained by con-
sidering the full sample D = D U {z}? In this paper, we
address this question in the context of the adjacency spec-
tral embedding. In particular, we show in our main results,
Theorems 1 and 2, that two different approaches to the ASE
OOS extension recover the in-sample embedding at a rate
that is, in a certain sense, optimal (see the discussion at the
end of Section 4). We conjecture that analogous rate results
can be obtained for other OOS extensions such as those
presented in ( ).
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2.1. Notation

We pause briefly to establish notational conventions for this
paper. For a matrix B € R™*"2, we let 0;(B) denote
the i-th singular value of B, so that o1(B) > 02(B) >

- > 0r(B) > 0, where £ = min{ny,n2}. For positive
integer n, we let [n] = {1,2,...,n}. Throughout this
paper, n will index the number of vertices in a hollow graph
G, the observed data, and we let ¢ > 0 denote a positive
constant, not depending on n, whose value may change
from line to line. For an event F, we let £° denote its
complement. We will say that event E,,, indexed so as
to depend on n, occurs with high probability, and write
E,, wh.p., if for some constant ¢ > 0, it holds for all
suitably large n that Pr[E¢] < n~(1), In this paper, we
will show Pr[E¢] < en~? any time we wish to show that
event IY occurs with high probability. All our results involve
showing that some event E,, occurs w.h.p., and we note that
in all such cases, the Borel-Cantelli Lemma implies that
with probability 1, the event E¢ occurs for at most finitely
many n. That is, all our finite-sample results can be easily
altered to yield corresponding asymptotic results, as well.
For a function f : Z>¢ — R>( and a sequence of random
variables {Z,, }, we will write Z,, = O(f(n)) if there exists
a constant C' and a number ng such that Z,, < C f(n) for
all n > ng, and write Z, = O(f(n)) as. if the event
Z, < Cf(n) occurs a.s.a.a. For a vector z € R%, we use
the unadorned norm ||z|| to denote the Euclidean norm of x.
For a matrix M € R™*¢, we use the unadorned norm || M ||
to denote the operator norm

[IM[| = max [[Mz]|
zERL:||z||=1
and we use || - ||2— oo to denote the matrix operator norm
[Mll200 = max |[[Mzflo = max |[M; ],
z:|o][=1 i€[n]

which can be proven via the Cauchy-Schwarz inequality
( s ). This latter operator norm will be
especially useful for us, in that a bound on || M||2— o gives
a uniform bound on the rows of matrix M.

2.2. Roadmap

The remainder of this paper is structured as follows. In
Section 3, we present two OOS extensions of the ASE. In
Section 4, we prove convergence of these two OOS ex-
tensions when applied to random dot product graphs. In
Section 5, we explore the empirical performance of the two
extensions presented in Section 3, and we conclude with a
brief discussion in Section 6.

3. Out-of-sample Embedding for ASE

Given a graph G encoded by adjacency matrix A €
s , the adjacency spectral embedding pro-
0,1}™*™, the adj 1 embedding (ASE)

duces a d-dimensional embedding of the vertices of G, given
by the rows of the n-by-d matrix

X =U48Y?, (2)

where U4 € R™*4 is a matrix with orthonormal columns
given by the d eigenvectors corresponding to the top d
eigenvalues of A, which we collect in the diagonal ma-
trix S4 € R4? We note that in general, one would be
better-suited to consider the matrix [A” A]'/2, so that all
eigenvalues are guaranteed to be nonnegative, but we will
see that in the random dot product graph, the model that is
the focus of this paper, the top d eigenvalues of A are posi-
tive with high probability (see, for example, either Lemma
1in ( ) or Observation 2 in

( ), or refer to the technical report, ( , ).

The random dot product graph (RDPG,

, ) is an edge-independent random graph model
in which the graph structure arises from the geometry of a
set of latent positions, i.e., vectors associated to the vertices
of the graph. As such, the adjacency spectral embedding is
particularly well-suited to this model.

Definition 1. (Random Dot Product Graph) Let F' be a
distribution on R such that xTy € [0, 1] whenever x,y €
supp F, and let X1, Xo,..., X,, be drawn i.i.d. from F.
Collect these n random points in the rows of a matrix X €
R"™*4_ Suppose that (symmetric) adjacency matrix A €
{0, 1}*™ s distributed in such a way that

PriAlX]= [[ (xFx)%s(-Xx7x)4. 3)

1<i<j<n

When this is the case, we write (A, X) ~ RDPG(F,n). If
G is the random graph corresponding to adjacency matrix
A, we say that G is a random dot product graph with latent
positions X1, Xo, ..., X,,, where X, is the latent position
corresponding to the i-th vertex.

A number of results exist showing that the adjacency spec-
tral embedding yields consistent estimates of the latent
positions in a random dot product graph ( ,

; s ) and recovers community struc-
ture in the stochastic block model ( s ).
We note an inherent nonidentifiability in the random dot
product graph, arising from the fact that for any orthogonal
matrix W € R9*4, the latent positions X € R"*? and
XW € R give rise to the same distribution over graphs,
since XX = (XW)(XW)T =E[A | X]. Owing to this
nonidentifiability, we can only hope to recover the latent
positions in X up to some orthogonal rotation. The reader
may notice that the RDPG as defined has the limitation
that it can only capture graphs with positive semi-definite
expected value. This limitation can be overcome by extend-
ing the RDPG to the generalized RDPG (
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s ). The results stated in the present work can,
for the most part, be extended to this generalized model,
but we restrict ourselves here to the RDPG as it appears in
Definition 1 for the sake of simplicity.

Suppose that, given adjacency matrix A, we compute em-
bedding R o R
X =[X1Xy...X,]7,

where X; € R? denotes the embedding of the i-th ver-
tex. Now suppose we add a vertex v with latent position
w € R? to the original graph G, obtaining an augmented
graph G = ([n] U {v}, E U E,)), where E,, denotes the set
of edges between v and the vertices of G. One would like
to embed vertex v according to the same distribution as the
original n vertices and obtain an estimate of w. Let the
binary vector @ € {0,1}"™ encode the edges E, incident
upon vertex v, with entries a; = (@); ~ Bernoulli(X] w).
The augmented graph G then has the adjacency matrix as
in (1). As discussed earlier, the natural approach to embed-
ding vertex v is to simply re-embed the whole matrix G by
computing the ASE of A. Suppose that we wish to avoid
such a computation, for example due to resource constraints.
The problem then becomes one of embedding the new ver-
tex v based solely on the information present in X and @.
Two natural approaches to such an OOS extension suggest
themselves.

3.1. Linear Least Squares OOS Extension

A natural approach to OOS embedding, pursued by, for
example, ( ), is to embed vertex v as the
least-squares solution to Xw = @. That is, we embed the
vertex v as the vector w,g solving

— XZ.Tw)Q, %)

min (ai
weRY
i=

where a; denotes the i-th component of the binary vector @
encoding the edges between v and the original n vertices.
We will denote the solution to the least-squares optimiza-
tion in Equation (4) by wrg, and term this the linear least
squares out-of-sample (LLS OOS) embedding.

3.2. Maximum Likelihood OOS Extension

A more principled approach to OOS extension, but perhaps
more involved computationally, is to consider the following
maximum-likelihood formulation. The entries of the vector
@ are distributed independently as a; ~ Bernoulli( X} w),
where w denotes the true latent position of OOS vertex v.
Since we do not have access to the latent positions { X} ,,
we use instead their estimates {X,;}7_,. This yields the
following objective:

qrgle%XZazlogXTw—l-(l—a,)log (1—XT ) 5)

Unfortunately, this optimization problem may fail to achieve
its optimum inside the support of F'. Indeed, it may not even
have a finite solution. Thus, we will instead settle for solving
the following constrained modification of Equation (5),

maXZal log XTw + (1 — a;) log (1 ~ Xy ) ©6)
we T, i=1

where 7, = {w € R? : ¢ < XTw < 1 —¢,i € [n]}, and
e > 0 is a small constant. We note that this is based only
on the edges incident on the OOS vertex rather than on the
full data A, and uses the spectral estimates {X;}”_, rather
than the true latent positions { X; }?* ;. Despite both of these
facts, we will term the extension given by Equation (6) as the
maximum-likelihood out-of-sample (ML OOS) extension,
and we will let wyr, denote its solution.

4. Main Results

Our main results show that both the linear least-squares and
maximum-likelihood OOS extensions in Equations (4) and
(6) recover the true latent position w of v. Further, both
OOS extensions converge to w at the same asymptotic rate
(i.e., up to a constant) as we would have obtained, had we
computed the ASE of A in (1) directly. This rate is given by
Lemma 2.5 from ( ), which we state here
in a slightly adapted form. The lemma states, in essence,
that the ASE recovers the latent positions with error of order
n—1/2 log n, uniformly over the n vertices. We remind the
reader that || M ||2— o denotes the 2-to-oco operator norm,
[M]l2500 = maxy,z)=1 [| Mz -

Lemma 1 (Adapted from ( ), Lemma
2.5). Let X = [X1,Xa,..., X,]T € R"¥4 be the matrix
of latent positions of an RDPG, and let X € R4 denote
the matrix of estimated latent positions yielded by ASE as
in (2). Then with probability at least 1 — cn™2, there exists
orthogonal matrix W € R4*? such that

clogn

1€ = X W0 < SBT.

That is, it holds with high probability that for all i € [n],

clogn
X, — WTX;| < 1§2 .
In what follows, we let A € {0, 1}™*" denote the random
adjacency matrix of an RDPG G, and let X7, X5, ..., X, €
R denote its latent positions, collected in matrix X =
(X1, X2,..., X, )T € R4 That is, (A, X) ~
RDPG(F,n). Weuse X = [X1,X,,...,X,]T € R"xd
to denote the matrix whose rows are the estimated latent
positions, obtained via ASE as in (2). We let w denote the
true latent position of the OOS vertex v.
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Theorem 1. With notation as above, let wy,s denote the
least-squares estimate of w, i.e., the solution to (4). Then
there exists an orthogonal matrix W € R4*? such that

([Wirs — o] < en~ /2

log n w.h.p.

Proof. The proof of this result relies upon a classic result
for solutions of perturbed linear systems to establish that
with high probability, |[Wiirs — wis|| < en™'/2?logn,
where W € R%*¢ is the orthogonal matrix guaranteed by
Lemma 1 and wyg is the LS estimate based on the true latent
positions { X} rather than on the estimates {X;}. A basic
Hoeffding inequality to show that with high probability,
|wLs — @|| < en~'/2logn, where again W € R9*4 is
the orthogonal matrix in Lemma 1. A triangle inequality
applied to | W1bys — || combined with a union bound over
the two high-probability events just described yields the
result. A detailed version of this proof can be found in the
technical report ( , ). O]

As mentioned in Section 3, we would like to consider a
maximum-likelihood OOS extension based on the likeli-
hood f(w) = 327", a;log XFw+ (1 - a;)log(1 — X[ w).
Toward this end, we would ideally like to use the solution
to the optimization problem

U(w),
arg max ¢(w)

but to ensure a sensible solution, we instead consider

WML = arg max é(w), @)
wETe

where we remind the reader that ’72 ={w € RY : e <
XlTw <1-—¢€1i=12,...,n}. Theorem 2 shows that
w1, recovers the true latent position of the OOS vertex,
up to rotation, with error decaying at the same rate as that
obtained in Theorem 1 for the LS OOS extension.

Theorem 2. With notation as above, let Wy, be the esti-
mate defined in Equation (7), and let ¢ > 0 be such that
x,y € supp F implies ¢ < Ty < 1 — e. Denote the true
latent position of the OOS vertex v by w € supp F. Then
for all n suitably large, there exists an orthogonal matrix
W € R such that with high probability,

—1/2

IWinmL, — o] < en logn w.h.p.,

and this matrix W is the same one guaranteed by Lemma 1.

Proof. By a standard argument from convex optimization,
alongside the definition of 7, one can thow that for suitably
large n,

N
W iongr, — @ < w w.h.p.

By the triangle inequality one can then show that
|VEWTm)|| < ey/nlogn w.h.p.

A detailed proof can be found in ( , ). O

Remark 1. Given our in-sample embedding X and the vec-
tor of edge indicators @, we can think of the OOS extension
as an estimate of w, the latent position of the OOS vertex
v. Lemma 1 implies that if we took the naive approach
of applying ASE to the adjacency matrix A in (1), our es-
timate would have error of order at most O(n~/2logn).
Theorems 1 and 2 imply that the OOS estimate obtains the
same asymptotic estimation error, without recomputing the
embedding of A.

In addition to the bounds in Theorems 1 and 2, we can show
that the least-squares OOS extension satisfies a stronger
property, namely the following central limit theorem.

Theorem 3. Ler (A,X) ~ RDPG(F,n) be a d-
dimensional RDPG. Let w € supp F' and g € R? be,
respectively, the latent position and the least-squares embed-
ding from (4) of an OOS vertex v. There exists a sequence
of orthogonal d x d matrices {V,,}$2_, such that

Va(Vips — w) £ N(0,Sg),
where ¥4 € R¥? is given by
Yo =ATE [X{w(l - XTo) X1 X{] A7 ©®)
and A = EX; X{.
Proof. This theorem follows from an adaptation of Theorem

1in ( , ) A detailed proof can be found in
( ; ). O

If the OOS vertex is distributed according to F', we have the
following corollary by integrating w with respect to F'.

Corollary 1. Ler (A,X) ~ RDPG(F,n) be a d-
dimensional RDPG, and let w be distributed according to
F, independent of (A, X). Then there exists a sequence of
orthogonal d x d matrices {V,}5 such that

VAV s — @) S / N(0, 50 )dF (w),

where Y., is defined as in Equation (8) above.

We conjecture that a CLT analogous to Theorem 3 holds for
the ML OOS extension.
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Distribution of LLS OOS estimates as function of graph size
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Figure 1. Empirical distribution of the LLS OOS estimate for 100 independent trials for number of vertices n = 50 (left), n = 100
(middle) and n = 500 (right). Each plot shows the positions of 100 independent OOS embeddings, indicated by crosses, and colored
according to cluster membership. Contours indicate two generalized standard deviations of the multivariate normal (i.e., 68% and 95% of
the probability mass) about the true latent positions, which are indicated by solid circles. We note that even with merely 100 vertices, the

normal approximation is already quite reasonable.

5. Experiments

In this section, we briefly explore our results through sim-
ulations. We leave a more thorough experimental exam-
ination of our results, particularly as they apply to real-
world data, for future work. We first give a brief ex-
ploration of how quickly the asymptotic distribution in
Theorem 3 becomes a good approximation. Toward this
end, let us consider a simple mixture of point masses,
F = F» 2,25 = Nz, +(1—X\)d,,, where x1, 72 € R? and
A € (0,1). This corresponds to a two-block stochastic block
model ( , ), in which the block probability
matrix is given by

QE{.T 1 .13{.%‘2

|:.73,{.132 xng] ’
Corollary 1 implies that if all latent positions (including
the OOS vertex) are drawn according to F', then the OOS
estimate should be distributed as a mixture of normals cen-
tered at x1 and x5, with respective mixing coefficients A
and 1 — A\,

To assess how well the asymptotic distribution predicted by
Theorem 3 and Corollary 1 holds, we generate RDPGs with
latent positions drawn i.i.d. from distribution F' = F) 4, 4,
defined above, with

A=0.4, z; = (0.2,0.7)T, and 25 = (0.65,0.3)7.

For each trial, we draw n + 1 independent latent positions
from F', and generate a binary adjacency matrix from these
latent positions. We let the (n+ 1)-th vertex be the OOS ver-
tex. Retaining the subgraph induced by the first n vertices,
we obtain an estimate X € R"*2 via ASE, from which
we obtain an estimate for the OOS vertex via the LS OOS
extension as defined in (4). We remind the reader that for
each RDPG draw, we initially recover the latent positions

only up to a rotation. Thus, for each trial, we compute a
Procrustes alignment ( , ) of the
in-sample estimates X to their true latent positions. This
yields a rotation matrix R, which we apply to the OOS
estimate. Thus, the OOS estimates are sensibly compara-
ble across trials. Figure 1 shows the empirical distribution
of the OOS embeddings of 100 independent RDPG draws,
for n = 50 (left), n = 100 (center) and n = 500 (right)
in-sample vertices. Each cross is the location of the OOS
estimate for a single draw from the RDPG with latent posi-
tion distribution F', colored according to true latent position.
OOS estimates with true latent position x; are plotted as
blue crosses, while OOS estimates with true latent position
x4 are plotted as red crosses. The true latent positions x1
and x4 are plotted as solid circles, colored accordingly. The
plot includes contours for the two normals centered at x;
and x, predicted by Theorem 3 and Corollary 1, with the
ellipses indicating the isoclines corresponding to one and
two (generalized) standard deviations.

Examining Figure 1, we see that even with only 100 vertices,
the mixture of normal distributions predicted by Theorem 3
holds quite well, with the exception of a few gross outliers
from the blue cluster. With n = 500 vertices, the approx-
imation is particularly good. Indeed, the n = 500 case
appears to be slightly under-dispersed, possibly due to the
Procrustes alignment. It is natural to wonder whether a sim-
ilarly good fit is exhibited by the ML-based OOS extension.
We conjectured at the end of Section 4 that a CLT similar to
that in Theorem 3 would also hold for the ML-based OOS
extension as defined in Equation (7). Figure 2 shows the
empirical distribution of 100 independent OOS estimates,
under the same experimental setup as Figure 1, but using the
ML OOS extension rather than the linear least-squares ex-
tension. The plot supports our conjecture that the ML-based
OOS estimates are also approximately normally distributed
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Distribution of ML OOS estimates as function of graph size
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Figure 2. Empirical distribution of the ML OOS estimate for 100 independent trials for number of vertices n = 50 (left), n = 100
(middle) and n = 500 (right). Each plot shows the positions of 100 independent OOS embeddings, indicated by crosses, and colored
according to cluster membership. Contours indicate two generalized standard deviations of the multivariate normal (i.e., 68% and 95% of
the probability mass) about the true latent positions, which are indicated by solid circles. Once again, even with merely 100 vertices, the
normal approximation is already quite reasonable, supporting our conjecture that the ML OOS estimates also distributed as a mixture of

normals according to the latent position distribution F'.

about the true latent positions.

Figure 1 suggests that we may be confident in applying
the large-sample approximation suggested by Theorem 3
and Corollary 1. Applying this approximation allows us to
investigate the trade-offs between computational cost and
classification accuracy, to which we now turn our attention.
The mixture distribution F) ;, ., above suggests a task in
which, given an adjacency matrix A, we wish to classify the
vertices according to which of two clusters or communities
they belong. That is, we will view two vertices as belonging
to the same community if their latent positions are the same
( s , i.e., the latent positions specify an
SBM,). More generally, one may view the task of recover-
ing vertex block memberships in a stochastic block model
as a clustering problem. ( ) showed that
applying ASE to such a graph, followed by k-means clus-
tering of the estimated latent positions, correctly recovers
community memberships of all the vertices (i.e., correctly
assigns all vertices to their true latent positions) with high
probability.

For concreteness, let us consider a still simpler mixture
model, F' = F , ; = Adp + (1 — A)d,, where 0 < p < ¢ <
1, and draw an RDPG (A, X) ~ RDPG(F, n 4 m), taking
the first n vertices to be in-sample, with induced adjacency
matrix A € R™*™, That is, we draw the full matrix

- (A B
A=l ]

where C' € R™*™ is the adjacency matrix of the subgraph
induced by the m OOS vertices and B € R™*™ encodes the
edges between the in-sample vertices and the OOS vertices.
The latent positions p and g encode a community structure
in the graph fl, and, as alluded to above, a common task
in network statistics is to recover this community structure.

Letw™, @, ... @™ € {p,q} denote the true latent po-
sitions of the m OOS vertices, with respective least-squares
OOS estimates uA)I(JlS), zb]%), e ,wgg), each obtained from
the in-sample ASE X € R™ of A. We note that one could
devise a different OOS embedding procedure that makes use
of the subgraph C' induced by these m OOS vertices, but
we leave the development of such a method to future work.
Corollary 1 implies that each w{ts) for ¢ € [m] is marginally
(approximately) distributed as

B ~ M (p, (n+1)"202) + (1= NN (g, (n+1)""02),
where
op = A2 (Wp*(1 = p*)p* + (1 — Npa(1 — pg)g®)
a7 = A7 (Apg(1 = pg)p® + (1 = Ng*(1 - ¢*)d®) ,
and A = Ap? + (1 — \)g°.

Classifying the ¢-th OOS vertex based on ﬁ’I(fs) via likelihood
ratio thus has (approximate) probability of error

vn + 1(177L+1,p,q - p))

Op

v+ l(xn+1,p,q - Q))

Oq

Mnpg = AM1— (

+(1—/\)<I><

where ® denotes the cdf of the standard normal and z,, ;4
is the value of x solving

)\ng exp{n(x — p)g/(QUf,)}
= (1= No, " exp{n(z — ¢)/(207)},

and hence our overall error rate when classifying the m
OOS vertices will grow as mny,+1,p.q-
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As discussed previously, the OOS extension allows us to
avoid the expense of computing the ASE of the full matrix
P A B
A= {BT C} |

The LLS OOS extension is computationally inexpensive,
requiring only the computation of the matrix-vector prod-
uct S;"/?U7d, with a time complexity O(d?n) (assum-
ing one does not precompute the product Sgl/ QU,E)- The
eigenvalue computation required for embedding A is far
more expensive than the LLS OOS extension. Nonethe-
less, if one were intent on reducing the OOS classifica-
tion error 7,41,,.4, One might consider paying the com-
putational expense of embedding A to obtain estimates
W, w@ . @™ of the m OOS vertices. That is, we
obtain estimates for the m OOS vertices by making them in-
sample vertices, at the expense of solving an eigenproblem
on the (m + n)-by-(m + n) adjacency matrix. Of course,
the entire motivation of our approach is that the in-sample
matrix A may not be available. Nonetheless, a comparison
against this baseline, in which all data is used to compute
our embeddings, is instructive.

Theorem 1 in ( ) implies that the w(®
estimates based on embedding the full matrix A are (approx-
imately) marginally distributed as

B0 ~ AN (p, (n+m) ~L02) +(1= NN (g, (n+m) ~'02),

with classification error

—x
Tntmpg = A® (p n+m,p,q>
Op

+(1- A0 <x”+m’p’q - q) ,

Oq
where x4, p.q 18 the value of z solving

Aoy, texp{(m +n)(z — p)?/(207)} =
(1 =Ny exp{(m +n)(z — q)*/(207)},

and it can be checked that 7,11, q,p < Tn,q,p Whenm > 1.
Thus, at the cost of computing the ASE of A, we may obtain
a better estimate. How much does this additional compu-
tation improve classification the OOS vertices? Figure 3
explores this question.

Figure 3 compares the error rates of the in-sample and OOS
estimates as a function of m and n in the model just de-
scribed, with A = 0.4, p = 0.6 and ¢ = 0.61. The plot de-
picts the ratio of the (approximate) in-sample classification
EITOT T)(n4m),p,q O the (approximate) OOS classification er-
TOT 1)(141),p,q» @S & function of the number of OOS vertices
m, for differently-sized in-sample graphs, n = 100, 1000,
and 10000. We see that over several magnitudes of graph

Comparison of in-sample and OOS error rates
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Figure 3. Ratio of the OOS classification error to the in-sample
classification error as a function of the number of OOS vertices m,
for n = 100 vertices, n = 1000 vertices and n = 10000 vertices.
We see that for m < 100, the expensive in-sample embedding
does not improve appreciably on the OOS classification error.
However, when many hundreds or thousands of OOS vertices are
available simultaneously (i.e., m > 100), we see that the in-sample
embedding may improve upon the OOS estimate by a significant
multiplicative factor.

size, the in-sample embedding does not improve appreciably
over the OOS embedding except when multiple hundreds
of OOS vertices are available. When hundreds or thousands
of OOS vertices are available simultaneously, we see in the
right-hand side of Figure 3 that the in-sample embedding
classification error may improve upon the OOS classifica-
tion error by a large multiplicative factor. Whether or not
this improvement is worth the additional computational ex-
pense will, depend upon the available resources and desired
accuracy, but this suggests that the additional expense asso-
ciated with performing a second ASE computation is only
worthwhile in the event that hundreds or thousands of OOS
vertices are available simultaneously. This surfeit of OOS
vertices is rather divorced from the typical setting of OOS
extension problems, where one typically wishes to embed
at most a few previously unseen observations.

6. Discussion and Conclusion

We have presented a theoretical investigation of two OOS
extensions of the ASE, one based on a linear least squares es-
timate and the other based on a plug-in maximum-likelihood
estimate. We have also proven a central limit theorem for
the LLS-based extension, and simulation suggests that this
CLT is a good approximation even with just a few hundred
vertices. We conjecture that a similar CLT holds for the ML-
based OOS extension, a conjecture supported by similar
simulation data. Finally, we have given a brief illustration
of how this OOS extension and the approximation it intro-
duces might be weighed against the computational expense
of recomputing a full graph embedding by examining how
vertex classification error depends on the size of the set of
OOS vertices. We leave a more thorough exploration of this
trade-off for future work.
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