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sometimes e; is called a
ww residual.

Table 8.3 Data from
bicycle experiment,

together with fitted values

¥, raw residuals e,

8.2 - Normal Linear Model

standardized residual
deletion residuals r,
leverages 4 and Cook
distances C.

41 4175 -0750 -046 —0.44 025 0.02
4 4175 2.250 1.37 143 025 0.6

Seat Tyre Time
Setup height Dynamo pressure y 5y e r v h c
7,
1 -1 -1 -1 51 5262 -1.625 -099 —0.99 0.25 0.08
2 ~1 -1 -1 54 52.62 1375 —0.84 083 025 006
3 1 -1 -1 41 4175 —0750 —0.46 —044 025 0.02
4 1 -1 -1 43 41.75 1.250 0.76 075 025 0.05
5 ~1 1 -1 54 5575 -1750 -106 -1.07 025 0.09
6 -1 1 -1 60 55.75 4.250 2.59 372 025 056
7 1 1 -1 4 4487 -0875 -053 -052 025 0.02
8 1 1 -1 43 487 1875 -1.14 —1.16 025 0.11
9 -1 —1 1 50 49.50 0.500 0.30 029 025 o001
10 -1 -1 1 48 49.50 -1.500 -091 —091 0.25 007
11 1 -1 1 39 38.62 0.375 0.23 022 025 0.00
12 1 -1 1 39 38.62 0.375 0.23 022 025 0.00
13 -1 1 1 53 52.62 0.375 0.23 022 025 0.00
14 -1 1 51 52.62 -1.625 —099 -—0.99 025 0.08
1
1

1
15 1 1
16 1 1

we obtain B = (X"X)~'Xy. The fitted value ¥=XB = X(X'X)"' X"y = Hy is
the orthogonal projection of ¥ onto the plane spanned by the columns of X , and the
matrix representing that projection is H. Notice that ¥ is unique whether or not X7X
is invertible.

Figure 8.2 shows that the vector of residuals, e = y — 5 = (7, — H)y, and the
vector of fitted values, ¥ = Hy, are orthogonal. To see this algebraically, note that

Ye=y H(I, - H)y =y"(H-H)y =0, (8.6)

because H® = H and HH = H, that is, the projection matrix H is symmetric and
idempotent (Exercise 8.2.5). The close link between orthogonality and independence
for normally distributed vectors means that (8.6) has important consequences, as we
shall see in Section 8.3. For now, notice that (8.6) implies that

YY=0=F+00-F+D =+ +3) = e LRI )

as is clear from Figure 8.2 by Pythagoras’ theorem. That is, the overall sum of squares
of the data, )" y} = y'y, equals the sum of the residual sum of squares, SS(E) =
2 —=F;)* = e"e, and the sum of squares for the fitted model, X =77.

Such decompositions are central to analysis of variance, discussed below.

8.2.3 Likelihood quantities

Chapter 4 shows how the observed and expected information matrices play a central
role in likelihood inference, by providing approximate variances for maximum like-
M%&mTommmﬁxmmﬁmMmMﬂt
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10 - Nonlinear Regression Models
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