6P€C+Fa\ osymptotics  For
| 71

Cor\‘i’(‘oxcfed ‘|'eﬂso(‘ er\semb\cs

Benson Au

UC B@er\ey

ocXiv. 21l0. 01652

:)-om'\' work with Jorje 60\'2&-\/&V30~$

()

‘ (Voiculescu.) Ino\ePenAen‘l' \A/ijne.r matrices (-W;, )

el

are asymP+o+ica||7 free | converge in  distribution o

o  multivariate semicircle  SC (0O ; jl 1d ) :

#(I)
—
o
. | Gi) Ci) —_— . .
Nlm [ﬁTr[TJN W ]] — NZ\ TT K(nd,nk)
- oo TeNC,(m) {J,k}e‘lT
—~—
non-cCossin
2 | g 2 3
E 7
4 6
5
* For our Pur‘Poses, o \:\/iﬁne.r tensor 1S o
r‘anAom r‘eo.l symmeh‘ic tensor TA N sucl'\ ‘H\o:" :
(1) upper ‘|’r'|an3u|ar entries ore ino\cFeno\en‘l' :
(2) O‘H: ‘Aio.jonoJ entrics oare centered ,
(2')  entries with (k.....ky) 22 have variance

B 1 d e
Z‘N@ dH ~ (bil-”‘bN ) )

(3 for any m,

Sup sup E['TA‘N(k‘,...,kd)'m] = ( <« oo

NeN Kk

. Whot is +the comPlico:Hon? Too many \/er'|'ices.v

.. 2.
TeP(V) ¢:V -[N]

inJec'l‘ive

Tr\:w:'). N w(is)]

SeH'inj " d-th  order N-dimensional real 5ymme+ric

d

N
tensors TA,N = <TA,N (k, ... kd\> S éd,N c IR ,

(k,,.. k) N1’

Tan(koo o ka) = Tau (ko v ko)

. ExamF|e : ad=3
/j: LL\'_)
¢ Basic cL\jes‘l'ion " how does the randomness of
TA N behove  under rePea+ed contractions ¢
* B&ck +o +ensors: i]c Td N is 6N rconm symmeﬁ‘ic

tensor. the contracted tensor ensemble (accan

s The F&mi\y of random matrices {Td.N[LL@d_z]}

N-I
we S

+ Whot kind of rondomness ?

A cononical distribution .

I
(GOTE) — e dH

* For vectors wu .,udeIRN) detine the symme+riza+ion

Ly oo
|
u@"'@ud T dl Zu uo.m®-'-®u € éd'P,N

I o (d)
oc Sd

* For any  sequence of families of uni'l' vectors

L) et K= (KGUD) L be

el ,Je[d-l] g

‘H\e resco.led Gr‘am moCl'FiX O'F 'H‘\e. symmd‘t‘izoﬂ'ioﬂsi

( ’
KN) N L I G Gi.d) GO G d)
(I,I)‘ WUy © -0 WUy , Uy Q-0 WUy :

d(d-1I)

e Whot s the  solution? Unit vec+ors.v

- Naive bound: O<N2> / True bound: O(N—w

For p < d and vectors v, ... v, € IRN)

we degine ‘H\e, Con“‘Pac‘l'ed ‘I'er\sof‘

Td.N[v,ep---@ v?] = 55

d'?,N
by
TA,N[V'® eV, 1k, ..., ky. 3

P

= 2 T, (ki kg, b 1) v () v (1)

, N ’
4o, ’
. ExamF|eﬁ

vd vd
1 L 4%
” ”
-1 —_ -1
/// - ///
v v

N )

* (GCCZ') Foc any sect;ence of unit vectors u eSS

GOTE

A
the emFirical sPec‘l'ral distribution of W = %—B‘N[u“]

converges weakly a.S. to the semicircle  distribution

Wi'l'h 0'1: L
6

* In jeneral) W, is not a \A/ijne.r motrix .

Talud( k) = 20T, (L k Ou@

* Proo]c relies on 6+ein s method and ad=3

(

c(AGV2D) () = (T Ll e el

el

o~ SC(O) KN>  for any finite subset T <1,
exFonerﬁ' rote M, moment threshold m, , o.nd error

E>Q0 there is o  constant C=C(d,#(lo),M,mo,6)

)

W\émo

ot PLmax | STelag ]

L, o lm € Lo

-2 T ® G se] « S

TeNC,(m) ¢, ke N

M

inner/ourl'er

T

2. 2.

TeP(V) ¢:V -[N]

A

\
J
d-2A
— L N Gy Gooel)
L L | ‘ Cueouy ™)
J-!

-
-

st injective
m =Tr|vinneru Tr|vou+er J
ccs,,
(2')  enTries with (k,....ky) 23 have varionce

(6. 00 )
by, ..by, )

N=-I

o=l on Aio.jonoJ -1 = oCl)
: : W (2) ) (2) Nt
. Exo.m|>|e. TZ,N \I\/ljr\e.r) VO, VY W, We eSS
T ) 2)
2 N[VN ® Vy d A
- - N(o . K)
N N[W;|)®W;Z)
K l <V':|)®V':z)) V,:|)®V;Z)> <V;|)®V;z)) W‘:|)®W;Z)>
= lim
N = oo <wm®w(z) V(l)QV(z)> <w(|)®w(z) wm@w(z)>
N N ) N N N N ) N N
| A
wWo-ou, = d!oéuo-m‘gm@uc-cd) € d,N

d

&‘ what obout hijher order d >4 7

Toalwd (k) = 20T, (ko @)

T, oLus?1( k) = ZZZ Ton(G kL ) u () u (L)

Q2. . universo.li+>/ for jcnera| distributions 7

' ) () (d-2) ®d-2
° Q3 i Scneral Con“'rac+|ons W ® - Q W ;ﬁ W 7

&L'* Join+ behavior of {Td,N[ uf\‘" ® - ® u;d-l)] } 7

G

N-1
u.eS

N

..........................................

-0.2 -0.1 0.0 0.1 0.2

e« A  uniform block Fermu+a+ion of [n] s o Par+i+ion
T € PC[”]LU [n]R> such thot each block B e

hos the some number of left and riah‘i' elements |

lk

3. 3a

I Ik et T Ie e 1 s [ la I ST [ e | PR ¢ 1l . ./ N I \ | 1k
2, . * 2, 2, . « 2, L, |e——e | 2, 2, ,,/, 2. 2, ,\. 2. 2, \- 2. 2, / 2, 2. » 2, 2,9 \ 2.
3. 3, 3, e 34 e 3. 3. ° 3. 3.0 3. 3. | 3. 3, o3 3. . ° 3 3. ¢ e 3,

[ I -\ N I, e g I N I \ N I N
3, e 3, 3, e 3, 3, . 3, 3, 3, 3, 3. 3, ° 3,

(UBP(3) . <)




