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• Basic question : how does the randomness of T
d. N

behave under repeated contractions ?



• For Td ,NE Sd ,N , p
< d

,
and vectors V
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. . .
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"
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Vp I c- Sd - p ,N

by
Td ,N[ V ,

- - -

Vp ICK , , . . . . Kd -
p
)

= [ Td ,N( Ki , . . . . Kd -
p ,
l

, , . . . . lp)v,(l , ) - - - vp( lp )
l
, , . . . . lp



• Example : d=2

Td ,N[ V ,
- - - VPICK , , . . . . Kd -

p
)

= [ Td ,N( Ki , . . . . kd-p.li , . . . . lp)v,(l , ) - - - Vp( lp )
l
, , . . . . lp



• Example : d=3

Td ,N[ V ,
- - - VPICK , , . . . . Kd -

p
)

= [ Td ,N( Ki , . . . . Kd -
p ,
l

, , . . . . lp)v,(l , ) - - - vp( lp )
l
, , . . . . lp



T
d.N[ Y - - -

Vp ICK , , . . . . Kd -
p
)

= IT
d. N
( Ki

, . . _ , Kd -
p ,
l

, , . . . . lp ) V ,(l , ) - - - vp( lp )
l
, , . . . . lp

Some observations :

• Td ,µE Sd ,N implies Td ,N[ V1 - - -

Vp I c- Sd - p ,N

• The order of the contracting vectors is immaterial

• The choice of contracted coordinates is also immaterial
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• For our purposes , a Wigner matrix is a random

Treal symmetric matrix
2. µ

such that :

(1) the upper triangular entries are independent ;

(2) the off - diagonal entries are centered

1
.

with variance
z ,

(3) for
any m

,

sup sup
E- [ II. NCK ,

e)
"

I = Cm < A

NEN k≤ l
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WI =
'
T• (Wigner ) The empirical spectral distribution of
2. N

converges weakly almost surely to the semicircle distribution :

u(WI ) = - ¥ ( 2- ✗2)
"

dx[ Elton )
KEEN ]
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• ( Voiculescu ) Independent Wigner matrices (WI /
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• ( GCC 21 ) For
any sequence

of unit vectors lines
" "

J

GOTE

↓
'
Tthe empirical spectral distribution of WI =
3.N[ UNI

converges weakly almost surely to the semicircle distribution

with 02=1
6

• In general , WI is not a Wigner matrix :

T
3.N[ UNICJ .

K ) = IT
3.N( j . K ,

l )uµ(l )
l

• Proof relies on Stein 's method and d =3



• In general , WI is not

a Wigner matrix :
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• Question 1 : what about higher order d > 4 ?

I. N[ UNICJ .
K ) = I

,
T

e
3.N( j . K ,

l )uµ(l )

1-
2

4.N[ un Ilj . K ) = I T4.NCj.k.li.la )uµ(l , / unflal
l 1,12

• Question 2 : universality for general tensor distributions ?
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• Question 4 : joint behavior of { IT d-21 } ?
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• For vectors u
, ,

. . .

> Uae IÑ, define the symmetrization

U
,

- - - - - ud
=

"

[ Uoc , ,
- - -

Lloyd, C- &
d ! d- p ,

N '

OE Sd

• For any sequence
of families of unit vectors

{ ui"" }ie±,je[a.⇒ ,
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"

= (K'
"

( i. i
'
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i. i' c- I

rescaled Gram matrix of the symmetrization :

( N )

✗ ( i
,
i
'

) =
I ii. d) ii. 1) ii. d) > .

d(d- 1) { Uki
'
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- - - - - UN , UN - - - - - un



• ( AGVZI ) Let T be a Wigner tensor and define
d. N
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-1T

' i. ' '

. . . uij 'd
-" 1) .

Then ( ITN
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i. ±
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( N )
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'
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• What about a single matrix WI
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i. ± µ
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for
any
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exponent rate M
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- [ IT knfij.in) > e) <

m≤ MO
N

TIE Nczcm) {j , K} c- IT NM
i
, ,

. . . > im C- Io



I
TT

' i. 1)
. . .

ii. d- 2) 1)• (WI
" '

)ie± = ( rn d.N[ UN UN
i c- I

1 ( i. 1) ( i. d) ( i. 1) ( i. d) ])Ñ( i
,
i
"

) =
d(d. , , { UN - - - - - UN , UN - - - - - UN

• (WI"1ie±≈SC( 8. Kµ) :



I
TT

' i. 1)
. . .

ii. d- 2) 1)• (WI
" '

)ie± = ( rn d.N[ UN UN
i c- I

1 ( i. 1) ( i. d) ( i. 1) ( i. d) ])Ñ( i
,
i
"

) =
d(d. , , { UN - - - - - UN , UN - - - - - UN

• (WI"1ie±≈SC( 8. Kµ) :



• Is this coverered by some result for dependent

random matrices ? Thankfully ,
no

.
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e) c- I
≥

) )
unnormalized

• ( HKW / 6) Approximate uncorrelation ( decay of
"

correlations)
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