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Online Prediction I

» Repeated game:

Decision method plays a; € A
World reveals ¢; € L

n
> Cumulative loss: L, = " ti(a).
t=1
» Aim to minimize regret, that is, perform well compared to
the best (in retrospect) from some class:

n n
regret =Y " ¢y(ar) — min > ta).
= —1
11“,_/ \_tv_z

L, L3

» Data can be adversarially chosen.



Online Prediction I

Minimax regret is the value of the game:

n
minmax - - mlnmax ¢t(at) — min /i(a) | .
i (et min3- o)

1



Online Prediction: Motivations.

. Adversarial model is often appropriate, e.g., in

» Computer security.

» Computational finance.

. Adversarial model assumes little:

It is often straightforward to convert a strategy for an
adversarial environment to a method for a probabilistic
environment.

. Studying the adversarial model can reveal the deterministic
core of a statistical problem: there are strong similarities
between the performance guarantees in the two cases.
. There are significant overlaps in the design of methods for
the two problems:

» Regularization plays a central role.

» Many online prediction strategies have a natural
interpretation as a Bayesian method.



Computer Security: Spam Detection I




Computer Security: Spam Email Detection'

Here, the action a; might be a classification rule, and ¢; is
the indicator for a particular email being incorrectly
classified (e.g., spam allowed through).

The sender can determine if an email is delivered (or
detected as spam), and try to modify it.

» An adversarial model allows an arbitrary sequence.

We cannot hope for good classification accuracy in an
absolute sense; regret is relative to a comparison class.

Minimizing regret ensures that the spam detection
accuracy is close to the best performance in retrospect on
the particular email sequence.



Computer Security: Spam Email Detection'

» Suppose we consider features of email messages from
some set X (e.g., information about the header, about
words in the message, about attachments).

» The decision method’s action a; is a mapping from X to
[0, 1] (think of the value as an estimated probability that the
message is spam).

» At each round, the adversary chooses a feature vector
Xt € X and a label y; € {0, 1}, and the loss is defined as

t(ar) = (i — al(xr))?.
» The regret is then the excess squared error, over the best
achievable on the data sequence:

n

> ti(@r)—min > t(a) = Z(}’t—at(xt))z—fagig > (—a(x))?.
t=1 t=1 t=1

t=1



Computational Finance: Portfolio OptimizationI




Computational Finance: Portfolio Optimization

» Aim to choose a portfolio (distribution over financial
instruments) to maximize utility.

» Other market players can profit from making our decisions
bad ones. For example, if our trades have a market impact,
someone can front-run (trade ahead of us).

» Here, the action a; is a distribution on instruments, and ¢;
might be the negative logarithm of the portfolio’s increase,
a; - ry, where r; is the vector of relative price increases.

» We might compare our performance to the best stock
(distribution is a delta function), or a set of indices
(distribution corresponds to Dow Jones Industrial Average,
etc), or the set of all distributions.



Computational Finance: Portfolio Optimization I

» The decision method'’s action ay is a distribution on the m
instruments, a;: € A" ={ac[0,1]":>;a =1}

» At each round, the adversary chooses a vector of returns
ry € R'; the ith component is the ratio of the price of
instrument j at time f to its price at the previous time, and
the loss is defined as

li(at) = —log(at- r).

» The regret is then the log of the ratio of the maximum value
the portfolio would have at the end (for the best mixture
choice) to the final portfolio value:

n n n n
gét(ar)—ggggﬁr(a) = rggg log(a~rt)—§ log(a-rt)-



Online Prediction: Motivations.

2. Online algorithms are also effective in probabilistic settings.

» Easy to convert an online algorithm to a batch algorithm.

» Easy to show that good online performance implies good
i.i.d. performance, for example.



Online Prediction: Motivations.

3. Understanding statistical prediction methods.
» Many statistical methods, based on probabilistic
assumptions, can be effective in an adversarial setting.
» Analyzing their performance in adversarial settings
provides perspective on their robustness.
» We would like violations of the probabilistic assumptions to
have a limited impact.



Key Points

» Online Prediction:
» repeated game.
» aim to minimize regret.
» Data can be adversarially chosen.
» Motivations:
» Often appropriate (security, finance).
» Algorithms also effective in probabilistic settings.
» Can provide insight into statistical prediction methods.



» A finite comparison class: A = {1,..., m}.
» An easy start.

» Online, adversarial versus batch, probabilistic.
» Similar bounds.

» Optimal regret: dual game.

» Rademacher averages for probabilistic.
» Sequential Rademacher averages for adversarial.

» Online convex optimization.
» Regularization methods.



» A finite comparison class: A= {1,...,m}.

» Online, adversarial versus batch, probabilistic.
» Optimal regret.

» Online convex optimization.



Mo DD~

Finite Comparison Class I

“Prediction with expert advice.”
With perfect predictions: log m regret.

Exponential weights strategy: 1/ nlog m regret.
Refinements and extensions:

Exponential weights and L* = 0

n unknown

L* unknown

Convex (versus linear) losses

» Bayesian interpretation

Probabilistic prediction with a finite class.

vV vy vVvYy



Prediction with Expert Advice'

Suppose we are predicting whether it will rain tomorrow. We
have access to a set of m experts, who each make a forecast of
0 or 1. Can we ensure that we predict almost as well as the
best expert?

Here, A ={1,..., m}. There are m experts, and each has a
forecast sequence f/, f3, ... from {0,1}. At round t, the
adversary chooses an outcome y; € {0, 1}, and sets

=102 = { § gt

0 otherwise.



Online Prediction I

Minimax regret is the value of the game:

n
minmax - - mlnmax li(at) m|n li(a) | .
ay 44 (Z t t 21: t( )>

n
Ln=> tla), Ly=min} _¢(a).
t=1



Prediction with Expert Advice'

An easier game: suppose that the adversary is constrained to
choose the sequence y; so that some expert incurs no loss
(Ly = 0), that is, there is an i* € {1,..., m} such that for all £,
Y= ftl*

How should we predict?



Prediction with Expert Advice: Halving I

» Define the set of experts who have been correct so far:
Cr={i:t1(i) =+ =L1(/)=0}.

» Choose a; any element of
{i . fi = majority ({f{ je c,})} .

Theorem
This strategy has regret no more than log, m.



Prediction with Expert Advice: Halving I

Theorem
The halving strategy has regret no more than log, m.

Proof.
If it makes a mistake (that is, ¢;(a;) = 1), then the minority of
{fl . j € Ct} is correct, so at least half of the experts are
eliminated:

1G]

2

And otherwise |C;. 1| < |C¢| (because |C;| never increases).
Thus,

1G] <

n
Zn = Z Et(at)
t=1

< 1og, L —log, m — log, | o 1] < log, m.
‘Cn+1|




Prediction with Expert Advice I

The proof follows a pattern we shall see again:
find some measure of progress (here, |C;|) that

» changes monotonically when excess loss is incurred (here,
it halves),

» is somehow constrained (here, it cannot fall below 1,
because there is an expert who predicts perfectly).

What if there is no perfect expert?



Mo DD~

Finite Comparison Class I

“Prediction with expert advice.”
With perfect predictions: log m regret.

Exponential weights strategy: 1/ nlog m regret.
Refinements and extensions:

Exponential weights and L* = 0

n unknown

L* unknown

Convex (versus linear) losses

» Bayesian interpretation

Probabilistic prediction with a finite class.

vV vy vVvYy



Prediction with Expert Advice: Mixed Strategies'

» We have m experts.
» Allow a mixed strategy, that is, a; chosen from the simplex
AM—the set of distributions on {1,..., m},

m
A™ = {ae [0,1]”7:Za’:1}.
i=1
» We can think of the strategy as choosing an element of
{1,..., m} randomly, according to a distribution a;. Or we
can think of it as playing an element a; of A™, and
incurring the expected loss,

m
t(ar) =) aiti(en),
i=1

where /;(e;) € [0, 1] is the loss incurred by expert .
(e; denotes the vector with a single 1 in the ith coordinate,
and the rest zeros.)



Prediction with Expert Advice: Exponential Weights'

» Maintain a set of (unnormalized) weights over experts:
wi =1,
Wiy = wiexp(—nli(er)).
» Here, n > 0 is a parameter of the algorithm.
» Choose a; as the normalized vector,

1

a = ——
S w

Wt.



Prediction with Expert Advice: Exponential Weights'

Theorem
The exponential weights strategy with parameter

has regret satisfying




Exponential Weights: Proof Idea'

We use a measure of progress:

1. W, grows at least as

exp (—n miin i Et(e;)> .
t=1

2. W, grows no faster than

exp (—n > ét(at)> :
=1



Exponential Weights: Proof 1 I

W, i
n+ 2 : j

> In

=In (é exp (-nza(e,)» —Inm
(

max exp (—nZ&(ei)>> —Inm
r
= —nmin (Z Et(e,-)> —Inm
t

= —nL;, —Inm.



Exponential Weights: Proof 2 I

in Vet _ <2711 eXp(—nft(ei))Wti>
Wi > Wi
_nziér(ef)w{
2w
2

o -
= —nl(ar) + g

2
n
< ax
= —|-8

where we have used Hoeffding’s inequality:
for a random variable X € [a,b] and \ € R,

M\2(b — a)?

In (EeAX) <AEX + S



Aside: Proof of Hoeffding’s inequality'

A() = log (Ee™) = log ( / e dP(x)> ,

where X ~ P. Then A is the log normalization of the
exponential family random variable X, with reference measure
P and sulfficient statistic x. Since P has bounded support,
A(X) < oo for all A, and we know that

A'(N) = E(X)),
A'(X\) = Var(X,).

Define

Since P has support in [a, b], Var(Xy) < (b — a)?/4. Then a
Taylor expansion about A = 0 (where X, has the same
distribution as X) gives

2

A(\) < AEX + %(b —a)2.



Exponential Weights: Proof'

W,
—nL’,‘,—Inmglnﬁg—nL,ﬁ-—.

Thus,
Inm nn

L, — Ly < —+ .
n
Choosing the optimal 7 gives the result:

Theorem
The exponential weights strategy with parameter

n = \/8Inm/n has regret no more than /'3™.



Key Points

For a finite set of actions (experts):

» If one action is perfect (i.e., has zero loss), the halving
algorithm gives per round regret of

Inm

n

» Exponential weights gives per round regret of

of 7).



Prediction with Expert Advice: Refinements I

. Does exponential weights strategy give the faster rate if
L* =07

. Do we need to know nto set n?



Prediction with Expert Advice: Refinements I

1. Does exponential weights strategy give the faster rate if
L* =07
Replace Hoeffding:

2
InEe™ < AEX + %,

with:
InEe*X < (e* — 1)EX.

(for X € [0, 1]: linear upper bound on e*X).



Exponential Weights: Proof 2 I

Wi Sy exp(—nti(en)w
In Vt‘f:ln( ! Zi:/ft ’)
< (6777 — 1) Et(at).

Thus |

T n * nm

gL g

For example, if L;, = 0 and 7 is large, we obtain a regret bound
of roughly In m again. And 7 large is like the halving algorithm

(it puts equal weight on all experts that have zero loss so far).




Prediction with Expert Advice: Refinements I

2. Do we need to know n to set ?

» We used the optimal setting n» = 1/81n m/n. But can this
regret bound be achieved uniformly across time?

» Yes; using a time-varying n; = \/8Inm/t gives the same
rate (worse constants).

» It is also possible to set n as a function of L}, the best
cumulative loss so far, to give the improved bound for small
losses uniformly across time (worse constants).



Prediction with Expert Advice: Refinements I

3. We could work with arbitrary convex losses on A™:
We defined loss as linear in a:

= Z a(e)

We could replace this with any bounded convex function on
A™. The only change in the proof is an equality becomes an
inequality:
Z, > t(e)wi
< —nli(ar).
ZI Wt



Prediction with Expert Advice: Refinements I

But note that the exponential weights strategy only competes
with the corners of the simplex:

Theorem
For convex functions ¢; : A™ — [0, 1], the exponential weights

strategy, withn = /81Inm/n, satisfies

ninm

n n
- i
;Et(at) < milntz_;ﬂt(e )+




Bayesian Interpretation I

We can interpret the exponential weights strategy as
Bayesian prediction:
1. Exponential weights is equivalent to a Bayesian update
with outcome vector y and model

p(ylj) = h(y) exp(—ny’).

2. An easy regret bound for Bayesian prediction shows that
its regret, wrt this scaled log loss:

1
EBayes(pa y)= _H log EJNp eXIO(—WJ),

is no more than (1/n) log m.

3. This convex loss matches the linear loss at the corners of
the simplex, and (from Hoeffding) differs from the linear
loss by no more than /8.

4. This implies the earlier regret bound for exponential
weights.



Bayesian Update'

parameter space: ©
outcome space: Y
Assume joint: p(8,y) = = () p(y|0)
N~ SN~
prior likelihood

predictive distribution: pr1(y) = p(¥Iy1,---, V)

— [ p10)plolys. .3 o
—_—
Pr+1(9)
update p; on ©: py(0) = 7(0)
__ Pi(0)p(y110)
J pe(0")p(yil0)de’

pr+1(0)

n
cumulative log loss: — > " log pr(y1).
t=1



Bayesian Interpretation I

Suppose that the likelihood is

p(ylj) = h(y) exp(—ny;),
forj=1,...,mand y € R™. Then the Bayes update is:
. 1 . -
Pr1(j) = 2Pt(]) exp(—ny;),
(where Z is normalization).

If y/ is the loss of expert j, this is the exponential weights
algorithm.



Performance of Bayesian Prediction I

For the log loss, Bayesian prediction competes with any 6,
provided that the prior probability of performance better than 6
is not too small.

Theorem
For any =, any sequence y1,...,yn, and any 6 € ©,

Ln < Ln(8) —In (7({0' : La(0') < Ln(6)})) -



Performance of Bayesian Prediction: Proof'

First,

P1(¥1) -+ Pn(yn) = p(y1)p(yaly1) - - - P(Ynl¥1; -5 Y1)

exp(—Ln)

—p}/h---a}/n)

/ p(y110) - - p(ynl6) dr(6).
exp(—Ln(6))

hence
exp(~Ly) > /S exp(—La(0)) ()
> exp(—Ln(f0)) /S dr(0)

where S = {0 € © : L(0) < Ln(6p)}. Thus
L, < Ln(60) — In(x(S)).



Performance of Bayesian Prediction I

For the log loss, Bayesian prediction competes with any 0,
provided that the prior probability of performance better than ¢
is not too small.

Theorem
For any =, any sequence y1,...,yn, and any § € ©,

Lo < Ln(8) —In (7({0' : La(8') < Ln(8)})) -

So if 7(/) = 1/m, the exponential weights strategy’s log loss is
within log(m) of optimal.
But what is the log loss here?



Bayesian Interpretation I

For a posterior p; on {1, ..., m}, the predicted probability is

Pe(y) = EypP(yY|J) = c(¥)Eymp, Xp(—1y"),

So setting the loss as the negative log of the predicted
probability is equivalent to defining the loss of a posterior p;
with outcome y; as nlpayes With

1
CBayes(Pt: V) = _E log (EJNp, eXp(-Wﬂ))

(ignoring additive constants).
Compare to the linear loss,

0(pt, 1) = Egp i -
These are equal at the corners of the simplex:

EBayes(éj y)= 5(5/'7}/) = yj~



Bayesian Interpretation I

The theorem shows that, with this loss and any prior,

[ ; - log 7(j
LBayes,n < mjln (E(e/a}/t) _ g;'r(j)) ‘

But this is not the linear loss:
1
{oayes(P1. 1) =~ 109 (Eyvp, exp( 1)

versus Upt; yt) = EJNp,YtJ-

They coincide at the corners, p; = €/, and {Bayes 1S CONVEX.
What is the gap in Jensen’s inequality?



Bayesian Interpretation I

1
foayes(Pr, ¥1) = — 109 (EJ~p; exp(—ny; ))

g(ph Yt) = EJNptyltj'

Hoeffding’s inequality for X € [a, b]:

2

~A(—n) = — log (Eexp(—nX)) > 7EX — “-(b - a)?,

implies

Ln < LBayesn+ < min ( (el ) — 7T1(7j))

8 j 8

logm n
g +77

8 Y

= m.in E(elvyt) +
]

as before.



Bayesian Interpretation I

We can interpret the exponential weights strategy as
Bayesian prediction:
1. Exponential weights is equivalent to a Bayesian update
with model .
p(ylj) = h(y) exp(—ny’).
2. Easy regret bound for Bayesian prediction shows that its
regret wrt the scaled log loss

1
(Bayes(P, Y) = _5 logE,p eXp(-m’J)

is no more than (1/n) log m.

3. This convex loss matches the linear loss at the corners of
the simplex, and (from Hoeffding) differs from the linear
loss by no more than /8.

4. This implies the earlier regret bound for exponential
weights.



Mo DD~

Finite Comparison Class I

“Prediction with expert advice.”
With perfect predictions: log m regret.

Exponential weights strategy: 1/ nlog m regret.
Refinements and extensions:

Exponential weights and L* = 0

n unknown

L* unknown

Convex (versus linear) losses

» Bayesian interpretation

Probabilistic prediction with a finite class.

vV vy vVvYy



Probabilistic Prediction Setting I

Let’s consider a probabilistic formulation of a prediction
problem.

» There is a sample of size ndrawn i.i.d. from an unknown
probability distribution P on X x Y:
(X17 Y1)7 B (Xn, Yn)

» Some method chooses f: X — ).
» It suffers regret

E((f(X),Y) — min E/(f(X), ).

» Here, F is a class of functions from X to V.



Probabilistic Setting: Zero Loss'
Theorem

If some f* € F has E{(f*(X), Y) = 0, then choosing

fec,= {fe F:EE(f(X),Y):O}

o (%017,

leads to regret that is




Probabilistic Setting: Zero Loss'

Proof.

Pr(E((F) > €) < Pr(3f € F : E(f) = 0, E{(f) > ¢)
< [F|(1—¢)"
< |Fle™".

Integrating the tail bound Pr(E((f)n > In |F| + x) < e~ X gives

A

E/(f) < cIn|F]|/n. O



Probabilistic Setting I
Theorem

Choosing f to minimize the empirical risk, E/(f(X), Y), leads to

regret that is
0 ( log |F |> ‘
n



Probabilistic Setting I
Proof.

By the triangle inequality and the definition of f,
Ef? — minfe,_- E/; < 2E SUPtcF ‘Eff — Eff‘

EiulE_) %Z(“Yt; f(Xt)) — PL(Y, f(X)))'

€ t=1

- Eiulp__) P’%Z (0 Ye F(X2)) — «( t/7f(X1{)))‘
€ t=1

< Eiu/p__) %Zq ((Ye, £(X2) — €YY, f(Xt/)))‘
€ t=1

1 n
SZE?EE BZﬁtf(Yt, f(Xt)|

t=1
where (X{, Y{) are independent, with same distribution as
(X,Y), and ¢; are independent Rademacher (uniform +1)
random variables.



Aside: Rademacher Averages of a Finite Class I

n
Theorem: For V C R”, EmaxveVZe,-v,- <+v2In|V| max v
ve
i=1
Proof idea: Hoeffding’s inequality.

exp ()\E max Z € v,-) < Eexp ()\ max Z e,-v,->
1 1
< Z Eexp ()\ Z 6,‘V,‘>
v i
= Z H E exp()\e;iv;)
v

< > Texp22/2)

< |V|exp ()\2 max |yv||2/2) .



Probabilistic Setting I

. 1
El; — min Etr <4Esup |- eli(X;, YY)

feF |5
<4max [ (X, Yi)zivzlog“:|
XY\l 4 n
<4 2Iog|F|.

n



Probabilistic Setting: Key PointsI

For a finite function class

> If one function has zero loss, choosing f to minimize the
empirical risk, E¢(f(X), Y), gives per round regret of

In|F]|
—

» In any case, f has per round regret of

o).

The same as the adversarial setting.



» A finite comparison class: A = {1,..., m}.
1. “Prediction with expert advice.”
2. With perfect predictions: log m regret.

3. Exponential weights strategy: 1/ nlog m regret.
4. Refinements and extensions.

5. Probabilistic prediction with a finite class.
» Online, adversarial versus batch, probabilistic.
» Optimal regret.
» Online convex optimization.



Online to Batch Conversion I

» Suppose we have an online strategy that, given
observations /1, ..., ¢;_1, produces a; = A(l1,...,4i_1).

» Can we convert this to a method that is suitable for a
probabilistic setting? That is, if the ¢; are chosen i.i.d., can
we use A’s choices a; to come up with an a € A so that

E¢1(2) — minE
/1(a) min /1 (a)

is small?
» Consider the following simple randomized method:

1. Pick T uniformly from {0,. .., n}.
2. Leta=A(l1i1,..,Ln).



Online to Batch Conversion I

Theorem
If A has a regret bound of C, 1 for sequences of length n+ 1,
then for any stationary process generating the ¢4, ..., ¢n.4, this
method satisfies
Elpi1(8) — minEl, (a) < Cni1.
acA ~—n+1

(Notice that the expectation averages also over the
randomness of the method.)



Online to Batch Conversion '

Proof.

E€n+1 ( ) E£n+1 (A(€T+1 PR 7€n))

1 n
= En+1 §€n+1(A(€t+17~--75n))
1 n
= En+1 Zﬁn—t+1(A(£1,~--,€n—t))

n+1

= n+1zgt 617"')61‘—1))

n+1
(mm > (a)+ Cn+1)

. Cn-i-1
< i
< min E/:i(a) + nt

/\




Online to Batch Conversion I

» The theorem is for the expectation over the randomness of
the method.

» For a high probability result, we could
1. Choose &= 137 | a;, provided A is convex and the ¢; are

all convex.
2. Choose
. . I log(n/?)
& = argmin (n—t s;; (s(ar) + o\ == |-

In both cases, the analysis involves concentration of
martingales.



Online to Batch Conversion.
Key Point:

» An online strategy with regret bound C, can be converted
to a batch method.
The regret per trial in the probabilistic setting is bounded
by the regret per trial in the adversarial setting.



» A finite comparison class: A= {1,...,m}.
» Online, adversarial versus batch, probabilistic.

» Optimal regret.

1. Dual game.

2. Rademacher averages and sequential Rademacher
averages.

3. Linear games.

» Online convex optimization.



Optimal Regret'

Joint work with Jake Abernethy, Alekh Agarwal, Sasha Rakhlin, Karthik Sridharan and Ambuj Tewari.
We have:

» a set of actions A,
» a set of loss functions L.
At time t,
» Player chooses an action a; from A.
» Adversary chooses /; : A — R from L.
» Player incurs loss ¢i(a;).
Regret is the value of the game:

Vh(A, L) =infsup---infsup
ai 51 an

n

(Z (i(ar) - inf Ze,@)) :
t=1

t=1



Optimal Regret: Dual Game'
Theorem

If A is compact and all ¢y are convex, continuous functions, then

n n
Vo(A, £) = supE (Zaitr&E[Et(at)]&,...,EM] - JQL;E’(‘QO :

P t=1

where the supremum is over joint distributions P over
sequences ly,...,Lnin L7,

» As we'll see, this follows from a minimax theorem.

» Dual game: adversary plays first by choosing P.

» Value of the game is the difference between minimal
conditional expected loss and minimal empirical loss.

» If P were i.i.d., this would be the difference between the
minimal expected loss and the minimal empirical loss.



Optimal Regret: Extensions'

» We could replace £" by a set of sequences of loss
functions:

b1 € Ly, lo € £2(£1), lg € [,3(51,52), oo b€ ﬁn(€1,£2, .. ,6,,_1).

That is, the constraints on the adversary’s choice ¢; could
depend on previous choices ¢4, ..., ¢ 4.

» We can ensure convexity of the ¢; by allowing mixed
strategies: replace A by the set of probability distributions
P on A and replace ¢(a) by E,.pl(a).



Dual Game: Proof Idea.

Theorem (Sion, 1957)

If A is compact and for every b € B, f(-, b) is a convex-like,’
lower semi-continuous function, and for every a € A, f(a,-) is
concave-like, then

inf f = inf f .
I sup/(@.0) = sup i /2.0

We'll define B as the set of probability distributions on £ and
f(a,b) = c+ E[{(a) + ¢(¢)], and we’ll assume that A is compact
and each ¢ € L is convex and continuous.

' Convex-like [Fan, 1953]:

Vaj,a € A, a €[0,1],3a € A, ol(ar) + (1 — a)l(az) < {(a).



Dual Game: Proof Idea.

n n
v —infsup---i i
n(A, L) =in sup - -infsup <§ ti(ar) ;QL§61(3)>
n n
—infsup---i i
in szp |gnfsgan (; t(ar) algL%&(.ﬁ)) :

because allowing mixed strategies does not help the adversary.



Dual Game: Proof Idea.

n n
Va(A, £) = infsup - inf sup (g t(ar) — ;Qil;ﬁt(a)>

61 n
n n
_infsup---infsupE | S ti(ar) — i
in szp infsup (; t(ar) ;2&%&(3))

n n
=infsup--- inf supsupinfE <; l(ar) — algLfE&(@) :

44 n—1 ln—1 Pn n

by Sion’s generalization of von Neumann’s minimax theorem.



Dual Game: Proof Idea'

Vih(A, L) =infsup--

ai 2

= infsup--

a 44

=infsup---

a 44

=infsup---

ai 44

an en

-infsup (th ar) — |nf Zﬁt )
-infsup E (Zét ar) — ;QL;Et(a)>

n Pn
n
inf su E li(ay) — inf li(a
it om0 € (Yotan -t 3o
n—1
inf supE (Z ((ar) +
"1 Pn t=1

( E[ln(an)ll1,. ... ln1] — ;2};2&(3))) .
=1

the sum and allowing the adversary a mixed strategy at

round n — 1.



Dual Game: Proof Idea.

n—1
Vh(A, L) = igfsup- -+ inf supE (Z li(ar) +

2 n—1 Pn_1 t=1
n
sup (|an£ [n(@n)ltr, ..., €n1] — ;Qi‘;&(a)»

n—1
= |£]1f3up. .- sup alnf E (Z l(ar) +

4 Pp_q @n—1 t=1
n
sup <|an E[¢n(an)ltr, ... o] — ;gi‘;ﬂt(a)» ;

applying Sion’s minimax theorem again.



Dual Game: Proof Idea'

a gy Pp_q @n=1
n
Sup (ignf E[ln(an)ltr,. .. ln1] — ;QLZEz(a)»
n t=1

n—-2
=infsup---sup |nf <EZ€t at) +

n—1
Va(A, £) = infsup- - sup inf E (Z& ar) +

a 44 Pn_2 an—2 t=1
n n
sup E ( > iQ[fE[ft(atWh---,KH] - ;2};2&(@))
Pioi \t=n—1 t=1

n n
= sup E (Z InfE [((ar)llr, - . b] = ;2}12@(@) :
=1 =1



Optimal Regret'

» Rademacher averages and sequential Rademacher
averages.

» Linear games.

» Dual game.



>

>

Prediction in Probabilistic Settings'

Lid. (X, Y), (X1, Y1), ..., (Xn, Yn) ~ Pfrom X x V.

Use data (X1, Y1),...,(Xn, Yn) to choose f, : X — A with
small risk,
R(fy) = PL(Y, fa( X)),

ideally not much larger than the minimum risk over some
comparison class F:

excess risk = R(fp) — fm,f: R(f).
S



Tools for the analysis of probabilistic problems'

For f, = argmingcg Y71 £( Yz, f( X)),

n

R(f)~ nf PL(Y. (X)) < 2sup L;an, f(X) — Pe(Y, f(X))‘ .

So supremum of empirical process, indexed by F, gives upper
bound on excess risk.



Tools for the analysis of probabilistic problems'

Typically, this supremum is concentrated about

Psup %Z (e Y1, 1(Xt)) — PL(Y, f(X)))‘

€ t=1

= IPsf,uE IP”% > (Y (X)) — (Y5, f(Xt’)))‘
€ t=1

< ESfleJ,E_) %Z et (0(Ye, F(X)) — €Y7, f(Xf)))'

t=1
n

%Ze,e( Y, £(Xt))
t=1

< 2Esup
feF

Y

where (X{, Y{) are independent, with same distribution as
(X,Y), and ¢; are independent Rademacher (uniform +1)
random variables.



Tools for the analysis of probabilistic problems'

That is, for f, = argmingg 74 ¢( Y, f(Xt)), with high
probability,

n

% > el(Ye f(X)

R(f,) — inf PL(Y, (X)) < cEsup
t=1

feF

9

where ¢; are independent Rademacher (uniform +1) random
variables.

» Rademacher averages capture complexity of
{(x,y) — Ly, f(x)): f € F}: they measure how well
functions align with a random (e, .. ., €n).

» Rademacher averages are a key tool in analysis of many
statistical methods: related to covering numbers (Dudley)
and combinatorial dimensions (Vapnik-Chervonenkis,
Pollard), for example.

» A related result applies in the online setting...



Optimal Regret and Sequential Rademacher Averages'

Theorem

n

Va(A, £) < 2supE, -- sup E.,sup > eils(a),
44 aE"Al‘ 1

where ¢4, . . ., en are independent Rademacher (uniform
+1-valued) random variables.

» Compare to the bound involving Rademacher averages in
the probabilistic setting:

excess risk < cEsup |—
feF

Zeté (Y:, f(X)) |

» In the adversarial case, the choice of ¢; is deterministic,
and can depend on ey, ..., € 1.



Sequential Rademacher Averages: Proof Idea'

n

n
Vn(A, L) = sup E <Za|,2]:4E [e(anltr, ... be1] = 52&;“”)

< supE (ZE[& e, leq] = th(é)> :
=1

t=1

where a minimizes Y, ¢:(a).



Sequential Rademacher Averages: Proof Idea'

n

n
Vin(A, £) = sup E (Z aitngE [i(a)lbr, ... lev] — ;2;;&(@)

t=1

< supE (ZE[& e, ..o bea] — Z&(@)
=1

<supEsupZ E[6:(a)|ty,. .., 0—1] — £4(a)).
P acA



Sequential Rademacher Averages: Proof Idea'

Va(A, £)<supEsupZ E[6:(a)|ly, ..., 01] — t:(a))
P aeAt1

—supEsupZ (@)1, ....4n] — t(a)),

P aeAt 1

where ¢} is a tangent sequence: conditionally independent of /;
given /¢4, ..., ¢;_1, with the same conditional distribution.



Sequential Rademacher Averages: Proof IdeaI

Vn(A, L) < supEsupZ (E[tr(@)|tq, ..., li_1] — t(a))

P aeAt 1
=supEsu ly,... 00| —li(a
Pp aefl; )‘ 1 n] 1‘( ))
< sup Esu —V¢(a
pESRY (10 )

moving the supremum inside the expectation.



Sequential Rademacher Averages: Proof Idea'

n

V(A £) < supEsup ) _ (£i(a) - £+(a))
P acA T

n—1
= supE sup (Z (¢i(a) — £1(a)) + en (Ch(a) — E,,(a))) ,

P acA \}4

for e, € {—1,1}, since ¢}, has the same conditional distribution,
given 4q,...,0nh_1, as ¢n.



Sequential Rademacher Averages: Proof IdeaI

Vn(A, L) < supEsupZ (¢i(a) — t(a))

P aeAt 1
n—1
= sup E sup (Z — (@) +en (Ln(a) — E,,(a)))
acA —1
n—1
=supEy, ¢, ,E/ o Ee,sUp (Z — (y(a))
P aeA \ -

en (€p(a) — €n(a)))

n—1
<supEg1 ,,,,, ¢,_,SUPE., sup Z (@) — l(a
en,zg acA —1

en (€p(a) — €n(a))) -



Sequential Rademacher Averages: Proof IdeaI

n—1

Vn(.A, E) < sup Eg1 ..... ln_y Egn’%Egn sup gl a) +
P acA \ {4
ni
< SlIJDp Ey,..¢, SUPE, SUE ( (¢y(a) — ti(a)) +

éme; t=1

en (€p(@) — €n(a)))

—_

n
< sup Ec1 - 8up E€n sup (Z €t gt(a )>

0,0, oty acA \ i3



Sequential Rademacher Averages: Proof IdeaI

n
Vi(A, £) < supE, - -supEc,sup | Y e (¢(a)—(1(a))
04, £n,th acA —1

n
=2supE, ---supE, sup | Y ely(a) |,
04 ln acA t=1

since the two sums are identical (¢; and —e; have the same
distribution).



Optimal Regret and Sequential Rademacher Averages'

Theorem

n
Vn(A.£) < 2SUpE., - -sUpE,,sup ) _crli(a).
44 aeAt 1

where €4, . . ., ep are independent Rademacher (uniform
+1-valued) random variables.

» Compare to bound involving Rademacher averages in the
probabilistic setting:

1 n

—> ety f(Xt))‘ .

t=1

» In the adversarial case, the choice of ¢; is deterministic,
and can depend on €4, ..., €_1:
sequential Rademacher averages.

excess risk < cE sup
feF




Sequential Rademacher Averages: ExampIeI

Consider step functions on R:

fa: x—1[x > g
la(y, x) = 1[fa(x) # ]
L={a—1[fa(x)#y] : xeR,ye{0,1}}.

Fix a distribution on R x {1}, and consider the Rademacher
averages,

n
Esup Z etla( Yt Xt).
ack 4



Rademacher Averages: Example I

For step functions on R, Rademacher averages are:

n

Esup ) erla( Y1, X)
acR 4

n

=Esup ) ela(1,X)
acR ;4

n
<supEsup > el[x < 4]

X acR



Sequential Rademacher Averages: Example'

Consider the sequential Rademacher averages:

n
SUpE, ---SupEc, sup > eils(a)
b tn a -1

n
=supE, ---SupE.,sup > _er[x < a].
Xq Xn a =1

» If ¢ = 1, we'd like to choose a such that x; < a.
» If ¢ = —1, we'd like to choose a such that x; > a.



Sequential Rademacher Averages: Example'

Sequential Rademacher averages are
n

SUpE,, ---SUpEc,sup > _er1[x; < a.
X1 Xn a —1

We can choose x; =0 and,fort=1,...,n,

t—1
Xt = Zz_lfi = X1 +27 ey,

i=1
Then if we set
a= Xp + 27n€n7

we have
1 ifeg=1,
0 otherwise,

6;1[Xt < a] = {

which is maximal.



Sequential Rademacher Averages: Example'

So the sequential Rademacher averages are
n n n
SUPE,, ---SUpE., sup > erly(@) =ED 1fer=1] = .
b fn 2 = t=1 2
Compare with the Rademacher averages:

Esup ) _etla(Ye, Xp) = O(Vn).

acR 14



Optimal Regret'

» Rademacher averages and sequential Rademacher
averages.

» Linear games.

» Dual game.



Optimal Regret: Linear Games'

Loss is ¢(a) = (c, a).
Examples:

» Online linear optimization: £ is a set of bounded linear
functions on the bounded set A ¢ RY.

» Prediction with expert advice: A = A", £ =[0,1]™.



Optimal Regret: Linear Games'
Theorem

For the linear loss class {¢(a) = (c, a) : ¢ € C}, the regret
satisfies

Vh(A, L) <2 sup Esup(Z,a),
{ZiyeMey_c  acA
where M¢y_c is the set of martingales with differences in
Cu-—C.
IfC is symmetric (—C = C), then

Va(A, L) >  sup  Esup(Z,a).
{ZyeMeu—c  acA



Linear Games: Proof Idea I

The sequential Rademacher averages can be written

n
SupE, - -SupE, sup > _ ei/¢(a)
b tn a 4

n
=SUpE,, ---supE.,sup ( > e, a
¢ Cn a —

S SUp E Sup <Zn7 a> 9
{ZyeMeu—c @

where M¢y_c is the set of martingales with differences in
Cu—C.



Linear Games: Proof Idea.

For the lower bound, consider the duality result:

n

n
Va(A, £) = sup E (Z a'thA E[{ct,anlcy,. .., C1] — ;QL;(Q, a)) :

where the supremum is over joint distributions of sequences
Ci,...,Cn. If we restrict P to the set M¢_¢ of martingales with
differences in C = C U —C, the first term is zero and we have

Vo(A,L)>  sup E—inf
{Zi}eMcu—c acA

= sup Esup(Z,a).
{ZyeMey—c  acA

<Zn7 a>



Linear Games: Convex DuaIityI

[Sham Kakade, Karthik Sridharan and Ambuj Tewari, 2009]

Theorem
For the linear loss class {¢(a) = (c, a) : ¢ € C}, the regret
satisfies

Vo(A, L) <2 sup Esup(Za).
{Zi}eMcu—c  acA

The linear criterion brings to mind a dual norm.

Suppose we have a norm || - || defined on C. Then we can view
A as a subset of the dual space of linear functions on C, with
the dual norm

lall. = sup{{c,a): ceC, el <1}.



Linear Games: Convex DuaIityI

We will measure the size of £ using sup,cc |c||.

We will measure the size of A using sup,c 4 R(a), for a strongly
convex R.

We'll call a function R : A — R o-strongly convex wrt || - || if for
alla,be Aand a € [0, 1],

R(aa+ (1 - a)b) < aR(a) + (1 - a)R(b) - za(1 - a)|la— b|Z.



Linear Games: Convex Duality'

The Legendre dual of R is

fr(c) = sup({c,a) — A(a)).

If infcec R(c) = 0, then R*(0) = 0.
If R is o-strongly convex, then R* is differentiable and o-smooth
wrt || - ||, that is, for all ¢, d € C,

R*(c + d) < R*(c) + (VR*(c). d) + 21—0||dH2.



Linear Games: Convex DuaIityI
Theorem

For the linear loss class {¢{(a) = (c,a) :c€C},ifR: A—Ris
o-strongly convex, satisfies inf.cc R(c) = 0, and

sup|lcl =1,  supR(a) = A%,
ceC acA

then the regret satisfies

Va(A, L) <2 sup  Esup(Z,a)
{ZiyeMey—c  acA

<2a/2"
o



Linear Games: Proof Idea I

The definition of the Legendre dual of R is

fr(c) = sup({c,a) — A(a)).

From the definition, for any A > 0,

Esup(a, Z,) < Esup (R( )+ R*(\Zp))
acA acA A

2 *
_ A ER(Z)
- A A



Linear Games: Proof Idea.

Consider the evolution of R*(\Z;). Because R* is

E [R*()‘Zt)‘Z‘I g 7Zt71]
<R (AZi1) +E[(VR"(V\Zi-1), Z — Z1-1) | 44,
1
5B W12~ Z 1212, 2
)\2
< R*(A\Z1) + o
20

Thus, R*(\Z,) < n\2/(20).

o-smooth,

o Zea]+



Linear Games: Proof Idea I

Esupla z,) < & o ER"(AZ)
acA A A

A% n)

220
= 2AVn2¢0

<

for A\ = \/2A25/n.



Linear Games: Convex DuaIityI
Theorem

For the linear loss class {¢{(a) = (c,a) :c€C},ifR: A—Rs
o-strongly convex, satisfies inf.cc R(c) = 0, and

sup||c|| =1, sup R(a) = A2,
ceC acA
then the regret satisfies

2

o

13

V(A £) < 2A



Linear Games: Examples I

The p- and g- norms (with 1/p+1/q = 1) on C = Bp(1) and
A = By(A):

lell = licllp,
all. = [lallg,
1
A(a) = Llal < A2
oc=2(q-1).

Here, V,(A, L) < Ay/(p—1)n.



Linear Games: Examples I

The oo- and 1-norms on C = [-1,1]9 and A = A?:
lell = llclloo
lall« = llall1,

R(a) =logd + ) _ajloga; < logd,
i
oc=1.

Here, V,(A, L) < \/2nlogd.
(The bounds in these examples are tight within small constant
factors.)



Optimal Regret: Lower Bounds'

[Sasha Rakhlin, Karthik Sridharan and Ambuj Tewari, 2010]

» For the case of prediction with absolute loss:
t(ar) = |yt — a(xt)l,
there are (almost) corresponding lower bounds:

c1Rn(A)

where

n
Rn(A) = SUpE,, ---SUpE,sup > era(xy).
Xq Xn

acA —1



Optimal Regret: Structural Results'

n
Rn(A) = SUpE,, ---SUPEc,sup > _ ea(xy).
X1 Xn

acA 14
It is straightforward to verify that the following properties extend
to these sequential Rademacher averages:
A C Bimplies Ry(.A) < Rp(B).
Rn(co(A)) = Rp(A).
Rn(cA) = |c|Rn(A).
Rn(6(A)) < [[6]lLipRn(A)-
Rn(A+ b) = Rp(A).

v

vV v.v v



Optimal Regret: Key PointsI

» Dual game: Adversary chooses a joint distribution to
maximize the difference between the minimal conditional
expected loss and the minimal empirical loss.

» Upper bound in terms of sequential Rademacher averages.

» Linear games: bound on a martingale using a strongly
convex function.



» A finite comparison class: A= {1,...,m}.

» Online, adversarial versus batch, probabilistic.
» Optimal regret.

» Online convex optimization.

1.

Problem formulation

2. Empirical minimization fails.
3. Gradient algorithm.

4.

5. Regret bounds

Regularized minimization



Hwnh -~

Online Convex Optimization I

Problem formulation
Empirical minimization fails.
Gradient algorithm.
Regularized minimization
» Bregman divergence
» Regularized minimization equivalent to minimizing latest
loss and divergence from previous decision
» Constrained minimization equivalent to unconstrained plus
Bregman projection
» Linearization
» Mirror descent
Regret bounds
Unconstrained minimization
Seeing the future
Strong convexity
Examples (gradient, exponentiated gradient)
Extensions

vV vy VY VvYy



Online Convex Optimization I

» A = convex subset of RY.
» L = set of convex real functions on A.
For example,
> l(a) = (xt-a—y).
> (@) = |xt-a— yil.
» (i(a) = —log (exp(& T(y:) — A(a))), for A(a) the log

normalization of this exponential family, with sufficient
statistic T(y).



Online Convex Optimization: ExampIeI

Choosing a; to minimize past losses,
ar = argminac 4 L} 45(a), can fail.
(‘fictitious play, ‘follow the leader’)

» Suppose A =[-1,1], L={a—Vv-a:|v|<1}.
» Consider the following sequence of losses:

a; =0, l1(a) = %a,
a = -1, lr(a) = —a,
az =1, l3(a) = a,
ay = —1, ls(a) = —a,
as =1, ls(a) = a,

» a* =0 shows L} <0,but L, =n—1.



Online Convex Optimization: ExampIeI

» Choosing a; to minimize past losses can fail.

» The strategy must avoid overfitting, just as in probabilistic
settings.

» Similar approaches (regularization; Bayesian inference)
are applicable in the online setting.

» First approach: gradient steps.

Stay close to previous decisions, but move in a direction of
improvement.



Online Convex Optimization: Gradient Method

as € A,
a1 = Na(ar —nViar)),

where I 4 is the Euclidean projection on A,
I =argmin|/x — a||.
a(x) = argmin |.x - a]
Theorem

For G = max; ||V{(a;)|| and D = diam(.A), the gradient
strategy withn = D/(Gv/n) has regret satisfying

L,—L: < GDVn.



Online Convex Optimization: Gradient Method I

Theorem
For G = max; | V¢i(a;)|| and D = diam(.A), the gradient
strategy withn = D/(Gv/n) has regret satisfying

L,—L: < GDVn.

Example

A={acR%: |a|<1},L={a—v-a:|v| <1}
D=2,G<1.

Regret is no more than 2,/n.

(And O(+/n) is optimal.)



Online Convex Optimization: Gradient Method I

Theorem
For G = max; | V¢i(a;)|| and D = diam(.A), the gradient
strategy withn = D/(G+/n) has regret satisfying

L,— Ly < GDVn.

Example
A=A"L={a—Vv-a:|V|ew<1}.
D=2 G<+vm.

Regret is no more than 2/mn.

Since competing with the whole simplex is equivalent to
competing with the vertices (experts) for linear losses, this is
worse than exponential weights (v/m versus log m).



Online Convex Optimization: Gradient Method I

Proof.

Define arr1 = ar — Vi ar),
a1 = Na(ai1).

Fix a € A and consider the measure of progress ||a; — a||.
a1 — al? < [|&e 1 — al®
= lla: — all* + 17|V ee(@r)lI” — 20Vi(ar) - (at — a)-

By convexity,

n

> (tr(ar) — tr(a <2Vft ar)-(ar—a)

t=1

||a1 —a|®— a1 —al® | 7 2
< 5y ZHW )l
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Online Convex Optimization I

Problem formulation
Empirical minimization fails.
Gradient algorithm.
Regularized minimization
» Bregman divergence
» Regularized minimization equivalent to minimizing latest
loss and divergence from previous decision
» Constrained minimization equivalent to unconstrained plus
Bregman projection
» Linearization
» Mirror descent
Regret bounds
Unconstrained minimization
Seeing the future
Strong convexity
Examples (gradient, exponentiated gradient)
Extensions

vV vy VY VvYy



Online Convex Optimization: A Regularization Viewpoint'

» Suppose /; is linear: ¢:(a) = gt - a.
» Suppose A = RY.
» Then minimizing the regularized criterion

t
_ 1
a1 = argmin <n2€s(a) + 2H3H2>
s=1

corresponds to the gradient step

a1 = ar —nViga).



Online Convex Optimization: Regularization I

Regularized minimization
Consider the family of strategies of the form:

t
arp1 = arg gﬂeiﬂ (n;&(a) + F?(a)) :

The regularizer R : RY — R is strictly convex and differentiable.



Online Convex Optimization: Regularization I

Regularized minimization

t
ar+1 = argmin (nz;és(a) + R(a)> :
S=

» R keeps the sequence of a;s stable: it diminishes ¢;'s
influence.

» We can view the choice of a;, 1 as trading off two
competing forces: making ¢:(a;.1) small, and keeping a1
close to a;.

» This is a perspective that motivated many algorithms in the
literature. We'll investigate why regularized minimization
can be viewed this way.



Properties of Regularization Methods'

In the unconstrained case (A = RY), regularized minimization is
equivalent to minimizing the latest loss and the distance to the
previous decision. The appropriate notion of distance is the
Bregman divergence Dy, ,:

Define

oy =R,
=1+l

so that

t
ar+1 = argmin <n;€s(a) + R(a)>

= argmin ®(a).
gaelA t()



Bregman Divergence'
Definition

For a strictly convex, differentiable ¢ : R — R, the Bregman
divergence wrt ¢ is defined, for a, b € RY, as

Do(a,b) = d(a) — (d(b) + Vo(b) - (a— b)).

D¢ (a, b) is the difference between ®(a) and the value at a of
the linear approximation of ¢ about b.



Bregman Divergence'

Do(a,b) = d(a) — (d(b) + Vo(b) - (a— b)).

Example
For a € RY, the squared euclidean norm, (a) = }||a||?, has

Do(a.b) = zlal - 5617 + b: (a- b))

71 2
= slla- b2,

the squared euclidean norm.



Bregman Divergence'

De(a,b) = ®(a) — (¢(b) + Ve(b) - (a— b)).

Example
For a € [0, 00)¢, the unnormalized negative entropy,
®(a) =%, a/(Ina;— 1), has

Do(a,b) =) (ai(lna;— 1) — b(Inb; — 1) — Inbi(a; — b))

i
—Z(&;mai—i-b/—a/),
i by

the unnormalized KL divergence.
Thus, for ac A9, ®(a) = 3, a;In a; has

_ né
Dy(a,b) = Zj:a, In b



Bregman Divergence'

When the domain of ¢ is A ¢ RY, in addition to differentiability
and strict convexity, we make two more assumptions:

» The interior of A is convex,

» For a sequence approaching the boundary of A,
IV®(an)| — oo.

We say that such a ¢ is a Legendre function.



Bregman Divergence'
Properties:

1. Dy > 0, D¢(a, a) =0.

2. DA+B = DA + DB-

3. Bregman projection, N9 (b) = arg minae 4 Do (a, b) is
uniquely defined for closed, convex A.

4. Generalized Pythagorus: for closed, convex A,
a =n9(b),and ac€ A4,

D¢(a7 b) > D¢’(av a*) + D¢'(a*7 b)

5. VaDe(a, b) = Vo(a) — Vo(b).
For ¢ linear, Dy ¢y = Dq.
7. For ®* the Legendre dual of ¢,

o

Vo* = (Vo)
Do (a, b) = Do+(Vé(b), Vo(a)).



Legendre Dual I

For a Legendre function ¢ : A — R, the Legendre dual is

o*(u) =sup(u-v—>(v)).
veA

o* is Legendre.

dom(®*) = Vé(int dom ).
Vor = (Vo).

Do(a, b) = Do-(V(b), Vo(a)).
O = .

vV v v v Y



Legendre Dual I

Example
For & = J|| - ||, the Legendre dual is ®* = J|| - [|2, where
1/p+1/g=1.

Example
For d(a) = 17, 7,
Vo(a) = (e?, ..., e%),

S0
(V) (u) = Vor(u) = (Inuy, ..., Inug),

and ®*(u) = > ui(lnu; — 1).
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Online Convex Optimization I

Problem formulation
Empirical minimization fails.
Gradient algorithm.
Regularized minimization
» Bregman divergence
» Regularized minimization equivalent to minimizing latest
loss and divergence from previous decision
» Constrained minimization equivalent to unconstrained plus
Bregman projection
» Linearization
» Mirror descent
Regret bounds
Unconstrained minimization
Seeing the future
Strong convexity
Examples (gradient, exponentiated gradient)
Extensions

vV vy VY VvYy



Properties of Regularization Methods'

In the unconstrained case (A = RY), regularized minimization is
equivalent to minimizing the latest loss and the distance
(Bregman divergence) to the previous decision.

Theorem
Define ay via VR(a1) = 0, and set

ét—H = arg ang]ilgf (nﬁt(a) + D¢t—1 (a, ét)) .

Then .
a;,4 = arg min ls(a) + R(a) | .
t+1 gae]Rd (77;:1 s(a) ( ))



Properties of Regularization Methods'
Proof.

By the definition of &y,
nﬁt(a) + Dq>t71 (a, ét) = d>,(a) — q)l‘—1 (a) + Dq;F1 (a, ét)
The derivative wrt a is

Vd)t(a) — Vo4 (a) + VaD4>t_1 (37 ét)
= Vdy(a) — Vo;_1(a) + Vor_q(a) — Vor_1(&)

Setting to zero shows that
Voi(aiq1) =V _1(a) =---=Vdy(a1) = VR(a1) =0,

So &, 1 minimizes ¢;.

O



Properties of Regularization Methods'

Constrained minimization is equivalent to unconstrained
minimization, followed by Bregman projection:

Theorem
For
a;, 1 = argmin d®¢(a
t+1 gaeA t( )7
a1 = arg min ®4(a),
acRrd
we have

arer = N5 (8r41)-



Properties of Regularization Methods'

Proof.
Let a,, , denote NM%(&1). First, by definition of a1,

br(ar1) < u(ap4).
Conversely,
Do,(,1,8t11) < Do,(8t41, 8t11)-
But V&4(ar1) =0, so
Do, (a, 1) = d1(a) — P1(ars1).

Thus, ¢t(a’t+1) < ¢1(at+1 )



Properties of Regularization Methods'

Example
For linear ¢;, regularized minimization is equivalent to
minimizing the last loss plus the Bregman divergence wrt R to

the previous decision:
t
[ R
arg min (n sZ_:1€s(a) + (a)>
=% (arg min (14(a) + D(a. ) )
acRd

because adding a linear function to ¢ does not change D.
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Properties of Regularization Methods: Linear Loss'

We can replace ¢; by V/(a;), and this leads to an upper bound
on regret.

Theorem
Any strategy for online linear optimization, with regret satisfying

th ar — mmth a< Cn(91,---.9n)
t=1

can be used to construct a strategy for online convex
optimization, with regret

zn:zt(a, mmZEt a) < Cn(Vli(ay),...,Ven(an)).

Proof.
Convexity implies ¢:(at) — ¢i(a) < Vii(ar) - (ar — a). O



Properties of Regularization Methods: Linear LossI

Key Point:
We can replace ¢; by V/(a;), and this leads to an upper bound

on regret.
Thus, we can work with linear ¢;.



Regularization Methods: Mirror Descent'

Regularized minimization for linear losses can be viewed as
mirror descent—taking a gradient step in a dual space:

Theorem
The decisions

t
31,1 = arg argﬁgf (n;gs -a+ Ff(a))
can be written
&1 = (VR) ' (VR(&r) —ngt) .-
This corresponds to first mapping from a; through VR, then

taking a step in the direction —g;, then mapping back through
(VR)™' = VR* t0 &r,4.



Regularization Methods: Mirror Descent'

Proof.
For the unconstrained minimization, we have

VR af+1 = —nzgs,

t)=-n Z Os;
s=1

so VR(a:.1) = VR(a:) — ng:, which can be written

&1 =VR ' (VR(&) —ngt).
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Online Convex Optimization: Regularization

Regularized minimization

t
ar 1 = arg gﬂeiﬂ (n;&(a) + F?(a)) :

The regularizer R : RY — R is strictly convex and differentiable.



Regularization Methods: Regret'
Theorem

For A = RY, regularized minimization suffers regret against any
ae Aof

L L Dr(a, a1) — Do,(a, ani1)
S t(a)-Y u(a) = —= Pt B0 ZD@ a, ar 1),
=1 =1

K t 1

and thus

A . r(a, ar)
L, < alen]lgd <Z l(a ) Z Ds,(at, at41)-

" l‘ 1

So the sizes of the steps Dq,(at, ai11) determine the regret
bound.



Regularization Methods: Regret'
Theorem

For A = R9, regularized minimization suffers regret

r(a, ar)
n < inf 2e( Do, (at, ar+1)-
ot (s 222 4 1S 0y )

il t 1

Notice that we can write

Do, (ar; at11) = Doy (VOi(ari1), Vei(ar))
= Dq;;f (0,Vo;_q(ar) + nVii(ar))
= Dq>t* (O, T]Vﬁt(at)).

So it is the size of the gradient steps, Do; (0,7V/1(ar)), that
determines the regret.



Regularization Methods: Regret Bounds'

Example
Suppose R = | - ||2. Then we have

n
7 * ||a>k — a1||2 n 2
Lo+ 20 33 ol

And if ||gi]| < Gand ||a* — ai|| < D, choosing 7 appropriately
gives L, — L}, < DGy/n.
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Regularization Methods: Regret Bounds'

Seeing the future gives small regret:

Theorem
For regularized minimization, that is,

t
ar+1 = argmin (n;&(a) + R(a)> :

forall a € A,

S @) - 3 (@) < ;(R(a) - A(ar)).
t=1 t=1



Regularization Methods: Regret Bounds'

Proof.
Since a;; 1 minimizes ¢,

t t
nY ts(a)+R(@) =nY  ls(a1)+ R(ar1)
s=1 s=1
t—1
= nl(ar1) + U253(3t+1) + R(ar+1)
s=1
t—1
> nti(ar) + 1Y bo(an) + Aar)

s=1

t
>n> Ls(as1) + Ra).

s=1



Regularization Methods: Regret Bounds'

Theorem
Forallac A,

S tann) — > ti(a) < ;(R(eo ~ R(a)).
t=1 t=1

Thus, if a; and a; 4 are close, then regret is small:

Corollary
Forallac A,

n n

> (t(a) — (@) <> (Ular) — @) + 717 (R(a) — R(a1)).

t=1 t=1

So how can we control the increments ¢:(a;) — ¢+(a+1)?
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Regularization Methods: Regret Bounds'

Definition
We say R is strongly convex wrt a norm || - || if, for all a, b,

R(a) > R(b) + VR(b) - (a— b) + %Ha — b|2.

For linear losses and strongly convex regularizers, the dual
norm of the gradient is small:

Theorem
If R is strongly convex wrt a norm || - ||, and ¢¢(a) = g; - a, then

lar — a1l < nllgell«
where || - ||« is the dual norm to || - ||:

Iv[l« =sup{[v-al-ac A all <1}.



Regularization Methods: Regret Bounds'

Proof.

Rlar) > (@) + VR(@1) - (@~ a) + ylla - a |
R(ai+1) = R(ar) + VR(ar) - (ar41 — ar) + %llar — a1
Combining,
lar — ar1]? < (VR(ar) — VR(ar1)) - (ar — ar1)
Hence,

lat — ar1]l < IVR(ar) — VR(ati 1)« = [[ngtll«



Regularization Methods: Regret Bounds'

This leads to the regret bound:

Corollary
For linear losses, if R is strongly convex wrt || - ||, then for all
acA,

n

> (tar) — (@) <n)_llgel + :7 (R(a) — R(ar))-
t=1

t=1

Thus, for ||g¢||« < G and R(a) — R(ay) < D?, choosing 1
appropriately gives regret no more than 2GD+/n.



Regularization Methods: Regret Bounds'

Example

Consider R(a) = }||al?, a; = 0, and A contained in a
Euclidean ball of diameter D.

Then R is strongly convex wrt || - || and || - ||« = || - ||. And the
mapping between primal and dual spaces is the identity.

So if sup,c 4 [ V4i(a)|| < G, then regret is no more than
2GD/n.



Regularization Methods: Regret Bounds'

Example

Consider A = A™, R(a) = ), a;In a;. Then the mapping
between primal and dual spaces is VR(a) = In(a)
(component-wise). And the divergence is the KL divergence,

Dr(a b) = ajIn(a;/b)).

And R is strongly convex wrt || - ||4.
Suppose that ||gi|l.c < 1. Also, R(a) — R(ay) < Inm, so the
regret is no more than 2v nin m.



Regularization Methods: Regret Bounds'

Example
A=A" R(a)=>;alna;.
What are the updates?

where the In and exp functions are applied component-wise.
This is exponentiated gradient: mirror descent with VR = In.
It is easy to check that the projection corresponds to
normalization, N7 (&) = &/||al/.



Regularization Methods: Regret Bounds'

Notice that when the losses are linear, exponentiated gradient
is exactly the exponential weights strategy we discussed for a
finite comparison class.

Compare R(a) = 3, a;In a; with R(a) = }||all?,

for |9tllcc <1, A =AM

O(v/nInm) versus O(v/mn).



Ao~

Online Convex Optimization I

Problem formulation
Empirical minimization fails.

Gradient algorithm.
Regularized minimization

» Bregman divergence
» Regularized minimization equivalent and Bregman
divergence from previous
» Constrained minimization equivalent to unconstrained plus
Bregman projection
» Linearization
» Mirror descent
Regret bounds
Unconstrained minimization
Strong convexity

Examples (gradient, exponentiated gradient)
Extensions

vV vy vYyy



Regularization Methods: Extensions'

» Instead of
a; 1 = arg rarélﬂ (nti(a) + Do, ,(a &),
we can use
aiq = arg gyﬂ (nét(a) + D¢t,1 (37 at)) :

And analogous results apply. For instance, this is the
approach used by the first gradient method we considered.

» We can get faster rates with stronger assumptions on the
losses...



Regularization Methods: Varying 7;'

Theorem
Define

ar 1 = arg mm (met + A( ))

For any a € R,

n

n

A 1

Lh— g l(a) < g p” (Do,(at, ar41) + Do, ,(a,at) — Do,(a@, ar41)) -
— 1—1

If we linearize the ¢;, we have

’
Zfr Z (Dr(ar, ar+1) + Dr(a, ar) — Dr(a, ar+1)) -
t—1 Mt

But what if ¢; are strongly convex?



Regularization Methods: Strongly Convex Losses'

Theorem
If ¢; is o-strongly convex wrt R, that is, for all a,b € RY,

((a) = (b) + Vii(b) - (2~ b) + 5 Dr(a.b).

then for any a € RY, this strategy with n; = 2 has regret

n n

A 1

Lp— E li(a) < § EDR(ataat—i-ﬂ'
t=1

t=1



Strongly Convex Losses: Proof idea I

n

> (t(ar) — t(a))

t=1

< Z (Vﬁt(at) (ar—a) - %DR(37 ai))

ag
< Z (Dn ai, a+1) + Da(a, &) — Dr(@. au1) — "5~ Dala, )

n
1 1 o
< —Dg(at, ary1) + (——)D aa
;m A(ar, ar41) t}_; o~ 3)Palaa)

+ (1 - ") Dr(a, a).

m 2

And choosing n; appropriately eliminates the second and third
terms.



Strongly Convex Losses'
Example

For R(a) = }| al|, we have

n

Lo L < 12—Hmwtu2<2

t=1

2
—logn
(o

).



Strongly Convex Losses'

Key Point: When the loss is strongly convex wrt the regularizer,
the regret rate can be faster; in the case of quadratic R (and ¢;),
itis O(log n), versus O(y/n).



» A finite comparison class: A= {1,...,m}.

» Online, adversarial versus batch, probabilistic.
» Optimal regret.

» Online convex optimization.



