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Online Prediction as a Zero-Sum Game

A repeated game:

At round t:

1 Player chooses prediction at ∈ A.

2 Adversary chooses outcome yt ∈ Y.

3 Player incurs loss `(at , yt).

Player’s aim:

T∑
t=1

`(at , yt)− inf
T∑
t=1

`(, yt).
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Online Prediction as a Zero-Sum Game

A repeated game:

At round t:

1 Player chooses prediction at ∈ A.

2 Adversary chooses outcome yt ∈ Y.

3 Player incurs loss `(at , yt).

Player’s aim:

Minimize regret:

T∑
t=1

`(at , yt)− inf
a∈A

T∑
t=1

`(a, yt).
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Examples:

A = simplex

calibration

prediction with expert
advice

(` linear)

portfolio optimization
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Online Prediction Games: Why?

Universal prediction:
very weak assumptions on process generating the data.

Deterministic heart of a decision problem.

Can demonstrate robustness of statistical methods.

Typically streaming, so very scalable.

Focus in this lecture: Minimax optimal strategies.
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Online Prediction Games

The value of the game: Minimax

Regret

VT (Y,A) = min
a1∈A

max
y1∈Y

· · · min
aT∈A

max
yT∈Y

(

T∑
t=1

`(at , yt)−min
a∈A

T∑
t=1

`(a, yt)

)

Minimax Optimal

Strategy:

:
T⋃
t=0

Yt → A.

VT (Y,A) = min
S

max
yT
1 ∈YT

(
T∑
t=1

`
(
S
(
y t−11

)
, yt
)
−min

a∈A

T∑
t=1

`(a, yt)

)

= max
yT
1 ∈YT

(
T∑
t=1

`
(
S∗
(
y t−11

)
, yt
)
−min

a∈A

T∑
t=1

`(a, yt)

)
.
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Online Prediction Games

Questions

Minimax regret?

(or rates?)

Optimal player strategy?

(rate optimal?)

Efficient algorithms?

Horizon-free?

Optimal adversary strategy?

How do they depend on `

loss, `(a, y):

1 ‖a− y‖22,
a, y ∈ Rd .

2
(
x>a− y

)2
.

3 − log a(y),
a ∈ {pθ : θ ∈ Θ}.

wikimedia.org
mfo.de

www.indiana.edu
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Computing minimax optimal strategies.

Part 1: Euclidean loss.

Part 2: Linear regression.
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Computing minimax optimal strategies

The value of the game:

VT (Y,A) = min
a1∈A

max
y1∈Y
· · · min

aT∈A
max
yT∈Y

(
T∑
t=1

`(at , yt)−min
a∈A

T∑
t=1

`(a, yt)

)
.

Recursion for the value-to-go, given a history:

V (y1, . . . , yT ) := −min
a

T∑
t=1

`(a, yt),

V (y1, . . . , yt−1) := min
at

max
yt

(`(at , yt) + V (y1, . . . , yt)) ,

VT (Y,A) = V (),

S∗(y1, . . . , yt−1) = arg min
at

max
yt

(`(at , yt) + V (y1, . . . , yt)) .
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Computing minimax optimal strategies

To play the minimax strategy: after seeing y1, . . . , yt−1,

1 Compute V ,

2 Choose at as the minimizer of

max
yt

(`(at , yt) + V (y1, . . . , yt))

Difficult!
{(y1, . . . , yt)} is large.
V might be complex.

Efficient minimax optimal strategies

When is V a simple function of (statistics of) the history y1, . . . , yt?
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.
Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction with quadratic loss

Constraints

Strategy chooses ŷn ∈ Rd .

Adversary chooses yn ∈ Y, where Y ⊆ Rd .

Euclidean loss

`(ŷ , y) =
1

2
‖ŷ − y‖2 .

Regret =
n∑

t=1

`(ŷt , yt)− inf
a∈Rd

n∑
t=1

`(a, yt).

(Takimoto, Warmuth, 2000), (Koolen, Malek, B., 2014)
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Online prediction with quadratic loss

The smallest ball containing Y is BY = {y ∈ Rd : ‖y − c‖ ≤ r}, with
center c = arg minc maxy∈Y ‖y − c‖, radius r = minc maxy∈Y ‖y − c‖.

Theorem

For closed, bounded Y ⊂ Rd ,
minimax strategy is empirical
minimizer, shrunk towards c:

a∗t+1 = tαt+1ȳt + (1− tαt+1)c .

Optimal regret:
r2

2

T∑
t=1

αt ;

αT =
1

T
, αt = α2

t+1 + αt+1.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction with quadratic loss on the ball

The ball case: Y = {y : ‖y − c‖ ≤ r}

Maintain statistics: sn =
∑n

t=1(yt − c), σ2n =
∑n

t=1 ‖yt − c‖2.

Value-to-go: quadratic

1

2

(
αn‖sn‖2 − σ2n + r2

T∑
t=n+1

αt

)
.

αT =
1

T
, αn = α2

n+1 + αn+1

≤ 1

n
.

Minimax strategy: affine

a∗n = c + αn

n−1∑
t=1

(yt − c).

a∗n = (n−1)αnȳn−1+(1−(n−1)αn)c .

Maximin distribution: same mean.

Minimax regret for ball

V (Y) =
r2

2

T∑
t=1

αt .
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Online prediction with quadratic loss on the ball

Proof idea

V (y1, . . . , yT ) := −min
a

T∑
t=1

`(a, yt),

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt)) .

The final V (y1, . . . , yT ) is a (convex) quadratic in the state: wlog, c = 0.

V (y1, . . . , yT ) := −min
a

1

2

T∑
t=1

‖a− yt‖2 = −1

2

T∑
t=1

‖ȳ − yt‖2

= −1

2

T∑
t=1

‖sT
T
− yt‖2 =

1

2

(
1

T
‖sT‖2 − σ2T

)
.

i.e., V (sT , σ
2
T ,T ) =

1

2

(
αT‖sT‖2 − σ2T

)
.
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‖ȳ − yt‖2

= −1

2

T∑
t=1

‖sT
T
− yt‖2 =

1

2

(
1

T
‖sT‖2 − σ2T

)
.

i.e., V (sT , σ
2
T ,T ) =

1

2

(
αT‖sT‖2 − σ2T

)
.

15 / 82



Online prediction with quadratic loss on the ball

Proof idea

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

=
1

2
min
at

max
yt

(
‖at − yt‖2 + αt‖st−1 + yt‖2

− σ2t−1 − ‖yt‖2 + r2
T∑

n=t+1

αn

)

=
1

2
min
at

max
yt

‖at‖2 + 2 (αtst−1 − at)
> yt + αt‖yt‖2

+ αt‖st−1‖2 − σ2t−1 + r2
T∑

n=t+1

αn

)

Optimization of yt : maximize a convex function over the ball.
But the solution is easy: choose yt on the sphere, aligned with
αtst−1 − at .
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+ αt‖st−1‖2 − σ2t−1 + r2
T∑
n=t

αn

)

(a∗t := αt st−1) =
1

2

(
α2
t ‖st−1‖2 + αt‖st−1‖2 − σ2t−1 + r2

T∑
n=t

αn

)
.

Principle of indifference: Any ‖yt‖ = r is a best response.
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Online prediction with quadratic loss on the ball

The ball case: Y = {y : ‖y − c‖ ≤ r}
Maintain statistics: sn =

∑n
t=1(yt − c), σ2n =

∑n
t=1 ‖yt − c‖2.

Value-to-go: quadratic in state

1

2

(
αn‖sn‖2 − σ2n + r2

T∑
t=n+1

αt

)
.

αT =
1

T
, αn = α2

n+1 + αn+1 ≤
1

n
.

Minimax strategy: affine in state

a∗n = c + αn

n−1∑
t=1

(yt − c).

a∗n = (n−1)αnȳn−1+(1−(n−1)αn)c .

Maximin distribution: same mean.

Minimax regret for ball

V (Y) =
r2

2

T∑
t=1

αt .
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction with quadratic loss

The simplex case

Suppose Y is a set of d + 1 affinely independent points in Rd , all lying on
the surface of the smallest ball.

Maintain statistics: sn =
∑n

t=1(yt − c), σ2n =
∑n

t=1 ‖yt − c‖2.

Value-to-go: quadratic in state

1

2

(
αn‖sn‖2 − σ2n + r2

T∑
t=n+1

αt

)
.

Minimax strategy: affine in state

a∗n = c + αn

n−1∑
t=1

(yt − c).

a∗n = (n−1)αnȳn−1+(1−(n−1)αn)c .

Maximin distribution: same mean.

αT =
1

T
, αn = α2

n+1 + αn+1

≤ 1

n
.
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a∗n = (n−1)αnȳn−1+(1−(n−1)αn)c .

Maximin distribution: same mean.

αT =
1

T
, αn = α2

n+1 + αn+1

≤ 1

n
.

20 / 82



Online prediction with quadratic loss

The simplex case

Suppose Y is a set of d + 1 affinely independent points in Rd , all lying on
the surface of the smallest ball.
Maintain statistics: sn =

∑n
t=1(yt − c), σ2n =

∑n
t=1 ‖yt − c‖2.

Value-to-go: quadratic in state

1

2

(
αn‖sn‖2 − σ2n + r2

T∑
t=n+1

αt

)
.

Minimax strategy: affine in state

a∗n = c + αn

n−1∑
t=1

(yt − c).
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Online prediction with quadratic loss on the simplex

Proof idea

V (y1, . . . , yT ) := −min
a

T∑
t=1

`(a, yt),

V (y1, . . . , yt−1) := min
at

max
yt

(`(at , yt) + V (y1, . . . , yt)) .

The final V (y1, . . . , yT ) is a (convex) quadratic in the state:

V (y1, . . . , yT ) := −min
a

1

2

T∑
t=1

‖a− yt‖2 = −1

2

T∑
t=1

‖ȳ − yt‖2

= −1

2

T∑
t=1

‖sT
T

+ c − yt‖2

i.e., V (sT , σ
2
T ,T ) =

1

2

(
αT‖sT‖2 − σ2T

)
.
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Online prediction with quadratic loss on the simplex

Proof idea

V (y1, . . . , yt−1) := min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

= min
at

max
pt

Eyt∼pt (`(at , yt) + V (y1, . . . , yt))

= max
pt

min
at

Eyt∼pt (`(at , yt) + V (y1, . . . , yt))

=
1

2
max
pt

min
at

Eyt∼pt

‖at − yt‖2 + αt‖st−1 + yt − c‖2

− σ2t−1 − ‖yt − c‖2 + r2
T∑

n=t+1

αn

)

=
1

2
max
pt

d+1∑
i=1

pt(i)
(
‖Zpt − zi‖2 + Ci

)
,

where Z = [z1 · · · zd+1] contains the simplex vertices.
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Online prediction with quadratic loss on the simplex

Proof idea

V (y1, . . . , yt−1) =
1

2
max
pt

d+1∑
i=1

pt(i)
(
‖Zpt − zi‖2 + Ci

)

=
1

2
max
pt

(
−p>t Z>Zpt + linear(pt) + constant

)
.

It’s clear that, at each step, the unconstrained maximizer in
{p ∈ Rd+1 : 1>p = 1} keeps the value-to-go a quadratic function.
It turns out that when the simplex points zi are on the surface of the
smallest ball, the maximizer is a probability distribution.
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Online prediction with quadratic loss on the simplex

Proof idea

Solving this quadratic minimization gives:

the value function,
hence the recurrence relation determining the αt sequence, and
the optimal a∗t .

It’s clear from the proof that the maximin distribution is concentrated
on the vertices of the simplex, and that a∗t is its expectation.
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Online prediction with quadratic loss

The simplex case

Suppose Y is a set of d + 1 affinely independent points in Rd , all lying on
the surface of the smallest ball.
Maintain statistics: sn =

∑n
t=1(yt − c), σ2n =

∑n
t=1 ‖yt − c‖2.

Value-to-go: quadratic in state

1

2

(
αn‖sn‖2 − σ2n + r2

T∑
t=n+1

αt

)
.

Minimax strategy: affine in state

a∗n = c + αn

n−1∑
t=1

(yt − c).

a∗n = (n−1)αnȳn−1+(1−(n−1)αn)c .

Maximin distribution: same mean.

αT =
1

T
, αn = α2

n+1 + αn+1 ≤
1

n
.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction with quadratic loss

The general case: closed, bounded Y ⊂ Rd

Recall: the smallest ball containing Y is BY = {x ∈ Rd : ‖x − c‖ ≤ r}.
A Lagrange dual argument shows that the optimal center is in the convex
hull of a set of contact points of Y at radius r .
From Carathéodory’s Theorem, there is an affinely independent subset S
of these contact points, with |S | ≤ d + 1.

From below

Y ⊇ S , so

V (Y) ≥ V (S) =
r2

2

T∑
i=1

αi .

From above

Y ⊆ BY , so

V (Y) ≤ V (BY) =
r2

2

T∑
i=1

αi .
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Main result: the role of the smallest ball

The smallest ball: BY
The smallest ball containing Y is
BY = {y ∈ Rd : ‖y − c‖ ≤ r}, with
c = arg minc maxy∈Y ‖y − c‖,
r = minc maxy∈Y ‖y − c‖.

Main Theorem

For closed, bounded Y ⊂ Rd :

Minimax strategy is a∗n+1 = nαn+1
1

n

n∑
t=1

yt + (1− nαn+1)c.

Optimal regret is V (Y) =
r2

2

T∑
n=1

αn.
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Online prediction with quadratic loss

Minimax regret

V (Y) =
r2

2

T∑
t=1

αt

=
r2

2

(
logT − log logT + O

(
log logT

logT

))
.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction in Hilbert space

Constraints

Strategy chooses ŷn ∈ H, a Hilbert space
(separable, complete, inner product space).

‖ŷ − y‖2 = 〈ŷ − y , ŷ − y〉 .

Adversary chooses yn ∈ Y, where Y ⊆ H is a
closed, bounded, convex set.

Loss

`(ŷ , y) =
1

2
‖ŷ − y‖2 .

Regret =
n∑

t=1

`(ŷt , yt)− inf
a∈H

n∑
t=1

`(a, yt).
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`(ŷt , yt)− inf
a∈H

n∑
t=1

`(a, yt).

31 / 82



Online prediction in Hilbert space

Constraints

Strategy chooses ŷn ∈ H, a Hilbert space
(separable, complete, inner product space).
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Online prediction in Hilbert space

Fact

The smallest enclosing ball of a closed, bounded, convex Y is well-defined,
with a unique center and radius.

Recall

If Y lies in a finite-dimensional subset of H, with smallest enclosing ball
B(c , r), the minimax strategy is

a∗n = c + αn

n−1∑
t=1

(yt − c).
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Online prediction in Hilbert space

Theorem

For any d ∈ H, the strategy

an = d + αn

n−1∑
t=1

(yt − c)

has regret

RT =
1

2

T∑
t=1

αt‖yt − d‖2

≤ 1

2
sup
z∈Y
‖z − d‖2

T∑
t=1

αt .

Proof: a straightforward calculation.
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Online prediction in Hilbert space

Corollary

RT ≤
r2

2

T∑
t=1

αt

(By setting d = c.)
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Online prediction in Hilbert space

Theorem

For a closed, bounded, convex Y

VT (Y) =
r2

2

T∑
t=1

αt .
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Online prediction in Hilbert space

Lower bound proof idea

We construct a sequence of finite sets C1,C2, . . . ⊆ Y so that

r(Ci )

r(Y)
≥ 1−

√
2

i
,

where r(Ci ) is the radius of the smallest ball containing Ci .

Since VT (Ci ) ≤ VT (Y), this gives the result.
To construct the Ci :

1 Start with C1 = {y1}.
2 Set Ci+1 = Ci ∪ {yi+1}, where ‖c − yi+1‖ ≥ r(Y), for c the center of

the smallest enclosing ball for Y.
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Online prediction in Hilbert space

Lower bound proof idea

r2(Ci ) = min
c

max
y∈Ci

‖y − c‖2

= max
p

min
c

∑
z∈Ci

pz‖z − c‖2.

(We can apply the min-max theorem because Ci is finite.)
Now, consider a distribution q on Ci+1 = Ci ∪ {yi+1}, with

q(z) =

{
(1− λ)p(z) for z ∈ Ci ,

λ for z = yi+1.

Evaluating r(Ci+1) and optimizing over λ gives the result.
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Online prediction in Hilbert space

Theorem

For a closed, bounded, convex Y

VT (Y) =
r2

2

T∑
t=1

αt ,

and this is achieved by the minimax optimal strategy

a∗n = c + αn

n−1∑
t=1

(yt − c)
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
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Online prediction with quadratic loss on an ellipsoid

Ellipsoid:

Y = {y : (y − c)>W−1(y − c) ≤ 1}

Here, W � 0.

Without loss of generality, W is symmetric.

Write W =
d∑

i=1

νiviv
>
i , with ν1 ≥ ν2 ≥ · · · ≥ νd ≥ 0.
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Online prediction with quadratic loss on an ellipsoid

Ellipsoid: Y = {y : (y − c)>W−1(y − c) ≤ 1} (W � 0)

Maintain statistics: sn =
∑n

t=1(yt − c), σ2n =
∑n

t=1 ‖yt − c‖2.

Value-to-go: quadratic in state.

Minimax strategy: affine in state

V (sn, σ
2
n) =

1

2

(
s>n Ansn − σ2n + ν1

T∑
t=n+1

αn

)
.

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn = λmax(An), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1

V (Y) =
ν1
2

T∑
t=1

αt .
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Online prediction with quadratic loss on an ellipsoid

Proof idea

V (y1, . . . , yT ) := −min
a

T∑
t=1

`(a, yt),

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt)) .

The final V (y1, . . . , yT ) is a (convex) quadratic in the state, as before:

V (y1, . . . , yT ) =
1

2

(
s>TAT sT − σ2T

)
.
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Online prediction with quadratic loss on an ellipsoid

Proof idea

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

=
1

2
min
at

max
yt

‖at − yt‖2 + (st−1 + yt)
> An (st−1 + yt)

− σ2t−1 − ‖yt‖2 + ν1

T∑
t=n+1

αn

)
.

At each step, the inner maximum is of a (convex) quadratic criterion
with a single quadratic constraint.

This is a rare example of a nonconvex problem where strong duality
holds.

Evaluating the dual gives the recurrence for the value-to-go.

43 / 82



Online prediction with quadratic loss on an ellipsoid

Proof idea

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

=
1

2
min
at

max
yt

‖at − yt‖2 + (st−1 + yt)
> An (st−1 + yt)

− σ2t−1 − ‖yt‖2 + ν1

T∑
t=n+1

αn

)
.

At each step, the inner maximum is of a (convex) quadratic criterion
with a single quadratic constraint.

This is a rare example of a nonconvex problem where strong duality
holds.

Evaluating the dual gives the recurrence for the value-to-go.

43 / 82



Online prediction with quadratic loss on an ellipsoid

Proof idea

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

=
1

2
min
at

max
yt

‖at − yt‖2 + (st−1 + yt)
> An (st−1 + yt)

− σ2t−1 − ‖yt‖2 + ν1

T∑
t=n+1

αn

)
.

At each step, the inner maximum is of a (convex) quadratic criterion
with a single quadratic constraint.

This is a rare example of a nonconvex problem where strong duality
holds.

Evaluating the dual gives the recurrence for the value-to-go.

43 / 82



Online prediction with quadratic loss on an ellipsoid

Proof idea

V (y1, . . . , yt−1) = min
at

max
yt

(`(at , yt) + V (y1, . . . , yt))

=
1

2
min
at

max
yt

‖at − yt‖2 + (st−1 + yt)
> An (st−1 + yt)

− σ2t−1 − ‖yt‖2 + ν1

T∑
t=n+1

αn

)
.

At each step, the inner maximum is of a (convex) quadratic criterion
with a single quadratic constraint.

This is a rare example of a nonconvex problem where strong duality
holds.

Evaluating the dual gives the recurrence for the value-to-go.

43 / 82



Online prediction with quadratic loss on an ellipsoid

Minimax strategy:

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

ν1 = λmax(W ), αn+1 = λmax(An+1),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1.

How does shrinkage behave?

Write W =
d∑

i=1

νiviv
>
i , with ν1 ≥ ν2 ≥ · · · ≥ νd .

It’s easy to see that W determines the eigenspace of An, so we can write

An =
d∑

i=1

λ
(n)
i viv

>
i .

How do the λ
(n)
i evolve?
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Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1

≥ λ(n)2 ≥ · · · ≥ λ
(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1

≥ λ(n)2 ≥ · · · ≥ λ
(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
,

λ
(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1

≥ λ(n)2 ≥ · · · ≥ λ
(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1

≥ λ(n)2 ≥ · · · ≥ λ
(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1

≥ λ(n)2 ≥ · · · ≥ λ
(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1 ≥ λ

(n)
2 ≥ · · · ≥ λ

(n)
d

; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

a∗n − c =
(
αn+1ν1W

−1 + I − An+1

)−1
An+1

n−1∑
t=1

(yt − c).

αn+1= λmax(An+1), ν1 = λmax(W ),

AT =
1

T
I , An = An+1

(
αn+1ν1W

−1 + I − An+1

)−1
An+1 + An+1,

W=
d∑

i=1

νiviv
>
i , ν1 ≥ ν2 ≥ · · · ≥ νd , An =

d∑
i=1

λ
(n)
i viv

>
i .

How do the eigenvalues evolve?

λ
(T )
i =

1

T
, λ

(n)
i =

1

1 + λ
(n+1)
1 ν1/νi − λ

(n+1)
i

(
λ
(n+1)
i

)2
+ λ

(n+1)
i .

αn = λ
(n)
1 ≥ λ

(n)
2 ≥ · · · ≥ λ

(n)
d ; the gap increases with n for smaller νi .

45 / 82



Online prediction with quadratic loss on an ellipsoid

Eigenvalues of An

λ
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(
λ
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i .

αn = λ
(n)
1 ≥ λ

(n)
2 ≥ · · · ≥ λ

(n)
d .

Optimal strategy

a∗n − c =
d∑

i=1

λ
(n)
i

1 + λ
(n)
1 ν1/νi − λ

(n)
i

v>i sn−1vi .

The αn sequence determines the shrinkage in the ellipsoid’s major
axis, as for the case of the ball.

There is more shrinkage in the other directions: smaller νi implies
more shrinkage in the vi direction.
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Online prediction with quadratic loss on an ellipsoid

Optimal strategy

The αn sequence determines the shrinkage in the ellipsoid’s major
axis, as for the case of the ball.

There is more shrinkage in the other directions: smaller νi implies
more shrinkage in the vi direction.
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Online prediction with quadratic loss

Subgame optimality

What if the adversary is not optimal?

For Y = an ellipsoid, or Y = a simplex that touches its smallest
enclosing ball, we have explicit expressions for the value to go and for
the optimal prediction for any sequence of adversary choices,
including suboptimal ones.

For other Y, an optimal adversary should play only in the intersection
of Y and the surface of the smallest ball.

If it does not, the ball strategy (or an enclosing ellipsoid strategy)
might be suboptimal.

Consider, for example, playing as if Y is the smallest ball when it is an
ellipsoid. If the adversary plays only on the major axis, the optimal
strategies are identical. If the adversary is suboptimal, the smallest
ball strategy will under-regularize.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Y = ball
Y = simplex
Closed, bounded Y
Hilbert space
Y = ellipsoid

Part 2: Linear regression.
Fixed design.
Minimax strategy is regularized least squares.
Box and ellipsoid constraints.
Adversarial covariates.
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Online fixed design linear regression

Protocol

Given: T ; x1, . . . , xT ∈ Rp; YT ⊂ RT .
For t = 1, 2, . . . ,T :

Learner predicts ŷt ∈ R
Adversary reveals yt ∈ R

(yT1 ∈ YT )

Learner incurs loss (ŷt − yt)
2.

Regret =
T∑
t=1

(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.

(B., Koolen, Malek, Takimoto, Warmuth, 2015)
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Adversary reveals yt ∈ R

(yT1 ∈ YT )

Learner incurs loss (ŷt − yt)
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(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.

(B., Koolen, Malek, Takimoto, Warmuth, 2015)

50 / 82



Online fixed design linear regression

Protocol

Given: T ; x1, . . . , xT ∈ Rp; YT ⊂ RT .

For t = 1, 2, . . . ,T :

Learner predicts ŷt ∈ R
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(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.

(B., Koolen, Malek, Takimoto, Warmuth, 2015)

50 / 82



Online fixed design linear regression

Protocol

Given: T ; x1, . . . , xT ∈ Rp; YT ⊂ RT .
For t = 1, 2, . . . ,T :

Learner predicts ŷt ∈ R
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Linear regression in a probabilistic setting

Ordinary least squares (linear model, uncorrelated errors)

Given (x1, y1), . . . , (xn, yn) ∈ Rp × R,

choose

β̂ =

(
n∑

t=1

xtx
>
t

)−1 n∑
t=1

xtyt ,

and for a subsequent x ∈ Rp, predict

ŷ = x>β̂ = x>

(
n∑

t=1

xtx
>
t

)−1 n∑
t=1

xtyt ,

A sequential version of OLS?

ŷn+1 := x>n+1

(
n∑

t=1

xtx
>
t

)−1 n∑
t=1

xtyt .
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ŷ = x>β̂ = x>

(
n∑

t=1

xtx
>
t

)−1 n∑
t=1

xtyt ,

A sequential version of OLS?
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Online fixed design linear regression

Sufficient statistics

Fix x1, . . . , xT ∈ Rp.

YT = {(y1, . . . , yT ) : |yt | ≤ Bt}.
Maintain statistics: sn =

∑n
t=1 ytxt

, σ2n =
∑n

t=1 y
2
t .

Value-to-go: quadratic

s>n Pnsn − σ2n +
T∑

t=n+1

B2
t x
>
t Ptxt .

∗ provided: Bn ≥
n−1∑
t=1

∣∣∣x>n Pnxt

∣∣∣Bt .

Minimax∗ strategy: linear

ŷ∗n+1 = x>n+1Pn+1sn.

Maximin distribution:

Pr (±Bn+1) =
1

2
±

x>n+1Pn+1sn

2Bn+1

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .
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Linear regression

Box constraints

YT = {(y1, . . . , yT ) : |yn| ≤ Bn} Bn ≥
n−1∑
t=1

∣∣∣x>n Pnxt

∣∣∣Bt .

Regret =
T∑
t=1

B2
t .

Minimax strategy: linear

ŷ∗n = x>n Pnsn−1.

Optimal shrinkage

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

xtx
>
t .

c.f. ridge regression:
n∑

t=1

xtx
>
t + λI .
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Linear regression: Proof idea

Offline optimal:

V (sT , σ
2
T ,T ) = − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2

βT = PT sT ,

= −σ2T + β>T sT PT =

(
T∑
t=1

xtx
>
t

)−1
,

= −σ2T + s>T PT sT . sT =
T∑
t=1

ytxt ,

σ2T =
T∑
t=1

y2t .
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Linear regression: Proof idea

Value to go

We’ll show by induction that

V (st , σ
2
t , t) = s>t Ptst − σ2t + γt .

It’s true for T = t with γT = 0. Then

V (st , σ
2
t , t) = min

ŷt+1

max
yt+1

(ŷt+1 − yt+1)2 + V (st + yt+1xt+1, σ
2
t + y2t+1, t + 1)

= min
ŷt+1

(
ŷ2t+1 + max

yt+1

2
(
x>t+1Pt+1st − ŷt+1

)
yt+1

+ x>t+1Pt+1xt+1y
2
t+1

)
+ s>t Pt+1st − σ2t + γt+1.
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ŷ2t+1 + max

yt+1

2
(
x>t+1Pt+1st − ŷt+1
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Linear regression: Proof idea

Value to go

The inner maximization is of a convex quadratic.

It is maximized by yt+1 ∈ {−B,B}:

V (st , σ
2
t , t) = min

ŷt+1

(
ŷ2t+1 + 2B

∣∣∣x>t+1Pt+1st − ŷt+1

∣∣∣)+ s>t Pt+1st

− σ2t + γt+1 + B2x>t+1Pt+1xt+1

= s>t Pt+1xt+1x
>
t+1Pt+1st + s>t Pt+1st

− σ2t + γt+1 + B2x>t+1Pt+1xt+1.

Provided the problem is not too constrained (i.e., B ≥ |x>t+1Pt+1st |), the
solution is ŷt+1 = x>t+1Pt+1st .
(Otherwise, the player should clip ŷt+1 to B or −B.)
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Linear regression: Proof idea

An alternative recurrence

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .

Proof

The result is true for n = T :

P−1T =
T∑
t=1

xtx
>
t .
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Linear regression: Proof idea

Proof

If it’s true for n, we apply the Sherman-Morrison formula:(
A + uv>

)−1
= A−1 − A−1uv>A−1

1 + v>A−1u
,

which implies

P−1n−1 =
(
Pn + Pnxnx

>
n Pn

)−1

= P−1n − xnx
>
n

1 + x>n Pnxn

=
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t −

xnx
>
n

1 + x>n Pnxn

=
n−1∑
t=1

xtx
>
t +

T∑
t=n

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .
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Linear regression: Regret

Regret =
T∑
t=1

B2
t x
>
t Ptxt .

Theorem

max
x1,...xT

T∑
t=1

x>t Ptxt ≤ p

(
1 + 2 ln

(
1 +

T

2

))
.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Part 2: Linear regression.

Fixed design.
Minimax strategy is regularized least squares.
Box and ellipsoid constraints.
Adversarial covariates.
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Linear regression: Alternative constraints

Ellipsoid constraints (weighted 2-norm)

YT
R =

{
(y1, . . . , yT ) :

T∑
t=1

y2t x
>
t Ptxt ≤ R

}
.

Minimax regret = R.
Minimax strategy: linear

ŷ∗n = x>n Pnsn−1.

(mm)

Equalizer property

For all y1, . . . , yT ,

Regret of (mm) :=
T∑
t=1

(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2

=
T∑
t=1

y2t x
>
t Ptxt .
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(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
=

T∑
t=1

y2t x
>
t Ptxt .

63 / 82



Linear regression: Alternative constraints

Equalizer property
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2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
=
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y2t x
>
t Ptxt .

(Proof is by induction.)

Corollary

For every R, (mm) is minimax optimal on

YT
R =

{
(y1, . . . , yT ) :

T∑
t=1

y2t x
>
t Ptxt ≤ R

}
.
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Linear regression: Adversarial covariates

Protocol

Given: T ; XT ⊂ (Rp)T ; YT ⊂ RT .
For t = 1, 2, . . . ,T :

Adversary reveals xt ∈ Rp

(xT1 ∈ XT )

Learner predicts ŷt ∈ R
Adversary reveals yt ∈ R

(yT1 ∈ YT )

Learner incurs loss (ŷt − yt)
2.

Regret =
T∑
t=1

(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.

(B., Malek, 2017)
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2.

Regret =
T∑
t=1
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Linear regression: Adversarial covariates

A covariance budget

Recall:

P−1T =
T∑
t=1

xtx
>
t ,

Pn = Pn+1xn+1x
>
n+1Pn+1 + Pn+1.

Equivalently,

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .

Define

P−10 =
T∑

q=1

x>q Pqxq

1 + x>q Pqxq
xqx
>
q � 0.

67 / 82



Linear regression: Adversarial covariates

A covariance budget

Recall:

P−1T =
T∑
t=1

xtx
>
t ,

Pn = Pn+1xn+1x
>
n+1Pn+1 + Pn+1.

Equivalently,

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .

Define

P−10 =
T∑

q=1

x>q Pqxq

1 + x>q Pqxq
xqx
>
q � 0.

67 / 82



Linear regression: Adversarial covariates

A covariance budget

Recall:

P−1T =
T∑
t=1

xtx
>
t ,

Pn = Pn+1xn+1x
>
n+1Pn+1 + Pn+1.

Equivalently,

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .

Define

P−10 =
T∑

q=1

x>q Pqxq

1 + x>q Pqxq
xqx
>
q � 0.

67 / 82



Linear regression

A reformulation

P−10 =
T∑

q=1

x>q Pqxq

1 + x>q Pqxq
xqx
>
q � 0.

Theorem

Pt+1 = Pt−
at
b2t

Ptxt+1x
>
t+1Pt ,

where at =

√
4b2t + 1− 1√
4b2t + 1 + 1

,

b2t = x>t+1Ptxt+1.
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Linear regression

Proof

Fix P̃0, define P̃t by the forward iteration,

P̃t+1 = P̃t −
at
b2t

P̃txt+1x
>
t+1P̃t ,

then set PT = P̃T and define Pt by the backwards iteration,

Pt−1 = Pt + Ptxtx
>
t Pt .

We’ll show that Pt = P̃t for t = T − 1, . . . , 1.
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Linear regression

Proof

Suppose Pt+1 = P̃t+1. Then

Pt = Pt+1 + Pt+1xt+1x
>
t+1Pt+1

= P̃t −
at
b2t

P̃txt+1x
>
t+1P̃t

+

(
P̃t −

at
b2t

P̃txt+1x
>
t+1P̃t

)
xt+1x

>
t+1

(
P̃t −

at
b2t

P̃txt+1x
>
t+1P̃t

)
= P̃t + P̃txt+1x

>
t+1P̃t

(
− at
b2t

+ 1− 2at + a2t

)
= P̃t + P̃txt+1x

>
t+1P̃t

(
(1− at)

2 − at
b2t

)
= P̃t ,

where we have used (1− at)
2 = at

b2t
.
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Linear regression

Proof

To see that (1− at)
2 = at

b2t
:

b2t (1− at)
2 = b2t

(
1−

√
4b2t + 1− 1√
4b2t + 1 + 1

)2

=

(
2bt√

4b2t + 1 + 1

)2

=

√
4b2t + 1− 1√
4b2t + 1 + 1

= at ,

because (√
4b2t + 1− 1

)(√
4b2t + 1 + 1

)
= 4b2t .
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Linear regression

Legal covariate sequences
For any t ≥ 0, any x1, . . . , xt and any Pt , the following two conditions are
equivalent.

1 There is a T ≥ t and a sequence xt+1, . . . , xT such that, under the
forward iteration,

P−1T =
T∑

q=1

xqx
>
q .

2 P−1t �
∑t

q=1 xqx
>
q .
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Linear regression

Proof idea
Suppose that P−1t −

∑t
q=1 xqx

>
q � 0.

Write

P−1t −
t∑

q=1

xqx
>
q =

m∑
i=1

λiviv
>
i ,

with orthonormal v1, . . . , vm and λ1 ≥ · · · ≥ λm ≥ 0. Then it’s easy to
show that we can choose xt+1 = βvk (for some β ≥ 0) such that

P−1t+1 −
t+1∑
q=1

xqx
>
q =

m−1∑
i=1

λiviv
>
i .

Actually we can choose β as any smaller value to ensure that the rank
does not drop in one step, so we can “complete the sequence” in any
number of steps, provided that it is at least m.
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Linear regression

Proof idea

To see the reverse implication, once we have computed the Pts by the
forward iteration, we can write the equivalent expression

P−1n =
n∑

t=1

xtx
>
t +

T∑
t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t

�
n∑

t=1

xtx
>
t .
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Linear regression

Legal covariate sequences
For any t ≥ 0, any x1, . . . , xt and any Pt , the following two conditions are
equivalent.

1 There is a T ≥ t and a sequence xt+1, . . . , xT such that, under the
forward iteration,

P−1T =
T∑

q=1

xqx
>
q .

2 P−1t �
∑t

q=1 xqx
>
q .

Adversarial covariates

Thus, each P0 � 0 (a ‘covariance budget’) defines a set of sequences
x1, . . . , xT .

The same strategy is optimal for each of these sequences.
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Linear regression: Adversarial covariates; horizon-free

Protocol

Given: Z ⊂
⋃

T≥1(Rp × R)T .
For t = 1, 2, 3, . . .

Adversary reveals xt ∈ Rp

Learner predicts ŷt ∈ R
Adversary reveals yt ∈ R

(xT1 , y
T
1 ∈ Z)

Learner incurs loss (ŷt − yt)
2.

Regret =
T∑
t=1

(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.
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(ŷt − yt)
2 − min

β∈Rp

T∑
t=1

(
β>xt − yt

)2
.

76 / 82



Linear regression: Adversarial covariates; horizon-free

Protocol

Given: Z ⊂
⋃

T≥1(Rp × R)T .

For t = 1, 2, 3, . . .

Adversary reveals xt ∈ Rp

Learner predicts ŷt ∈ R
Adversary reveals yt ∈ R

(xT1 , y
T
1 ∈ Z)

Learner incurs loss (ŷt − yt)
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Adversary reveals yt ∈ R

(xT1 , y
T
1 ∈ Z)

Learner incurs loss (ŷt − yt)
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2.

Regret =
T∑
t=1
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Linear regression

Constraints on yts

1 Box constraints: B(B) := {yT1 : |yt | ≤ Bt}, for B1,B2, . . . > 0.

2 Ellipsoidal constraints:

E(xT1 ,R) :=

{
yT1 :

T∑
t=1

y2t x
>
t Ptxt ≤ R

}
.
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Linear regression

Constraints on xts
1 Compatibility constraints:

X (B) =

{
xT1 : Bt ≥

t−1∑
s=1

∣∣∣x>t Ptxs

∣∣∣Bs for 2 ≤ t ≤ T

}
.

2 Covariance constraints:

X (Σ) =
{
xT1 : for P0, . . . ,PT defined by xT1 , P−10 = Σ

}
.
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Linear regression

Theorem

For all positive semidefinite Σ; B1,B2, . . . > 0

; and R > 0,

the forward strategy s∗ is horizon-independent minimax optimal,

sup
T

sup
xT1 ∈X

(
sup

yT
1 ∈Y(xT1 )

RT (s∗, xT1 , y
T
1 )−min

s
sup

yT
1 ∈Y(xT1 )

RT (s, xT1 , y
T
1 )

)
= 0.

with respect to the following (X ,Y(x t1)):

(X (BT
1 ) ∩ X (Σ),B(BT

1 )),

(X (Σ), E(xT1 ,R)).

That is, s∗ performs as well as the best strategy that sees the covariate
sequence.
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The minimax strategy as regularized least squares

The minimax strategy predicts ŷn = θ̂>n xn, where θ̂n is the solution to

min
θ

n−1∑
t=1

(θ>xt − yt)
2 + θ>Rnθ,

Rn :=
T∑

t=n+1

x>t Ptxt

1 + x>t Ptxt
xtx
>
t .

Indeed,

θ̂n =

(
n∑

t=1

xtx
>
t + Rn

)−1
sn−1

= P−1n sn−1.
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Linear regression

ŷ∗n = x>n Pnsn−1

Minimax optimal for two families of label constraints:
box constraints and problem-weighted `2 norm constraints.

Strategy does not need to know the constraints.

Regret is O(p logT ).

Same strategy is optimal for covariate sequences consistent with some
‘covariance budget’ P0.
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Outline

Computing minimax optimal strategies.

Part 1: Euclidean loss.

Part 2: Linear regression.
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