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Abstract

We study online learning under logarithmic loss with regular parametric models. We show
that a Bayesian strategy predicts optimally only if it uses Jeffreys prior. This result was
known for canonical exponential families; we extend it to parametric models for which the
maximum likelihood estimator is asymptotically normal. The optimal prediction strategy,
normalized maximum likelihood, depends on the number n of rounds of the game, in
general. However, when a Bayesian strategy is optimal, normalized maximum likelihood
becomes independent of n. Our proof uses this to exploit the asymptotics of normalized
maximum likelihood. The asymptotic normality of the maximum likelihood estimator is
responsible for the necessity of Jeffreys prior.

Keywords: Online Learning, Logarithmic Loss, Bayesian Strategy, Jeffreys Prior, Asymp-
totic Normality of Maximum Likelihood Estimator

1. Introduction

In the online learning setup, the goal is to predict a sequence of outcomes, revealed one
at a time, almost as well as a set of experts. We consider online density estimators with
log loss, where the forecaster’s prediction at each round takes the form of a probability
distribution over the next outcome, and the loss suffered is the negative logarithm of the
forecaster’s probability of the outcome. The aim is to minimize the regret, which is the
difference between the cumulative loss of the forecaster (that is, the sum of these negative
logarithms) and that of the best expert in hindsight. The optimal strategy for sequentially
assigning probability to outcomes is known to be normalized maximum likelihood (NML)
(see, for e.g., Cesa-Bianchi and Lugosi, 2006; Grunwald, 2007, and see Definition 4 below).
NML suffers from two major drawbacks: the horizon n of the problem needs to be known in
advance, and the strategy can be computationally expensive since it involves marginalizing
over subsequences. In this paper, we investigate the optimality of two alternative strategies,
namely the Bayesian strategy and the sequential normalized maximum likelihood strategy;
see Definitions 5 and 6 below. Bayesian prediction under Jeffreys prior has been shown to
be asymptotically optimal (see, for e.g., Grunwald, 2007, chaps 7,8). Moreover the regret
of SNML is within a constant of the minimax optimal (Kotlowski and Grunwald, 2011).
We show that for a very general class of parametric models (Definition 1), optimality of a
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Bayesian strategy means that the strategy uses Jeffreys prior. Furthermore we show that
optimality of the Bayesian strategy is equivalent to optimality of sequential normalized
maximum likelihood. The major regularity condition for these parametric families is that
the maximum likelihood estimate is asymptotically normal. This classical condition holds
for a broad class of parametric models.

2. Definitions and Notation

We work in the same setup of (Hedayati and Bartlett, 2012) and use their definitions and
notation. The goal is to predict a sequence of outcomes x; € X, almost as well as a set
of experts. We use z! to denote (1,29, --,2;), 2° to denote the empty sequence, and
xl, to denote (T, Tymy1, -+ ,%n). At round ¢, the forecaster’s prediction is a conditional
probability density ¢;(-|z*~1), where the density is with respect to a fixed measure A on X.
For example, if X is discrete, A could be the counting measure; for X = R? X could be
Lebesgue measure. The loss that the forecaster suffers at that round is — log g (2 | 2¢71),
where x; is the outcome revealed after the forecaster’s prediction. The difference between
the cumulative loss of the prediction strategy and the best expert in a reference set is called
the regret. The goal is to minimize the regret in the worst case over all possible data
sequences. In this paper, we consider i.i.d. parametric constant experts parametrized by
0e0o.

Definition 1 (Parametric Constant Model) A constant expert is an iid stochastic pro-
cess, that is, a joint probability distribution p on sequences of elements of X such that
for all t > 0 and for all z in X, p(xt ’xt_l) = p(xy). A parametric constant model
(0, (X,%),\,pg) is a parameter set O, a measurable space (X,X), a measure A on X, and a
parameterized function pg : X — [0,00) for which, for all 0 € O, pg is a probability density
on X with respect to \. It defines a set of constant experts via py (:vt ‘xtfl) = po (x4).

For convenience, we will often refer to a parametric constant model as just py.

A strategy ¢ is any sequential probability assignment ¢(-| #/~!) that, given a history
2'~1, defines the conditional density of x; € X with respect to the measure \. It defines a
joint distribution g on sequences of elements of X in the obvious way,

n

a@™) = [ a(ala').

t=1

In general, a strategy depends on the sequence length n. We denote such strategies by ¢(™.

Definition 2 (Regret) The regret of a strategy ¢ on sequences of length n with respect
to a parametric constant model py is

n

N N () VR N -1y _ po(z™)
R(z",q"™) ; log ¢;" (w[2" ") glg(gt; log po(r[«'~") = suplog -y
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We consider a generalization of the regret of Definition 2. This is because some strategies
are only defined conditioned on a fixed initial sequence of observations z™~!. For such cases,
we define the conditional regret of ™, given a fixed initial sequence ™!, in the following
way (see Grunwald, 2007, chap. 11).

Definition 3 (Conditional Regret)

n

ROz, ¢ |zm 1) = Z —log qs(z¢]zt™1) — 91161(%2 —log pg(x¢|x'™h)
t—

t=m

= sup log Po(z") .
oco g™ (x| 2m1)

Notice that the strategy ¢(™ defines only the conditional distribution ¢(™ (27 | ™). We
call such a strategy a conditional strategy. In what follows, where we consider a conditional

strategy, we assume that 7! is such that these conditional distributions are always well
defined.

Definition 4 (NML) Given a fized horizon n, the normalized mazimum likelihood (NML)
strateqy is defined via the joint probability distribution

_ Supgeo Po(z")
Jon sUDgee Po(y™) dA™(y")’

provided that the integral in the denominator exists. For t < n, the conditional probability
distribution is

P%z (z")

(n) (.t
n - Prmi\ T
P ) = L)
pnml($ )
where pg;)ll(xt) and pgzl(ast_l) are marginalized joint probability distributions ofpg;%l(x”):

pg%l@t) :/Xn_tpgl’;)ll(m”)d)\”t(a:?ﬂ),

(n)

The regret of the NML strategy achieves the minimax bound, that is, ¢ = Dyl
minimizes max,» R(z", q(”)) (see, for e.g., Grunwald, 2007, chap. 6). Note that PEZQL; might
not be defined if the normalization is infinite. In many cases, for a sequence 2™~ ! and for
all n > m, we can define the conditional probabilities

p (al |

 [n—ms1 SUDgee po (™) AAPTH (2

mfl) SUPgeco p9(xn)

For these cases the conditional NML again attains the minimax bound, that is, ¢ = pfﬁ%l

minimizes maxgn R(z™,q"™ | 2™~ 1) (see Grunwald, 2007, chap. 11). In both cases, the
nml strategy is an equalizer, meaning that the regrets of all sequences of length n are equal.

Definition 5 (SNML) The sequential normalized maximum likelihood (SNML) strategy

has .
Suppee Po(7')

[y supgeo po(at) dA(zy)

DPsnml (:L‘t | xt_l)
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Notice that this update does not depend on the horizon. Under mild conditions, the re-
gret of SNML is no more than a constant (independent of n) larger than the minimax
regret (Kotlowski and Grunwald, 2011). Once again, pgpm; is not defined if the integral
in the denominator is infinite. In many cases, for a sequence ™! and for all n > m,
the appropriate conditional probabilities are properly defined. We restrict our attention to
these cases.

Definition 6 (Bayesian) For a prior distribution m on O, the Bayesian strategy with m
is defined as

pe(at) = /9  plat)d (o).

The conditional probability distribution is defined in the obvious way,

t—1\ pﬂ(l‘t)
prlee[#70) = Gty

We denote the conditional Bayesian strategy for a fived 2™ ' as pr(z?, | 2™ 1).
Jeffreys prior (Jeffreys, 1946) has the appealing property that it is invariant under
reparameterization.

Definition 7 (Jeffreys prior) For a parametric model py, Jeffreys prior is the distribu-
tion over the parameter space © that is proportional to \/|I(0)|, where I is the Fisher
information at 0 (that is, the variance of the score, 0/00Inpy(X), where X has density pg).

Our main theorem uses the notion of exchangeability of stochastic processes.

Definition 8 (Exchangeable) A stochastic process is called exchangeable if the joint
probability does not depend on the order of observations, that is, for anyn > 0, any 2™ € X",
and any permutation o on {1,...,n}, the probability of ™ is the same as the probability of
" permuted by o.

When we consider the conditional distribution p(x7, | ™~ !) defined by a conditional
strategy, we are interested in exchangeability of the conditional stochastic process, that is,
invariance under any permutation that leaves 2™~ unchanged.

The asymptotic normality of the maximum likelihood estimator is the major regularity
condition of the parametric models that is required for our main result to hold.

Definition 9 (Asymptotic Normality of MLE) Consider a parametric constant model
po. We say that the parametric model has an asymptotically normal MLE if, for all g € O,

Vi (B = 00) 5 N (0,17 (60))

where 1(0) is the Fisher information at 6, =™ is a sample path of pg,, and é(mn) is the
mazximum likelihood estimate of 0 given x™, that is, é(xn) maximizes pg(x™).

Asymptotic normality holds for regular parametric models; for typical regularity condi-
tions, see for example, Theorem 3.3 in (Newey and McFadden, 1994).

For parametric models whose maximum likelihood estimates take values in a countable
set, we need the notion of a lattice MLE.
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Definition 10 (Lattice MLE) Consider a parametric model py with § € © C R%. The
parametric model is said to have a lattice MLE with diminishing step-size h,, if for any
0, the possible maximum likelihood estimates of n i.i.d random variables generated by pg
are points in O that are of the form (b + kihp,b+ kahy, -+ ,b+ kghy), for some integers
ki, ko, -+, kg and some real numbers b and h,,. Additionally h,, is positive and diminishes
to zero as n goes to infinity.

We are now ready to state and prove our main result.

3. Main Result

We show that in parametric models with an asymptotically normal MLE, the optimality
of a Bayesian strategy implies that the strategy uses Jeffreys prior. Furthermore we show
that the optimality of a Bayesian strategy is equivalent to the optimality of sequential
normalized maximum likelihood. This extends the result for canonical minimal exponential
family distributions from (Hedayati and Bartlett, 2012) to regular parametric models. Note
that NML is the unique optimal strategy, so when we say that some other strategy is
equivalent to NML, that is the same as saying that strategy predicts optimally.

Theorem 11 Suppose we have a parametric model pg with an asymptotically normal MLE.
Assume that the MLE has a density with respect to Lebesgque measure or that the model has
a lattice MLE with diminishing step-size hy,. Also assume that 1(0), the Fisher information
at 0 is continuous in 0, and that, for all x, pg(x) is continuous in 0. Also fir m > 0 and
™1 and assume that pgzl(xﬁlmm_l) and pr(z) |z
Jeffreys prior. Then the following are equivalent.

m=1) are well defined, where 7 is the

(a) NML = Bayesian:
There is a prior m on © such that for all n and all x7},,

(n)

Pr (@2 71) = pa(ai,|2™ 7).

(b) NML = SNML:
For all n and all 7,

P2 ™) = P2 ).
(¢) NML = Bayesian with Jeffreys prior:
If m denotes Jeffreys prior on ©, for all n and all z}},,
Pro (@l ™) = pa(af ™).
(d) Dsnmi(-|2™ 1) is exchangeable.
(e) SNML = Bayesian:
There is a prior m on © such that for all n and all x7},,
Psnmi (2™ 7) = pr(ap, 2™ 7).
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(f) SNML = Bayesian with Jeffreys prior:
If m denotes Jeffreys prior on ©, for alln and all z}},,

psnml(x?n’xmil) = pﬂ(f’f%wmil)'

The proof is in the appendix.

4. Examples

Example 1 This example is taken from (Hedayati and Bartlett, 2012). In this setting, the
experts are Bernoulli distributions,

pula™) = p(ZiEm) (1 - ) (T,
with parameter space (0,1). Note that this model has a lattice MLE with diminishing step-
size 1/n. Because for a fized n the possible mazximum likelihood estimates are

1 2 3 n—1

Y Ty ey
n-nmn n

The SNML is not defined for n = 1. However if ™' contains at least one 0 and one 1,
the conditional SNML strategy is defined. Fiz x* = 10. Consider ° = (10011) and y° =
(10110). Then z° is a permutation of y> with the initial x* fized. However pgpmi (23| 22) =
Psnmi(011] 10) = 0.0930 # Pspmu(110] 10) = pspmi(v5 | y?) = 0.0932. This means that
Psnmi( - | 22) is not exchangeable, hence based on our main theorem SNML and NML cannot
be equivalent and neither is equivalent to a Bayesian strategy.

Example 2 In this example the parametric family is the class of one-dimensional Gaussian
distributions with unknown mean and variance p and o2, i.e.

1 1 [ p?
pup.?(x) = mexp{—wxz—i-(ﬂx—w—l-loga .

The MLE is

n

NS R o 1 .
M”:ﬁzxi and UTZL:EZ(%_M”F'
i=1 i=1

The conditional SNML satisfies

n n Y
il o (2162) " exp {—Zml (@i ) }

Normalizing we get:

psnml(ajn‘xnil)
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It can be shown (Kotlowski and Grunwald, 2011) that for n > 1

R(l'gapsnml | 5L'1) - R(xgilapsnml | 1'1)

n+1

1 T (2=l
== logn—%log(n—l)—§10g26+ (2)

r(3)

This shows that the conditional SNML is an equalizer and hence equivalent to the conditional
NML. Moreover, asymptotic normality holds for any u € R and any o € RY and Puo2 ()
is continuous in p and o2, hence Theorem 11 can be applied. This shows that conditional
SNML and NML are equivalent to a conditional Bayesian strategy under Jeffreys prior. A
direct computation of the Bayesian strategy with Jeffreys prior verifies this. Note that since
this example is not a canonical exponential family, the results of (Hedayati and Bartlett,
2012) cannot be applied here.

Example 3 In this example, the parametric family is the class of one-dimensional asym-
metric student-t distributions as defined in (Zhu and Galbraith, 2009) with unknown skew-
ness parameter a € (0,1) and fized left and right tail parameters vi = ve = 1, i.e.

. %(1—1—(%)2)71 » forxz <0,
pal®) = 71r<1+(2(1xa)>2) forxz >0.

(Zhu and Galbraith, 2009) established asymptotic normality of mazimum likelihood esti-
mators in asymmetric student-t distributions. Note that additionally for any x, pa(x) is
continuous in «, hence Theorem 11 is applicable to this example. Proposition 2 in (Zhu and

Galbraith, 2009) shows that the Fisher information of po is proportional to ﬁ This
1

NCER After normalization we get ﬂ\/ﬁ
Calculating the regret of the Bayesian strategy under Jeffreys prior shows that for a fized
n > 0, the regret changes for different sequences of observations. For example, for n = 3,
and sequence of observations (1,1, —1) the maximum likelihood estimate of v is 0.4136 and
the regret of the Bayesian strateqy under Jeffreys prior is 1.1472. On the other hand if we
observe (2,2, —2), the mazimum likelihood estimate is 0.3777 with 1.1851 for regret. This
means that the Bayesian strategy under Jeffreys prior is not optimal because otherwise it
should have resulted in equal regrets for sequences of equal length. Furthermore Theorem 11
shows that no prior distribution on (0, 1) can make the Bayesian strategy optimal and SNML
can not be optimal either.

means that Jeffreys prior is proportional to
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Appendix: Proof of Theorem 11

Fix 2™~ ! so that all of the relevant conditional distributions are defined. We prove that
(a), (b), and (c) are equivalent, and that (d), (e), and (f) are equivalent. The equivalence
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of (b) and (d) is Theorem 1 in (Hedayati and Bartlett, 2012).
(a) = (b): NML being equivalent to a Bayesian strategy means that NML is horizon-
independent. Hence for any m — 1 <t < n,
Pom(@la’ ™) = pa(aila’™) = p) (@2 ™) = pomma(aela' ),
which means that NML is equivalent to SNML.
(b) = (c): We use the asymptotic normality property to prove this below.
(c) = (a): This is immediate.
(d) = (e): We know that (d) and (b) are equivalent, and that (b) implies (a), but (b) and
(a) together imply (e).
(e) = (d): Since SNML is Bayesian, pspmi(z™) = [ [1i=; po (z;) dm(8) for some prior dis-
tribution 7 on ©. As [[", pg (z;) does not depend on the order of observations, SNML is
exchangeable.
(e) = (f): (e) implies (d), which implies both (b) and (c), and together these imply (f).
(f) = (e): This is immediate.
The heart of the proof is verifying that
(b) = (c¢): NML being equivalent to SNML means that, for all m —1 <t <n,

Penmi (x| 2™ = p™ (2| ™) (1)

_ J supg pa(at, y"H)d Ayt
[ supg pg(am—1, yn—m+L)g xn—mt (yn-m-1)

fpe( - .%' ,yn7t>d )\nft (ynft)

B fpé ggmflY nferl) (ij 1’ yn_m+1)d)\n_m+l (yn_m+1)’

where H(ggt n—ty is the maximum likelihood estimate upon observing xt y" t. As n goes to

infinity, H(xt n—t) converges to «9 n—t. This is because as n goes to infinity, + - [Zl 1 log pg (xz)]
in the following equation goes to Z€ro :

~

Ot yn—t) = argmax— Zlogpg (z;) +Zlogp9 (v5)

Now we rewrite Equation (1) in a different form. Let CZOQ be a hypercube centered at 6y
with all sides having length h, where Af = h?, is the volume of the hypercube. Define

n _ n—t (g 0,
Sxt(eo) = {Z ‘9(1t7zn—t) CAOG/W}
where C’ije Il is a hypercube that has volume Af/vn? with all sides having length equal

. L 0 :
to h//n. Let P Ae Il be the largest collection of disjoint hypercubes C’A‘9 I that fit in

O. Note that as Af goes to zero P A0/ covers the whole ©. Define

Xt Jsn (09 Poo ()P (YA (577
gn(l,t m—1 AQ) A6//nd T .
Xt Jsn - (00) Poo@ T )pg (yn T d AT (o)

A6/V nd
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First of all we show that
lim lim | g"(zf, 2™ %, Af) — p(n)l(:zt | 2™ 1| =0.

n—00 A§—0 nm

Since for all n, we have pgpm (2! | 2™71) = pgl)ll( | 2™~1) this implies that ¢"(z!, 2™, Af)
converges t0 pspmi(zt | ™71). Then we show that the limit of g"(zf, ™!, Af) as n goes
to infinity and A6 goes to zero is a Bayesian conditional under Jeffreys prior. Now, it is
easy to see the following:

pa(wr)Ll( flamh
cho \/7 fsgt (eo)pé(wt,yn—t)(xt)pé t (ynit)dAnit (ynit)

n—t
N (z,y )
S T
AQ/\/ zm

) pé(szlyynferl) (mmfl)pé@mfl’ywmﬂ) (yn—m+1)d An—m+1 (yn—m+1)’

The only difference between this and ¢"(x!, 2™~ !, Af) is that instead of fy we have the
parameter Q(xm 1 yn-m+1) for each hypercube. The distance between two points in each

hypercube is at most h+/d/n, hence
\/E
—

As A0 and consequently h go to zero, 6y converges to é(ztyynft) for the expressions in the

80 — O

W) =

numerator and to é(xm—l7yn—m+1) for those in the denominator. Due to the continuity of the
likelihood for each hypercube in the numerator, we have

(xt, yn—t) )

Similarly, for each hypercube in the denominator we have

Jim pg, (.57 =y

0wt yn—t)

Lim pao( m— 1’yn—m+1)

m—1
AO—0 (l’

n—m—i—l) )

=DPj 'Y

(xm— 1 yn— m+1)

Hence g™(xt, 2™, Af) converges to pfm)d( t] 2™=1). Furthermore as n goes to infinity the
NML probability does not change, because it is equivalent to SNML and thus is horizon-
independent. This means lim,, o, imag_,0 g™ (2!, ™71, A0) = pepm (2t | 2™71).

Next we show that the limit of g (zf, 2™~!, Af) as n goes to infinity and Af goes to zero
is a Bayesian conditional under Jeffreys prior, which completes the proof. The following is

easy to see:

N 0 n—t n—t (, n—t
o, (D -0y € €%, a) = | N ),

Moreover, we have

Do, <é(mt7yn—t) S CAOG/\/i) = Do, (é ot yn—t) — b6y € OAO/W) (2)
= Po ( Oat yn—t) —B0) € \FCAQ/F) 3)
= Do (\/ﬁ (@t yn-t) — o) € CA@)- (4)

9
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Hence
/ poo(y" AN (y" 1) = py, (\/ﬁ(é(xt,yn—t) — o) € ng> -
Sgt (90)
Also,
Seon pao@In, (VB yisy — 00) € C3,)
g"(xt xm 1 Af) = 20/Vnd .
2090 Do, (:L‘m_l)pgo (\/ﬁ(e(mmfl’ynferl) — 90) S 029>
A0/Vnd
Let F; 5 (.) be the cumulative distribution function of the random variable

V(B yn—ty — bo)

when the data is i.i.d. and generated by pg,(-). Define F”,

wm—1 g, () similarly. With these
definitions,

1 Zcioe/ﬂpeo (xt)F;ltﬁo (Cg9)
gn(l,t’l,m— 7A9) = - — :
ZCGO Do, (xm 1)F;m—1790 (020)

A0/ nd

Now we find the limit as Af goes to zero. There are two possibilities: either the MLE has a
density with respect to Lebesgue measure or the model has a lattice MLE with diminishing

o . @
step-size h,. In the latter case, upon constructing PA@ N we choose the hypercubes so

that all points of the form (b+ kihy,, b+ kohy, -+ , b+ kghy,) in O are centers of some hyper-
cubes. Furthermore we make sure that each of these hypercubes contains at most one point
of the form (b+kihp, b+kahy, - -+ ,b+kghy), namely the center. Let Af, be small enough to
make this phenomenon hold. This construction makes many hypercubes c% void of

Ab, /Vnd

maximum likelihood points. Let us abbreviate pg, (e(xt7yn7t) € C’AOQ9 y W) in Equation (2)

by Gy, (€%, )+ Eauation (2) shows that G2, (€%, ) = Fii,,

of GZt,Go (Ci)e / W) are zero, namely those with 6y that do not correspond to a é(xt’yn,t),

(C’gen) . Many

hence:

S ) (CRo) = 3 w0n(@)Gg, (O, )
fo

)
C Ro, Abp

B

3

()G, (C%, )

Qoeézt
where (:)gt = {«9 €O | dy»t st é($t,yn_t) = 9}. Furthermore we have the following.

n 0
Zeoeégt Py (ﬂft)Gxt,eo (CAOQ /W)

. -1 0 ‘
Zeoeezm,l Poo (2™ )G 1 g, (CAOH/\/er)

g”(mt,xm_l,AHn) —

10



OPTIMALITY OF JEFFREYS PRIOR FOR ONLINE DENSITY ESTIMATION

Note that G7, 0 (C'ZOH / r) is the probability that é(zt7Yn_t) equals 8y where Y=t are
n — t random variables generated by pg, in an i.i.d fashion.

As n goes to infinity, the distribution of 6, y»_4) becomes independent of xt. This is
because % 2521 log pg(x;) converges to zero for all 6, and é(xz,yn_t) converges in probablity

to 6p. This along with the asymptotic normality of MLE implies that for all 6y € éxt’n,
G g, (+) converges to the density of a multivariate normal distribution with mean 6y and

covariance matrix 1-1(). A simple computation shows that the limit of G 0 (CZOG y f)

as n goes to infinity is \/n?|I(g)| /(27)9. Now we construct hypercubes of sides of length
h,, and centers from @" for the numerator and from @”m , for the denominator. Let §,, be
the volume of each of these hypercubes. It is obvious that 6, diminishes to zero as n goes
to infinity. Using Riemann integral and the continuity of Fisher information and likelihood
we get:

. 0
. t m—1 ) Z@oe@” Poyo (q:t)Grtv@O (CAOH/F> n
lim (o', "1, 20,) = Jim ;
ZQQE@)” B peo(xm 1)G:1:m 1,60 (CA()G/F)é

Jopo(x)\/|1(6)] d6
Jo po(z™m=1)\/|1(0)| db

which shows that the strategy is Bayesian with Jeffreys prior. On the other hand if MLE
has a density with respect to Lebesgue measure then we get the following:

Fly (CRo)\ A6
_ e oty [ Zzite A0
Aeﬁor 2 ()i, (CM)*iérﬂor 2l ( 20/ )m

nd Ae/f
Fr . (C%)\ A6
_ t xteo A6
= Ay GOZ peo(“( Af )m
CAH/\/er

_ / Py (21) 174 4, (0)d B,
()

where f7, 5 () is the density of F; , . This means that

B, (0)do
g"(z', 2™ ) = lim ¢g"(2', 2™, Af) = Jo 2in(x l)fx (0% .
AO—0 f®p90 xm ) ", 100( )d00

()

As n goes to infinity, the distribution of é(:ctyyn,t) becomes independent of xt. This is

because % 25:1 log pg(z;) converges to zero for all 6, and é(xt’yn,t) converges in probablity
to fg. This along with the asymptotic normality of MLE shows that as n goes to infinity
we get the following convergence

vn (é(xt7yn7t) — 90) i) N (O,Iil (90)) .

11
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Let Fp,(-) be the cumulative distribution function of the multivariate normal distribution
with mean 0 and covariance matrix I~1(p). Asymptotic normality implies that

Fy g, (Cag) = Fiy(Cho)-
This means that f;t,eo (0o) converges to the density of a multivariate normal distribution
with mean 0 and covariance matrix I~1(p). A simple computation shows that this value

|1(6p)] /(27)¢. Now the only concern is whether we can take the limit of n — oo inside

the integral in Equation (5). We let k7, (0) = (2r)? " 9(0), hence Equation (5) becomes:

gt ™) = Jo pole' )k (0)d0
, Jopo(zm=1)E",._(0)df

As f1 ,(8) converges to \/I(g)/(2m)? when n goes to infinity, £7,,_,(0) and k7, (#) converge

to /| I(0) | as n goes to infinity. Now we use Lebesgue’s dominated convergence theorem
(Weisstein, 2012b) and Fatou’s lemma (Weisstein, 2012a) to show that limit and integral
are interchangeable. Fatou’s lemma shows that :

| oola™ DVIT@ a0 < lim [ poa™ )k (6)d6
S} S}

Let
n (9) _ pe(xt)k;lt (9)
limg_soo f® pg(xm_l)k;m_l(e)d@
As n goes to infinity, k7, (0) approaches /| I(0)|. Hence for e = /| I(6)| there exists an

ng such that | £7,(0) — /| 1(0) | | < € for n > ny.
Therefore for n > ng we have k7, (0) < 2+/| 1(0) |, and

2pp(2") /1 1(9) |
we(0) < :
0= Jo po(z™=1)/1 1(6) | d6

Now let 1" (6) = h™(0) for n > ng and zero otherwise. For all n and 6 € © we have :

) < 2EOVITOT

Jopo(z™=1)\/| 1(0) |d0
It is obvious that the limits of both are equal as n goes to infinity. Furthermore, note that
ﬁzt(ﬁ) is upper bounded by an integrable function, namely twice the conditional Bayesian
density of 2! under Jeffreys prior given !, We know that the conditional Bayesian
density of 2! under Jeffreys prior given x is integrable from the assumption of the
theorem. Consequently Lebesgue’s dominated convergence theorem is applicable here:

m—1

. n(t ,m—1 _ : n
nh_)rgog (', 2™ = nh_)rgo ehxt(ﬁ)dﬁ
_ / lim 7™ (6)d 6
C_)'I’L*}OO

Jopo(a*)y/ 1(0)]
limy, o0 fg po(z™ 1)k, (0)d6
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Also, we have

lim | po(a™ 1)k"_ (6)d6 = / lim pg(a™ )k (6)d6
(C]

n—oo [e) n—o0

_ /@ pa(a™ 1)/ 1(9) [db,

because otherwise poppy(z' | 2™71) = limyo0 g™ (2!, 2™ 1) = limy oo [ 7% (0)d 6 would
not be a distribution. Hence we get:

9\/1(60)do
lim lim ¢"(z' 2™ 1 Af) = f@ po(x )m ‘
n—o00 AG—0 fepe(wmfl)\/mde

Notice that the proof does not use any properties of the Fisher information matrix.
Thus, if the MLE is asymptotically normal with covariance V' (6), then an optimal Bayesian

strategy has prior proportional to y/|V(0)].
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