Introduction to Time Series Analysis. Lecture 9.
Peter Bartlett

Last lecture:
1. Linear prediction.

2. Projection in Hilbert space.

3. Forecasting and backcasting.
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‘ Review: Linear prediction I

Given X, Xo, ..., X, the best linear predictor

n—l—m _&0—'_2&@

of X,,.,, satisfies thg@rediction equations

E(Xpym — X"

n—i—m) — O
E|(Xntm — Xpto) Xi| =0 fori=1,...,

That is, theprediction errors X', —
prediction variables 1, X,..., X,).

X,1m) are uncorrelated with the




Review: Projection Theorem'

If H is a Hilbert space,
M is a closed linear subspace’f
andy € H,

then there is a poinPy € M

(the projection of y on M)

satisfying

L [Py — y|| < [lw—yl forw e M,

2. [Py —y| < |lw—y| forw e M,w #y
3.{(y — Py,w) =0 forw e M.




‘ Review: One-step-ahead linear predictio:'

Xg—l—l — ¢n1Xn + ¢n2Xn—1 + - T ¢nnX1
anbn = Tn,

(n—1) A(n—2)
an — <¢n17 ¢n27 I} qbnn)/:
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‘ The prediction operator.

For random variable¥, 74, ..., Z,,, define the
best linear prediction of Y givenZ = (74,...,2Z,)’
as the operatoP(-|Z) applied toY:

P(Y|Z) = py + ¢'(Z — pz)
I'¢ =17,
v =CouY, Z)
I'=Cov(Z, Z).




‘ Properties of the prediction operator'

1.E(Y — P(Y|Z)) =0,E(Y — P(Y|2))Z) = 0.

2.E((Y — P(Y|Z))?) = Var(Y) — ¢'.

3. P(ar Y1 + oY + aplZ) = ag + a1 P(Y1|Z) + as P(Y5|Z).
4. P(Z,|Z) = Z:.

5. P(Y|Z) = EY if v = 0.




‘ Example: predicting m steps aheaj

Xpgm = ¢(m)X + ¢7($)Xn—1 +o oM X,
P, o) — ~(m)
I, = Cov(X, X),
¥ = CoM( X, X)
= (y(m),y(m+1),...,y(m+n—1))".
= 7(0) — ™4™
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Partial autocovariance function'

AR(1) model: Xt = 01 X1 + Wy
v(1) = Cov(Xo, X1) = ¢17(0)
’7(2) = COV(X(),XQ)
— COV(XO, ¢1X1 -+ WQ)

_— COV(XO, ¢%X0 -+ ¢1W1 + WQ)
= $17(0).

Clearly, X and X are correlated through .

In the PACF, we remove this dependence by considering theriamce of
the prediction errorsof X5 and X .
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Partial autocovariance function'

For AR(1) model: X, = ¢1 X1,
X(% — ¢1X17

SO CO\(X21 — XQ, X(% — XO) = COV(¢1X1 — XQ, leXl — XO)
= COV(WQ, ¢1X1 — XO)
= 0.
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Partial autocorrelation function I

The Partial AutoCorrelation Function (PACF) of a statign
time serieq X, } is

»11 = Corr( X1, Xo) = p(1)

¢nn = Corn( Xy, — X,’f_l,Xo = Xél_l) forh =2,3,...

This removes the linear effects &f;, ..., X, _1:

o X, Xo, X0, Xy Xny, Xy X,

N

partial out
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Partial autocorrelation function I

The PACFgy,, 1s also the last coefficient in the best linear prediction of
Xpai1givenXq,..., Xy:

I'non = v Xp =X
On = (On1, On2s - - - Oun).
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Example: Forecasting an AR(p)I

p
= Z QiXi—i + Wi,

1=1

X" = P(Xp| X1, ., X0)

p
=P (Z GiXny1—i + Wit Xy, ...

1=1

- Zgbz (Xnt1-4 X1, .., Xn)

’L:

=Y ¢iXny1—;  forn>p.

1=1

15

x)




Example: PACF of an AR(p)I

p
For Xt = Z ¢iXt—’i + Wt7
1=1

p
Xp = ¢iXnp1oi
=1

o H1<h<p

0 otherwise.

Thus, ¢, = {
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Example: PACF of an invertible MA(Q) I

q ee)
For X; = Z OWi_i + We, Xy = — Zﬂ-z'Xt—z' + Wi,

X" = P(Xp1] X1, .., X0)

=P <— Zﬂz’XnH—z’ + Wi Xy, ... 7Xn>

1=1

= — Z’]TZP (Xn_|_1—z'|X17 s 7X77f)
1=1

=Y X Y P (Kol X,
i=1 1=n+1

In generalgpy, # 0.
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ACF of the MA(1) process'

MA(1): X =Z +6Z_,

©

® 6/(1+6%)
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‘ACF of the AR(1) procesﬂ

AR(1): X = @X_, +Z,
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PACF of the MA(1) procesil

MA(1): X =Z,+07Z,_,
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‘ PACF of the AR(1) procesj

AR(2): Xt = (pXt_1 + Zt
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PACF and ACF I

Model: ACF: PACF:
AR(p) decays zero fok > p
MA(Q) zero forh > ¢ decays

ARMA(p,q) decays decays

22



Sample PACFI

For a realization, . .
thesample PACFis defined by

A

., x, Of atime series,

ngo:l

onn = last component of,,

wheregy, = I'; *4p,.
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The importance of P} ;. Prediction intervals

X??—l—l — ¢n1Xn + ¢n2Xn—1 + - T annXl

n n 2 —
anbn = Tn Pn—l—l =E (X’fl—l—l o Xn—l—l) — 7(0) o Vizrnlfyn

After seeingX,, ..., X, we forecastX, ;. The expected squared error o
our forecast IS, ;. We can construct a prediction interval:

n

n-+1 + Ca /2 Pf;ﬁrl.

For a Gaussian process, the prediction error has disoitfi(0, P, ; ), SO
co.05,2 = 1.96 gives a 95% prediction interval. For any process with finite
second moments, we can apply Chebyshev’s inequality:

1
Pr (\X _EX| > t\/Var(X)) <.
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‘ Computing linear prediction coefficients'

7?—}—1 — ¢n1Xn + ¢n2Xn—1 + -+ annXl

Fn¢n = Tn,

n n 2 _
Pn—l—l =E (X’fl—l—l o Xn—l—l) — 7(0) o W?lzrnlfyn

How can we compute these guantities recursively?
i.e., given the coefficient,,_; of X"~ !, how can we
compute the coefficients,, of X' ,, without

solving another linear systei, ¢,, = v,,?
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\ Durbin-Levinson '

¢O — 07
¢1 — ¢117

nn

gbn _ ( ¢n—1 - annggn—l
¢

¢n — (anla---aqbnn)/ ggn — (gbnna---agbnl)/a
Yo = (Y1), ..., y(n)) T = (y(n), ..., y(1))".
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Durbin-Levinson: Example'

¢0207

¢1 — gblla

gbn _ ( ¢n—1 _ ¢nn(/gn—1
Prn

This algorithm computes,, s, ¢3, . ..

X, =X1¢1, X;5=(Xo,X1)p2, X = (X35 ,Xo,X1)p3,...
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Durbin-Levinson: Example'

¢1 — ¢117

¢n _ ( ¢n—1 _ gbnnggn—l
Prn

7(1) (1 _ A@)=()
7(0) (0= (1)

7(2)—~(1)
v(0)—~(1)
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Durbin-Levinson: Why it works (Details) I

CIearIy,Flgbl = V1.
Supposd’,,—1bn—1 = Yn—1. Thenl,,_1én_1 = 4n_1, @and so

anbn _ Fn—l :Yn—l ¢n—1 - annggn—l
5/7/1—1 7(0) ¢nn

— Tn—1
:yn—lgbn—l + gbnn (’7(0> — ’Y;L_lgbn_l)
= Tn-
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‘ Durbin-Levinson: Evolution of mean square error'

P7?+1 — V(O) - drﬁn

¢n—1 _ ¢nn$n—1

O _
7(0) b

= Pg_l — ann (V(n) o 95;1—1771—1>
— P,:;L_l L ¢?27,n (,V(O) - ¢;7,—1/y’n—1) (From expression fog ;)
=Py (1=¢7,)

i.e., variance reduces by a factor- ¢2 .
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