Introduction to Time Series Analysis. Lecture 8.
Peter Bartlett

Forecasting
1. Linear prediction.

2. Projection in Hilbert space.

3. Forecasting and backcasting.




Review: least squareslinear prediction'

Consider dinear predictor of X, givenX,, = x,:

flz,) =ag+ arz,.

For a stationary time serigsX; }, the best linear predictor is
[ (zn) = (1 = p(h))p + p(h)zn:

E(Xpan — (a0 + a1X0)) 2 E(Xnpn — F4(Xn))*
= o*(1 - p(h)?).




‘Linear prediction'

Given X, X, ..., X, the best linear predictor

n
X:LL_'_m — (X —+ E Ckz'XZ'
1=1

of X,,,, satisfies thg@rediction equations

E(Xppm — X

n—l—m) :O
E[(Xnim — X)) Xi] =0 fori=1,...

This is a special case of tipgojection theorem




Projection Theorem'

If H is a Hilbert space,
M is a closed linear subspace’f
andy € H,

then there is a poinPy € M

(the projection of y on M)

satisfying

L [Py — y|| < [lw—yl forw e M,

2. [Py —y| < |lw—y| forw e M,w #y
3.{(y — Py,w) =0 forw e M.




‘Hilbertspaces'

Hilbert space= «mpeeinner product space:
Inner product space: vector space, with inner produgch):
* <a7 b> — <b7 a>’

o (dvjay + azag, b) = ai{ar,b) + az(az,b),

e (a,a) =0 a=0.
Norm: ||a||* = {(a, a).

complete = limits of Cauchy sequences are in the space

Examples:

1. R™, with Euclidean inner productr, y) = > . ziv;.

2. {random variables(: EX? < oo},

with inner pl’OdUCt(X, Y> — E(XY) (Strictly, equivalence classes of a.s. equal r.v.s)




‘Proj ection theorem'

Example:Linear regression
Giveny = (y1, 92, ..., yn) € R",andZ = (21,...,z,) € R"¥4,

chooses = (51, ..., 08,) € R?to minimize|ly — Z3||%.

Here,H = R", with (a,b) = > . a;b;, and
M=A{Zp: BRI} =sp{z,...,2,}




‘Proj ection theorem'

If H is a Hilbert space, .
M is a closed subspace #f,
andy € H,

then there is a poinPy € M
(the projection of y on M)
satisfying

L [Py —y| <[lw—yl

2. (y — Py,w) =0

for w € M.




‘Proj ection theorem'

y-Py

<y_Py7w> =0

a—
& 7'73 = 7"y
a—

B=(2'2)"17"y

“normal equations.”




‘Proj ection theorem'

Example:Linear prediction
Givenl, X, X5,..., X,, € {rv.sX : EX? < oo},

chooseng, o1, ...,a, € R

sothatZ = ap + >~ a; X; minimizes BX,, 4., — Z)*.

Here,(X,Y) = E(XY),
M={Z=ay+>Y " ;X;:a; € R} =sp{l, Xy,...,X,}, and
Yy = Xn—l—m-




‘Proj ection theorem'

If H is a Hilbert space, .
M is a closed subspace #f,
andy € H,

then there is a poinPy € M
(the projection of y on M)
satisfying

L [Py —y| <[lw—yl

2. (y — Py,w) =0

for w € M.
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‘ Projection theorem: Linear prediction I

Let X", denote the best linear predictor:

n+m

1X",  — Xoamll? <12 = Xpr||? forall Z € M.

n—+m
The projection theorem implies the orthogonality

(X5

n—+m

(X

n—+m

— Xpnim,Z)=0 forall Z e M
— Xpaim,Z)y=0 forall Z € {1, X,,...

E(X! 0 — Xnim) =0

T E[(xn

n—+m

- Xn—i—m) Xz] =0

That is, theprediction errors X", — X,,.,,) are uncorrelated with the

n+m

prediction variables 1, X, ..., X,).
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‘Linear prediction'

Error (X", ~— X, 1) Isuncorrelated with the prediction varialle

n—+m

E (X"

n—+m

— Xpt,,) =0

E <Oé0 -+ ZO&ZXZ — Xn—l—m) =0

(o)
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‘Linear prediction'

[ <1Za> — .

Substituting forag in

we get X"

n—+m

So we can subtragt from all variables:
XM == i (X;—p).

Thus, for forecasting, we can assume-= 0. So we’ll ignoreay.
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‘ One-step-ahead linear prediction I

Write Xg—kl ¢n1X + ¢n2Xn—1+ il s ¢nnX1
Prediction equations: BX), 1 — Xn41)X;) =0, fori=1,...,n

& Zqﬁm Xny1-5X;) = B(X 1 X5)

> bun(i =) =100

Fn¢n — Tn;
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‘ One-step-ahead linear prediction I

Prediction equations: I',¢,, = vy.

v(n —1)
v(n —2)

A(n-1) -2
¢n — (¢n17 ¢n27 I ¢nn)/7
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‘ Mean squared error of one-step-ahead linear prediction I

whereX = (
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‘ Mean squared error of one-step-ahead linear prediction I

Variance is reduced:

P??—i—l =E (Xn+1 - Xg+1)2

=(0) — %Fﬁl%
= Var(X,,+1) — Cov(X,, 1, X)Cov( X, X)) 'Cov(X, X,,41)
— E(X,41 — 0)? — Cov(X,p41, X)CoV(X, X) " CoV(X, Xpi1),

whereX = (X,,, X,,_1,...,X1)".
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‘ Backcasting: Predicting m stepsin the past I

Given Xy, ..., X, we wish to predictX, _,,, for m > 0.
That is, we choos& € M = sp{X1,..., X, } to minimize||Z — X1 _,,||*.

The prediction equations are

(X1, —X1-m,Z)=0 foral Z e M
E((X?_m — Xl—m) Xz) =0 fori=1,...,n.
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‘ One-step backcasting'

Write the least squares prediction.®f given X4, ..., X,, as

where the predictor vector is reversed: ndw= (Xq,...,X,)".
The prediction equations are

E(X)—X0)X;)=0 fori=1,...

& E[[) énX;—Xo|Xi] =0
j=1

N qunmj — i) =(i)
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‘ One-step backcasting'

The prediction equations are

Fn¢n — Tn;

which is exactly the same as for forecasting, but with thécieslof the
predictor vector reversedX = (X1,...,X,) versusX = (X,,..., X1)".
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‘ Example: Forecasting AR(1) I

AR(1) model: Xe =1 X4 1 + W,

linear prediction ofX5: X, =Xy
Prediction equation: v(0)p11 = (1)
= Cov( Xy, X1)
= ¢17(0)
¢11 — ¢1-
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‘ Example: Backcasting AR(1) I

AR(1) model: Xe =1 X4 1 + W,

linear prediction ofX: X = d11X4
Prediction equation: v(0)p11 = (1)
= Cov( Xy, X1)
= ¢17(0)
¢11 — ¢1-
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