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Forecasting

1. Linear prediction.

2. Projection in Hilbert space.

3. Forecasting and backcasting.
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Review: least squares linear prediction

Consider alinear predictor of Xn+h givenXn = xn:

f(xn) = α0 + α1xn.

For a stationary time series{Xt}, the best linear predictor is

f∗(xn) = (1 − ρ(h))µ + ρ(h)xn:

E(Xn+h − (α0 + α1Xn))
2
≥ E(Xn+h − f∗(Xn))

2

= σ2(1 − ρ(h)2).
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Linear prediction

GivenX1, X2, . . . , Xn, the best linear predictor

Xn
n+m = α0 +

n
∑

i=1

αiXi

of Xn+m satisfies theprediction equations

E
(

Xn+m − Xn
n+m

)

= 0

E
[(

Xn+m − Xn
n+m

)

Xi

]

= 0 for i = 1, . . . , n.

This is a special case of theprojection theorem.
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Projection Theorem

If H is a Hilbert space,

M is a closed linear subspace ofH,

andy ∈ H,

then there is a pointPy ∈ M

(theprojection of y on M)

satisfying

1. ‖Py − y‖ ≤ ‖w − y‖ for w ∈ M,

2. ‖Py− y‖ < ‖w− y‖ for w ∈ M, w 6= y

3. 〈y − Py, w〉 = 0 for w ∈ M.

y

y−Py

Py

M
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Hilbert spaces

Hilbert space= completeinner product space:

Inner product space: vector space, with inner product〈a, b〉:

• 〈a, b〉 = 〈b, a〉,

• 〈α1a1 + α2a2, b〉 = α1〈a1, b〉 + α2〈a2, b〉,

• 〈a, a〉 = 0 ⇔ a = 0.

Norm: ‖a‖2 = 〈a, a〉.

complete = limits of Cauchy sequences are in the space

Examples:

1. R
n, with Euclidean inner product,〈x, y〉 =

∑

i xiyi.

2. {random variablesX : EX2 < ∞},

with inner product〈X, Y 〉 = E(XY ). (Strictly, equivalence classes of a.s. equal r.v.s)
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Projection theorem

Example:Linear regression

Giveny = (y1, y2, . . . , yn)′ ∈ R
n, andZ = (z1, . . . , zq) ∈ R

n×q,

chooseβ = (β1, . . . , βq)
′ ∈ R

q to minimize‖y − Zβ‖2.

Here,H = R
n, with 〈a, b〉 =

∑

i aibi, and

M = {Zβ : β ∈ R
q} = s̄p{z1, . . . , zq}.
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Projection theorem

If H is a Hilbert space,

M is a closed subspace ofH,

andy ∈ H,

then there is a pointPy ∈ M
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Projection theorem

y

y−Py

Py

M

〈y − Py, w〉 = 0

⇔ 〈y − Zβ̂, zi〉 = 0, ∀i

⇔ Z ′Zβ̂ = Z ′y

⇔ β̂ = (Z ′Z)−1Z ′y

“normal equations.”
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Projection theorem

Example:Linear prediction

Given1, X1, X2, . . . , Xn ∈
{

r.v.sX : EX2 < ∞
}

,

chooseα0, α1, . . . , αn ∈ R

so thatZ = α0 +
∑n

i=1
αiXi minimizes E(Xn+m − Z)2.

Here,〈X, Y 〉 = E(XY ),

M = {Z = α0 +
∑n

i=1
αiXi : αi ∈ R} = s̄p{1, X1, . . . , Xn}, and

y = Xn+m.
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Projection theorem
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Projection theorem: Linear prediction

Let Xn
n+m denote the best linear predictor:

‖Xn
n+m − Xn+m‖2 ≤ ‖Z − Xn+m‖2 for all Z ∈ M.

The projection theorem implies the orthogonality

〈Xn
n+m − Xn+m, Z〉 = 0 for all Z ∈ M

⇔ 〈Xn
n+m − Xn+m, Z〉 = 0 for all Z ∈ {1, X1, . . . , Xn}

⇔
E
(

Xn
n+m − Xn+m

)

= 0

E
[(

Xn
n+m − Xn+m

)

Xi

]

= 0

That is, theprediction errors (Xn
n+m − Xn+m) are uncorrelated with the

prediction variables (1, X1, . . . , Xn).
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Linear prediction

Error (Xn
n+m − Xn+m) is uncorrelated with the prediction variable1:

E
(

Xn
n+m − Xn+m

)

= 0

⇔ E

(

α0 +
∑

i

αiXi − Xn+m

)

= 0

⇔ µ

(

1 −
∑

i

αi

)

= α0.
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Linear prediction

... µ

(

1 −
∑

i

αi

)

= α0.

Substituting forα0 in

Xn
n+m = α0 +

∑

i

αiXi,

we get Xn
n+m = µ +

∑

i

αi (Xi − µ) .

So we can subtractµ from all variables:

Xn
n+m − µ =

∑

i

αi (Xi − µ) .

Thus, for forecasting, we can assumeµ = 0. So we’ll ignoreα0.
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One-step-ahead linear prediction

Write Xn
n+1 = φn1Xn + φn2Xn−1+ · · · + φnnX1

Prediction equations: E
(

(Xn
n+1 − Xn+1)Xi

)

= 0, for i = 1, . . . , n

⇔
n
∑

j=1

φnjE(Xn+1−jXi) = E(Xn+1Xi)

⇔
n
∑

j=1

φnjγ(i − j) = γ(i)

⇔ Γnφn = γn,
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One-step-ahead linear prediction

Prediction equations: Γnφn = γn.

Γn =

















γ(0) γ(1) · · · γ(n − 1)

γ(1) γ(0) γ(n − 2)
...

. ..
...

γ(n − 1) γ(n − 2) · · · γ(0)

















,

φn = (φn1, φn2, . . . , φnn)′, γn = (γ(1), γ(2), . . . , γ(n))′.
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Mean squared error of one-step-ahead linear prediction

P n
n+1 = E

(

Xn+1 − Xn
n+1

)2

= E
((

Xn+1 − Xn
n+1

) (

Xn+1 − Xn
n+1

))

= E
(

Xn+1

(

Xn+1 − Xn
n+1

))

= γ(0) − E(φ′

nXXn+1)

= γ(0) − γ′

nΓ−1
n γn,

whereX = (Xn, Xn−1, . . . , X1)
′.
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Mean squared error of one-step-ahead linear prediction

Variance is reduced:

P n
n+1 = E

(

Xn+1 − Xn
n+1

)2

= γ(0) − γ′

nΓ−1
n γn

= Var(Xn+1) − Cov(Xn+1, X)Cov(X, X)−1Cov(X, Xn+1)

= E(Xn+1 − 0)
2
− Cov(Xn+1, X)Cov(X, X)−1Cov(X, Xn+1),

whereX = (Xn, Xn−1, . . . , X1)
′.
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Backcasting: Predicting m steps in the past

GivenX1, . . . , Xn, we wish to predictX1−m for m > 0.

That is, we chooseZ ∈ M = s̄p{X1, . . . , Xn} to minimize‖Z −X1−m‖2.

The prediction equations are

〈Xn
1−m − X1−m, Z〉 = 0 for all Z ∈ M

⇔ E
((

Xn
1−m − X1−m

)

Xi

)

= 0 for i = 1, . . . , n.
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One-step backcasting

Write the least squares prediction ofX0 givenX1, . . . , Xn as

Xn
0 = φn1X1 + φn2X2 + · · · + φnnXn = φ′

nX,

where the predictor vector is reversed: nowX = (X1, . . . , Xn)′.
The prediction equations are

E((Xn
0 − X0) Xi) = 0 for i = 1, . . . , n

⇔ E









n
∑

j=1

φnjXj − X0



Xi



 = 0

⇔

n
∑

j=1

φnjγ(j − i) = γ(i)

⇔ Γnφn = γn.
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One-step backcasting

The prediction equations are

Γnφn = γn,

which is exactly the same as for forecasting, but with the indices of the

predictor vector reversed:X = (X1, . . . , Xn)′ versusX = (Xn, . . . , X1)
′.
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Example: Forecasting AR(1)

AR(1) model: Xt = φ1Xt−1 + Wt

linear prediction ofX2: X1
2 = φ11X1

Prediction equation: γ(0)φ11 = γ(1)

= Cov(X0, X1)

= φ1γ(0)

⇔ φ11 = φ1.
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Example: Backcasting AR(1)

AR(1) model: Xt = φ1Xt−1 + Wt

linear prediction ofX0: X1
0 = φ11X1

Prediction equation: γ(0)φ11 = γ(1)

= Cov(X0, X1)

= φ1γ(0)

⇔ φ11 = φ1.
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