Introduction to Time Series Analysis. Lecture 18.

1. Review: Spectral density. Spectral distribution fumicti
2. Autocovariance generating function and spectral dgnsit
3. Rational spectra. Poles and zeros.

4. Examples.




Review: Spectral density and spectral distribution function.

If a time series {X;} has autocovariancey satisfying
S0 lv(h)] < oo, then we define itspectral density as

fr)= 2 y(h)em"

h=—o0

for —oo < v < co. We have

1/2

1/2 ' '
/ 627m1/hf(y) dy — / 627m1/h dF(V),

—1/2 —1/2

wheredF'(v) = f(v)dv.

f measures how the variance &f Is distributed across the spectrum.




Review: Spectral density and spectral distribution function.

For any stationary X, } with autocovariance, we can write

1/2 |
W)= [ emitap),

—1/2

whereF' is thespectral distribution function of { X, }.

If I has no singular part, we can write= F(¢) + F(@) whereF(© is
continuous, that isjF(¢)(v) = f(v)dv, andF(¥ is discrete.




‘Autocovariance generating function and spectr al density'

SupposeX; is a linear process, so it can be written

Xy = Z;}io YWy = ¢<B)Wt-
Consider the autocovariance sequence,

v = Cov( Xy, Xitn)
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‘Autocovariance generating function and spectr al density'

Define the autocovariance generating function as

oo

Z ’)/hBh.

h=—o0

Then, ’Y — Oy Z Zwﬂbz—l—hBh

h=—o0c0 1=0
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=00, Y BTy ;B =onp(B”)(B).
i=0 j=0




‘Autocovariance generating function and spectr al density'

Notice that

¥(B)= >  wB"

h=—o0

O
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v (e




‘Autocovariance generating function and spectr al density'

For example, for an MA(q), we haweg(B) = 6(B), so
f(V> _ 0',3)9 (6—2772'1/) 0 (62771'1/)
=2 ‘9 (6—27r721/>’2.

For MA(L),

‘ 2

f(V) _ 0_120 ’1 4+ 916—27T’i1/
= 02 |1 + 61 cos(—2mv) + ib; Sin(—QWV)‘Q
=02 (1 + 260, cos(27v) + 9%) :




‘Autocovariance generating function and spectr al density'

For an AR(p), we have(B) = 1/¢(B), so

For AR(1),

flv) =

B 11— ¢16—27m'1/‘2

w

T 1o 2¢1 cos(2mv) + @2




Spectral density of alinear process'

If X, is alinear process, it can be writtéfy = >~ 1, W;_; = ¢(B)W4.
Then

)=l [ ()|

That is, the spectral densiff(v) of a linear process measures the modulu
of they (MA(o0)) polynomial at the poin¢*™* on the unit circle.




Spectral density of alinear process'

For an ARMA(p,q),»(B) = 0(B)/¢(B), so
5 9(6—27T7ju)9(627m'1/)

flv) = oy & (e—2miv) g (e2miv)

5 9(6—271'2'1/) 2

w ¢ (6—2772'1/)

This is known as aational spectrum.

= 0
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‘Rational spectra'

Consider the factorization #fand¢ as
0(z) = 0q(z — 21)(2 — 22) - - (2 — 2]
O(2) = ¢p(z = p1)(z2 = p2) - (2 — pp),

wherez,, ..., 2z, andpy, ..., p, are called theeros andpoles.

2

O 1 ?:1(6_2MU — zj)
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‘Rational spectra'

2 q —2miv .
2 9q j=1 ’e Zj

o B ) 5 -

‘ 2

flv) =

As v varies from0 to 1/2, e=%™ moves clockwise around the unit circle
fromltoe ™ = —1.

And the value off () goes up as this point moves closer to (further from)
the pole, (zerosz;).
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‘ Example: ARMA I

Recall AR(1):¢(z) =1 — ¢1z. The poleis atl /¢;. If ¢p1 > 0, the pole is
to the right ofl, so the spectral density decreases asoves away frond.
If 1 < 0, the pole is to the left of-1, so the spectral density is at its
maximum whenv = 0.5.

Recall MA(1):0(z) =1+ 0,z. The zero is at-1/6;. If 6, > 0, the zero is
to the left of—1, so the spectral density decreases asoves towards-1.

If 6; < 0, the zero is to the right af, so the spectral density is at its
minimum whenv = 0.
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‘ Example: AR(2) I

ConsiderX; = ¢1 X;_1 + 02 X;_o + W;. Example 4.6 in the text considers
this model with¢; = 1, ¢2 = —0.9, ando?, = 1. In this case, the poles are
atpy, po ~ 0.5555 + i0.8958 ~~ 1.054e%1-01567 ~ 1 (54 %27i0.16165

Thus, we have

2
Tw

— G2 le=2miv — p[2|e—2miv — po|2’

fv)

and this gets very peaked when?™*" passes nedr.(054¢—270-16165,
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Example: AR(2)

Spectral density of AR(2): Xt = Xt_1 -0.9 Xt_2 + Wt

| | Il

0.2 0.3 0.4
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‘ Example: Seasonal ARMA I

ConsiderX; = &1 X;_15 + W,.

B 1
- 1— &, B2’

(B)

f(v) = o7 :

W(1 — dye—2mil2v) (1 — @ e2mil2r)
5 1
o .

Y1 — 2Py cos(24nv) + D7

Notice thatf(v) is periodic with periodl /12.
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Example: Seasonal ARMA

Spectral density of AR(1),,: X, =+0.2 X _,, + W,

0.1 0.2 0.3 0.4
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‘ Example: Seasonal ARMA I

1—d22 =0 <« z:rew,

Another view:

with - |(I)1‘_1/12, €i129 _ e—z'arg(cbl).

For®; > 0, the twelve poles are &b, |~/ 12e?7/6 for
k=0,%1,...,45,6.

So the spectral density gets peaked a& ¥ passes near
|<I>1\_1/12 < {17 e—m/6’ e—m/s’ e—m/z’ €—i27r/3’ €—i57r/6’ _1}_
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Example: Multiplicative seasonal ARMA I

Consider(1 — &1 B*#)(1 — ¢1B)X; = W,.

1
2
F) = 70 0220, cos(@m0) + $3)(1 = 261 cos(2m) + 37)

This is a scaled product of the AR(1) spectrum and the (pEdR (1)
spectrum.

The AR(1), poles give peaks whetT 2™ is at one of the 12th roots adf
the AR(1) poles give a peak near?™* = 1.
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Example: Multiplicative seasonal ARMA I

Spectral density of AR(1)AR(1)12: (1+0.5 B)(1+0.2 Blz) X =W,

0.1 0.15 0.2
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